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ASTRONOMICAL  INSTRUMENTS. 


CHAPTER  I. 

THE     TELESCOPE. 

1.  The  complete  theory  of  the  telescope  considered  simply  as 
an  oj)tical  instrument  is  too  extensive  a  subject  to  be  condensed 
into  a  chapter  of  the  present  work :  it  must  be  sought  for  in  the 
larger  works  on  optics.*  I  shall,  therefore,  confine  myself  to 
such  points  as  appear  to  be  immediately  needed  by  the  observer 
for  the  intelligent  use  of  his  instruments.  The  following  expla- 
nations, at  once  elementary  and  practical,  some  of  which  are 
not  to   be   found  in   optical  works,  are   chiefly  derived   from 

SAWITSCH.f 

2.  The  simple  astronomical  telescope. — The  astronomical  telescope, 
in  ita  simplest  form,  consists  of  two  bi-convex  lenses ;  the  larger, 


Fig.  1 


AJ3  (Fig.  1),  which  is  turned  towards  the  object,  is  called  the 


♦See  Hitiii»ciiEL's  Treatite  on  Light;  Prkciitel's  PraetUehe  Dioptrik;  Biotas  .4*- 
froftoMiV  Phytique^  Vols.  I.  and  II.;  Pottkr'h  Ojtfic*;  Coddinotox's  Optim;  Lloyd's 
Treatite  on  Light  and  VUion;  LiTTR0W*8  Analytiacher  Dioptrik;  Pearson's  Practical 
Attronomtf. 

f  AhriM9  drr  practiachen  Attronomie^  von  Dr.  A.  Sawitsch,  aus  dem  Rutsichrn  iibtrtttzt 
roil  0ft.  W.  C.  GcEni.     Hamburg,  1850. 
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objective^  or,  more  commonly,  the  object  ffhss;  and  the  smaller,  j^, 

through  which  the  observer  loolc^,  18  ouUed  the  ocular^  or,  more 
commonly,  the  eye  glass  or  ry<"  piece.  The  two  surfaces  of  both 
these  lenses  are  segments  of  spherical  surfaces  of  ditferenf  radii. 
The  optical  axis  of  a  leus  is  the  straight  line  whifh  passes  through 
the  centres  of  the  two  sphcrieal  surfaces  which  honud  the 
lens.  The  optical  axis  of  the  telescope  is  coincident  with  that 
of  the  object  glass.  l\nien  the  telescope  is  well  constructed,  the 
optical  axis  of  the  ocular  should  always  be  parallel  to  that  of 
the  objective,  even  when  (as  is  usual  in  the  larger  in.stniments) 
the  ocular  is  movable,  this  motiou  being  in  a  plane  at  right 
angles  to  the  axis  of  the  telescope,  ^\Tiere  the  ocular  has  no 
motion^  itti  axis  should  coincide  with  that  of  the  objective^  and, 
consequently,  with  that  of  the  telescope. 


S.  Let  us  now  suppose  that  our  telescope,  or  rather  its  optical 
axis,  is  directed  towards  a  star  S.  Then,  on  account  of  the  great 
distance  of  the  star,  we  can  assume  tliat  all  the  rays  from  it  to 
various  points  of  the  object  glass,  as  &1,  SC\  SB,  are  parallel  to 
each  other*  The  ray  ^SX"^  which  pfisses  along  the  optical  axis 
itaelf,  8uffei*s  no  deviation  from  the  refractive  power  of  the  lens, 
siuce  it  enters  and  leaves  the  lens  at  right  angles  to  the  refracting 
Burfaces;  hut  all  other  rays,  as  SA  and  SB,  arc  refVaeted  both 
when  entering  the  lens  and  when  leaving  it,  and,  when  the  lens 
is  small  in  proportion  to  the  radii  of  cnn'ature  of  its  surfaces, 
these  rays  will  all  converge  to  a  common  pohit  i*^in  the  axis  of 
the  telescope.  This  common  point  in  which  a  system  of  parallel 
rays  meet  is  the  princijHil  focus^  usually  called  simply  (he  /ocit^^ 
of  the  lens,  and  the  distance  i^t'from  the  centre  Cof  the  lens 
is  called  the  focal  Imgth  of  the  lens.  If  the  radiant  point  S  is  so 
near  to  the  telescope  that  the  lines  SjU  SB  are  sensibly  divergent, 
the  lens  will  not  bring  them  together  at  the  principal  focus,  but 
at  a  point  more  remote ;  that  is,  the  actual  focus  will  be  farther 
from  the  lens  than  F,  If  the  radiant  point  is  at  a  distance  from 
the  lens  equal  to  the  principal  focal  distance,  the  divergent  rays 
from  tliis  point  will  simply  be  rendered  parallel  by  the  lens,  or 
the  actual  focus  will  be  removed  to  an  infinite  distance.  For  all 
astronomical  purposes  we  need  consider  only  the  principal  focus, 
regarding  the  rays,  even  from  the  nearest  celestial  body,  the 
moon,  as  sensibly  parallel.  The  telescopes  used  in  surveying 
instruments  (where  the  terrestrial  objects  observed  are  at  various 


TELESCOPE.  11 

di»tanceB  from  the  lens,  and  these  distances  all  small)  are  pro- 
vided with  a  ready  means  of  adjusting  the  position  of  the  object- 
ive, by  sliding  the  part  of  the  telescope  tube  containing  it  out 
and  in :  so  that  the  actual  focus  may  always  occupy  the  same 
absolute  position  in  the  optical  axis,  and,  consequently,  always 
be  at  the  same  distance  from  the  ocular.  The  same  result  is 
also  obtained  by  giving  the  portion  of  the  tube  containing  the 
ocular  a  sliding  motion. 

4.  All  the  parallel  rays  from  a  distant  radiant  point,  as  a  star 
*S,  which  are  converged  to  the  focus  F^  form  an  image  of  the 
star  in  that  focus.  Conversely,  if  the  radiant  point  be  placed  at 
jP,  all  the  divergent  rays  SA^  SB,  &c.  will  emerge  from  the  lens 
in  parallel  lines  AS,  BS,  &c.  We  shall  hereafter  have  occasion 
to  make  several  important  applications  of  this  property  of  a  lens : 
here  we  shall  apply  it  at  once  to  show  how  a  distinct  view  of 
the  image  of  a  star  at  F  is  obtained.  The  eye  lens  ffg^  being 
placed  in  the  line  CF  produced,  at  a  distance  Fc  equal  to  its  owti 
principal  focal  distance,  it  follows,  from  the  property  of  a  lens 
just  stated,  that  the  divergent  rays  Fg,  Fy'  will  emerge  in 
parallel  lines  gk^  g'k\  and  will,  consequently,  enter  the  eye  of  the 
bbserx^er  in  pandlel  lines,  thus  gi\'ing  a  distinct  view  of  the  star; 
for  the  eye,  in  persons  who  are  neither  far-sighted  nor  near- 
eighte<l,  is  naturally  adapted  for  distinct  vision  when  the  rays 
entering  it  are  parallel.  Without  the  telescope  we  should  see 
only  those  rays  from  the  star  which  fall  upon  the  pupil  of  the 
eye ;  but  when  we  look  at  the  image  of  the  star  at  the  focus  of 
a  telesoope,  we  see  it  with  greater  distinctness,  because  we  then 
receive  into  the  eye  all  the  rays  which  have  entered  the  object 
glass  and  have  been  united  at  the  focus.  In  this  consists  the 
^sl  great  advantage  in  the  use  of  the  telescope. 

5.  Let  a  verj'  fine  thread  be  stretched  in  the  focus  F  of  the 
telescope  at  right  angles  to  the  optical  axis.  This  thread  will 
be  visible  through  the  ocular  when  the  latter  is  so  placed  tliat 
its  fixnis  coincides  with  F:  consequently,  when  the  telescope 
is  directed  towards  a  star,  we  shall  have  distinct  vision  of 
both  the  star  and  this  thread  at  the  same  time.  If  two  threads 
are  placed  at  the  focus  at  right  angles  to  each  other,  their  inter- 
j»ection  will  determine  a  fixed  point  in  the  field  of  view,  which 
by  moving  the  telescope  nuiy  be  brought  upon  the  object  to  be 
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observed.  By  bringing  this  point  Bucceasively  upon  different 
celuatial  object«,  their  relative  positions  can  be  measured  with 
the  greatest  precision ;  and  in  this  consists  the  second  great  ad- 
vant4ige  in  the  use  of  the  telescope.  Since  the  apparent  thick- 
ness of  these  threatls  is  increased  bj  the  magnifying  power  of 
the  ocular  it  is  necessary  to  use  a  very  fine  material :  the  spider's 
web  is  that  which  is  almost  universally  used. 

The  line  of  sight  is  the  straight  Hoe  drawn  from  the  thread 
through  the  optical  centre  of  the  <^Oijcetive ;  tor  this  line  repre- 
sents the  direction  of  a  distant  point  (as  a  star)^  when  the  tele- 
scope is  so  directed  that  an  image  of  the  point  is  formed  at  the 
thn/ad.  This  line  is  also  called  the  line  of  collimatton :  but  we 
shall  hereafter,  for  the  sake  of  brevity,  cull  it  the  sigktMne. 

6.  The  spider  lines,  or  threads,  are  usually  stretched  across  a 
ring,  or  diaphragm,  which  is  placed  in  a  tul>e  which  slides  in  the 
principal  tube  of  the  telescope*  The  ocular  also  slides  without 
affecting  the  tltroads:  so  that  by  means  of  tliese  two  motions  we 
can  bring  the  threads  exactly  into  the  common  focus  of  tlie  ob- 
jective and  ocular.  It  is  to  be  observed  that  the  motion  of 
the  ocular  is  necessary  merely  for  adaptation  to  tlie  eyes  of 
different  ol>serv"ei*s.  The  threads,  being  once  aceunitely  placed 
in  the  focus  of  the  objective,  niu.'^t  not  be  disturbed ;  but  the 
ocular  may  be  drawn  out  or  pushed  in  by  each  observer  until 
he  obtains  a  distinct  view  of  the  tlireads.  To  ascertain  whether 
the  threads  are  accurately  placed  in  tlie  focus  of  the  objective, 
first  adjust  the  ocular  for  distinct  vision  of  the  threads,  then, 
bringing  a  thread  upon  a  very  distinct  point,  as  a  slow  moving 
star,  observe  whether  a  motion  of  the  eye  in  any  direction 
towards  the  edge  of  the  eye  lens  causes  the  star  to  leave  the  thread; 
for,  if  the  image  of  the  star  is  exactly  on  tlie  thread,  it  ought  Uj  be 
seen  on  it  even  from  a  side  view;  but,  if  it  is  Itefore  or  behind 
the  thread,  it  will  be  seen  on  it  only  from  a  direct  front  view. 

7.  Modifying  power* — Let  us  suppose  the  telescope  to  be 
directed  towards  a  irn/  dist(mf  object  DL  (Fig.  2),  Fnjin  ita 
upper  extremity  D  a  multitude  of  rays  proceed  which  fall  upon 
all  parts  of  the  objective  AB,  and  which  (in  consequence  of  the 
great  distance  of  the  olyect)  may  all  be  regarded  as  parallel  to  the 
line  DCd  which  passes  through  the  middle  point  of  the  lens.  All 
these  rays  are  brought  to  a  focus  m  this  line  i3Ctf  at  a  point  e/  whose 
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distance  from  the  lens  is  equal  to  the  focal  lengthrof  the  lens.  There 
exists  then  at  the  point  d  a  distinct  image  of  the  point  D.     In  a 


Fig.  2. 


Bimilar  manner  an  image  of  every  point  of  the  object  is  found  at 
the  same  distance  behind  the  object  glass :  so  that  there  will  exist 
at  the  focus  of  the  lens  a  complete,  though  very  small,  image  of  the 
object  Tliis  image  will  be  inverted ;  for,  while  the  image  of  the 
U[>per  point  D  is  formed  at  rf,  that  of  the  lowest  point  L  is  formed 
at  ly  the  axes  of  the  systems  of  rays  from  the  several  points  of  the 
object  crossing  at  the  middle  point  C  of  the  lens.  If  the  focus  of 
tlie  ocular  is  coincident  with  that  of  the  objective,  and,  con- 
sequently, also  with  the  image  dl,  the  rays  which  diverge  from 
a  point  d  of  the  image  and  fall  upon  the  ocular  gg'  will  emerge 
from  tlie  latter  in  lines  parallel  to  each  other  and  to  the  line 
dck  which  is  drawn  from  d  through  the  centre  of  the  ocular; 
and,  the  same  being  true  of  rays  from  every  point  of  the  image, 
those  from  the  extreme  point  I  emerge  in  lines  parallel  to  the 
line  Icn.  Hence  the  rays  from  the  two  extreme  points  d  and  I 
of  the  image  enter  the  eye  of  the  obscn'cr  at  an  angle  with  each 
other  equal  to  nek  or  led;  and  this  angle  is  the  apparmt  angular 
magnitude  of  the  image  to  the  eye.  But  without  the  telescope 
tlie  apparent  angular  magnitude  of  the  object,  the  eye  being  at 
C\  would  be  DCL  -----  dCl;  which  angle  may  be  assumed  to  be 
the  sameastluit  under  which 
the  object  is  seen  from  the 
actual  i»osition  of  the  eye  be- 
hind the  ocular,  the  length 
of  the  telescoi)e  being  in- 
considerable in  relation  to 
tlie  distance  of  the  object. 
Now,  the  apparent  linear 
magnitudes  of  the  object 
and  its  image  seen  thus  under  different  angles  can  be  com- 
pared by  referring  them  to  the  same  absolute  distance.  Thus, 
referring  the  image  dl  (Fig.  3)  to  the  actual  distance  of  the 
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object  Di,  by  the  lineft  JSlrf',  JEll'  drawn  from  tbe  eye  at  JF,  we 
have 

dTiDL^d  'M :  DM  =  tan  i  dEl :  tan  i  BEL 

ni*nc0j  denoting  the  maguityiiig  power  Ijy  6r,  we  have 

DL        tan  i  />AV^  ^^^ 

whence  the  proposition,  (A),  The  vHtfpiift/hiff  power  of  (he  (cksrope 
is  ifiHul  to  the  taftf/t/tt  of  half  (he  apparctil  (uujnhr  miujnihtdc  (f  the 
image  seen  through  tfie  ocuUir^  divided  hg  the  ttmgtnt  cf  half  (he  ap- 
pan  fit  augukiT  magnlttule  of  the  ohjeet  stcn  withtjut  the  tdesrope. 

Referring  agiiin  to  Fig.  2,  we  have  the  uppurent  magnitude  of 
the  image  as  seen  tlirongh  the  ocndar  =  laiy  and  that  of  the 
olijeet  as  seen  by  the  naked  eye  ==  IC%  and 

Im    Im 


tan  i^ccf:  tan  ilCd 


or 


a. 


t&ni  led      m( 


=  mCijnc 


imn  ilCd       mc  f^) 

whence  the  proposition,  (B),  The  magivfying  power  of  (he  (eksenpe 
is  equal  to  the  quotient  of  the  f oral  length  of  the  objective  diviiled  bg  the 
fotrd  length  of  the  ocular. 

This  principle  senses  for  the  euleuhition  of  the  magnifying 
power  wlien  tlie  fooal  lengtlis  of  the  ghissos  are  known,  at  least 
for  the  simple  aj^trononiirul  tole^srupe  here  cons^idcred.  A  mode 
of  obtaining  the  nuignifying  power  of  any  teleseope  by  direct 
oht^ervatioii  will  be  given  hcdow. 

We  8ee  then  that  with  the  game  objective  we  can  have  various 
magnifying  powora  by  simply  varying  the  ocular;  and  the  less 
the  fueal  length  of  the  ocular,  tlie  greater  will  be  the  magni- 
fying power.  The  more  the  teleneope  magnifiei^,  the  nearer  will 
tbe  object  appear  to  ns,  and,  consequently,  the  more  distinctly 
will  Its  sieveml  parts  be  seen*  Herein  conHitsts  the  third  essential 
advantage  in  the  eniplojnnent  uf  the  telescope. 


tig.  i. 


8.    The  f  eld  of  view. — ^By  tbe  field  of  view  i^  meant  the  space 

which  can  be  viewed  with  tlie  tele- 
scope at  one  and  tbe  same  time.  The 
magnitude  of  tbe  field  depends  upon 
the  angle  gf^  (Fig*  4),  whieb  is  eon- 
tained  by  two  niys  from  the  centi*e 
of  tlie   objective  to  the  extremities 
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of  a  diameter  5gr'  of  the  ocular ;  and  consequently  it  depends  upon 
the  magnitude  of  the  ocular  and  its  distance  from  the  objective. 
Most  telescopes  have  diaphragms^  or  opiujue  rings,  placed  within 
the  tube  to  cut  oft'  rays  from  the  extreme  edges  of  the  objective, 
as  well  as  stray  light  falling  down  the  tube.  If  the  inner  edge 
of  any  diaphragm  trenches  upon  the  lines  Cg^  Cg'^  the  magni- 
tude of  the  field  will  be  diminished,  and  will  then  depend  upon 
atiQ/ree  ajyerture  of  the  diaphragm,  or  upon  that  portion  of  the 
ocular  upon  which  rays  from  the  centre  of  the  objective  can  fall. 
As  it  is  difficult  to  construct  large  eye  pieces  which  shall  give 
as  perfect  images  near  their  edges  as  in  the  centre,  it  is  usual  to 
obt^iin  a  large  field  with  a  small  eye  piece  by  giving  the  latter 
a  sliding  motion  at  right  angles  to  the  axis  of  the  telescope.  In 
this  case  the  whole  available  field  depends  also  upon  the  quantity 
of  motion  possessed  by  the  eye  piece.  Usually  this  motion  can 
be  given  only  in  one  direction,  in  whieh  case  the  whole  available 
field  is  oblong,  its  breadth  being  limited  by  the  dimensions  of 
the  eye  piece,  and  its  length  by  the  quantity  of  motion.  Some- 
times, however,  two  motions  are  provided,  at  right  angles  to  each 
other,  and  then  the  whole  of  the  free  circular  aperture  of  the 
diaphragm  becomes  available  for  the  field. 

9.  Brightness  of  images  produced  by  the  telescope^  and  (he  intensity 
of  their  light.  The  image  which  the  telescope  gives  of  an  object 
must  i>ossess  a  sufficient  degree  of  brightness  to  make  an  imi)res- 
sitni  upon  our  eye.  Let  us  suppose  two  telescopes,  the  object 
glasses  of  which  are  of  difterent  diameters,  to  have  the  same  mag- 
nifying power.  Tlien  the  brightness  of  the  two  images  formed 
will  be  proportional  to  the  quantity  of  light  which  falls  on  the 
Burface  of  the  two  objectives  respectively;  but  these  surfaces  are 
proportional  to  the  squares  of  the  diameters  of  the  objectives, 
and  hence  the  brightness  of  the  images  is  proportional  to  the 
Bquaro  of  these  diameters.  On  the  other  hand,  let  us  suppose 
two  telescoj)es,  with  object  glasses  of  equal  <liameters,  to  have 
difterent  magnifying  powers;  then  one  and  the  same  quantity  of 
light  is  distributed  over  the  larger  and  over  the  smaller  image, 
and.  consequently,  in  this  case  the  brightness  of  the  image  is 
inversely  proportional  to  the  s<|uarc  of  the  magnifying  powers. 

It  is  to  be  obsen'cd,  however,  that  not  all  the  rays  which  fall 
upon  the  object  glass  reaeh  the  eye,  j)artly  on  account  of  the 
want  of  absolute  transparency  of  the  glass,  and  still  more  on 
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account  of  the  reflection  of  a  number  of  rays  from  the  surfaces 
of  the  lens.  Some  light  is  also  lost  oeca«ioually,  when  the 
breadth  of  the  eye  glaas  is  not  suffieient  to  embnice  all  tho  rsiys 
which  proceed  in  a  cone  from  the  image  of  a  radiant  point  formed 
at  the  focus,  or  when  the  pupil  of  the  eye  is  not  large  enough  to 
receive  the  whole  cylinder  which  these  rays  form  after  iiuHsing 
through  the  eye  glase.  Thue«,  in  Fig.  1,  let  SABS  be  the  cylinder 
of  rays  from  a  very  distant  pointy  falling  upon  the  free  opening 
of  the  object  glass;  g*k'kff,  the  cylinder  of  light  which  emerges 
from  the  eye  glass;  i^the  common  foeus  of  the  two  gUisses.  On 
account  of  the  similarity  of  the  triangles  jLBF  and  g'^F^  wo 
have 

ABig'g^  CFt  Fc 

CF 

But  the  magnifying  power  O  is  (Art,  7)  equal  to  — ;  conacquently* 

also^ 


G  = 


AB 
^9 


Now,  aU  the  rays  which  fall  upon  the  object  glass  will  enter  the 
pupil  of  our  eye  only  when  g^g  is  either  equal  to  the  diameter  d 
of  the  pupil,  or  is  less  than  d.     In  the  first  case  we  shall  have 

fif  =  -_;   in  the  second,  G  >  -7-      But  if  G  <  -r-*  we  must 

have  gg'>  rf,  or  the  diameter  of  the  cylinder  of  light  emerging 
from  the  eye  glass  greater  than  the  diameter  of  the  pupil :  in 
that  case,  therefore,  some  of  the  light  must  be  lost  to  the  e^^e. 

Since  every  point  of  an  object  seen  through  a  telescope  must 
appear  as  a  point,  whatever  may  be  the  magnifying  power  of  the 
telescope,  it  follows  that  the  mtensitg  of  the  illumination  of  the 
several  points  of  the  image  in  the  telescope  depends  upon  the 
quantity  of  light  whieh  proceeds  from  each  point  of  the  object 
and  reaches  our  eye.  We  must,  therefore,  not  confound  intensity 
with  the  brlghtMss  whieh  results  from  the  impression  of  the  whole 
image  upon  tlie  eye.  The  intensity  of  the  light  is  independent 
of  the  magnifying  power,  while  the  brightness  is,  as  we  have 
seen,  invei-sely  proportional  to  the  square  of  the  magnifying 
powder.  According  to  these  principles,  the  following  exjiliination 
of  the  working  of  the  telescope,  given  by  the  distinguished 
Older?,  will  be  readily  understood: 

**Lct  B  be  the  brightness,  /the  intensity  of  light  of  an  object 
geen  through  the  telescope;  both  being  supposed  to  he,  for  the 
naked  eye,  equal  to  unity.     Let  D  he  the  diameter  of  the  object 
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glass,  d  that  of  the  pupil  of  the  eye,  G  the  magnifying  power 
of  the  telescope,  and  1 :  m  the  ratio  in  which  the  light  is  dimin- 
ished hy  its  passage  through  all  the  glasses  of  the  telescope ; 
then  we  have 

Now,  so  long  as  G^  <  '  . '  which,  however,  occurs  only  in  tele- 
scopes of  large  objective  apertures  and  low  magnifying  power, 
the  quantity  B  must  remain  constant  and  =  m;  for,  if  G  is  less 

than  — .  the  diameter  of  the  cylinder  of  emergent  rays  from  the 

CK'ular  will  be  greater  than  can  be  received  by  the  pupil ;  the 
eye  then  receives  no  more  of  the  light  than  it  would  if  the  ob- 
jective had  the  diameter  Gd.  Hence,  the  greatest  value  of  B  is 
wi,  and  can  never  be  greater  in  the  telescope.  Since  in  the  best 
achromatic  telescopes  m  =  0.85,  we  see  that  the  brightness  of 
an  object  is  always  greatest  with  the  naked  eye.     As  soon  as  G 

is  greater  than  — » the  brightness  rapidly  diminishes  as  tlie  square 

of  G. 

**  On  the  other  hand,  /,  or  the  intensity  of  the  light,  is  constant 

as  soon  as  ^  =  or  >  -  »  provided  that  the  field  of  view  always 

includes  the  whole  of  the  magnified  object.  /  can  therefore 
Woome  verj'  great  when  D  is  great ;  and  this  is  the  reason  why 
exceeilingly  faint  stars  can  be  seen  through  a  telescope  with  a 
large  objective.  The  diameter  d  of  the  pupil  (wliich  may  be 
aiwumed  to  bo  about  0.2  of  an  inch)  is  not  only  different  in 
different  observers,  but  also  varies  with  the  absolute  intensity  of 
the  light  of  the  object  viewed, — e.g.  it  is  less  when  we  view  the 
moon,  greater  when  we  view  Saturn ;  less  when  we  view  the 
moon  through  a  telescope  of  five  inches  aperture  than  through 
one  of  two  inches  aperture. 

^•The  sky,  or  'ground  of  the  heavens,*  has  a  certain  degree 
of  brightness,  not  only  in  daytime,  in  twilight  and  moonlight, 
bnt  even  at  night  in  the  absence  of  the  moon.     This  brightness 

of  the  skv  also  diminishes  in  the  telesc()i)e  as?n.  -    ,,  •  and  therefore 

the  ratio  of  the  brightness  of  an  observed  object  to  the  bright- 
ness of  the  sky  remains  constant  for  all  magnifying  powers. 
This  is  the  reason  why  for  considerable  magnifying  powers  we 
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do  not  observe  a  correspondingly  great  decrease  of  brightneflft* 
But,  if  we  call  this  IirigbtnesB  of  the  sky  b,  although  the  ratio 
Bib  remainn  conataiit,  our  eye  can,  nevertheless,  no  longer  die- 
tingnii^h  the  difference  jB  — 6  of  the  brightness  of  the  object  and 
the  sky  when  this  differenee  is  very  PToall.  Ilenee,  faint  nebulie, 
tails  of  comets,  &c.  become  invisible  under  high  magnifying 
powers.  The  intensity  of  the  light  of  the  portion  of  the  sky 
which  we  see  in  the  telescope  varies  inversely  as  G^*,  nearly,* 
This  intensity  of  the  light  of  the  fiekl  may  be  so  great  as 
wholly  to  prevent  our  seeing  objects  of  feeble  intensity.  This 
is  the  reason  why  with  the  comet-seeker  (a  telescope  of  large 
aperture  and  small  inagtiifying  power)  we  cannot  see  stars,  even 
of  the  tirst  magnitude,  in  the  daytime,  wlien  %ve  can  see  them 
without  difficulty  with  telescopes  of  much  smaller  apertures  and 
greater  magnifying  powers.  This  also  exjilains  why  with  high 
magnifying  powers  we  often  discover  very  faint  stars  which  are 
wholly  invisible  in  tlie  same  telescope  with  lower  powers/* 

Tlie  more  perfect  the  telescope  is,  the  more  nearly  will  the 
image  of  a  star  resemble  a  bright  point;  and,  according  to  the 
above,  we  may  witliout  liesitatiou  always  employ  for  the  obser- 
vation of  fixed  stars  the  highest  magnifying  powers, 

10.  Spherical  and  Chromatic  Aberration, — A  telescope  of  the 
simple  eonstruetion  above  described  would  possess  serious  defects. 
All  the  parallel  rays  from  an  object  which  fall  upon  a  simple 
spherical  lens  cannot  be  brought  exactly  to  a  common  [loint  in 
any  case :  and  m>t  even  approximately  unless  the  leuf^  is  small 
or  of  relatively  great  focal  length.  The  image  of  a  iixed  star 
will,  therefore,  not  be  a  well  defined  poiutH,  but  rather  an  ill  defined 
spot  of  light;  and  the  imageK  of  all  objects  will  be  the  more  dis- 
torted the  greater  the  objective  is  in  proportion  to  thi*  foc*al 
length.  This  de\iation  of  the  rays  from  a  common  point  in  the 
telescope  is  called  the  sphericttl  aht^mtloiu 

In  the  simple  astronomical  telescope,  still  another  difiiculty 
exists:  for  white  rays  of  light*  after  they  are  refracted  by  a  simple 
lens,  are  resolved  into  the  colors  of  the  prismatic  spectrum,  or 
of  the  niiulmw,  and,  consequently,  the  image  of  any  object  will 
appear  surrounded  and  tlisfigured  by  colored  light.     This  arises 

*  Tbtt  ii,  ibe  ^eel  i^n  tK$  eyr  of  the  whole  of  the  light  of  thai  portion  of  the 
ih/  whi«h  Is  TUiblo  under  the  mAgnifjing  power  G  Turies  ii«arlja«  -— -;  u  is  eti- 
deat»  since  the  field  li  dimlnUhcd  in  thii  ratio. 
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from  the  different  degrees  of  refrangibility  of  the  different  colors. 
The  deviation  of  the  rays  of  different  colors  from  a  common  focus 
is  called  the  chromatic  aben'aOon. 

"With  regard  to  the  means  by  which  the  telescope  is  rendered 
almost  wholly  free  both  from  spherical  and  from  chromatic 
aberration,  that  is,  rendered  both  aplanatic  and  achromatic,  it 
must  here  suffice  to  state,  in  general  terms,  that  the  result  is 
obtained  by  substituting  for  the  simple  lens  a  compound  one  of 
which  the  component  lenses  are  made  of  glass  of  different  degrees 
of  refractive  and  dispersive  powers.  There  are  generally  two 
component  lenses,  as  in  Fig.  5 ;  one  of  which,  AB,  is  a  biconvex 

Fig.  5. 


lens  of  crotcn  glass,  and  is  that  which  is  turned  towards  the  object; 
the  other,  AA'BB\  is  a  meniscus  or  concavo-convex  lens  oil  flint 
glass.  The  latter  kind  of  glass  usually  contains  at  least  88  per 
cent,  of  oxyde  of  lead,  from  which  crown  glass  is  wholly  free; 
and  both  its  refractive  and  its  dispersive  powers  exceed  those  of 
cn)wn  ghiss.  By  giving  the  four  spherical  surfaces  of  the  com- 
ponent lenses  suitable  curNiitures,  botli  the  spherical  and  the 
chromatic  aberrations  produced  by  the  crown  glans  lens  are  very 
nearly  corrected  by  the  flint  glass  lens. 

Even  in  the  bei|t  telescopes  an  absolutely  perfect  compensation 
of  the  errors  has  ndt  been  reached.  Some  idea  of  the  relative 
excellenee  of  the  instrument  may  readily  be  obtained  as  follows. 
The  correction  for  spherical  aberration  is  well  made  when  the 
image  of  a  star,  in  favorable  states  of  the  atmosphere,  is  a  very 
smalK  well  <lefined,  round  disc.  Having  adjuste<l  the  eye  piece, 
by  sliding  it  out  or  in,  until  this  disc  is  reduced  to  its  least  <linien- 
nions  and  most  perfectly  defined,  the  slightest  motion  of  the  eye 
|iie<*e  from  this  positi4>n,  either  out  or  in,  should  disturb  the  per- 
fection of  the  image:  a  telescope  in  which  the  chanicter  of  the 
image  ri*mains  sensibly  the  same  during  a  considenible  motion 
of  the  eye  j»iece  is  imperfectly  corrected  for  the  spherical  aber- 
ration.    The  correctness  of  the  general  figure  of  the  lens  is 
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judged  of  by  sliding  the  eye  piece  in  beyond  the  perfect  foeiis, 
whereby  the  image  becomes  enlarged;  but  if  the  lens  i»  sym- 
metrical throughout,  the  image  will  remain  circuLar,  and  lu  very 
perfect  telescopes  will  present  a  number  ctf  complete  concentric 
circular  rings  of  light;  a  similar  result  should  follow  when  the 
eye  piece  is  drawn  out.  An  iiniierfect,  unsymmetrical  lens,  with 
the  eye  piece  out  of  focus,  will  give  an  image  composed  of  incom* 
plete  and  distorted  ringjs,  or  only  a  confused  and  irregular  mass 
of  variously  colored  light.  If  the  glass  of  whicli  the  lens  is  com- 
posed is  not  perfectly  homogeneous  (one  {jortion  having  greater 
refractive  power  than  another),  the  images  of  bright  stars  of  the 
first  or  second  magnitudes  will  have  what  opticians  call  a  wbt^on 
one  side,  which  no  perfection  of  figure  or  of  adjustment  can  re- 
move. But  the  defective  portion  of  the  glass  may  be  discovered 
by  covering  up  successively  different  paits  of  the  lens  by  means 
of  caps  of  variable  apertures  in  various  positions;  and  some  im- 
provement in  the  perfoi'munce  of  the  lens  nmy  be  obtained  by 
<?xclnding  tliis  defective  portion,  at  the  expense  of  light. 

The  achromatism  is  jutlged  of  l»y  pointing  the  telescope  to 
some  bright  objet^t,  us  the  moon  ur  Jupiter,  and  alternately  push- 
ing in  and  drawing  out  the  eye  piece  from  the  place  of  most  per- 
fect vision  :  in  the  former  case,  if  the  lens  is  good,  a  ring  of  purple 
wilt  appear  round  tlie  edge  of  the  iunige,  in  tlie  latter,  a  ring  of 
pale  green  (which  is  the  central  color  of  the  prismatic  spectrum); 
for  these  apjiearaTices  show  that  the  extreme  colors  of  the  spec- 
trum, red  and  violet,  are  corrected^ 


11.  Achromaik  a/e  pieces. — The  eye  pieces  now  most  commonly 
used  are  of  two  kinds:  the  Ihfyf/enian  and  the  R^nnsden. 

The  Jlut/ffcnlan  eye  idece  consists  of  two  plano-convex  lenses 

of  cro\^T3  glass,  A  and  S 
^*««-  (^ig- ^),  the  convex  sur- 

^^^"""^  faces  of  both  being  turne<l 

towards  the  object.  The 
first  lens  ^4  receives  the 
converging  rays  *Sf?,  Sb^ 
coming  from  the  object 
ghii^s,  before  they  have 
reached  the  i*rincipal  fo- 
cus i?^  of  the  object  glass., 
imd  l^rings  them  to  a  locus  F'  half-way  between  the  two  lenses 
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A  and  B.  The  focal  length  of  the  lens  B  being  made  equal  to 
BF\  the  image  formed  at  F'  is  distinctly  visible  to  an  eye  be- 
hind B.  Since  this  eye  piece  is  adapted  to  rays  already  converg- 
ing, instead  of  diverging  rays,  it  is  commonly  called  the  negative 
eye  piece. 

The  Ramsden  eye  piece  is  shown  in  connection  with  the  tele- 
Bcope  in  Fig.  5.  It  also  consists  of  two  plano-convex  lenses ; 
but  the  plane  surface  of  the  lens  nearest  the  object  is  tunied 
towards  the  object.  The  diverging  rays  from  an  image  JPare 
rendered  less  divergent  by  the  first  lens,  and  finally  parallel  by 
the  second  lens ;  after  emerging  from  the  latter,  therefore,  they 
are  adapted  for  distinct  vision  to  an  eye  placed  behind  it.  This 
eye  piece  being  adapted  for  diverging  rays,  like  the  simple  double 
convex  lens,  is  called  the  positive  eye  piece.  It  is  universally 
used  wherever  spider  threads  are  placed  in  the  focus  of  the  object 
glass  for  the  purposes  of  measurement,  as  in  the  transit  instrument, 
4c. ;  for  the  permanency  of  the  position  of  these  threads  is  of 
the  first  imi>ortance,  and  this  could  not  be  insured  unless  the 
threads  were  so  placed  as  to  be  independent  of  any  motion  of 
the  eye  piece.  Threads  are,  however,  often  placed  in  the  focus 
of  a  Hnygenian  eye  i)iece  merely  to  mark  the  centre  of  the  field, 
as  in  the  eye  pieces  of  the  telescopes  of  a  sextant. 

The  optical  qualities  of  the  Huggenian  eye  piece  are,  however, 
superior  to  those  of  the  Ramsden^  the  spherical  aberration  being 
more  perfectly  corrected ;  and  it  is,  therefore,  preferred  for  the 
mere  examination  of  celestial  objects  when  no  measurements 
are  to  be  made. 

Neither  of  these  eye  pieces  changes  the  apparent  position  of 
the  image,  which  therefore  remains  inverted.  Achromatic  eye 
pieces  designed  to  show  objects  in  their  erect  |K>sitions  usually 
consist  of  four  lenses.  They  are  used  chiefly  for  land  objects,  and 
iMily  in  small  telescopes.  The  great  loss  of  light  from  the  addi- 
tional lenses  is  an  insui)erable  objection  to  them  for  astronomical 
purposes. 

Tlie  lenses  composing  the  eye  piece  are  fixed,  at  the  proper 
distance  from  each  (»ther,  in  a  sei)arate  tube,  which  lias  a  sliding 
motion  in  another  tube  fixed  to  the  telescope,  so  that  it  can  be 
pushe<l  in  or  drawn  out  and  thus  adapted  for  diflerent  eyes. 
For  near-sighted  jjcrsons  it  must  be  pushed  in;  for  far-sighted 
jK.T»ons,  drawn  out. 
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Fig.  7. 


12.  Diagonal  eye  pieces, — Wlien  a  teleflcope  is  directed  towards 

an  object  near  tho  zenith,  it  m  always  inconvenient,  and  often, 
with  Binall  inBtruments,  impossible,  tor  the  observer  to  brbig 
hiB  eye  directly  under  the  teleftcopo.  The  inconvenience  ia 
obviated  by  employing  an  eye  piece  which  bende  the  rays  at 
right  angles  to  the  optical  axis  of  the  telescope, 
ad  in  Fig.  7,  where  the  lens  A  receives  the  rays 
in  the  direction  of  the  axis  of  the  teIefe*cope  and 
jiartially  refnicts  them ;  they  are  then  refleet4i*d 
by  the  [ilane  surface  M  (placed  at  an  angle  of 
45**  with  the  axis)  to  the  lens  B,  by  which  they 
are  rendered  parallel  and  adapted  for  distinct  vit^ion  to  the  eye 
at  B  looking  in  the  direetion  BJL  The  Burfaee  31  may  be  either 
a  plane  metidlic  rain-or,  or  the  interior  face  of  a  right  pri^tn  of 
g\a»»,  the  section  of  which  18  shown  in  the  figure  by  the  dotted 
lines.  The  pri^in  is  usually  preferred,  as  less  light  is  hist  by 
reflection  from  its  interior  face  than  from  a  metallic  speculum. 


13,  To  rncnmire  (he  mrtyixifyir^g  power  of  a  (ekseope. — First  Method, — 
The  magni lying  i^ower  depends  upon  tlie  foeal  lengths  of  the 
object  glass  and  eye  piece  (Art,  7),  and  hence  for  the  same  tele- 
scope diflerent  eye  pieces  will  give  diflerent  magnitying  |>ower«< 
We  suppose,  then,  that  the  eye  piece  whose  magnitying  power 
is  to  be  found  is  placed  upon  the  telescope  and  very  carefully 
adjusted  for  distinct  vision  of  very  distant  ohjcctjas.  If  we  then 
direct  the  telescope  in  daytime  towards  the  open  sky,  we  shall 
see  near  the  eye  piece,  and  a  little  way  beyond  it,  a  small  illumi- 
nated circle,  which  is  nothing  more  than  the  image  of  the 
objective  opening  of  the  telescope.  Let  tire  diameter  of  this 
circle  he  measured  by  a  very  minutely  divided  scale  of  equal 
parts;  then  (he  rnagmfiptig  power  is  equal  to  the  quoUeiit  arising  from 
diddintj  the  diameter  of  the  ohject  glass  b*/  the  diameter  of  thi^  Hhfrni- 
Mted  circk.*     For  example,  let  the  diameter  of  tlie  object  glass 

*  The  dttnoiitlrfttioii  of  thii  rule  is  not  usnaUj  giTOi  In  our  optical  workj.     Let 

AXB,  Fig,  S,  be  the  objccfiTe;  C  th€ 
^^^'  *•  oculAr,  which  we  cah  regmrd  an  in  effect 

m  Bingle  lena  ;  N  the  roirfiJle  of  ih<j  ob- 
jective; fi  the  middle  of  the  smnn  il- 
iDminiited  circle  anb,  which  is  the  irnag^ 
of  the  uhjcctive  opcQing  forn»e<l  bejoad 
the  ocuUr.  If  we  remoTe  the  objeet 
f  Uas  from  the  tcleacope  tube,  the  ima|«  anb  of  the  opening  will  still  rt^main  the 
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be  4  inches,  that  of  the  small  illuminated  circle  ^  of  an  inch ; 
the  magnifying  power  is  4  -r-  ^  =  80. 

The  chief  difficulty  in  this  method  lies  in  the  exact  measure- 
ment of  the  diameter  of  the  small  illuminated  circle.  Various 
methods  have  been  contrived  for  this  purpose;  but  the  most 
effective  is  by  means  of  the  mstrument  known  as  Ramsden's 

Second  Method  (proposed  by  Gauss). — If  we  reverse  the  tele- 
scope and  direct  the  ocular  towards  any  distant  object,  we  shall, 
when  looking  through  the  objective,  see  the  image  of  the  object 
as  many  times  diminished  as  we  see  it  magnified  when  looking 
through  the  ocular.  Select,  therefore,  two  well  defined  j^oints, 
lying  in  a  horizontal  line,  and  direct  the  telescope  so  that,  look- 
ing into  the  objective,  these  points  may  appear  to  lie  at  about 
equal  distances  on  each  side  of  the  optical  axis.  Then  place  a 
the<Klolite  in  front  of  the  objective,  level  the  horizontal  circle, 
and  bring  the  optical  axis  of  its  telescope  nearly  into  coincidence 
with  that  of  the  larger  telescope,  so  that  looking  into  the  object- 
ive of  the  latter,  through  the  tele8coi>e  of  the  theodolite,  the 
8ele<'ted  points  may  be  distinctly  seen.  Measure  the  api)arent 
angular  distance  of  the  images  of  the  points  with  the  theodolite, 
by  bringing  the  vertical  thread  successively  upon  these  images 
and  taking  the  difference  a  of  the  two  readings  of  the  horizontal 
circle.  Remove  the  larger  telescope,  and  measure  in  the  same 
manner  w^ith  the  theodolite  the  angular  distance  A  of  the  points 
themselves.  Then  the  magnifying  power  G  is  given  by  the 
fonnula 


M  when  th«  glftM  is  in  its  place.  Now,  it  is  known,  trom  the  elements  of  optics,  thai 
if  H  is  the  distance  of  a  bright  object  from  a  conrex  lens,  v  the  distance  of  the 
iMage  from  the  lens, /the  foeal  length  of  the  lens,  we  haTe  the  equation 

v^  u      / 

Let  /*  be  the  focal  length  of  the  object  ire,/  that  of  the  ocular,  w  the  distance  between 
them;  then  we  have  NC  ==  u  =  F -}- /;  Cn  =  v;  and,  consequently, 

111  F 


V      /       F  +  f     /(FJr/) 
AUo. 

AB      XC      F  ^/      F 

ab         nC  V  f 

F  AB 

But,  bj  Art.  0,  -  expresses  the  magnifying  power  of  the  telescope:  hence,  also,  --- 

tha  magnifying  power,  as  in  the  method  of  the  text. 
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o  = 


tanM 
tan  ia 


w 


or,  if  the  angles  A  and  a  are  verj  small,  G  =  — 

If  the  obBorved  pointis  are  not  very  diBtaiit,  we  should  in  etrict- 
negs  measure  the  angle  A  by  phiehig  the  theodolite  at  tiie  point 
first  occupied  by  the  ocular;  for^  is  the  angle  contained  by  the 
rays  from  the  two  points  to  the  ocular,  and  a  the  angle  eontuined 
by  these  rays  after  they  have  passed  through  tlie  ocular  and  have 
been  refracted  by  it* 

If  the  telescope  cannot  be  removed  conveniently,  the  angle  A 
may  be  obtained  by  measuring  the  linear  distance  i>of  the  middle 
I»oiut  between  the  two  observed  points  from  the  ocular,  and  the 
horizontal  linear  distance  d  between  the  pomts ;  then 


^'^=^ 


(5) 


When  the  latter  method  is  practised,  however,  it  is  necessary  to 
observe  tliat  if  the  telescope  of  the  theodolite,  in  measuring  the 
angle  a,  is  inclined  to  thu  horizon  by  the  angle  /,  we  must  employ 
instead  of  a  the  angle  a'  given  by  the  formula 

Bin  I  a'  =  fiin  ia  cos  / 

or,  with  sufficient  precision, 

tan  1  a'  =  tan  |  tf  ooe  1 

a  reduction  which  was  unnecessary  where  both  .J,  and  a  were 
measured  by  the  theodolite,  since  the  fiictor  cos /would  enter 
into  both  numerator  and  denominator  of  (4).  But  the  reduction 
nuiy  also  he  neglected  here,  if  by  D  is  understood,  not  the  direct 
distance  from  tlie  ocular  to  the  observed  points,  but  the  projec- 
tion of  this  distance  on  the  horizontal  plane,  and  then  the  formula 

becomes  G  =  -^r—* — »  with  euflicient  precision,  since  a  is  always 

very  small 

For  accuracy,  tlie  angular  distance  of  the  points  observed 
should  be  as  great  as  can  be  embraced  within  the  field  of  tlie 
teleflcope. 

Example  1. — The  angles  .4  and  a  were  directly  measured  with 
a  theodolite,  in  the  case  of  an  equatorial  telescope  with  a  certain 
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eye  piece,  and  were  ^  =  5°  10'  80",  a  =  3'  10".     We  have, 
therefore,  for  this  eye  piece, 

tan  0°  1'  35" 

Example  2. — ^For  verification  of  the  preceding  measure,  the 
angle  A  waa  also  obtained  without  the  theodolite,  for  which  pur- 
pose there  was  measured  the  distance  of  the  obsen'ed  points 
from  the  ocular,  D  =  303.2  feet,  and  the  distance  between  the 
points,  d  =  26.98  feet.  The  inclination  of  the  telescope  of  the 
theodolite  was  here  observed  to  be  /=  10°  40',  and  as  before  by 
direct  measure  a  =  3'  10".    We  have  first, 

^      1  A       26.98 

tan  i  A  = 

606.4 

and  hence 

a  = 26.98 gg  3^ 

606.4  tan  1'  35"  cos  10°  40' 

The  horizontal  distance  D  was  here  298  feet,  with  which,  by  the 
last  formula  above  given,  we  have 

298Hin3'10" 

Tlie  magnifying  power  of  this  eye  piece  may  therefore  be  taken 
at  98.2,  or  shnply  98. 

TTiird  Method  (proposed  by  11.  B.  Valz,  in  the  Astronomische 
Niichnchtniy  Vol.  vii).  This  very  convenient  method  coiiHistH  in 
directing  the  telescope  towards  any  object  of  known  angular 
diameter,  and  measuring  the  angle  formed  by  rays  from  the 
extremities  of  a  diameter  after  these  rays  have  emerged  from  the 
eye  piece.  The  sun,  the  angular  diameter  of  which  is  always 
known,  irt  especially  adapted  for  the  puq>ose.  The  image  of  the 
sun  may  be  received  upon  a  screen  placed  in  the  prolongation 
of  the  axis  of  the  telescope  with  its  flat  surface  carefully  adjusted 
at  right  angle*  to  that  axis.  The  ti'lescopo  is  to  remain  fixed, 
being  properly  directed  so  that  the  sun  shall  pass  over  the  centre 
of  its  field ;  and  as  the  image  i)asses  over  the  screen  its  linear 
diameter  d  is  to  be  measured.  Also  the  perpendicular  distance 
Jj  from  the  middle  of  the  eye  piece  to  the  screen.     Then,  if  a  is 
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the  true  angular  diameter  of  the  mm,  A  the  angular  diameter  of 
the  image  on  the  screen,  subtended  at  the  eye  piece,  we  have 


tan  M== 


id 


and  the  magnifying  power  ff,  as  before,  is 

tan  M  d 


e  = 


tan  ia        2/> tan  ia 


(fi) 


Fourth  Method. — For  small  instruments,  and  where  great  accu- 
racy 18  not  required,  the  following  process  will  answer.  Let  a 
8tatl*,  which  is  very  boldly  divided  into  equal  partn  by  heavy  lines, 
he  placed  vertically  at  any  convenient  distance  from  the  telescope, 
for  exuniiik%  fifty  yards.  While  one  eye  is  direct t-d  towards  the 
BtiiW  (hmwjh  the  telescope,  the  other  eye  may  observe  the  staft'hy 
looking  along  the  outside  of  the  tube,  One  division  of  the  stuff 
will  be  seen  by  the  eye  at  the  eye  piece  to  be  magnitied,  so  as  to 
cover  a  nnmber  of  divisions  of  the  statF,  and  this  number,  which 
is  the  inagnityiug  power  requii^d,  may  be  observed  by  the  other 
eye  looking  along  the  tube.  The  staft*  here  not  being  very  distant^ 
the  focal  adjustment  of  the  telescope  is  not  the  same  as  for  stars; 
the  tbcal  length  is,  hi  fact,  somewhat  greater  than  the  '*prineipar' 
focal  length  (Art,  3),  and  the  magnifying  power  obtained  is  pro- 
portioiuiUy  greater  than  that  wbieh  applies  to  very  distant  or 
celestial  objects,  the  rays  from  wbieh  are  sensibly  parallel.  It*  we 
call  the  magnitying  power  obtained  from  the  terrestrial  object  6?', 
that  for  a  celestial  object  G,  i^'the  focal  length  employed,  J^the 
principal  focal  length,  we  have 

r\F=  cr%G 

For  example,  a  telescope  whose  principal  focal  length  was 
24  inches,  being  directed  towards  a  gradnated  statf,  it  was  found 
that  for  distinct  vision  of  the  statf  it  was  necessary  to  dniw 
out  the  eye  piece  0.75  inch.  Then,  one  division  of  the  staff 
seen  by  the  eye  at  the  eye  piecu  was  observed  by  means  of 
the  other  eye  to  cover  40  divisions.  Here  we  have  i^"^— 24, 
F*=  24  J5,  (?'=  40,  and  hence 


»  =  °'>=-'"x^ 


=  88.8 


MAGNIFYING   POWER   MEASURED.  27 

Instead  of  using  the  divisions  of  a  staff,  which  may  not  be  siiflS- 
ciently  distinct,  a  disc  of  white  paper  may  be  placed  against  a 
black  ground,  and  the  size  of  the  magnified  image  may  be  marked 
on  the  same  ground  by  an  assistant  from  signals  made  by  the 
observer  at  the  telescope. 

14.  It  was  shown  in  Art.  7  that  the  magnifying  power  is  equal 

to  -:'  JP being  the  focal  length  of  the  objective,  and/ that  of  the 

ocular.  To  apply  this  rule  when  the  eye  piece  is  composed  of 
two  lenses,  it  is  necessary  to  find  the  focal  length,  /,  of  a  single 
lens  which  is  equivalent  to  the  two  lenses.  This  is  effected  by 
the  formula  of  optics 


in  which /^/"  are  the  focal  lengths  of  the  component  lenses, 
and  il  the  distance  between  them.  This  formula,  however,  is  but 
approximative  (it  gives  /  somewhat  too  great) :  it  is  better  to 
measure  the  magnifying  power  directly  by  one  of  the  methods 
above  given. 

15.  Reflecting  telescopes. — As  these  are  rarely  used  for  the  pur- 
poses of  measurement^  we  shall  content  ourselves  with  merely 
stating  the  forms  of  the  two  kinds  which  have  been  in  most 
common  use.  The  simplest,  and  now  most  commonly  used,  is 
the  Ilcrschelian  telescope,  introduced  by  Sir  William  IIerschel. 
A  polished  concave  speculum,  oA,  Fig.  9,  is  placed  at  tlie  bottom 

Fig.  9. 


of  a  tube,  A  BCD.  It  is  ground  to  the  form  of  a  paraboloid,  the 
focus  of  which  is  near  the  mouth  of  the  tube ;  it  is  slightly  in- 
clined, so  that  the  focus  falls  near  one  side  of  the  tube,  as  at  Z), 
where  the  reflected  rays  from  the  speculum  form  an  image  which 
is  viewed  through  an  eye  piece,  E,  of  the  usual  form.  The  head 
of  the  olnerver  may  intercejit  a  small  jiortion  of  the  rays  from 
a  celestial  object  to  the  speculum ;  but  this  is  of  little  conse- 
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quence,  as  the  Bpeculum  is  tisually  very  large.     In  Lord  Rossk*s 
IlerHicheruin,  the  diameter  of  the  speculum  is  six  feet 

The  reflecting  telescope  next  in  most  common  use  is  the  Nett- 
tonian^  which  ditlera  from  the  Ilersehelian  oulj  in  receiving  the 
reflected  ray^  from  the  epeciilum  upon  a  small  plane  mirror,  c. 
Fig*  10,  placed  in  the  middle  of  the  tnhe  near  it^  mouth,  which 
reflects  these  rays  at  right  angles  to  the  axis  of  the  tube  to  an 

Fig.  10. 


eye  piece  at  -E*.     In  this  form^  the  small  plane  mirror  intercepts 

a  portion  of  the  light  from  the  object;  moreover,  light  is  lost  in 
the  double  retiection  ;  hut  a  slight  advantage  is  gained  in  having 
tlie  axis  of  the  speeulum  coincide  in  direction  with  the  axis  of 
the  tube.  The  reflected  rays  reach  the  mirror  e  he  fore  tliey  are 
hrouglit  to  a  ibcus:  they  converge  after  reflection  to  the  point/, 
where  is  produced  tlie  image  which  is  examined  through  an  eye 
piece  by  the  eye  at  -B. 

16.  finding  telescopes. — A  telescope  of  great  tbcal  length  and 
high  magnifving  power  has  a  very  small  field,  in  consetincnce 
of  which  it  becomes  very  difficult  to  find  a  small  olyeet  in  the 
Bky»  This  inconvenience  is  obviated  by  attaching  to  the  outside 
of  the  tiilie  a  smaller  telescope,  called  u  Ji/idei\  of  low  niagnif\ing 
power  and  large  tield,  with  its  axis  adjusted  parallel  to  that  of 
the  larger  telescope.  The  search  for  the  oliject  is  made  with 
the  tinder  (both  telescopes  having  a  common  motion),  and, 
when  found,  it  is  brought  to  the  middle  of  the  field  of  the 
finder;  it  is  then  somewhere  in  tlie  field  of  the  larger  telescope. 
The  middle  of  the  field  of  the  finder  is  indicated  bv  the  inter- 
section  of  tAvo  coarse  threads  in  the  focus;  or,  still  better,  by 
four  threads  forming  a  small  square,  the  middJu  point  of  which 
is  the  centre  of  the  field. 
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CHAPTER  11. 

OF  THE   3CEASUREMENT  OF  ANGLES  OR  ARCS  IN  GENERAL — 
CIRCLES — ^MICROMETERS — LEVEL. 


17.  Graduated  Circles. — The  most  obvious  mode  in  which  an 
angle  may  be  measured  is  that  in  which  we  employ  a  circle,  or 
portion  of  a  circle  (constructed  of  metal  or  other  durable  material), 
the  limb  of  which  is  mechanically  divided  into  equal  parti*,  as 
degrees,  minutes,  &c.  The  centre  of  the  circle  being  placed  at 
the  vertex  of  the  angle  to  be  measured,  the  arc  of  the  circum- 
ference intercepted  between  the  two  radii  which  coincide  in 
direction  with  the  sides  of  the  angle  is  the  re<piired  measure.* 
To  give  this  mode  jirecision  when  the  angle  is  found  by  lines 
drawn  to  two  distant  points,  the  aid  of  the  telescope  is  invoked. 
This  is  connected  with  the  circle  in  various  ways,  according  to 
the  nature  of  the  instru- 
ment of  which  it  fonns  ^^**  ^^' 
a  part :  but,  in  general, 
we  may  conceive  it  to  bo 
essentially  as  follows. 
To  the  tube  of  the  tele- 
scope, A  By  Fig.  11,  is 
attached  a  pivot,  C\  at 
right  angles  to  the  op- 
tical axis,  which  turns 
in  a  circular  hole  in  the 
centre  of  the  graduated 
circle  J/X  An  ann  aCh,  extending  from  the  centre  Cto  the 
graduations  on  the  limb,  is  pennanently  attached  to  the  telescope, 
and  revolves  with  it.  To  measure  an  angle  subtended  by  two 
distant  objects  at  the  point  C  the  circle  is  to  be  brought  into  the 
plane  of  the  objects  and  firmly  fixed.     Then  the  telescope  is 


•  In  the  R^ztant  and  other  inntrumentfl  of  *•  double  reflect  ion, **  the  Ycrtex  of  the 
angle  to  he  measured  is  not  in  the  centre  of  the  arc  used  to  nieatiurc  it.  See  article 
••l^xtant." 
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directed  auccessivelj  upon  the  two  object^j  and  in  each  case 
tlie  number  of  degrees  indicated  by  a  mark  on  either  extremity 
of  the  aroi  ab  is  to  be  read  otl";  the  differenee  of  the  two  readings, 
which  is  the  number  of  degrees  passed  over  by  the  arm,  and, 
consequently,  also  by  the  telescope,  will  bctlie  required  measure 
of  the  angle.  The  same  result  is  reached  by  permanently  con- 
necting the  circle  and  telescope,  which  then  revolve  together, 
while  a  fixed  mark  near  the  limb  of  the  circle  serves  to  indicate 
the  number  of  degrees  through  which  the  teleseope  revolves. 

In  order  to  point  the  telescope  with  ease  and  accuracy  npou 
an  object,  a  clamp  and  tangent  screw  are  commonly  employed. 
This  contrivance,  which  may  be  seen  upon  almost  every  astro* 
nomicat  instrument,  takes  a  great  variety  of  forms,  bnt  in  all  cases 
tl>e  operation  of  it  is  as  followsr  when  the  telescope  is  approxi-^ 
matdi/  pointed  upon  the  object  by  band,  it  is  clamped  in  its  posi- 
tion by  a  sliglit  motion  of  the  chinip  screw,  after  which  the 
tclcscoiie  admits  of  no  motion  except  that  which  is  common  to 
it  and  (he  clamp:  hence,  by  a  fine  screw  whieb  moves  the  clamp 
a  slow  delicate  motion  can  be  given  to  the  telescope,  whereby  the 
Bight-line  marked  by  a  thread  in  the  focus  is  brought  accurately 
upon  the  olyect. 

The  great  increase  of  accuracy  in  jmnffnf}  a  telescope  which  is 
obtuincd  by  the  introdm^tion  of  the  sjiider  threads  in  its  tbcus 
brings  with  it  the  necessity  of  a  corresponding  increase  of  accu- 
racy in  7radinfi  (iff  the  number  of  degrees  and  fmetions  of  a  degree 
on  tlie  divided  liuib  of  the  circle,  A  single  referem-e  mark  upon 
the  extremity  of  an  arm,  as  in  Fig.  11.  enaliles  us  to  determine 
only  the  nnmber  vY  entire  divisions  of  the  limb  passed  over;  but, 
as  this  nuirk  will  generally  l>e  found  bet^veen  two  divisions, 
some  additional  means  are  required  for  measuring  the  fraction 
of  a  division.  Two  methods  are  now  exclusively  employed. 
The  first  of  these,  in  the  oixler  of  inventiou,  is 


THE    VERXIER.* 

18,  Let  3fN,  Fig.  12,  be  a  portion  of  the  divided  limb  of  a 
circle ;  CD  the  arm  which  revolves  witli  the  telescope  about 
the  centre  of  the  circle.     The  extremity  of  this  arm  is  expanded 

*  So  ctin«^l  After  iu  inveDtor,  Pktbb  TKR^vtift,  of  Franee»  who  Ured  About  1690. 
Bjr  some  (t  i»  cftUcd  a  nonilug.  sRer  tho  Portuguese  NuicKS  or  Nosics;  but  iht  hkr 
vemloQ  of  ill*  Uiur  (wbo  died  m  1577)  was  quiie  dlffere&L 
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into  an  arc  aft,  which  is  con- 
centric with  the  circle  and  is 
graduated  into  a  number  of 
divisions  n  which  occupy  the 
space  of  n  —  1  divisions  of 
the  limb.  Thus  graduated, 
this  small  arc  receives  the 
name  of  a  vernier.  The  first 
stroke  a  is  the  zero  of  the 
vernier,  and  the  reading  is  al- 
ways to  be  determined  by  the 
position  of  this  zero  on  the 
liml^.    Let  us  put 


d  =  the  value  of  a  division  of  the  limb, 
d'  =  the  value  of  a  division  of  the  vernier, 

then  we  have 


whence 


and 


d'='^^d 


d  —  d'  =  -d 
n 


(7) 


The  difference  rf  —  rf'  is  called  the  least  count  of  the  vernier,  which 

18,  therefore,  — th  of  a  circle  division.     If  now  the  zero  a  falls 
n 

between  the  two  circle  graduations  P  and  P+  1,  the  whole 
reading  is  Pd  pltts  the  fraction  from  P  to  a.  To  measure  this 
fraction,  we  obser\'e  that  if  the  //?th  divisi^m  of  the  vernier  is  in 
coincidence  with  a  division  of  the  limb,  the  fraction  is  m  X  {<l  —  d') 

or  -  d.     For  example,  if,  as  in  our  figure,  the  vernier  is  divided 

into  10  equal  parts,  occupying  the  space  of  0  divisions  of  the 
limb,  and  if  the  4th  division  is  in  coincidence,  the  whole  rea<ling 

is  Pd+^d;  and  if  d -^W  and   P  corresponds   to   20°  20' 

(P  being  the  122d  division  from  the  zero  of  the  limb),  then  the 

whole  reading  is  20°  20'  +      -  X  10'  =  20°  24'.    In  this  ease  the 

least  count  is  1'.  In  practice,  no  calculation  is  necessary'  to 
obtain  the  fraction,  for  this  is  indieated  by  proper  numbers 
against  the  graduations  of  the  vernier  itself. 
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If  the  least  count  is  givea,  to  find  n,  we  have 


n  = 


d  —  d' 


d  and  d  —  d*  being,  of  course,  expressed  in  the  same  unit.  For 
example,  if  the  limb  m  divided  to  10',  and  the  least  count  is  to 
be  10'',  we  have 

d  =r  000" 
d^d'^    10" 
whence 

n:=60 

and  we  must  make  60  divisions  of  the  vernier  equal  to  59  divi- 
sions of  the  limb. 
When  a  large  number  of  divisions  are  made  on  the  vernier* 

and  the  least  count  is  very  small,  the  gi*aduatious  must  be 
exeeediHt^ly  delicate;  otherwise,  several  eotisecotive  divisiona 
of  tlie  vernier  may  appear  to  he  in  coincidence  with  divisiona  of 
the  limb.  The  reading  is  then  to  be  assisted  by  a  mieroseupe^  or 
readifHf  fjlass^  jdaccd  over  the  vernier  and  having  a  lateral  motion, 
whereby  its  optical  axis  can  be  bronglit  immediately  over  that 
division  of  the  vernier  which  is  in  coincidence. 

To  increase  the  accuracy  of  a  reading  still  more,  two  or  more 
arms,  eaeh  carrj'ing  a  vernier,  are  employed,  and  tiie  mean  of 
the  indications  of  all  is  taken.  Tbe  eftect  of  reading  off  a  circle 
at  various  pfiints,  in  eliminating  erroi-s  of  the  circle,  will  be 
treated  of  hereafter. 

The  arm  carrying  a  vernier,  or  the  fi-ame  liearing  several 
verniers,  is  often  called  tbe  cdidadm,  Sometimes  the  several 
vemiem  are  attached  to  a  circle,  which  tlien  receives  the  name 
of  the  (didadt  circle. 

19.  We  have  assumed  above  that  the  divisions  on  the  vernier 
are  smuller  than  those  on  the  limb.  This  is  the  most  common 
arrangement;  but  we  may  also  have  them  greater  by  making  n 
divisitms  of  the  vernier  occupy  the  space  of  n  +  1  divisiuus  of 
the  limb :  so  that  we  have 

(»  +  1)  (i  ^  iwi' 

whence  the  least  count  is,  as  before, 

d*^d  =  ^d 
n 
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The  only  difference  will  be,  that  when  the  graduations  of  the 
limb  proceed  from  right  to  left,  those  of  the  vernier  must  pro- 
ceed from  left  to  right ;  that  is,  the  zero  of  the  vernier  must  be 
the  extreme  left-hand  stroke. 

20.  In  case  a  vernier  has  been  used  which  is  found  to  be  too 
long  or  too  short,  the  reading  may  be  corrected  as  follows.  Let 
the  error  in  its  length  be  denoted  by  x,  then  (in  the  verniers  of 
the  ordinary  form)  we  have  (Art.  18) 

whence 

d^d'=-d  +  ^  (8) 

Hence  a  reading  in  which  the  fraction  was  m{d  —  d')  becomes 

JJl  X  X 

—  d  +  m  —     The  correction  of  the  reading  is,  therefore,  +  m-  — 

X  ,     , 

when  the  vernier  is  too  short  by  x;  and  —  m—  when  it  is  too 

long  by  X.  For  example,  if  the  limb  is  divided  to  10'  and  the 
vernier  gives  10''  (in  which  ease  n  =  60),  and  we  find  that  the 

vernier  is  too  short  by  x  =  +  5",  then  we  must  add  to  every 

6" 
reading  the  correction  +  m  •  — ;  or,  since  ever}'  6th  graduation 

of  tlie  vernier  gives  one  minute,  we  must  add  0".5  for  every 
minute  read  on  the  vernier. 

The  actual  length  of  the  vernier  is  found  by  bringing  its  zero 
into  coincidence  with  a  division  of  the  limb  and  observing  where 
the  next  coincidence  occurs.  If  this  second  coincidence  occurs 
at  the  last  division  of  the  vernier,  its  length  is  correct;  but  if  the 
coincidence  occurs  at  ±  /?  divisions  from  the  last,  it  is  too  short 
or  too  long  by  p  times  the  least  count.  This  should  be  done 
at  various  points  of  the  limb,  and  the  mean  of  all  the  results 
taken,  in  order  to  eliminate  the  effect  of  accidental  errors  in  the 
graduaticms  of  the  limb. 

The  veniier  is  now  used  chiefly  on  small  circles  and  portable 
instruments ;  but  when  the  highest  degree  of  accuracy  is  sought 
for  in  reading  off  a  circle,  we  have  recourse  to 

THE   READING    MICROSCOPE. 

21.  Let  us  conceive  the  arm  which  carried  the  vernier,  instead 
of  lying  chme  to  the  plane  of  the  circle,  to  be  raised  at  some 
distance  fnmi  it,  and  in  place  of  the  vernier  let  the  extremity  of 

Vol.   II.-3 
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tha  arm  carry  a  microscope  AC  (Plate  IE.  Fig.  1),  the  optical  axis 

of  which  IB  perpciidicuiar  to  the  plane  of  the  circle  JAYaiid 
intersects  the  diviHioiis  ou  the  liiiib.  The  telej^eope  and  ciivle 
are  to  be  supposed  to  revolve  together,  while  the  microscope 
remains  fixed.  An  image  of  the  divi^iona  is  formed  at  the  focus 
D  of  the  object  lens  C\  Two  lenses,  B  and  Aj  constitute  a  posi- 
tive eye  piece  through  which  this  image  is  viewed,  JIG  it*  a 
micrometer,  the  interior  of  which  is  shown,  enlarged,  in  Plate  H, 
Fig,  2.  A  fine  screw,  cc,  with  a  large  graduated  head,  EF^ 
carricHi  the  sliding  frame  aa^  across  which  are  stretehed  two  inter- 
secting Bpider  threads.  These  threads  lie  exactly  in  the  focus 
of  the  microscope^  and  are  cousecjuently  visible  at  the  same  time 
with  the  image  of  the  divisions  of  the  limb.  Ou  one  side  of  the 
field  is  a  notched  scale  of  teeth  (which  does  not  move  with  the 
cross-threads),  the  distance  between  the  teeth  being  the  same  as 
that  between  the  threa<ls  of  the  screw.  The  middle  notch  is 
distinguislied  by  a  hole  opposite  to  it,  and  every  lifth  notch  is 
cut  deeper  than  the  rest.  At  i  (Fig.  1)  is  an  index  to  which  the 
divisions  of  the  micrometer  head  are  referred.  Since  one  com- 
plete revolution  of  the  micrometer  head  must  carry  the  cross- 
threads  a  distance  equal  to  the  thickness  of  the  thread  of  the 
screw,  if  the  head  is  graduated  into  100  i>arts  we  have  tlie  mcand 

of  measuring  a  space  equal  to  t— r^h  of  the  thickness  of  the  thread 

of  the  screw.  Either  by  nuiking  the  screw"  vcrj'  fine,  or  increasing 
the  number  of  graduations  on  the  head,  or  by  both,  aiui  at  the 
same  time  increasing  tlie  optii^al  power  of  the  microscope,  we 
can  carry  this  subdivision  of  space  to  ahiiost  an  unlimited  extent. 
In  order  to  undei^stand  the  mode  of  reading  the  circle  by  this 
apparatus,  let  us  conceive  the  intersection  of  the  cross-threads  to 
stand  against  the  central  notch,  the  zero  of  the  niicrometer  being 
also  exactly  ojiposite  the  index.  The  point  of  the  Jteld  that  oecu- 
pied  by  the  intersection  of  (lu!  cross-thremls  is  to  be  regarded  as  a  fixed 
point  of  refcrenct^  ami,  a.s  the  ttk-scope  rerolces  from  one  position  to 
another^  the  number  of  dirisions  of  the  limb  ithieh  pass  by  this  jMmt 
will  be  the  measure  of  the  anffidar  motion  of  the  telescope.  Suppose^ 
tlicn,  the  revnltition  has  brought  this  point,  not  upon  a  graduation 
of  the  limb,  but  at  a  fraction  of  a  division  beyond  a  certain 
gnuluation  P;  then,  to  measure  this  fraction,  we  have  only  to 
move  the  cross-thread  from  the  point  nf  reference  into  coincidence 
with  the  graduation  P,  and  read  the  number  of  divisions  of  the 
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micrometer  head.  K  more  than  one  revolution  of  the  screw  is 
required,  the  whole  number  of  revolutions  will  be  shown  by  the 
number  of  notches  in  the  field  passed  over  by  the  cross-threads, 
and  the  fraction  of  a  revolution  by  the  micrometer  head.  Then, 
knowing  the  relation  between  a  division  of  the  micrometer  head 
and  one  of  the  circle,  the  value  of  the  required  fraction  is  at 
once  found.  For  example,  suppose  a  division  of  the  circle  is 
equal  to  6',  and  that  five  revolutions  of  the  micrometer  screw 
just  carry  the  cross-threads  from  one  circle  graduation  to  the 
next ;  and,  further,  that  the  micrometer  head  is  divided  into  60 
ec|uul  parts;  then  each  revolution  of  the  screw  represents  1',  and 
each  division  of  the  micrometer  head  represents  V\  If  then  we 
have  made  three  whole  revolutions,  and  the  micrometer  head 
reads  25.8,  the  required  fraction  is  3'  25".3.  If  the  graduation 
P  was  289°  85',  the  whole  reading  is  289°  88'  25".3. 

The  coincidence  of  the  point  of  intersection  of  the  threads 
with  a  graduation  of  the  limb  is  made  in  the  manner  shown  in 
Fig.  2.  In  man}'  of  the  German  instruments,  instead  of  a  cross- 
tliread,  two  very  close  parallel  threads  are  used,  the  middle 
point  between  which  is  the  point  of  reference,  and  a  coincidence 
is  made  by  bringing  the  circle  divit^ion  to  bisect  the  space 
hotween  them.  This  bisection  is,  of  course,  estimated ;  but  it 
may  be  effected  with  very  groat  accuracy  where  the  threads  are 
very  clo«e.  Their  distance  should  be  very  little  greater  than 
the  breadth  of  the  graduations  of  the  limb.  Bkssel  preferred 
the  parallel  threads;  but  it  is,  perhaps,  doubtful  whether  they 
afford  any  advantage  in  the  hands  of  most  observers. 

Tlie  spind  springs  bb  serve  to  make  the  screw  bear  always  on 
the  «ime  side  of  the  thread,  so  that  in  reverse  motions  of  the 
8crow  there  is  no  lost  or  fhad  motion,  that  is,  revolution  of  the 
«»rrew  without  a  corresponding  movement  of  the  cross-thrcads. 
But,  to  guard  against  the  possible  existence  of  lost  motion,  the 
coinci<len<re  of  the  cross-threads  with  a  circle  division  should 
always  be  i»nxluccd  by  a  motion  of  the  micrometer  head  in  one 
and  the  same  direction. 

22.  Error  of  Runs. — Wlien  a  reading  microscope  is  in  perfect 
adjustment,  a  whole  number  of  the  revoluti<ms  of  the  screw  is 
equal  to  the  distance  of  two  consecutive  graduations  of  the  circle. 
To  effect  this,  provision  is  made  for  lengthening  or  shortening 
the  microscope  tube,  and  also  for  moving  the  whole  microscope 
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farther  from  or  nearer  to  the  circle.  Iii  this  way,  the  magnitiulo 
of  the  image  of  a  division  ae  seen  in  the  fiehl  can  be  changed 
until  it  corresponds  exactly  to  a  whole  nnniber  of  revolutions  of 
the  screw.  For  example,  il'  a  whole  number  of  revolutions  Is 
greater  than  the  image  of  a  circle  divnsion^  the  objective  lens 
must  be  brought  nearer  to  the  ocular,  and  at  the  same  time  the 
wln>le  microscope  liroiight  nearer  to  tlie  circle* 

But,  aa  changes  ot'  temperature  and  other  eaueea  are  found  ta 
pix>duce  changes  in  the  value  of  a  division  of  the  microscope,  and 
it  is  not  expedient  to  be  always  changing  the  adjustment,  it  is 
usual,  after  making  one  very  exact  adjustment,  to  let  it  stand,  and 
then  determine  from  time  to  time  the  correction  of  a  reatling  for 
any  change  of  value  which  may  appear.  The  excess  of  a  circles 
di\^sir»n  al>ove  a  whole  niiml*cr  of  revolutions  is  called  (he  error 
ofrtms^  and  a  proportional  part  of  this  excess  must  be  aUowed 
on  all  readings.  This  error  is  to  be  found  by  measuring  several 
divisions  in  ditterent  parts  of  the  circle  and  taking  the  menu  of 
all  the  results,  in  order  to  eliminate  the  effect  of  errors  in  the 
circle  graduations  themseh^es.  For  example,  if  a  division  exceeds 
five  revolutions  of  the  screw  by  -j-  2". 2,  then  for  each  minute  in 
the  fraction  of  a  division  obtained  by  the  micrometer  we  must 

apply  to   the   reading  the  correction r— ,  or  —  0'^44.     The 

error  of  runs  will  take  the  negative  sign,  and  the  correction  for 
it  tlie  positive  sign,  when  a  circle  division  falls  short  of  a  whole 
number  of  revolutions  of  the  screw. 


23.  To  increase  the  accuracy  of  a  reading,  sereral  microscopea 
are  used,  liaviiig  a  fixed  position  relatively  to  each  other^  by 
wliich  the  fraction  of  a  division  in  the  reading  is  measured  at 
ditterent  points  of  the  circle  and  the  mean  of  the  difterent  mea- 
sures is  taken.  Two  ndcroscopes  are  {daccd  so  as  to  read  at 
opposite  points  of  the  circle,  that  is,  the  angular  distance  of  the 
microscoi>cs  is  180*^,  or  diflcrs  but  little  from  180^ ;  thi'ce  micro- 
scopes are  placinl  at  120'^,  four  at  9(r^,  &c. ;  or,  in  generaU  what- 
ever the  iiuniber  of  micrtjscope,  tliey  are  placed  so  as  to  divide 
the  circle  into  erpml  poiiione.  The  whole  degreed  and  miuutea 
are  rea*!  only  at  i»ne  of  tlie  microscopes.  In  large  instruments, 
where  the  field  of  the  microscope  takes  in  but  a  part  of  a  degree^ 
the  number  of  degrees  and  minutes  of  the  nearest  circle  division 
is  read  off  by  means  of  an  index  outside  the  microscope,  or, 
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indeed,  wholly  separate  from  it,  the  microscope  being  used 
exclusively  to  measure  the  fraction  of  a  division. 

24.  The  probable  error  of  a  reading  of  one  microscope  being  c, 
that  of  the  mean  of  m  microscopes  c^,  we  have  (Appendix, 
Method  of  Least  Squares) 

that  is,  the  probable  error  of  the  mean  varies  inversely  as  the 
square  root  of  the  number  of  microscopes.  For  example,  if  the 
probable  error  of  reading  of  one  microscope  is  1",  that  of  the 

meanof  two  willbe  -V:  =  0'^71 ;  that  of  four,  -^  =  0".5 ;  that  of 

six,'  —  =  0'\41,  &c. ;  and  the  error  will  decrease  but  slowly  as 

the  number  of  microscopes  increases.  It  would  require  sixteen 
microscopes  to  reduce  the  error  to  0".25.  On  this  account,  the 
advantages  of  increasing  the  number  of  microscopes  beyond 
four,  except  in  instruments  of  the  largest  class,  are  usually 
reganlcil  as  outweighed  by  the  greater  liability  of  the  apparatus 
to  derangement. 

Tlie  use  of  a  number  of  microscopes  or  verniers  is,  however, 
not  solely  to  increase  the  accuracy  of  reading,  but  also  to  elimi- 
nate the  errors  of  the  circle  itself,  as  will  be  seen  in  the  following 
articles. 

ECCENTRICITY   OP   GRADUATED   CIRCLES. 

25.  The  centre  of  the  alidade  is  seldom,  if  ever,  even  in  the 
best  instruments,  exactly  coincident  with  the 
centre  of  the  graduated  arc.  To  investigate 
the  effect  of  such  eccentricity,  let  C(Fig.  13) 
be  the  centre  of  the  alidade,  C"  that  of  the 
circle;  CA  a  straight  line  joining  6*  and  the 
centre  of  one  of  the  reading  microscopes ; 
C'A'  a  parallel  to  CA.  When  the  micro- 
scope reading  is  at  j4,  the  true  reading  is  at 
A\  Let  the  diameter  drawn  through  C  and  C"  intersect  tlie 
jrradnation  at  E,  and  let  0  be  the  zero  of  the  graduation,  which 
we  will  supi>ose  is  numbered  from  0  towards  A,     Put 

2  =  the  inicroHCopo  reading, 
2^  z:z.  the  true  reading, 
E  --  EG, 
e  =  the  eccentricity  CC\ 
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It  18  to  be  aflsuiTied  that  such  care  has  been  bestowed  upon  the 

centring  of  tlie  instrument  that  e  is  very  small,  and,  therefore, 
that  the  arc  AjV  ^  z*  —  z  may  be  regarded  as  cqiuil  to  the  per- 
pendieular  CP:  so  that  we  have,  ehioe  the  angle  EC^jV  =^z'  +-E^ 


z'  — z  =  csin(r'+  £) 


(9) 


in  which  e  mn^t  be  expressed  in  arc.  In  the  factor  ein  (r' +  E) 
we  may  substitute  z  for  z'  without  eenaible  error. 

When  z'+  E=  ±  Q0°,  we  have  z'—  z=^±  e:  bo  that  e  is  the 
maxiraura  error  of  a  reading,  and  this  maximum  occurs  when 
the  reading  is  90°  from  E. 

2tj.  Now,  let  j4C  and  .4' C  be  produced  to  meet  the  gradua* 
tjon  again  at  the  opposite  points  B  and  Ji-,  and  let  the  alidade 
carry  a  second  microscope  at  B.  The  degrecB  and  minutes  may 
be  sujiposed  to  he  obtained  from  the  microscope  Ay  while  B  is 
used  only  to  give  the  seconds.     Put 

z  =  the  division  of  the  circle  under  A, 
A  and  B  =  the  readings  of  the  microscopes, 

^'  =  the  true  reading  corresponding  to  A. 

Then  the  whole  reading  given  by  J.  is  2  +  ^,  and  by  (9)  we  have 

/=2 -f  A  +  c  sia(2  +  £) 

and  the  microscope  B  gives 

180*»  +  /  ^  180°  +  r  4-  5  +  tf  sin  (180*^  -\.  z  ^  E) 
or 

2f  =  z  +  B  —  €  n\n(z -{-  E) 

The  mean  of  the  two  microscopes  Is  then 

zf^z  +  i(A~\^  B) 

Hence  the  eccentricity  is  full>'  eliminated  by  taking  the  mean  of 
two  microscopes  ISO"^  apart.  In  genend,  an  even  number  of 
microricoiies  are  emjih^yed,  which  are  arningod  in  pairy,  so  that 
the  mean  of  each  pair,  and,  consequently,  of  the  whole,  will  be 
free  from  tlie  eccentricitv. 


27.  Tlie  eccentricity  may  also  be  eliminated  by  three  micro- 
scopes or  venders,  whose  mutual  distance  is  120**.    If  ^  +  ^, 


ECCEXTRICITY   OP   GRADUATED   CIRCLES.  39 

120°  +  2  +  By   240°  +2+6'  are   the    readings   of   the    three 
microdcopes,  the  true  reading  corresponding  to  A  will  be 

2^  =  2  +A—e»\n(2  +  E) 

z'^^z  -\-B—€sin (120°  +  z  +  E) 

2'=.z  +  C— 6  sin  (240°  +  z  +  E) 

and  since,  by  PL  Trig.,  we  have 

sin (120°  +z  +  E)+8\n  (240°  +  z  +  E)  = -- Bm(z  +  E) 

the  mean  of  these  three  equations  is 

z'=z+l(iA  +  B+C) 

Indeed,  it  will  readily  be  inferred  from  the  discussion  in  Arts. 
31  and  32  that  the  eccentricity  will  be  eliminated  by  taking  the 
mean  of  any  number  whatever  of  equidistant  microscopes. 

28.  To  find  the  eccentricity. — The  two  opposite  microscopes  may 
not  be  perfectly  adjusted  at  the  distance  of  180°,  and  hence  we 
eliall  here  put 

180°  +  a  =  the  angular  distance  of  the  microscope  B  from  A ; 

and  then,  if  we  put,  as  before, 

z  =  the  division  under  the  microscope  A, 
A  and  B  =  the  readings  of  the  two  microscopes, 


}    (10) 


the  true  readings  will  be 

y  =  J  +  ^  +  r  sin  (2  +  ii ) 
180°  4-  a  +  y  =  180°  -f  z  +  J?  4-  e  Bin  (180°  +  ^  +  J?) 

for  the  second  of  which  we  take 

y  =  2-  +  5  —  a  —  e  sin  (z  +  ^) 

If,  therefore,  we  put 

B-^A  =  n 

the  ditterence  of  the  two  equations  gives  the  equation  of  condition 

n  =  tt  +  2csin(-:  +  E)  (11) 

in  whieh  a,  r,  and  N  are   unknown.     Let  the  values  of  n  be 
obtaine<l  from  the  readings  of  both  microscopes  at  four  equidistant 
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pointfl  of  the  circle,  namely,  z^  z^+  90%  z^  + 180,^  and  ^^+270% 

and  denote  these  valnea  by  w^,  n^,  n,,  n^^  respectively:  then,  by 

putting 

P  =  z,  +  E, 


we  have 


n^  ^  a  4*  2e  Bin  P 


^a  +  2emnP 


whence 


n,  =  a  +  2e8in(P+  90°)  =  •  +  2e  cosP 
n,  =  »  +  2e  8111  (P  +  180°)  =  »  —  2e  sin  P 
11,  ^  «  +  2tf  Bin  (P  +  270°)  =  a  —  2e  cobP 

45  8111  P=rn^  —  n, 

4eC0B  P^=r  Tij  —  n, 

which  dotermiiie  both  e  and  P,  after  which  we  have  J?==  P — z^ 
The  value  of  a  is  evidently  the  mean  of  the  values  of  n. 

Example. 

The  readings  of  a  pair  of  opposite  microscopes  of  the  Repsold 
Meridian  Circle  of  the  U.  S.  Naval  Academy  were  as  follows: 


« 

A 

B 

Values  «fn  =  il—^ 

0» 

H-  4".0 

—   6".7 

»,  =  -  IC'.T 

90 

+  6  .9 

—  13  .6 

n,  =  —  20  .5 

180 

+  5  .8 

—  16  .5 

n,  =  —  21  .8 

270 

—  1  .2 

^    1.2 

H,=          0  .0 

From  these  we  obtain 

4e&mP^  +  in 
4€C08P^  — 20".5 
P  =  151^  34' 
e  ^      5".83 


log    1.0453 

log  « 1.3118 

log  tan  P  J19J385 

log  4e  1.3076 


Hence,  since  2^=0°,  we  have  J?  =151°  34',  and  any  mngle 
reading  of  the  microsco[>e  A  requires  the  correction  for  eccen- 
tricity 

+  5".83  8in  (2  +  151*  84') 

The  mean  of  the  vahies  of  ?i  gives  a  —  — 13".25,  and  the  angular 
distance  of  the  microscoi»e  B  from  A  is  179°  59'  4t>".75. 

The  same  process  may  be  uned  for  any  other  four  equidistant 
points  of  the  circle,  and  the  mean  of  the  various  results  may  be 
taken. 
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29.  TVlth  three  nearly  equidistant  microscopes  the  eccentricity 
can  he  found  from  two  complete  readings  at  points  180^  apart 
Let  the  angular  distances  of  the  microscopes  B  and  C  from  A  he 
denoted  hy  /9  and  y;  and,  z  heing  the  division  under  A,  put 
P  =  z  -jr  E;  then  we  have,  for  the  true  reading  at  -4, 

:f  =  Z'{'A  +  eBinP 

z'=z  +  B^fi  +  eB\n(P+  120<>) 

y=2+C  —  r  +  ^8»n(P+  240^) 

Subtracting  the  first  equation  from  the  mean  of  the  other  two, 
and  putting 

we  find 

n  =  ^(r  +  fi)  +  ieBinP 

and  subtracting  the  second  from  the  third,  and  putting 

we  find 

d  =  i(r-fi)-\'W^^^oBP 

If  we  read  a  second  time  with  the  microscope  A  over  the  division 
z  +  180^,  and  obtain  the  readings  A\  li\  C,  we  shall  have 

and  since  we  shall  have  180  +  P  instead  of  P,  we  shall  obtain 

n'=i(/  +  ^)-i€BinP 

d'  =  i  (r  —  /9)  —  i  l/3  e  cos  P 
Ilcnce 

«  sin  P  =  j  (n  —  n') 

JC08P=  I  i/S(J— d') 
which  determine  e  and  P.    We  find  also 

30.  In  order  to  determine  tlie  eceentrieity  with  greater  accu- 
racy, and  to  eliminate,  as  far  as  po8si]>le,  errors  in  reading  and 
a^'cidental  errors  of  graduation,  tlie  circle  maybe  read  at  a  ^reat 
number  of  e<|uidiHtant  jMiints.  Each  reading  of  a  pair  of  oppo- 
site veniiers  or  microscopes  funiislies  an  equation  of  condition 
of  the  form  (11),  and  from  all  these  equations  the  most  probable 
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Yalue  of  the  eccentricity  will  be  dcdnced  by  the  method  of  leaat 
squares.  The  computation  according  to  this  method  ib  rendered 
extrenicly  simple  by  the  apidiratkui  of  some  theoreuii*  rehiting 
to  periodic  functions^  which,  on  account  of  their  utility  in  this 
and  similar  investigations,  will  be  here  demouatrated- 

31.  Peritxtic  Ftindions, — The  circumference  of  a  circle  being 
denoted  by  2:r,  any  commensurable  fractional  portion  of  it  may  be 

expressed  by  2r  X  -  =  ^^'  p  and  q  being  whole  numbers;  and 

2f)?r 

the  successive  multiples  of  this  fractional  portion  by  vi-^^  by 

supposing  in  to  take  successively  the  values  0,  1,  2,  3,  ke*  If 
now  we  consider  only  the  umlti[)les  from  m  ^=  0,  to  m  ^^  q  —  1, 
we  shall  have  the  following  theorems: 


TUEOEEM  L- 

—  When  p  is  not  a 

multiple  of 

?. 

I  sin  7A 

2;w  _ 
9 

0 

rcosm 

9 

0 

kutf  whmp  ka 

mtdtiph  €*/  q^ 

J  sin  m 

0 

J  cos  m 

2pr_ 

? 

where  the  summation  sign  y  is  used  to  denote  the  sum  of  all 
the  quantities  of  the  given  form  between  the  given  limit^y  namely^ 
from  m  =  0  to  m  =  5  —  1. 
To  prove  this,  put 


cos  -^—  -f  V 


1  sin 


then,  by  Moivre's  formula  [PL  Trig.  (440)], 

eo8  m.^  +  V^:^  tin  m^^  ^  T* 
q  q 

Taking  the  sum  of  all  the  expressions  of  this  form  from  m  =  0, 
to  m  =^  (^  —  1,  we  have 


cos  m  •  -^- — h  V    —  I  -  sni  m  *  -=— 

7  <l 


T-\ 


(IT) 


But  we  have  again,  by  Moivre's  formula, 

r*  ==  COS  2/>x  -f  I  /^n  ftin  2p;t  =  1 
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and,  oonsequdntly,  T*  —  1  =  0.  The  second  member  of  the 
above  formula,  therefore,  becomes  zero,  unless  the  denominator 
T—  1  is  zero,  that  is,  unless  2"  =  1.   Now,  we  can  have  T=l  only 

when  sin  —  =  0  and  cos-^  =  1,  that  is,  only  when  2>  is  a  mul- 

tiple  of  q.     In  all  other  cases  we  have,  therefore, 

jTcos  m.^  +  y^^^  Jsin  m.?^  =  0 

and,  since  the  real  and  the  imaginary  terms  must  here  be  sepa- 
rately equal  to  zero,  the  first  part  of  our  theorem  is  established. 

When  T=  1,  the  second  member  of  (17)  becomes  ^»  but  is  not 

really  indeterminate ;  for,  going  back  to  the  geometric  progres- 
sion of  which  this  is  the  sum,  we  have 

^Ef  =^+  ^'+  ^+ +  T'-'  =  q 

and  hence,  when  p  is  a  multiple  of  7,  we  have 

I  cos  m .  -^  +  V  —  1  -  sin  m-  ^^  =  a 

q  q      ^ 

which  establishes  the  second  part  of  the  theorem. 
Theorem  IL — When  2p  is  not  a  multiple  of  q^ 

i:(8inm.?|?J  =  }jr  (18) 

j( cos  m.^)=}sr  (19) 
hut,  when  2p  is  a  multiple  of  q, 

lL\nm.^\'=0  (20) 

l'[ooBm.^J=q  (21) 
For  we  have,  for  any  angle  a:, 

sin'x  ---  ]  —  J  cos  2  X 
and,  therefore, 

r(«in..?^^)'=.v(^-.  cos  m.l^^) 
=  4  flr  —  ^z  COS  m  .  -^— 
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whicli,  by  Theorem  L,  gives  either  (18)  or  (20).     Again 


cos  m* 


2-1 


Bin  m ' 


sin  m 


2p7l 


which  gives  either  (19)  or  (21). 

Theorem  m* — For  all  integral  values  of  p  and  q  we  hai%fram 


2jMr 


lpn_ 


I  fiin  m  *  -i—  cos  m  •  -^  =  0 
q  q 


(22) 


for  this  is  the  same  as  the  quantity 

32.  Now,  let  the  circle  be  read  off  by  a  pair  of  opposite  micro- 
scopes, A  and  B^  at  any  number  of  eqnkri^Uuit  points.  The  circle 
is  thus  divided  into  a  iinmber  of  equal  partti,  each  of  which  may 

be  denoted  by  ~  If  the  fii-^t  reading  corregponds  to  the  divi- 
sion z^,  the  subsequent  readings  will  correspond  to  z^+ ^^p 
r^+  2 '  Y*  ^0+  8 •  y'  &c.  to  z^+{q  —  1) y*  Each  reading  fur- 
nishes an  equation  of  condition  of  the  form  (11),  giving,  therefore^ 
the  following  system,  wliere  P=^  z^+  E: 

iig  =  a  +  2  «  sin  P 

n,=  a  +  2^8m(p+^j 

it,=  a  +  2eBin(p+^) 


V.=  «  +  2e8ln(p  +  ^^i=l>rj 
wMch  are  all  included  in  the  general  form 

m  being  taken  from  0  to  y  —  1. 
Developing  the  sine  in  tlie  second  member,  we  have 

.a      •     Ti        2mjr   ,   ^          _   ,    2m3t 
71   —  a  -h  2  e  sm  P cos  — ►  +  2«  cos P  sm  
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In  this  fomi,  the  three  unknown  quantities  are  a,  e  sin  P,  and 
c  cos  p.  The  final  equation  in  each  unknown  quantity,  according 
to  the  method  of  least  squares,  is  to  be  found  by  multiplying 
eacli  equation  of  condition  by  the  coefficient  of  the  unknown 
quantity  in  that  equation,  and  adding  together  the  products. 
This  process  gives,  by  the  aid  of  the  theorems  of  the  preceding 
article  (observing  that  here  p  =  l)y 


qe  sin  F=  li  n^ cos I 

ge  cos  Pz=  lin^  sm | 


(23) 


These  formulie  embrace,  as  a  particular  case,  the  solution  abeady 
given  in  Art  28  for  q  =  4. 

Example. 
The  following  values  of  n  =  B  —  A  were  obtained  from  the 
readings  of  two  opposite  microscopes  of  the  meridian  circle  of 
the  U.  S.  Xaval  Academy: 


0« 
10 
20 
30 
40 
50 
60 
70 
80 


10".7  ;.  90° 

11  .0  .|  100 

12  .8  .110 
14  .7  120 

16  .3  130 

17  .3  140 

18  .5  '  150 

18  .1  '  160 

19  .7  ::  170 


n 

Z 

n 

20".5 

180° 



21".8 

20  .7  i'  190 

18  .3 

21  .0  ■  200 

16  .4 

21  .2  :  210 

1 

11  .8 

22  .8,  220 

7  .8 

24  .7  ,  230 

4  .3 

23  .4  240 

1  .9 

22  .5  "250 

— 

2  .0  ' 

22  .31 

260 

+ 

0  .3. 

.270^ 

1280 

'290 

300 

310 

320 

330 

340 

.  350 


—  0".0 

1  .3 

2  .4 

4  .5 

5  .1 
7  .4 
9  .4 

11  .7 
11  .6 


We  have  here  a  =  86,  and  -  -  =  10° 


so  that IS  successively 

q  ^ 


0^,  10<^,  20°,  &c.     We  find,  first,  by  taking  the  sum  of  all  the 
values  of  w, 

36  tt  =  —  476".2  a  :----  —  13".23 

and   hence   the   distance   of   the    microscope   B  from   A   was 
179°  51»'  46".77. 

To  find  7*  sin  P,  we  multiply  each  n  by  the  cosine  of  the  angle 
to  which  it  belongs,  and  add  the  jjroducts.     In  like    manner. 
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qecoBPiB  found  by  multiplying  each  n  by  the  sine  of  the  angle 

to  wiiich  it  belongH,  and  adding  the  products.*     We  thus  form 
the    following    table,    in    which,    for    brevity,    we    put  m^osz 

and  ^<9in^  for  the  quantities  denoted  in  our  fornmlu;  (23)  by 

2m?r       .         ,    :fm?r 
n^  cos and  n^  Bin ■- 


2 

n  CM  X 

n  gin  ( 

0° 

— 10".70 

—  0".00 

10 

—  11  .42 

—  2  .01 

20 

—  12  .03 

—  4  .38 

30 

—  12  .73 

—  7  .35 

40 

—  12  ,49 

—  10  .48 

50 

—  11  .12 

—  13  .25 

GO 

—  9  .25 

—  16  .02 

70 

—    6  .19 

—  17  .01 

80 

—  3  .42 

—  19  .40 

90 

0  .00 

—  20  .50 

100 

+  3  .59 

—  20  .39 

110 

+  7  .18 

—  19  .73 

120 

+  10  .CO 

—  18  .36 

130 

+  14  .66 

-  17  .47 

140 

4-  18  .92 

—  15  .88 

150 

+  20  .26 

—  11  .70 

160 

+  21  .14 

-  7  .70 

170 

+  21  .96 

—  3  .87 

Sams 

+  28  .96 

—  225  .50 

S 

neon 

a  nn  t 

ISO" 

+  21" 

.80 

+  r.oo 

190 

+  18 

.02 

+  3  .18 

200 

+  15 

.41 

+  5  .61 

210 

+  10 

.22 

+  5  .90 

220 

+  5 

.98 

+  6  .01 

230 

+  2 

.76 

+  3  .29 

240 

+  0 

.95  ' 

+  1  .65 

250 

+  0 

.68 

+  1  .88 

260 

—  0 

.05 

—  0  .30 

270 

0 

.00 

0  .00 

280 

—  0 

.23 

+  1  .28 

290 

—  0 

.82 

+  2  .26 

800 

2 

.25 

+  3  .90 

310 

—  3 

.28 

+  3  .91 

320 

—  6 

.67 

+  4  .76 

330 

—  8 

.14 

+  4  .70 

340 

—  10 

.99 

+  4  .00 

350 

-11 

.42 

+  2  .01 

+  32 

.97 

+  53  .04 

\e  %m  P=+    28".9C  +  a2".97  ^  -f    €A"M 


36  c:  cosP: 


Tb 


225  .50  +  53  ,04 
P=1(]0'>  15' 


i: 


.46 


log  n2.2367 
log  tan  Pria.5552 


loir  30 1 


2,2GS0 


have  E=  P,  and  eacli  reading  of  the 


8mee  z^  =^  U", 
microscope  A  rcqnires  the  correction,  for  ecceatricitj*, 

+  5".09sin(^  +  ia0^15') 


(24) 


*  The  ttfTcrnl  products  nmy  be  tnkefi  by  inspection  from  a  liriiTerfe  table*  hy  enter- 
ing  the  uMewilh  the  angle  r  «j*  a  "  bearing"  and  with  n  as  a  »«di8tanee,"  and  ukrnf 
out  the  corr***  pond  ing  *•  difference  of  Ulifude*'  and  •♦deparruri',"  which  will  be« 
rMp«ettTe1jr,  Ihe  producU  required  in  forming  ^t  win  P  and  qt  co»  P.  * 
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BLLIPTICITY   OP  THE   PIVOT   OF  THE   ALIDADE. 

83.  If  the  pivot  of  the  alidade  is  the  horizontal  axis  of  a 
vertical  circle,  as  in  the  case  of  some  meridian  circles,  or  if,  as 
in  other  cases,  the  alidade  is  fixed  to  a  pier  while  the  pivot  of 
tlie  horizontal  axis  of  the  circle  revolves  in  a  V,  then  any  defect 
in  the  pivot,  which  renders  a  section  at  right  angles  to  its  axis 
other  than  a  circle,  will  cause  the  centre  of  the  alidade  to  vary 
ita  distance  from  the  centre  of  the  graduated  circle  during  a 
revolution  of  the  instrument.  If  the  section  of  the  pivot  is  any 
regular  figure,  the  variations  in  the  readings  of  a  single  micro- 
scope may  bo  regarded  as  a  function  of  the  division  {z)  which  is 
under  the  microscope,  and  the  correction  of  this  reading  may  be 
denoted  by  f  (-?).  The  correction  of  the  reading  of  the  opposite 
microscope  must  be  —  ip  {z).  In  order  to  investigate  the  form  of 
the  pivot  without  involving  the  errors  of  eccentricitj'  or  of  gradua- 
tion, let  us  denote  the  correction  of  the  division  z  for  botli  these 
errors  by  ^(z\  and  that  of  the  division  180°+  -?,  which  is  under 
the  opposite  microscope,  by  -4/(180°  -f  z).  Then,  A  and  B  being 
the  readings  of  the  microscopes,  and  180°  +  a  their  constant 
distance  from  each  other,  we  have 

/  =  r+X       +       ^(:^)+4(.^) 
:f=^z  +  B-  a   ^^^(z)+^(m<^  +  z) 
whence 

0  rr=  i?  -  ^  -  a  -  2,r(c)  -  4(')  +  ^(IBO^'  +  z) 

Xow,  let  the  division  180°  +  z  be  brought  under  the  microscope 
Ay  an<l  let  A'  and  J5'  be  the  microscope  readings;  then  we  have 
the  true  reading  z"  by  the  equations 

y  .-.  1J^0<>  +  r  +  A'  +  f  (180°  +  ^)  +  4  (1^0°  +  z) 

y'^180   + -  + j5'_a  —  sf(180°+-:)+4(-) 

whence 

0  =  ^'  — A'— a  — 2sJ'(lS0°+  :r)+  4.  (z)  —  4 (1 80°  +  ^) 

therefore,  if  we  put 

ii(B  —  A  +  Ji'—A')r=zn' 
we  have 

n'  =.  a  -I:  ^  (z)  +  if  (1^0°  +  z)  (25) 

the  errors  of  eccentricity  and  of  graduation  being  wholly  elimi- 
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aated.  The  fomi  of  the  function  f  is  yet  to  be  determined; 
since,  however,  it  iiecoi^sarily  returns  to  tlie  same  value  after  one 
complete  revolution,  we  may  adsunio  for  it  a  geueml  periodic 
series,  namely : 

^{z)=f%m{2  +  F')  +  /''Bin(2r+  F")  + /"  ein  (B  j  +  F'")  +  *c. 

in  which/',  i^',/",  F'\f'\  jF"",  &e,  are  constants.   Hence  also 

^  (180**  -f  ^) = — /'  ain  (■?+i^0+/"  eia  (2  ^H-i^"')— /"  sia  (3  ^+i^'")+  &c 

and 

y(j)  +  ^(180o  +  z)==2/" sin (2z+F")  +  2/»' 6111(424- -F*')+&c.  (26) 

The  combination  of  two  readings  ISO*^  apart  gives,  therefore, 
the  equation  of  condition 

n'=  a  +  2/"  sin  (2r+  i?"')  +  2/»'8in  (4^+  i^*^)  +  &e.      (27) 

If  we  have  read  the  circle  at  2y  equidistant  points,  so  that  the 
nnmber  of  such  equations  is  5,  then  the  values  of  z  are  success- 
ively 0,  -f  —  f Q       '  ^^'^  ^^  general  form  of  the  equation 

of  condition  is 

n'^=»+2/''8ia/m.  — +  F'')  +  2/«^sin(m.— +  i'*'\  +  &^    (28) 

m  being  taken  from  0  to  9  —  1.  If  we  treat  these  equations  by 
the  metliod  of  least  sqitarcSj  we  shall  readily  find,  by  the  aid  of 
the  theorems  of  Art.  31, 


j/"BmF"=r/n'^c08m.-) 
q /"  €09  F*'  =  2/  n'^ sin  m-^\ 
qf'fdn  F^^  =  li  n'^cos  m~\ 


ellipticity  of  pivot. 
Example. 
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To  investigate  the  form  of  the  alidade  pivot  of  the  meridian 
circle,  in  the  example  of  Art.  32,  the  readings  there  given  are 
combined  as  follows : 


0** 

.10 
,  20 
!   30 

1,40 

i|50 

|:  60 

'70 

:  80 


B  —  A 

B'—  A' 

n' 

-  ir.7 

—  21".8 

—  16".25 

11  .6 

18  .3 

14  .95 

12  .8 

16  .4 

14  .60 

14  .7 

11  .8 

13  .25 

IG  .8 

7  .8 

12  .05 

17  .3 

4  .3 

10  .80 

18  .5 

1  .9 

10.20 

18  .1 

—  2  .0 

10  .05 

19  .7 

+  0  .3 

9.70 

1  » 

B-A 

B-  —  A' 

'  90O 

-20".5 

—   0".0 

1  100 

20  .7 

1  .3 

110 

21  .0 

2  .4 

120 

21  .2 

4  .5 

130 

22  .8 

5  .1 

140 

24  .7 

7  .4 

150 

23  .4 

9  .4 

160 

22  .5 

11  .7 

170 

22  .3 

11  .6 

Since  here  q  =  18,  the  sum  of  the  values  of  w'  gives 


18a  =  — 238'MO 


a  =  — 13".23 


10".25 
11  .00 

11  .70 

12  .85 

13  .95 
16  .05 

16  .40 

17  .10 
16  .95  j 


Then,  with  the  aid  of  a  traverse  table,  we  find  the  values  of 
n'  cos  2z  and  n'  sin  2z,  as  below  : 


0° 
10 
20 
30 
40 
50 
60 
70 
80 
Sums 


n'  cos  2 

n'sin2z 

— 16".25 

—  0".00 

— 14  .05 

—  5  .12 

—  11  .18 

—  9  .38 

—  6  .63 

—  11  .48 

—  2  .09 

—  11  .87 

+  1  .88 

-10  .64 

+  5.10 

—  8  .83 

+  7  .70 

—  6  .46 

+  9  .12 

—  3  .32 

26  .40  I  —67  .10 


l»/"8in  F"=—    28".02 

18/"cosF"=  +    15  .85 

F"  =       299°  30' 

/"=  r.79 

Vot.  IL— 4 


z 

n'cos  2z 

n'  sin  2z 

90° 

+  10".25 

+  0".00 

100 

+ 10  .84 

+  8  .76 

110 

+  8  .96 

+  7  .52 

120 

4-  6  .43 

+  11  .13 

130 

+  2  .42 

+  13  .74 

140 

—  2  .79 

+  15  .81 

150 

—  8  .20 

+  14  .20 

160 

-13  .10 

+  10  .99 

170 

— 16  .93 

+  5  .80 

—  1  .62 

+  82  .95 

log  nl.4475 

\Ofr    1.2001 

log  tan  F''  nO.2474 

log  18/"    1.5078 


so 
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In  the  same  manner,  we  find,  from  the  Boms  of  the  productB 
n'  cos  42  and  n^  Bin  iz^ 

jpu  ^        40  ly 

/»'=     rii 

Hence  we  have 

f  (5)+9P(180^+2):=3".58  sin  (22r+299^30')+0".228iD  (4^+4°  17')  (30) 

The  term  in  4z  is  ao  graall  that  we  may  suppose  that  it  proceeds 
from  the  accidental  errors  of  reading,  and  irreffularitits  of  the 
pivot,  and  we  may,  therefore,  disregard  it,  as  well  as  the  Buhse- 
quent  terms  in  62,  &c. 

Bkssel  has  shown*  that  if  the  section  of  a  pivot  wliieh  rests  in 
aV  is  an  ellipse,  the  centre  of  tliis  ellipse  ^\^ll,  as  the  instrument 
revolves^  move  in  the  arc  of  a  circle  the  centre  of  which  is  the' 
an^lar  point  of  theV;  that  during  a  complete  revolution  the 
centre  of  the  ellipse  describes  this  are  four  times, — Uvico  foinivards 
and  twice  backwards;  and  that  the  efteet  of  this  motion  upon 
the  reading  of  a  single  microscope  k  expressed  by  a  term  de- 
pending upon  2z. 

Hence,  the  last  term  of  (30)  being  neglected,  the  remaining 
term  may  be  regarded  as  the  effect  of  ellipticity  of  the  pivot,  and, 
since  we  must  then  have  f{z)  =  f  (180*^  +2  ),  it  follows  that 


f  (2)  ^  r.W  sin  {22  +  299'=*  3(y) 


(81) 


Upon  the  hypothesis  that  the  pivot  is  elliptical,  the  obeerved 
values  of  n'  sliould  satisfy  the  equation  (27),  which  in  the 
present  case  becomes 

„'  ^  _  13".23  +  3",58  sin  (2r  +  299°  SO') 

at  least  within  the  errors  of  reading*  To  show  that  this 
hypotliesis  explains  the  observations  in  the  present  case  suffi- 
ciently well,  the  following  comparison  is  made,  in  which  the 
value  of  ?i'  computed  by  tlie  procodiTig  formula  is  denoted  by 
C,  the  observed  value  by  0,  the  residual  error,  or  0  —  ( ',  by  V, 


*  Atirancmi*^  Btoh^ehiu^m  Mtfdtr  JkemiMrfe  m  A'oAt^«&^r^,  Tol.  I.  p.  xii. 
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t 

0 

C 

V 

0» 

-  16''.26 

-16".35 

4-0^.10 

10 

14  .96 

16  .65 

-f  0  .60 

20 

14  .60 

14  .48 

~0  .12 

90 

18  .26 

18  .26 

4-0  .01 

40 

12  .05 

12  .03 

—  0  .02 

50 

10  .80 

10  .95 

-f  0  .15 

60 

10  .20 

10  .15 

-0  .05 

70 

10  .05 

9  .71 

—  0  .84 

80 

9  .70 

9  .70 

0  .00 

0.0100 


.86001100 


.0144 


90O 


110 


.0001,120 
.0004ri30 
.0226  140 
.00251  150 
.1156J!l60 
.0000-„170 


— 10".25 
11  .00 

11  .70 

12  .85 

13  .95 
16  .05 

16  .40 

17  .10 
16  .95 


-10".  11 
10  .91 


—  0".14 

—  0  .09 


11  .98 -fO  .28 


18  .20 

14  .43 

15  .51 

16  .81 
16  .75 
16  .76 


-f  0  .85 
-f  0  .48 

—  0  .54 

—  0  .09 
--0  .35 


0.0196 
.0081 
.0784 
.1225. 
.2304| 
.2916 
.0081 
.1225 


0  .19  .0361  , 


If  we  denote  the  mean  error  of  a  single  observ^ed  value  of  7i' 
by  f,  we  have  (Appendix,  Method  of  Least  Squares),  q  being  the 
number  of  observations, 


=V(S)=V-f-'=-- 


and  this  quantity  also  expresses  the  mean  error  of  a  single 
reading  of  one  microscope  of  this  instrument.  This  mean  error 
of  a  reading  was  also  found  by  comparing  a  number  of  successive 
readings  of  the  same  microscope  on  the  same  division,  which 
gave  0".36 :  so  that  the  agreement  of  the  above  computed  and 
obserN-ed  values  of  n'  is  even  closer  than  is  necessarj-  to  sustain 
the  hj-jwthesis  of  an  elliptical  form  of  the  pivot.  It  is  also  evi- 
dent tliat  the  addition  of  tlie  term  0".22  sin  {4z  +  4°  11')  of  (30) 
would  but  slightly  reduce  the  mean  error  of  n'. 

34.  Tlie  error  introduced  by  the  ellipticity  of  the  pivot,  like 
that  produced  by  the  eccentricity  of  the  circle,  is  fully  eliminated 
by  taking  the  mean  of  the  readings  of  a  pair  of  opposite  micro- 
scopies. If,  however,  the  arms  of  the  alidade,  carrying  the 
microscopes,  do  not  pre8er\'e  a  constant  inclination  to  the  horizon 
during  a  revolution  of  the  instrument,  the  readings  of  both 
microscopes  will  be  increased  or  diminished  by  the  whole 
amount  of  the  change  of  inclination,  and,  consequently,  their 
mean  will  involve  the  same  error.  A  level  placed  on  the  alidade 
is  usually  employed  to  determine  these  changes  of  inclination, 
and  the  readings  are  finally  corrected  according  to  its  indications. 

ERRORS    OF    GRADUATION. 

3.').  Errors  of  graduation  of  a  divided  circle  may  be  either 
recfular  or  acddentuL 


62 
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The  reffidar  or  periodic  errors  are  tliose  wbk'li  recur  at  regular 
intervals  according  to  Honie  law,  and  Avliich  inny,  therefore, 
be  expressed  aa  fuuctioiis  of  the  readiiig  itself*  Even  the  error 
of  eccentricity,  above  considered,  may  be  treated  as  such  a 
periodie  error  of  graduation^  8inee  itn  effect  iipoii  the  reading 
(z)  is  the  same  ns  if  the  graduation  everywhere  required  the 
correction  esin  {z  +  E).  The  sum  of  all  the  corrections  for  aueh 
periodie  en-ors,  regarded  as  a  function  of  the  reading  (f),  and 
denoted  by  4'(^),  must  have  the  general  form 

4  (z)  ^  u'  sin  {z  +  U*)  ^  u%m  (2  z  +  r ')+  «"'  ei n  (3 z  +  V")  +  &c.   (32) 

in  which  ?/',  77',  u*\  17",  &c.  are  constants.  The  shorter  the 
period  of  any  error,  the  higher  is  the  multiple  of  z  hi  the  term 
representing  it 

Now,  let  the  circle  be  read  by  q  microscopes  at  q  equidiJitant 
points,  namely,  at  all  the  points  expresijcd  by 


m  being  taken  successively  0,  1,  2,  3 ... . .  (q  —  1),  and  z  being 
the  reading  of  the  first  microscope ;  then  we  shall  have,  for  the 
correction  of  any  one  of  these  microscopes,  the  general  expression 

4(zJ=:M'sin/j-f  L^'+m~\  +  w''f5in/2j+  U''+m^-\  +  kc. 

The  diseuBsion  of  this  series  will  be  abridged  if  we  express  it 

under  the  following  general  form : 

in  which  p  is  successively  1,  2,  3,  &c,,  and  2"^  denotes  the  sum 
of  all  the  terms  thus  found.     Developing  the  sine,  this  givea 

4  (zj  =1  w<'>  sin  (pz  +  T''*)  cos  m » 


ipK 


q         *  v/-     I         ^  J 


pK 


The  mean  of  the  q  microscopes  wHll,  therefore,  require  the  cor^ 
rectiou 


+ 


1  i;  rt|f'>  C50B  (p^  +  Cr^'O .  v"*  *  *sin  m .  ?^1 
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But  we  have  (Art.  31),  from  m  =  0  to  vi  =  q  —  1,  2*  sin  m-—  =  0 
in  all  cases ;  and  also  2'  cos  m  •  -^^—  =  0,  except  when  p  i8  a  mul- 
tiple of  Qj  or  p  =  rq,  in  which  case  this  latter  sum  is  equal  to  q. 
Hence  all  the  terms  of  the  above  expression  which  do  not  vanish 
are  expressed  by  the  formula 

-  y''\  (O  =  ^r^ u''''  sin  (^rqz  +  U'^')  (33) 

q  m^Q 

r  being  successively  the  integers  1,  2,  3 ..... ;  whence  the  fol- 
lowing important  theorem :  The  tenns  of  the  periodic  series  not 
eliminated  by  taking  the  mean  of  q  equidistant  microscopes  are  those 
only  which  involve  the  multiples  of  qz. 

Thus,  the  mean  of  two  microscopes  requires  a  correction  of 
the  form 

w"  sin  (22  +  U")  +  w'^  sin  (42  +  U''')  +  &c. ; 

the  mean  of  three  microscopes,  the  correction 

w'"  sin  (3  2  4-C7'")  +  w''8in(C2  -f-t7*^)+&c.; 

the  mean  of  four  microscopes,  the  correction 

u'"  sin  (4  2  +  t/'O  -f  M'^"*  sin  (82+  ^'^•")  +  &c. 
&c.  &c. 

36.  Tlie  values  of  the  terms  of  the  periodic  series  which  are 
eliminated  by  means  of  a  number  of  microscopes  may  be  fountl 
fmm  the  readings  of  these  microscopes  themselves.  Thus,  for 
two  microscopes,  the  readings  of  which  at  the  divisions  z  and 
z  -f  180°  are  A  and  -B,  and  whose  angular  distance  is  180°  +  a, 
we  have 

z!=^z  +  A  +4(^)  +9{^ 

2'  =.  J  -r  i^  —  tt  -I-  4  (^  +  180°)  —  f  {z) 

in  which  if{z)  is  the  correction  for  the  form  of  the  pivot  (Art.  33). 
Ilence,  putting  B  —  A  --    71,  we  have 

n=:.a-r^(z)-^(z+  180°)  +  2f  (2) 
But  we  have 

4  (z )  =.  m'  sin  (z  -i-  r)  -f-  m"  sin  (2z  +  U")  +  u'^sin  (3 2  +  T'")  +  *c. 

and  hence,  substituting  z  +  180°  for  r, 

4(Jr-l^0<>)=:~M'sinfj4-r';  +  M''sin(22-^r7'')~u'''8in(32  +  C7''')+&t'. 


H 
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For  f  {^)  we  have  already  found  the  form/'' sin  {2z  +  F^%  and 
therefore  the  value  of  7i  becomes 

n=ci+2 «'sin(2+  C^')-h2/"8in  (2.-  +F**)+2 u'" sin  (3  j+  0^'")+  Ac.  (84) 

The  readings  being  made  for  successive  values  of  z  expressed 
generally  by 


we  have  q  equations  of  condition  of  the  form 

n,  =  ci+  2w'mn (m ,  —  4-{;')+2f"mn(m^—+F*')  +  kc,  (35) 

m  being  taken  equal  to  0,  1,  2,  8 , , . ,  y  —  1,  suocessively.     The 
solution  of  these  equations  by  the  method  of  least  8€[uares  gives 


ga 


^n 


qu'  sin  Z7'  ^  ll  n^  cos  m  ■  —  j  ==  i*  (n^  cos  z^) 
qu*  cos  IP  =  £i  n^  sin  m  ■  —  j  —  -T  (n^  sin  ^^ 
g/"  sin  F"  =  j/  tt, cos  m .  i^  j  =  J  (n^  cos  22j 
J/"  cos  F"  =  r/  «^  sin  m    -  \  =  r  fn^sin  22 J 

qu'"  sin  CT'"  =:  l/  n^ cos  m .  —  \ ^  Z  (n^ cos  3 zj 
jw'"  cos  U'"  =  r/  n.  sin  m  .  ^  I  =  J  (n,  sin  3zJ 


6i 
&c. 

ElCAMPLE. 


The  values  ofn  given  on  page  45  for  thirty-six  readings  of  the 
Meridian  Circle  of  the  Kaval  Academy  give,  by  the  preceding 
formula?,  a  =  —  13",23  and 


w'  =     5".09, 


F"  =  299°  30', 


W"  =  68^  19' 
«'"=   0",G9 


The  difference  of  the  readings  of  the  two  microscopes  A  and  B 
of  this  circle  is  therefore  represented  by  the  formula 

11  =  -^  18".28  +  IV\U  sin  (c  +  IGO**  la'^)  +  rM  sin  (2z  +  290*»  300 

+  1".38  sill  (3r  +    68**  19') 


ERRORS   OF   GRADUATION.  55 

of  which  the  terms  in  z  and  2e  of  course  agree  with  those  before 
found  for  the  eccentricity  and  for  the  ellipticity  of  the  pivot  of 
the  alidade. 

If  now  we  compute  the  values  of  n  by  this  formula  for  every 
10®,  we  sliall  find  that  they  agree  with  the  observed  values  given 
on  page  45  within  quantities  which  in  almost  everj^  instance 
are  less  tlian  1".  From  this  agreement  we  may  presume  that 
this  circle  is  very  accurately  gniduated  throughout 

87.  In  a  similar  manner,  the  terms  of  the  periodic  series  wliich 
do  not  involve  the  multiples  of  \z  can  be  found  from  the  read- 
ings of  four  microscopes.  If  A^  C,  B^  D  are  these  readings  at 
the  divisions  z,  z  +  90°,  z  +  180°,  z  +  270°  respectively,  and  if 
180°  +  a  is  the  distance  of  tlie  microscope  B  from  ^1,  while 
180°  4-  ;*  is  that  of  D  from  C,  then  the  mean  of  the  readings  of 
A  and  B  gives 

y=2  +  \(A  +  5)-  Ja  +  J[4(^)+  4(^'  +  180°)] 
=  2  -t-  1(A  +  B)—  \a  +  t/"8in(2^  +  f7")  +  w'^8in(42+C7»^)+&c. 

and,  consequently  (exchanging  2  for  z  +  90°),  the  mean  of  the 
readings  of  C  and  D  gives 

y  =  r  +  }  (C  +*!))  ^iy  —  u" sin  (2 j  +  C7")  +  w'^ sin  (4^  +  V)  — &c. 

Taking  the  difference  of  these  equations,  and  putting 

we  have  the  equation  of  condition 

n  =/9  +  2u"8in(2r  +r")+  2u'»8in(6j  +  C;^'^)  +  &c.      (36) 

and  from  the  q  equations  of  this  form  we  derive  ^,  ief\  U"y  &c. 
by  the  process  already  employed. 

The  tenns  in  z  and  3^  may  be  found  from  either  pair  of  micro- 
scopes as  in  the  preceding  article. 

38.  The  accidental  errors  of  graduation  are  those  which  follow 
no  regular  law,  and  may  with  equal  jirobability  occur  at  any 
given  division  with  eitlier  tlie  positive  or  the  negative  sign.  An 
em>r  of  tliis  kind  in  any  division  is  to  be  regarded  as  peculiar  to 
that  division,  and,  therefore,  as  having  no  analytical  connection 
with  other  errors  of  the  same  kind.     The  use  of  a  number  of 


M 
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mieroftcopcs  tenrk  to  reduce  the  effect  of  sucli  errors,  without 

entirely  eliininatiiig  them  ;  for  {m  in  Art,  24)  iff  is  the  probable 
aceiileiital  error  of  a  di%  itiioii,  the  probable  acekleiital  error  in 

the  meaii  of  m  microscopes  will  be  —y— 

The  general  character  of  the  graduation^  as  to  it.**  freedom 
from  accidental  errors,  may  lie  judged  of  by  comparing  the 
values  of  the  n  of  the  preceding  articles,  computed  from  the 
termti  of  the  periodic  aeries,  with  their  oh8erved  values.  The 
diifereuces  will  be  composed  of  both  errors  of  reading  and  acci- 
dental errors,  whieh  may  be  eeparate<l  by  emphiying  an  inde- 
pendent determinatiun  of  tlie  probable  error  of  reading.  Thuft, 
if  we  have  n  ^  B  —  A^  and  have  found  the  probable  error  of  an 
observed  value  of  n  to  be  e,  and  then,  if  we  put 

tj^  the  probable  error  of  a  Binglc  reading, 
rj=^   «  a  a         <.    division^ 

the  probable  error  of  either  A  or  B  will  be  1(^1'+  v),  and  that 
of  J5  —  ^  will  be  \  2(€^+  e/),  whence 

whieh  will  determine  t^  wlien  £  and  i^  have  been  found. 

39.  The  aeeidental  error  of  any  division  of  the  eircle  may  be 
directly  found  by  nieims  of  an  additional  microscope  which  can 
be  get  and  securely  clamiieil  at  any  given  distance  from  the 
regnlar  or  fixed  microscopes.  Let  us  denote  this  movable 
nncrosco|ie  by  il/,  and  let  it  be  proposed  to  determine  the  error 
of  the  division  ^.  Bring  the  division  0°  under  the  microscope 
j4,  and  clamp  the  movalde  microscope  31  over  the  division  2, 
Let  the  true  angular  distance  of  M  fnnn  A  (which  is  as  yet 
unknown)  be  denoted  liy  z  -{-  fi^  and  let  tlie  readings  of  the  two 
microscopes,  referred  to  the  divisions  0  and  ^  respectively,  be 
called  A  ami  M,  then,  z  denoting  the  nonunal  value  and  z'  the 
true  value  of  the  arc  from  0  to  z,  we  Bhall  have 

and  the  correction  of  the  graduation  2  will  he 

or  nither,  since  every  division  (and,  therefore,  0*^  included)  may 
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bo  roprardod  as  in  error,  this  will  be  the  difference  of  the  correc- 
tions i)f  the  gradn<ations  0  and  z,  and  we  may  write 

9  (2)  -  sr  (0)  =  /x  -  (Jf  -  ^)  (37) 

in  which  if  {£)  denotes  the  total  correction  of  a  division  for  both 
periodic  and  accidental  errors.  The  periodic  errors  being  known 
from  j»revions  investigation,  the  accidental  error  may  be  separated. 
Now,  to  fiixl  the  constant  distance  //,  we  resort  to  the  well 
known  metliod  of  repctitivn.  First,  bring  any  arbitrarily  selected 
division  Z  under  the  microscope  A,  then  Z  +  z  will  be  under 
31;  let  the  readings  of  tlie  two  microscopes  be  A'  and  M'  re- 
sjiectively.  Then  bring  the  division  Z  +  z  under  yl,  and,  con- 
sequently, the  division  Z  -{-  2z  under  JW,  and  let  tlie  readings  bo 
-4"  an<l  J/".  In  this  way,  let  m  repetitions  be  made,  the  micro- 
scope A  being  successively  placed  u]>on  the  divisions  Z,  Z  +  z^ 

Z  T  i?, Z  +  {m  —  1)  Zy  and  M  successively  upon  Z  +  Zy 

Z  +  2Zy  Z  -\'  3^, Z  +  mz;  then  we  have,  as  in  (37), 

^(Z  +  z  )-^(Z)  =/x-(.V'   -A') 

^(^  +  3.')  -  f  (Z  +  Iz)  ^  /.  - (Jf' "  -  ^'") 

^{Z  -Y  mr)-  f  (^  +  (m  -  1) .-)  =  ,x  -  (Jf  <->-  .I'-O 
The  mean  of  all  tliese  equations  is 

If  the  number  m  is  large,  the  wth  part  of  the  difference  of  tlio 
accidental  errors  of  the  extreme  divisions  Zand  7j  ~\-  mz  maybe 
reganle<l  as  evanescent,  and  then,  if  we  regard  the  first  member 
as  composed  only  of  the  periodic  errors  already  found,  we  shall 
have 

y.  =  \l{M-A)-\l^{Z^  mc)-  4(^;]  (38) 

where  the  function  '^  denotes  a  periodic  error,  as  in  Art.  35.  If 
this  pro<-ess  be  repeated  a  number  of  times,  each  time  commencing 
at  a  different  division,  the  mean  of  all  the  values  of  /i  nniy  be 
reganb'd  as  entirely  free  from  the  effect  of  the  accidental  (Trors 
of  the  first  and  last  <livisions.  Tlnis,  ft  being  found,  the  correc- 
tion of  the  division  (z)  becomes  known  by  (37). 

K  r  is  an  ali<piot  part  of  the  circumference  =  "^^'j  •  we  shall  have 
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f{Z-^  mz)  =  <p  {Z\  since  we  have  returned 
and  the  value  of  ft  h  then  rigorously 


toth 


e  same 


div 


isioii ; 


m     ■ 


A) 


Thus,  the  fixed  microscopes  theoiselveB,  whose  distance  is  — ' 

may  be  at  once  employed  in  this  maiiner  (witliout  an  additional 
microscope)   to   determme   the    errors   of  tlie   divisiona  whose 

mutual  distance  is  ^     If  then  we  have  four  fixed  microscopes 

and  one  movable  one  3/ placed  at  the  distance  z  from  A^  we  shall 
he  able  tu  find  :  1st,  the  errors  of  the  four  cardiual  divisions  0**, 
90°,  180°,  and  270*^,  by  the  fixed  mioroscopes;  2d,  the  en-ors  of 
the  divisions  z,  90'=*+  ^,  180^  +  z,  270°  +  z,  by  placing  the  mi- 
croseojie  ^1  successively  upon  0*^,  90°,  180,  and  270°,  and  reading 
31;  3d,  the  errors  of  the  divisions  00°  —  r,  180°  —  z,  270^  —  z, 
and  3G0°  —  z,  by  placing  successively  upon  90°,  180°,  270°,  and 
300°,  and  readitig  A,  Thus,  after  the  errors  of  the  four  cardiual 
divisions  are  known,  the  opemtion  just  describit^d  gives  the  errors 
of  eight  divisions.  A  second  operation  with  the  microscope  M 
at  the  distance  Zj  from  A  gives  in  like  manner  the  errors  of  eight 
more  divisions,  ±  Zi,  90°  ±  z^,  180°  ±  2j,  270°  ±  2,;  and,  more- 
over, the  errors  of  the  divisions  ::t  z  ±:  z^^  90°  ±i  z  ±:  z^^  180°  di  z 
±:  Tp  270°  db  ^  lb  Tj,  by  placing  the  microscope  A  over  ±.  z, 
90°  ±  z,  &c,  guccessivcly  while  31  is  over  dz  z  -f  z^,  90°  ±  z  +  z^, 
4c,,  or  placing  31  over  ±  r,  90°  ±  z,  &c.  successively  while  A  is 
over  zt  z  —  ^1,  90°  ±:  z  —  z^,  &c.  By  judiciously  combining  all 
the  observations  of  this  kind,  the  corrections  of  each  degree  of 
the  circle  may  be  foumh 

lu  order  to  eliminate  the  effect  of  changes  in  the  angular 
distance  of  the  fixed  and  movable  niitToscopes  occurring  during 
the  observations  and  produced  chiefly  by  changes  of  temperature, 
it  is  proper  to  repeat  each  series  of  observations  at  a  given  dis* 
tance  2  harh'tcards^  commencing  this  repetition  by  placing  the 
movable  microscope  31  over  the  last  division  Z  +  mz  and  the 
fixed  one  A  over  Z  -r  (fH  —  l)z,  and  so  returning  to  the  first 
aflflimicd  division  Z,  Also  the  readings  *>n  the  eight  divisions  to 
he  determined  should  be  made  several  times,  say,  once  before 
the  first  or  forward  repetition  series,  again,  between  the  two 
repetition  series,  and  finally,  sifter  the  second  or  backward  repe- 
tition series.     Thus,  the  whole  ojieration  will  embrace 


FILAR   MICROMETER.  59 

Ist.  Observations  on  the  eight  divisions, 

2d.    Repetition  scries  forwards^ 

3d.    Observations  on  the  eight  divisions, 

4th.  Repetition  series  backwards^ 

6th.  Observations  on  the  eight  divisions. 

By  tills  symmetrical  arrangement,  the  mean  of  the  three  deter- 
minations of  the  errors  of  the  eight  divisions  corresponds  to  the 
mean  state  of  the  apparatus  as  found  from  the  mean  of  the  two 
repetition  series.* 

THE   FILAR   MICROMETER. 

40.  For  the  measurement  of  small  angles,  not  greater  than 
the  angular  breadth  of  the  field  of  the  telescope,  graduated  cir- 
cles may  be  wholly  dispensed  witli,  and  a  niicrometer  attached 
to  the  eye  end  of  the  telescope  may  be  substituted  with  great 
advantage  both  in  respect  of  accuracy  and  facility  of  manipula- 
tion. Indee<l,  for  many  purposes  to  which  the  micrometer  is 
adapted,  divided  circles  are  entirely  out  of  the  question ;  for 
example,  the  niea«urenient  of  the  angular  distance  between  the 
two  conii>onents  of  a  double  star. 

Micrometers,  however,  are  very  frequently  used  in  combina- 
tion with  graduated  circles ;  as  in  the  meridian  circle. 

41.  The  filar  micrometer  is  the  same  in  principle  as  the  micro- 
meter employed  in  the  reading  microscope  (Art.  21),  only  more 
elaborate  and  complete  when  intended  to  be  used  at  the  focus 
of  a  large  telescope.  It  is  variously  constructed,  according  to 
the  instrument  with  which  it  is  to  be  connected.  A  very  com- 
mon form  which  involves  the  essential  features  of  all  the  others 
i«  sketched  in  Plate  II.  Fig.  3,  where  the  outside  plate  and  the 
eye  piece  are  removed  and  the  field  of  view  exhibited.  The 
plate  wi  is  permanently  attached  to  the  eye  end  of  the  telescope 
tul>e  at  right  angles  to  the  optical  axis.  The  plate  W^  carrying 
the  thread  mm^  slides  upon  <m,  and  is  moved  by  the  screw  B. 
Tlie  jilate  (*<*,  carrying  the  thread  7//J,  slides  upon  t/>,  and  is 
m<»ve<l  by  the  screw  C     The  threads  are  at  right  angles  to  the 


*  Tliin  proccM,  which  is  due  to  nEssEL,  will  bo  found  more  fully  discusned  in  the 
ICvmiysf^n/  Ohtervahona^  Vol.  VII.,  and  in  the  Antron.  Snch.,  Nom.  -181  and  482.  See 
ilto  r.  A.  F.  PlTEB«,  I'nlmurhuny  der  ThfHung»fehlfr  tUa  Krtrlsrhfn  Verticalkrnffa 
4fr  Puikftrarr  SUmtcartf  (St.  Pctcr»burg,  1848);  and  Uansex  iu  the  Attron.  Xach., 
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direction  of  the  motion  produced  by  the  screws.  Their  dis* 
tancc  apcirt  is  changed  only  1>y  the  ^erew  t*  which  carrict*  u  hirgo  M 
grad anted  head,  hy  meuiis  of  which  this  cli stance  is  measured,  ■ 
The  screw  B  merely  shifts  the  whole  apparatus  hh,  so  that  the 
threads  may  be  carried  to  any  part  of  the  field  of  \new-  A 
notched  sicale  in  the  Held  of  view,  tlie  notches  of  which  are  at 
the  same  distance  apart  as  the  threads  of  the  screw  C,  is  at- 
tached either  to  the  plate  fc6,  or  to  the  plate  cc  {in  the  figure,  ta 
the  hxTtt^r);  in  either  ease  tlic  nnmher  of  notches  between  the 
threads  indicates  the  wliole  number  of  revolutionH  of  the  screw 
by  which  the  threads  are  eeparated,  while  the  gmdnated  head 
of  C  indicates  tlie  fraction  of  a  revobition.  Finally,  at  least 
one  thread  is  stretched  across  the  middle  of  the  tield  at  right 
angles  to  the  micrometer  threads:  sometimes  three  or  more  fl 
ec|iiidistant  and  parallel  threads ;  these  are  usually  attached  to 
the  phite  bb.  In  micrometer  measures  the  thread  mm  usually 
remains  fixed  while  ?«?!  moves;  the  former  is  therefore  usually 
called  the  fxaf  thread,  and  the  latter  the  movfMe  thread.  Tlie 
threads  at  right  angles  to  these  are  ealled  inimvcrse  threads; 
sometimes  tnumt  threads. 

That  portion  of  the  telescope  to  which  the  micrometer  is  im- 
metbately  attached  is  a  tube  wbieh  both  slides  a!id  revolves 
within  the  nmin  tube  of  the  teleseope,  so  that  (by  sliding)  tlie 
plane  of  the  threads  may  be  accurately  placed  in  the  focus  of 
the  object  glass,  and  (by  revolnng)  t!ie  threads  may  be  made  to 
take  any  required  direction. 

To  measure  directly  the  angular  distance  between  two  objeetB 
whose  images  are  seen  in  the  field,  we  have  first  to  revolve  the 
wliole  micrometer  utitit  the  middle  transverse  thread  parses 
through  the  two  objects ;  then,  bringing  the  fixed  thread  upon 
one  of  the  objects  and  the  movable  thread  upon  the  other,  the 
distance  is  at  once  obtained  in  revohitious  and  parts  c»f  a  revolu- 
tion of  the  micrometer  screw.  This  measure  is  then  to  be  re- 
duced to  seconds  of  arc,  for  which  purpose  the  angular  value 
of  a  revolution  of  the  screw  must  be  known* 

42*  To  find  the  angular  value  of  a  remhition  of  (he  micromder 
scretr. — This  value  evidently  depends  not  only  upon  the  distauee 
of  tlie  threads  of  the  screw,  but  also  npoti  the  focal  length  of 
the  teleacope,  since  the  greater  tJic  focal  lengthy  the  larger  will 
be  the  image  of  any  given  object. 
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A  FIRST  METHOD  of  finding  the  value  of  the  screw  is,  there- 
fore, to  measure  the  focal  length,  i^,  of  the  object  glass,  and  the 
distance,  m,  between  the  threads  of  the  screw  (which  is  done  by 
counting  the  number  of  threads  to  an  inch) ;  then,  if  li  denotes 
the  angular  value  of  a  revolution,  we  have 

tanl^=—  or  R=       ^  (39) 

as  is  evident  from  Fig.  2,  p.  12,  where  we  may  suppose  rf/,  at 
the  focus  of  the  lens  ABy  to  be  the  space  through  which  the 
micrometer  thread  is  moved  by  a  revolution  of  the  screw,  and 
the  angular  breadth  of  the  object  DL^  of  which  dl  is  the  image, 
to  be  DCL  =  lai,  and  Cm  =  F,  dl  --  m. 

43.  Second  Method. — Measure  with  the  micrometer  any  pre- 
viously known  angle  Ay  and  let  J/ be  the  number  of  revolutions 
of  the  screw  in  the  measure;  then,  ansuming  that  the  middle 
point  of  A  is  observed  in  the  middle  of  the  field, 

^       „       2  tan  }-l  ,  T>       ^  /IAN 

tan  i?  =  ~  or,  nearly,  JB  =  -—  (40) 

The  sun's  apparent  horizontal  diameter  (see  Vol.  I.  Art.  134) 
may  be  used  for  the  angle  A,  if  the  field  is  sufficiently  large  to 
enibniee  the  whole  innige  of  the  sun,  whieli,  however,  is  the 
case  only  with  small  instruments,  or  with  low  magnifying  powers. 

The  constellation  of  the  Pleiades  furnishes  pairs  of  stars  at 
various  distiinces,  suited  to  instruments  of  various  cai)acitie8 : 
and  Hessel  detennined  their  distances  with  very  great  accuracy 
with  a  view  to  this  as  well  as  other  ai)plications.* 

The  angle  A  in  (40)  is  the  apparent  angular  distance  measured, 
80  that,  when  two  stars  are  employed,  their  apparent  distance 
must  be  computed  by  subtracting  the  correction  for  refraction, 
for  which  see  Chapter  X. 

44.  Third  Method. — Point  the  telescope  at  a  star,  and  let  the 
mi<-rometer  be  revolved  so  that  the  transverse  thread  will  coin- 
cide with  the  apparent  ])ath  of  the  star  in  its  diurnal  movement, 
and  the  fixed  mi<*rometer  thread  will  represent  a  de<lination 
cinlu.    Place  the  movable  thread  at  anv  number  M  of  revolutions 


*  Deshel's  Aitronomisrhe  VnterMuchungen^  Vol.  I.  p.  209. 
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from  the  fixed  thread,  and  note  the  times  of  tmnsit  of  the  star 
over  thei^c  threads  by  tlie  sidereal  clock,  tlie  telescope  remaining 
fixed  during  the  whole  obHervation.  Denote  the  sidereal  in- 
ten^al  between  these  times  by  /,  the  declination  of  the  star  by 
<J,  the  true  angular  interval  of  the  threads  by  i;  then  {lU  will  be 
proved  in  the  theory  uf  the  transit  instrument)  we  ehall  find  i  by 
the  formula 


Bin  t  =  sin  7  coa  d 
or,  when  the  star  is  not  within  10*^  of  the  pole, 

i  =  I  coa  $ 


(41) 


(41*) 


after  which  the  value  of  a  revolution  of  the  screw  in  seconda  of 
arc  is  found  by  the  formula 


_       15i       15  7  cos  ^ 


(42) 


For  extreme  preci^^ion,  the  correction  for  refraction  should  he 
applied  to  i;  but  if  tlie  observations  arc  made  near  tlie  meridian 
the  correction  will  rarely  bo  appreciable. 

We  may  in  this  process  di.spense  with  the  use  of  the  fixed 
thread  by  setting  the  movable  thread  successively  at  ditfcrent 
points  in  the  field,  and  nothig  the  times  of  transit  of  the  star 
over  it  together  with  the  iHimber  of  revolutions  of  the  screw 
between  the  successive  positions.  In  this  way  the  regularity  of 
the  Bcrew^  may  be  tested  throughout  its  whole  length.  If  tho 
Btar  is  verj-  near  the  pole,  eacli  observation  should  Ijc  compared 
with  that  made  near  the  middle  of  the  field,  and  the  true  inter- 
vals computed  by  the  formula  sin  i  ==  sin  7cos(}. 

This  method  is  applicable  iu  all  cases  where  the  micrometer 
can  be  revolved  so  as  to  place  the  fixed  and  movable  threads  in 
the  direetion  of  a  declination  circle.  If  the  tek^scope  id  et|ua- 
torially  mounted,  this  can  be  done  m  all  [»oflitiou8  of  the  instru- 
ments and  the  star  may  be  in  any  part  of  the  heavens;  but  a 
slow  nufving  star  near  the  meridian  is  to  be  preferred,  if  we 
wish  to  avoid  tlie  correction  for  refractiim. 

The  times  of  transit  are  supposed  to  be  observed  by  a  sidereal 
clock,  the  rate  of  which  if  it  is  large  should  be  allowed  for.  If 
the  time  is  noted  by  a  mean  time  clock,  the  mean  intenaU  are 
to  be  converted  into  sidereal  intervals  (Vol.  I.  Art.  49). 
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45.  If  the  micrometer  is  attached  to  an  instniment  designed 
onlv  for  the  measurement  of  zenith  distances,  or  differences  of 
zenith  distance  (as  in  the  case  of  the  Zenith  Telescope),  the 
movahle  threads  being  always  perpendicular  to  a  vertical  circle, 
we  can  still  employ  this  method  of  transits,  by  observing  the 
pole  star,  or  any  star  near  the  pole,  at  the  time  of  its  greatest 
elongation.  At  this  time  the  vertical  circle  of  the  star  is  tangent 
to  itij  diurnal  circle,  and,  consequently,  the  micrometer  thread 
will  coincide  in  direction  witli  this  declination  circle,  as  required 
in  the  preceding  method.  If  the  instrument  is  not  moved  in 
azimuth  during  the  star's  transit  through  the  field,  the  formula 
for  computing  the  inter\'al  i  from  the  sidereal  interval  /  is  still, 
as  in  the  tnmsit  instrument,  sini  —  sin  /  cos  o;  but  it  must  be 
obserN'ed  that  this  formula  here  applies  strictly  only  to  the  case 
where  the  thread  is  at  one  time  at  the  point  of  greatest  elonga- 
tion, and  therefore  each  obser\'ation  should  be  compared  with 
that  taken  nearest  the  computed  time  of  elongation.  To  find 
this  time,  wo  first  find  the  hour  angle  t  of  the  star  by  the  for- 
mula (Vol.  I.  Art.  18) 

cos  t  r=  cot  <5  tan  ^ 

in  which  <f  is  the  latitude  of  the  })lace   of  observation ;    and 
then,  tt  being  the  star's  right  ascension,  we  liave 

Sid.  T.  of  gr.  elongation  =:  a  ±:  < 

the  lower  sign  for  the  eastern  elongation. 

If  the  instrument  is  slowly  moved  in  azimuth  as  the  star 
on>fiscs  the  field,  so  as  to  make  each  observation  of  a  transit  in 
the  niiiMlc  of  the  field,  the  vertical  distances  between  the  ditter- 
ent  p<»itioiis  of  the  movable  thread  are,  rigorously,  ditterences 
of  zenith  distance,  and  the  fonnula  for  the  transit  instrument  is 
no  longer  stri<tly  applicable.  I  shall  show,  however,  that  it  is 
practiially  Hutticiently  exact.  Let  the  zenith  distan<'e,  hcmr 
angle,  and  azimuth  of  the  star  at  the  elongation  be  di'noted  by 
z^  /,,,  an<l  A^  respectively:  those  for  any  observation  by  z,  /,  A; 
and  h*t  J„  an<l  .1  be  re<'kone<l  from  the  elevated  pole.  At  the 
time  i»f  the  observation,  the  star,  the  zenith,  and  the  pole  form 
an  oblique  spherical  triangle,  an<l  we  have  the  general  relations 

cos  i)  cos  t       cos  (p  cos  z  —  sin  y  sin  z  cos.l 
cos  o  Hin  t  -..  sin  z  h\\\A 


COS  ^6111  f(jC09  t  =  fiin  z^cos  z  —  cos  z^^m  z  cos ^^ cos .-l 
cos  5  cosf^tjin  i  ^=  COB  j^^  sin  ^  sin  J^sin*! 

the  ditfereuce  of  which  gives 

cos  ^  sin  (f  —  f<,)=  —  sin  -:^cos  z  +  cos  r„sin  z  cos  {A^ — A) 
==.  fiin  (z  —  z^)  —  2  cos  z^  sin  z  sin* }  {A^  — A) 

where*  if  we  negleet  the  last  term  and  denote  t  —  t^hy  /,  and 

z  —  -c^^  bv  i\  we  have  the  formiilu  for  the  transit  inBtrmiient,     To 
obtain  an  expression  for  this  hist  term,  wo  take  the  relations 

sin  z  COB. I  ==  cos  ^  sin  ^  ^  sin  ^  cos  d  cos< 
sin  z  sin  A  ^  cos  d  sin  t 

and  eonibiue  them  with 


cos 


whence 


A^  =^  sin  cJ  «in  L 

.        COS  d       &\nS  e08/« 

sin  A^ =  — = 2 

0      cos  f  sm  f 


sin  ir  sin  (A^  —  A}=  sin  '3  cos  tl  —  sin  -5  cos  ^  cos  (( —  t^y 

=  sin  2  ^  sin^  1  (f  —  tj 

Thus  sin  (Ay — A)  h  very  nearlv  proportional  to  tlie  sfpiare  of 
ghi  ^  (i  —  ^y),  and  is,  couseqnently,  ho  small  that  we  may  put 
ein  )  {A^  —  A)  =^  J  sin  {Aq  —  A)  in  the  last  term  of  the  above  for- 
mula. We  may  ako  in  so  ^mall  a  term  put  r^  for  z.  Making  these 
substitutions,  and  writing  /  and  /  for  (  —  (^  and  z  —  z^,  we  lind 


sin  *  ==  sin  /  eus  ^  +  i  ^^^  ^o  ^*"*  -  *^  ^*"*  1  ^ 


(43) 


Since  not  only  sin  4/  is  a  small  rpiantity,  hnt  al^o  sin  2^,  it  is 
evident  that  the  last  term  will  l*e  inaitprerluble  in  all  praetieal 
cases*  Thus,  for  tlie  pole  star,  d  =  88^  30'  and  /  =  80-  =  7^  8<K» 
this  term  is  only  0",0052eot2^ 
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For  either  method  of  observation,  therefore,  we  can  regard 
the  formula  sin  i  =  sin  /cos  d  as  entirely  rigorous. 

But  in  either  method  we  must  correct  the  computed  interval  i 
for  refraction.  This  computed  interval  is  the  difference  of  the 
true  zenith  distances  at  the  two  instants  of  transit,  and  the 
micrometer  interval  31  represents  the  difference  of  the  a[)parent 
zenith  distances  at  these  instants ;  hence,  if  r  and  r©  are  the  re- 
fractions for  the  zenith  distances  z  and  z^j  we  shall  have 

J?  =,  i  —  (r  —  r,)  ^  z^2^^(r  —  r;) 
M  M 

If  we  put 

Ar  =  the  difference  of  refVaction  for  V  of  zenith  distance, 

we  shall  have 


or,  very  nearly, 
and,  consequently, 


r  — r^  =  (-r  — z,)Ar 


r—r^=MR£^r 


R  =  j^-B,^r  (44) 


Tlie  value  of  Ar  may  be  taken  from  the  refraction  table  for  the 
zenith  distance  at  the  elongation,  which  will  be  found  by  the 

fonimla 

sin  <p 

cos  Tp  =    .    -- 

"      sin  d 

An  example  of  this  method  will  be  given  in  the  chapter  on 
the  Zenith  Telescope. 

46.  FoFRTH  Method. — The  angular  distance  of  tw'o  threads  in 
the  focuj*  of  a  telescope  may  be  directly  measured  with  a  theodo- 
lite. We  have  seen  (Art.  4)  that  the  rays  which  diverge  from 
the  focus  and  fall  upon  the  object  glass  emerge  from  this  glass 
in  parallel  lines.  If  then  these  emerging  rays  be  recoivod  by 
the  lens  of  another  telescope,  they  will  be  converged  by  the 
latter  lens  to  its  principal  focus,  where  they  will  form  an  inuige 
of  the  point  from  which  they  diverged.  Hence,  if  two  telesfoi»es 
tre  phuiMl  with  their  optical  axes  in  the  same  straight  line  and 
with  their  objectives  turned  towards  each  other,  we  may  in 
either  toloscope  see  the  iniages  of  threads  at  the  i)rincipal  focus 
of  the   other.     K  our  second   telescope   is   connected   with   a 

Vol.  IL~5 
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vertical  or  horizontal  circle,  as  in  the  theodolite,  the  circle  may 
he  used  to  meiiaure  the  angular  distance  of  the  threads  in  the 
fir^t. 

FirsL—If  the  micrometer  threads  arc  horizontal,  that  is,  per* 
pciHliciiUir  to  the  vertical  plane  (iis  in  the  merirlian  cirrle  when 
the  niicronieter  U  arranged  to  measure  differences  of  zenith 
distance  or  of  deeliimtion),  the  telescopes  may  have  any  inclina- 
tion to  the  horizon,  and  the  augnlar  distance  of  two  threads  will 
he  directly  nieawured  by  inoviiiir  tlio  theodolite  tele>?cope  in  tJie 
vertieal  plane  and  hriiigiiig  its  <  ri>>s-tliread  ftuecesHivtly  into 
coincidence  with  the  images  of  the  two  micrometer  threads. 
Bt'iioting  tlie  difference  of  readings  of  the  vertieal  circle  in  the 
two  ]K>sitions  hy  ^4,  and  the  nnmlier  of  revolutions  of  the  micro- 
meter screw  between  the  threads  by  3/,  we  have  tan  iZ  =  " 
or,  very  nearly,  i?  —  ^■ 

Secoiully. — If  the  micrometer  threads  are  parallel  to  a  vertical 

plane  (an  in  the  meridian  circle  when  the  micrometer  is  arranged 
to  measure  differenees  of  right  ascension),  the  theodolite  is  placed 
as  hefore,  and  the  angular  distance  of  the  threads  is  measured 
with  the  horizontal  circle.  But,  in  this  case,  if  the  telescopes 
are  inrhued  to  the  horizon  by  the  angle  y  (wliieh  is  obtained 
from  the  vertical  circle  of  tlie  theodolite),  the  angular  distance  vt, 
read  on  the  horizontal  circle,  will  exceed  tliat  of  the  threads  in 
the  ratio  Ireos;*  (see  the  theory  of  the  altitude  and  azimuth 

instrument):  so  that  we  shall  then  have  M  =  "^  ir"* 

This  ingenious  method  was  suggested  by  Gauss.* 

47,  FiFin  ilExnon. — 'Wlien  the  telescope  is  connected  with  a 
gradnated  vertical  circle  and  its  micrometer  is  arranged  to  mea- 
sure ditfercnces  of  zenith  distance,  the  value  of  the  screw  mav 
be  found  l>y  means  of  this  vertical  circle  as  follows.  Let  the  tele- 
scope he  directed  tuwsirds  the  lunlir  and  looking  iiUo  a  basin  of 
meren ry  iiinut*diHtcly  under  it.  The  rays  wliicli  diverge  fn>m  a 
thread  in  the  focus  of  a  telescope  emerge  fn>m  the  objective  in 
parallel  lines;  they  are  therefore  reflected  by  the  mercury  in 


*  In  1823,  Attron.  AWA.,  Vol.  11   p.  871.     RiTTRKtiorti  had  pT«ri«in»Jjr  (in  178^) 

pi>lii(eU  out  the  prneticiibtlit^*  qT  oliHorving  tlii>  tlircudN  of  one  1elc«cop«  lUroafh 
imother  flirpcfeil  towjirtls  ilie  oUjt»ctivc  of  the  first,  ui  tLe  TrantactMn*  ttf  tkt  Amfrkam 
PhiU»i>phkal  Socitt^,  Vol.  ir  p.  181. 
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parallel  lines,  so  that  they  must  he  converged  hy  the  objective 
again  to  the  focus,  where  they  form  an  image  of  the  thread.  It 
U  evident  that  the  distance  of  the  reflected  images  of 
two  micrometer  threads  will  be  the  siime  as  that  of 
the  threads  themselves.  Let  then  JFO,  Fig.  14,  be  a 
vertical  line  drawn  through  the  centre  0  of  the  ob- 
jective, and  suppose  the  fixed  and  movable  threads  ?i 
and  m  to  be  at  the  same  angular  distiince  from  tJO, 
on  opiM)site  sides  of  it,  or  EOn  -~  EOm,  Then  the 
rays  from  «,  after  passing  through  the  objective,  form 
a  system  of  rays  parallel  to  nO,  and,  at\er  reflection 
fn)ni  the  mercury  (the  surface  of  which  is  perpen- 
dicular to  J^O),  form  a  system  of  rays  parallel  to  Om, 
and  tlierefore  the  reflected  image  of  h  is  seen  at  m. 
For  the  same  reason,  the  reflected  inuige  of  m  is  seen  at  v.  Now 
let  the  telescope  be  revolved  through  an  angle  equal  to  EOn,  so 
as  to  make  the  line  aO  a  vertical  line ;  then  the  image  of  7i  will 
be  found  in  the  vertical  line,  and  will,  consequently,  be  seen  in 
coincidence  with  7i  itself.  And  if  the  telescope  is  revolved  in  the 
opposite  direction  through  an  angle  equal  to  EOm^  the  innige  of  m 
will  be  brought  into  coincidence  with  itself  Hence  the  whole 
angular  motion  (^l)  of  the  telescope,  as  measured  by  the  vertical 
cirele,  between  the  two  jiositions  in  which  ;/  and  m  are  seen  in 
coin<-i<len<*e  with  their  own  reflected  inuiges,  respectively,  is  the 
re<juired  angular  distance  of  the  threads ;  and,  the  number  of 
revolutions  of  the  micn)meter  screw  between  them  being  J/,  we 

have,  as  in  other  cases,  li 


M 


We  may,  however,  dispetise  with  the  use  of  the  fixed  thread 
in  this  process.  Let  the  movable  thread  be  placed  in  any  part 
of  the  field,  bring  it  into  coinci<lence  with  its  reflected  image  by 
rev«»lving  the  telescope,  and  read  the  circle.  Then  ]>lace  it  in 
any  other  part  of  the  fiel<l,  bring  it  into  coincidence  with  its 
reflected  image,  and  read  the  circle.  The  threa<l  having  been 
niove<l  through  M  revolutions,  and  the  diflerence  of  the  cirele 
readings  being  .1,  we  find  li  as  before. 

In  order  that  the  reflecte<l  images  of  the  threads  may  be 
visible,  it  is  found  ne<*essarv  to  throw  light  diHcn  the  tube,  that 
is.  ffnin  the  o<*ular.  For  this  ]>urpose,  one  of  the  eye  i>ie<es 
(ejilled  a  nffhtuftflnf/  ov  fifttft'r  ('*/r  pfiCi)  is  furnished  with  a  reflector, 
plaeed  at  an  angle  of  4')'^  with  the  optical  axis,  which  receives 
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light  from  a  lamp  lield  on  one  side  and  reflects  it  down  the  tnbe. 
This  reflector  is  sometimes  placed  within  tlie  eye  piece,  between 
the  two  lenses ;  the  light  m  then  received  through  an  aperture 
in  the  ^ide  of  the  eye  tube,  and  the  reflector,  if  made  of  metul, 
is  perforated  in  the  centre  in  order  that  the  field  may  be  visible, 
A  bftter  plan  ia  to  place  a  small  piece  of  very  thin  mica  outside 
the  eye  piece,  between  the  outer  lens  and  the  eye,  and  at  an 
angle  of  45*^  with  the  axis.  The  mica,  being  transpai'ent,  does 
not  interfere  with  the  view  of  the  field,  and  is  at  the  same  time 
a  very  perfect  reflector.  This  plan  has  the  advantage  that  the 
mica  reflector  may  be  tempomrily  applied  to  any  of  the  eye  pieces 
in  actual  use, 

A  mercury  reflector  used,  as  m  this  case,  to  give  reflected 
images  of  the  threads,  we  shall  hereafter  de^siguate  a^  a  rncrcuri/ 
coUimator** 


48.  Efeet  of  Umperaturc  upon  the  value  of  a  revolutian  of  the 
micrometer  screw. — Changes  of  temperature  afteet  the  angular 
value  of  a  revolution  of  the  screw  in  two  ways  :  first,  by  changing 
the  absolute  length  of  the  screw  itself;  Sfeontllj/^  by  changing  the 
figure  of  the  objective,  and  thereby  also  the  focal  length.  Per- 
liaps  we  sliould  add,  also,  the  almost  evanescent  change  in  the 
focal  length  resulting  from  a  change  in  the  refnietive  power  of 
the  glass.  The  whole  eftect,  however,  is  very  small,  and  may  be 
assumed  to  be  propoiliomd  to  the  change  of  temperature:  so 
that,  if  7?o  is  the  value  of  a  revolution  of  the  screw  for  an 
assumed  temperature  r^,  It  the  value  for  any  given  temperatui'e 
r,  we  have 


R^=  B  +  M{t-  t,)x^  i?[l  +  (t^t,)x] 


(45) 


in  which  z  is  to  be  determined  so  as  to  satisfy  the  obser\^ed  values 
of  R  at  diftereiit  tem|icratiircs  as  nearly  as  jiossible^  which  is 
done  liy  the  method  of  least  squares. 

Example. — Suppose   the  following  values   of  H  have   been 
observed : 

B  =  26".557,       26".582,       20".529,       26".500,        26'^408, 
for  T  =r     10°  30^  40""  62*^  7^^  (Pahr.) 


*  The  UB«  of  tlie  mercury  Gollimstor  in  conntction  yt'uh  the  imdir  Qjt  plec^  wii 
introduced  bjr  Boii^etafSKftosft  In  1825:  t.  Atirvn.  Xaek.,  Vol.  IV.  p.  327. 
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and  it  is  proposed  to  determine  B^  for  7^=  50°.    We  shall  have 
the  equations 

i?,=  26".557(l--40x) 

i?„=26  .532(1  —  20x) 

i?,=  26  .529(1  —  lOx) 

7?^  =26  .500(1  +  12  a:) 

B^=26  .498(1  +  25a:) 

Let  U8  assume  -Ro=  26.5  +  y  ;  these  equations  become 

1062j:  +  y  —  0".057=0 
531 X  +  y  —  0  .032  =  0 
2G5x  +  y  —  0  .029  =  0 

—  318x  +  y  +  0  .000  =  0 

—  662x  -f  y  -f  0  .002  =  0 

Hence,  by  the  usual  process  in  the  method  of  least  squares,  we 
find  the  normal  equations 

2019398  X  +  878y  —  86".535  =  0 
878a:  +      5y  —    0  .116  =  0 
whence 

X  =  +  0.0000355  y  =  +  0".017 

and,  consequently,  B^  =  26".617,  and 

26".517 


B 


1  +  0.0000355  (T  —  50°) 
As  the  coefficient  of  r  —  50°  is  so  small,  we  may  take 

R  =  2G".517  [1  -  0.0000355  (r  —  50^^)] 
=  2G".517  +  0".0O0941  (50°  —  r) 

This  gives  for  the  values  of  It  at  the  observed  temperatures. 


R  =  26".556, 

26".536, 

26".526, 

26".504, 

2G".493 

for  r  =   10° 

80° 

40° 

62° 

75° 

which  agree  with  the  observed  values  within  the  probable  errors 
of  such  determinations. 

49.  The  paction  filar  micrometer, — AVlien  a  filar  micrometer  is 
attached  to  an  equatorially  mounted  telescope,  there  is  usually 
combined  with  it  a  small  graduated  circle,  the  plane  of  which  i.h 
parallel  to  tliat  of  the  micrometer  threads,  by  means  of  which 
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the  angle  which  those  thrcftds,  or  the  transverse  threada,  make 
with  a  decrniiitioii  circle  may  be  ascertaincil.  The  micrometer 
then  Bcr\-e8  to  measure  not  onlj  the  distance  between  two  stiirs, 
but  also  their  attgh  of  posillon  ;  that  is,  the  angle  which  the  arc 
joining  tlie  two  fttai^s  makes  with  a  declination  circle. 

The  index  error  of  the  circle,  or  its  reading  for  the  position 
angle  zero,  is  best  obtained  with  the  tclesc<ipc  in  the  meridian. 
Let  the  micrometer  be  revolved  until  the  movable  tliread  ia  per- 
pendicular to  the  meridian,  which  will  be  the  case  wlien  a  i^tar 
of  small  declination  remains  upon  the  thread  thronghout  iu 
passage  across  the  field*  The  transverse  thread  will  then  repre- 
sent the  meridian,  and  in  all  other  positions  of  the  telescope,  if 
the  equatm-ial  adjustment  is  good,  will  represent  a  deeliuution 
circle.*  If  the  reading  of  the  position  circle  is  then  P^^  and 
the  micrometer  is  afterwards  revolved  so  that  its  transverse 
thread  passes  through  two  stars  in  the  tield,  and  the  reading 
becomes  P,  the  appai^eut  position  angle  of  the  stai-s  is 


p^p 


(46) 


All  position  angles  should  lie  read  from  0  to  860'^  in  the  same 
direction.  I  sliall  always  suppose  them  to  he  reckoned  from  the 
north  through  the  east. 

50.  I  shall  briefly  notice  some  other  micrometers  hereafter 
(Chapter  X.).  What  has  been  given  in  relation  to  the  filar  micixi- 
meter  was  necessary  in  this  place  on  account  of  the  connection 
of  this  instrument  with  nearly  every  form  of  telescope. 

THE   LEVEL, 

51.  The  spirit  level  may  here  be  classed  among  the  instru- 
ments for  measuring  small  angles,  inasmuch  as  its  use  in  astro- 
nomy is  not  so  much  to  make  a  given  line  absolutely  level  as  to 
measure  the  small  inclination  of  the  line  to  the  horixon.  It 
consists  of  a  glass  tube,  groimd  on  the  interior  to  a  curve  of 
large  radius,  and  nearly  tilled  with  ah:*ohol  or  sulphuric  ether. 
(Water  would  freeze  and  hurst  the  tube).  The  bubble  of  air 
occupying  the  space  left  liy  the   fluid  will  always  stand  at  the 


*  See,  boweTer,  CbApter  X.  in  em»e  tbe  Aiyustmcut  of  llie  d<|iuitori«l  Ulcaeop*  ta 
not  quite  exAoL 
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highest  point  of  the  cun-e  of  the  tube;  and  therefore  any 
change  of  the  relative  elevation  of  the  two  ends  of  the  tube 
must  be  followed  by  a  corresponding  change  in  the  position  of 
the  bubble.  This  position  of  the  bubble,  therefore,  which  is 
read  oft*  by  means  of  a  scale,  or  by  graduations  marked  on  the 
tube  itself,  serves  to  measure  all  changes  of  inclination  within 
tlie  extreme  ranges  of  the  arc  of  the  curve  employed.  The 
larger  the  radius  of  the  curve,  the  more  sensitive  will  the  level 
be.  There  is,  however,  obviously  a  practical  limit  to  the  radius, 
which  is  determined  by  the  kind  of  instrument  to  which  the 
level  is  to  be  applied  and  the  degree  of  accuracy  aimed  at. 

In  order  to  apply  the  level  to  the  horizontal  axis  of  an  instru- 
ment, it  is  either  mounted  upon  two  legs,  the  distance  apart  of 
which  is  nearly  equal  to  the  length  of  the  axis ;  and  these  legs 
terminate  in  Vs,  so  that  the  level  bears  only  at  tv\'o  points  of  the 
cylindrical  pivots  of  the  axis,  in  which  case  it  is  called  a  striding 
level :  or  it  hangs  from  the  axis  by  arms,  which  are  recurved 
and  tenuinate  in  inverted  Vs;  and  it  is  then  called  a  hanging 
level. 

Plate  n..  Fig.  4,  represents  a  common  form  of  the  striding 
level,  and  Fig.  5  is  an  end  view  of  the  legs.  The  tube  f/  is  in 
this  level  covered  by  a  larger  glass  tube  abcdy  to  protect  the  fluid 
from  sudden  changes  of  temperature.  These  are  secured  to  a 
bar  AB,  usually  a  hollow  brass  cylinder,  which  is  connected 
with  the  legs  by  screws  s  and  /,  which  ser\'^e  to  adjust  the  rela- 
tion of  the  level  tube  to  the  line  of  bearing  of  the  Vs  of  the 
feet,  as  will  be  expkined  hereafter. 

52.  In  order  to  investigate  the  method  of  using  the  level,  let 
us  first  suppose  EW^  Fig.  15,  to  be 
a  truly  horizontal  line  on  which 
the  level  AD  rests.  Let  0  be  the 
zero  of  the  graduations ;  e  and  w 
the  ends  of  the  bubble.  Let  the 
length  of  the  bubble  be  21  If 
the  legs  AE  and  BW  were  per- 
fectly   equal,  and  0  were   in   the 

middle  of  AB^  the  readings  of  w  and  e  from  0  would  be  exactly 
the  same,  and  each  equal  to  /.  But,  if  B  W  is  the  longer  leg, 
the  bubble  will  stand  nearer  to  B  by  a  number  x  of  divisions; 
and  if  at  the  siyne  time  the  zero  0  stands  nearer  to  A  than  to  By 
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at  a  distance  of  y  divieiona  from  the  middlej  then  the  readings 
will  be 

at  w?,  ^  +  ^  +  y» 

at  e,  I  -^  X  —  y. 

If  now  TTis  raised  so  that  EW  bceomea  inclined  to  the  horizon 
by  the  angle  6,  the  bubble  will  Ktand  nearer  to  the  end  B  by  a 
number  z  of  divisions,  so  that  the  whole  readings  at  w  and  e 
will  be 

v)  =  l  +  X  +  y-\^  2 

fi  =  i  —  X  —  y  —  z 


(4T) 


To  eliminate  the  errors  x  and  »/»  let  the  level  now  be  reversed, 
80  tliat  the  end  A  stands  over  W  and  B  over  K    The  errors  x 

and  1/  will  both  change  sign ;  bitt,  the  line  EW  being  inclined 
as  before,  the  readings  of  the  ends  of  the  bubble  towards  IF  and 
E^  respectively,  will  be 


u/=l^x~y  +  z 
From  the  equations  (47)  and  (48)  we  deduce 


(48) 


whence 


or 


*("— «)  =  «  +  *  +  ' 
._(to  +  to')-(g  +  0 


}      (49) 


(50) 


whence  the  practical  rule  :  ^^  Place  the  lerd  on  the  line  wha'9e  inelmO' 
Hon  is  to  be  measured^  and  read  (he  divisions  ui  the  aids  of  (he  bubble  ; 
reverse  the  levels  and  read  again*  Add  togeiher  the  two  readings  lying 
towards  one  end  of  the  lincj  and  afso  (he  (wo  readings  h/ing  towards  (lie 
other  end  of  the  lim\  Onc-fonHh  (he  difference  of  these  sums  is  the 
measure  of  (he  inclination.  The  line  is  elevated  at  that  aid  which 
gives  the  greatest  sum  of  readings." 

This  gives  the  inclination  expressed  in  divisions  of  the  level; 
the  value  of  tho  angle  i  corresponding  to  z  divisions  is  known 
when  tlie  angular  value  rf  of  a  division  is  known,  so  that 

ft  =  <b  (51) 

63*  The  errors  z  and  g  are  inseparable ;  we  can  only  find  their 
sum,  which  is 
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^  +  y  =  ^ —4^ (52) 

If  the  errors  of  the  level  could  be  regarded  as  constant,  the 
value  of  X  +  y  thus  found  would  enable  us  to  dispense  with  the 
reversal  of  the  level,  since  either  of  the  equations  (49)  would 
then  determine  z;  but  such  constancy  is  never  to  be  assumed. 

54.  For  greater  accuracy,  the  level  may  be  read  a  number  of 
times  in  each  position,  taking  care  to  lift  it  up  after  each  read- 
ing, so  that  each  observation  may  be  independent  of  the  others. 
The  sums  of  all  the  readings  at  each  end  of  the  bubble  are  to  be 
formed,  and  the  difference  of  these  sums  divided  by  the  whole 
number  of  readings.  The  number  of  readings  in  the  two  posi- 
tions must  be  equal. 

Example  1. 

mi  was  read  as 


A  level 

on  the 

axis 

of  a 

transit  instr 

follows : 

• 

IT. 

E. 

IT  —  e 

Ist  Position 

29.1 

81.2 

—  2.1 

2d        " 

85.4 

24.9 

4-  10.5 

64.5 

56.1 

4)  —  12.6 

56.1 

X 

+  y 

=  —    8.1i 

4)    8.4 

—   3.15  =  error  of  the  level. 


z=    2.1 
The  value  of  a  division  was  d=  1".25;  and  hence 

b  =  d2  =  2".63 
which  is  the  elevation  of  the  west  end  of  the  axis. 

Example  2. 
The  following  readings  were  obtained  with  the  same  instru- 
ment: 


w. 

E. 

Ist  Position 

29.0 

81.3 

2d 

35.4 

24.9 

2d        " 

85.6 

24.6 

l8t         " 

8) 

29.2 
129.2 
111.8 

17.4 

31.0 
111.8 

z 

= 

2.18 

6  =  2".72 
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By  taking  the  first  and  last  observations  in  the  same  position 

of  the  k*vc'I,  m  in  thin  example,  any  small  change  in  the  level 
itself,  ocem'ing  during  the  observationg,  is  eliniiiiated. 

55.  The  zero  of  the  level  is,  however,  not  always  placed  near 
the  middle  of  the  tobe;  it  may  be  at  one  end  and  the  divit^ions 
numbered  consecutively  through  the  whole  length  of  the  tube. 
In  this  ease,  we  have  only  to  find  the  reading  corresponding  to 
the  middle  of  tlie  bubble  in  each  position  oi'  the  level :  the  half 
difference  of  these  readings  will  evidently  be  the  required  incli- 
nation. It  will  be  necessary,  in  the  record  of  the  obi*ervation, 
to  note  the  position  of  the  ends  of  the  level,  or  to  indicate  in 
some  manner  the  direction  in  which  the  divisions  increajse,  which 
is  usnully  effected  most  readily  by  a  conventional  use  of  the 
algebraic  sign,  a^  in  the  following 

Example* 

A  level  which  is  graduated  from  the  end  A  towards  the  end  B 
reads  as  follows  when  placed  on  the  axis  of  a  ti^ausit  instrument: 


or  thus; 


W. 

E. 

Reading  of 
midkllp  of 
buliblu. 

A  oast 
B    " 

+  64.0 
—  10.1 

+  13.5 
—  60.7 

+  88J5 
—  35,40 

z 

2)  +  3.35 

=  +  1.675 

+  77.6 
—  70.8 

4)  +ej 

2  =  -\- 1.(575 

Since  in  the  ca«e  of  a  transit  instrument  we  wish  to  find  the 
cfcm^/oN  of  the  west  end  (a  negative  elevation  being  interpreted  as 
a  depression),  we  here  mark  the  level  readings  with  the  positive 
Bign  when  they  increase  towards  the  west,  and  with  the  negative 
sign  when  they  increase  towanls  the  east.  The  value  of  z  will 
then  be  ol>Tained,  with  its  jiroper  sign,  by  simply  taking  the 
mean  of  all  the  readings,  as  in  the  last  column  above, 

66.  In  the  above  examples,  the  diameters  of  the  two  pivots  of 
the  axis  on  which  the  level  rests  are  assumed  tt>  be  the  same. 
IVTien  this  is  not  the  ease,  a  correction  becomes  necessarVt  which 
will  be  considered  in  its  place  under  ** Transit  Instrument," 
Chapter  Y. 


^ 
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57.  To  find  (fie  value  of  a  division  of  the  level, — This  is  most  readily 
done  by  means  of  a  simple  instrument  called  a  level-trier.  A 
horizontal  bar  is  supported  by  tw'o  feet  at  one  end  and  by  a 
single  foot-screw  at  the  other.  The  level  is  placed  on  the  bar, 
and  the  number  of  turns  of  the  foot-screw  necessary  to  carry  the 
bubble  over  any  given  number  of  divisions  is  obser\'ed.  The 
angular  value  of  a  turn  of  the  foot-screw  is  known  from  the 
distance  of  its  threads  and  the  length  of  the  bar.  The  head  of 
the  screw  is  graduated  so  that  a  fraction  of  a  turn  may  be  noted. 

We  can  also  determine  the  value  of  a  division  by  attaching 
the  level  tube  to  a  vertical  circle  and  noting  the  number  of 
seconds  on  the  circle  corresponding  to  a  motion  (of  the  circle 
and  level  together)  which  carries  the  bubble  over  a  given  number 
of  divisions.  Thus,  suppose  we  read  the  ends  A  and  -B  of  a  level 
thus  attached  to  a  circle,  and  also  read  the  circle  itself,  as  follows: 

A  B  Circle. 

5.0  40.2  0°  O'  40". 

41.3  3.8  0    1  25  .3 

36.3  36.4  45  .3 

(mean)  36.35  <f=:45".3 

d=    1".246 

When  the  level  is  applied  to  a  telescope  which  is  provided 
with  a  micrometer,  the  value  of  the  divisions  of  the  level  may 
be  found  from  those  of  the  micrometer.  An  example  of  this 
method  will  be  given  in  connection  with  the  Zenith  Telescope, 
Chapter  VIII. 

58.  To  find  the  radius  of  curvature  of  a  level.— hat  7i  be  the  length 
of  a  diNnsion  in  linear  units,  d  the  value  of  a  division  in  arc, 
found  as  above ;  then  the  radius  will  be 


r  = 


d  sin  r 


Suppose  that  in^  the  level  of  the  preceding  article  we  have 
n  —  0.103  inch,  then  we  find,  for  this  level,  r  =  17051  inches,  or 
1421  feet. 

59.  The  value  of  a  division  of  a  level  ma;/  be  affected  by  changes  of 
temperature. — This  will  be  discovered  by  taking  ob8er^•ation8  for 
determining  this  value  at  two  temperatures  as  diflerent  as  pos- 
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sible*  The  proper  value  to  be  used  for  any  intermediate  tern* 
perature  will  then  be  found  by  interpolation, 

60.  //  is  also  possible  that  the  radiits  nf  curvature  of  different  ptyr* 

tions  of  the  tube  may  be  dffftreni, — This,  of  course,  is  a  radical  defect 
in  the  conHtruction  of  the  instrument:  ita  effect  is  to  give  dif- 
ferent angular  values  to  divisions  of  equal  abeolute  length  in 
ditiereut  portiou»  of  the  tube.  The  exi.stenee  of  8ueh  a  defect 
will  be  discovered  by  determining  the  value  of  a  division  inde- 
pendently at  various  points;  and  it  is  proper  t£>  examine  all  our 
levels  in  this  manner*  A  level  thus  defective  should  be  rejected 
as  unlit  for  any  refined  obisen^ution  ;  but,  if  no  other  can  be  had, 
a  careful  investigation  iniglit  determine  a  tystem  of  currectioua 
to  be  applied  to  the  different  readings. 

61,  It  remains  to  be  shown  how  to  effect  the  mechanical  adjust- 
ment of  the  level,  let.  The  bubble  should  stund  nearly  in  the 
middle  of  the  tube  when  the  level  stands  npou  any  horizontal 
line.  This  is  quickly  bnmght  about  by  finding  the  error  of  the 
level  =  a*  +  y,  (as  in  Example  1,  Art.  54)  and  then  tiiniing  the 
screws  t,  t\  Plate  11.  Fig.  5,  until  the  buljblc  has  moved  through 
this  quantity  iu  the  proper  direction.  2d.  The  axis  of  the  tube 
should  be  parallel  to  the  line  joining  the  angle  of  the  Vs  of  the 
feet,  an  lb  consequently,  parallel  to  the  axis  of  an  instrument  on 
which  it  rests.  Tliis  is  tested  by  siightly  revolving  or  roi-king 
the  level  on  the  axis  of  the  instrument,  so  that  the  legs  are 
thrown  out  of  a  pei'pendieular  on  either  side.  If  the  axis  of  the 
level  tube  is  not  pumllel  to  the  Hue  joining  the  feet,  but  lies 
cross-wise  with  respect  to  that  line,  this  revolution  will  cause  the 
bubble  to  change  its  position,  and  it  will  bo  easy  to  see  iu  what 
direction  the  correction  must  bo  made.  The  ac^justment  is  made 
by  the  screws  a^  s'. 
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CHAPTER  HI. 

INSTRUMENTS  FOR  MEASURING  TIME. 

62,  Chropomciers. — Tlie  chronometer  is  merely  a  very  perfect 
watch,  in  which  the  balance  wheel  is  so  constructed  that  changes 
of  temperature  have  the  least  possible  effect  upon  the  time  of  its 
osicillation.  Such  a  balance  is  called  a  compmsation  balance.  A 
chronometer  may  be  well  compensated  for  temperature  and  yet 
it«  rate  may  be  gaining  or  losing  on  the  time  it  is  intended  to 
keep:  the  compensation  is  good  when  changes  of  temperature  do 
not  affect  the  rate.  It  is  not  necessary  that  a  chronometer's  rate 
should  be  zero  (or  even  very  small,  except  that  a  small  rate  is 
practically  coftrcnient);  it  is  sufficient  if  the  rate,  whatever  it  is, 
remains  constant.  The  indications  of  a  chronometer  at  any 
instant  require  a  correction  for  the  whole  accumulated  error  up 
to  that  instant.  If  the  correction  is  known  for  any  given  time, 
together  with  the  rate,  the  correction  for  any  Bubsequent  time  is 
known.  The  methods  of  finding  these  quantities  are  given  in 
Vol.  1.,  Chapter  V. 

63.  Winding. — Most  chronometers  are  now  made  to  run  either 
eight  days  or  two  days.  The  fonner  are  wound  every  Hcventh 
day,  the  latter  daily,  so  that  in  case  the  winding  should  be  for- 
gotten for  twenty-four  hours  the  chronometers  will  still  be  found 
running.  lint  it  is  of  imjjortance  that  they  should  be  wouml  regu- 
larly at  stated  intervals;  othenvise  an  unused  i)art  of  the  spring 
comes  into  action,  and  an  irrc^gularity  in  the  rate  may  result. 

Chronometers  are  wound  with  a  given  number  of  half  tunis  of 
thr  k<»y.  It  is  well  to  know  this  number,  and  to  count  in  winding, 
in  onler  to  avoid  a  sudilenjerk  at  the  last  turn:  still  the  chro- 
nometer rihould  always  be  wound  as  far  as  if  mill  go,  that  is,  until 
it  rt'sists  further  winding.  This  resistan<*e  is  produced  not  by 
the  end  of  the  chain,  but  by  a  eateh  provided  to  act  at  the  proper 
time  and  thus  protect  the  chain. 
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Wlien  a  chronometer  has  etopped,  it  does  not  again  irtart 
immcdititely  after  being  wound  up.  It  18  necessary  to  give  the 
whole  instruoieiit  a  (piick  rotatory  inovement,  by  which  the 
balance  wheel  is  set  in  motion.  Thi8  must  be  done  with  c^re, 
however,  and  with  little  more  force  than  is  necessary  to  produce 
the  result;  afterwards  the  chronometer  must  be  guarded  from  all 
sudden  motions. 

The  hundfj  of  a  chronometer  can  be  moved  witliont  injury  to 
the  instrument,  so  that  it  may  he  set  pruxinnitcly  to  the  true 
time.     It  is,  however,  not  advisable  to  do  this  often. 


64.  Transporiinff. — ^Chrononieters  traURported  on  board  ship 
fiVuuild  be  placed  bh  near  the  centre  of  motion  an  pogsiible,  and 
allowed  to  swing  freely  in  their  gimbals,  ro  that  they  may  pre- 
serve a  horizontal  pnsition.  They  :*ho!ild  also  be  kept  as  nearly 
as  possible  in  a  uoitorm  tcmptTatnre, 

WliL'n  transported  by  land,  the  chronometer  should  no  longer 
be  allowed  to  swing  in  its  gimbals,  but  is  to  he  fastened  by  a 
clamp  provided  for  the  purpose;  for  the  sudden  motions  w^hich 
it  is  then  liable  to  receive  woukl  set  it  in  violent  oscillation 
in  the  gimbals,  and  produce  more  eff*ect  than  if  allowed  to  act 
directly. 

Pocket  chronometers  shouhl  be  kept  at  all  times  in  the  same 
position:  consequently,  if  actiniUy  carried  in  the  pocket  during 
the  day,  they  shtuihl  be  Buspejidcd  vertically  at  night. 

It  has  been  found  that  the  rates  uf  clironomctcrs  have  been 
aftVcted  by  masses  of  iron  in  their  vicinity,  indicating  a  magnetic 
polarity  of  their  Imlanees,  Such  polarity  nuiy  exist  in  the  balauco 
wlien  it  fir^^t  comes  from  the  hauils  uf  tbt^  maker,  or  it  may  be 
acquired  by  the  chronometer  standing  a  long  time  in  the  same 
posifiiju  with  respect  to  the  magnetic  meridian.  Tn  order  to 
avoid  any  error  that  fulght  result  from  this  polarity  (whether 
known  or  unknown),  it  will  be  well  to  keep  the  chronometers 
always  in  the  same  position,  TIence,  they  shduld  n(»t  be  removed 
from  the  ship  to  be  raUtl;  but  their  rates  should  be  fuunil  after 
they  are  placed  in  the  position  they  are  to  occupy. 

The  rate  of  a  chronometer  when  tnmsported  is  seldom  the 
same  as  when  at  rest.  The  travclliug  rate  is  found  by  couiparing 
the  observations  taken  at  the  same  place  before  and  after  the 
journey,  or  from  oh?^ervations  at  two  places  whose  diHerence  of 
longitude  is  perfectly  well  kntnvn,     A  list  of  well  detenniucd 
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"differences  of  longitude'*  is  given  in  Raper's  Practice  of  Nad- 
gnt'totu  for  the  use  of  navigators  in  finding  the  sea  rates  of  their 
clironometers.     (See  Vol.  I.  Art.  258). 

65.  Correction  for  temperature. — An  absolutely  perfect  compensa- 
tion for  temperature  in  chronometer  is  hardly  to  be  expected. 
It  has  been  found*  that  the  average  temperature  compensation 
of  chronometers  is  of  hucIi  a  nature  as  to  cause  the  instrument  to 
lose  on  iti*  daily  rate  when  exi)Oscd  to  a  temperature  either  above 
or  below  a  certain  point  for  which  the  compensation  is  most 
perfect.  Professor  Bond  found  for  a  large  number  of  chronome- 
ters that  if  &^  be  the  temperature  of  best  compensation,  d  that  of 
actual  exposure,  the  rate  may  be  expressed  for  a  range  of  20° 
above  and  below  t?^,  by  the  formula 

wi  =  wi,+  A'(i^-d,y  (53) 

in  which  k  is  a  constant,  and  has,  with  rare  exceptions,  a  positive 
pign,  and  v\  and  m  arc  the  rates^  at  the  temperatures  d^  aiul  i?, 
respectively;  losing  rates  being  positive. 

M.  LiKi'ssox,  from  a  vitv  extended  examination  of  the  per- 
fonnance  of  chronometers  on  trial  at  the  Observatories  of  (ircen- 
wii'h  and  Paris,  finds  that  the  rate  varies  both  with  the  tempe- 
rature and  with  the  age  of  the  oil  with  which  the  jiivots  are 
lubricated.  The  thickening  of  the  oil  tends  to  diminish  the 
amplitude  of  the  vibration  of  the  balance,  and  thus  produces  an 
acceleration  of  the  chronometer.  This  acceleration  is  almost 
exactly  ]>roportional  to  the  time,  so  that  for  any  time  t  the  rate 
may  be  found  by  the  complete  formula 

in  which  k'  is  the  daily  change  of  rate  resulting  from  the  gradual 
thickening  of  the  oil.  The  constants  k  and  A' will  be  ditlerent 
for  every  chronometer,  and  are  determined  by  exi»eriment  for 
each  instrument. 

r>»;.  <'/////v/mon  of  CItronowefcrs. — A\nien  one  or  more  chro- 
nometers are  to  be  regulated  by  means  of  astronomical  observa- 

*  LiKiiiMox,  U«Vhcrchc!«  8»ir  ]vin  ynriutions  «U'  la  marchc  <le«  prndiilen  et  «lej*  chro- 
nonii'trcjt;  Pari^,  is.'i4.  0.  1*.  BnM»,  in  hi**  report  on  the  longitude  in  the  Report  of 
the  :Sui)crintenUent  U.S.  Coa»t  JSurvcy  for  18o4,  App.  p.  HI. 
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tiona,  these  oWeiTations  are  made  witli  but  one  of  them,  and  the 

corrections  of  all  the  others  are  found  by  eoniparing  them  witJi 
this.  On  board  sliii>  tbe  ehrononieters  are  never  brought  on, 
deck;  hut  the  ohser^-ations  arc  made  with  a  watch  (often  ealled  a 
"hack- watch"),  which  is  comiJare<l  with  the  chronometer  either 
before  or  after^  or  both  before  and  after,  the  observations.  The 
double  comparison  is  necessary  where  extreme  precision  is  re- 
quired, iu  order  to  eliminate  any  dlflerence  of  the  rates  of  the 
watch  and  chronometer. 

Example. 

An  observation  is  recorded  1>y  a  hack-watch  at  the  time 
10*  12""  l^^'.o,  and  tlie  f*>nowing  cumjiariBona  are  made  witli  the 
chronometer.  Required  the  time  of  the  observation  by  the 
chronometer. 


Cbron. 
Watch 
Redaction 


8»  17-  0'. 
10     8    9.5 


8^  27"  0*. 
10   1^   S.O 


1   51    9.5 


8.0 


—  1   51 

Here  the  watch  loses  1'.5  in  1<>*:  hence,  in  4*',  the  time  from  the 
first  comjtanson  to  the  ob^iervation,  it  loses  l',5  X  y^Q  or  O'.B,  &o 
that  the  ditlerence  at  tbe  time  of  the  observation  m  1*  51*  8*,9: 
therefore  we  have 


Watch  time  of  oba.  = 
Redaction  to  chron.  ^ 
Chron.  time  of  obs,   -== 


10*  12«  13'.3 

—    1   51      8.9 

8  21      4  A 


Qimpori'ifih  %  coiticidcnt  bmts, — "Wlien  two  chronometers  are 
compared  which  keep  the  t*ame  kind  of  time,  and  botb  of  which 
beat  half  seconds,  it  \vill  mostly  happen  that  the  beats  of  the  two 
instruments  lire  not  li^ynchronous,  Ijut  one  will  fall  after  tbe  other 
by  a  certain  fraction  of  a  beat,  which  will  be  pretty  nearly  con- 
Btant,  and  must  be  estimated  by  the  ear.  This  estimate  may  be 
made  witbin  half  a  beat,  or  a  quarter  of  a  second,  without  diffi. 
culty,  hut  it  rcquircH  much  practice  to  estimate  the  fraction 
witliiu  O'.l  witli  certainty.  But  if  a  mean  time  or  sohr  chro- 
nometer is  compared  with  a  Mreal  chronometer,  their  dif- 
ference may  be  obtained  with  eaj^e  witlun  onc-drenMh  of  a 
second,  Simjf:^  1*  eidi-rcal  time  is  lej^3  than  V  mean  tinn',  tbe  beats 
of  the  sidereal  cbrononieter  will  not  remain  at  a  constimt  fractioa 
behind  those  of  the  solar  chronometer^  but  will  gradually  gain 
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on  them,  so  that  at  certain  times  they  will  be  coincident.  Now, 
if  the  comparison  is  made  at  the  time  this  coincidence  occurs, 
there  will  be  no  fraction  for  the  ear  to  estimate,  and  the  differ- 
ence of  the  t^vo  instruments  at  (Ids  time  will  be  obtained  exactly. 
The  only  error  will  be  that  which  arises  from  judging  the  beats 
to  be  in  coincidence  when  they  are  really  separated  by  a  small 
fraction ;  and  it  is  found  that  the  ear  will  easily  distinguish  the 
beats  as  not  s\Tichronous  so  long  as  they  difter  by  as  much  as 
©•.Oo;  consequently  the  comparison  is  accurately  obtained  within 
that  quantity.  Indeed,  with  practice  it  is  obtained  within  0*.03, 
or  even  O'.Oi.  Now,  since  1*  sidereal  time  —  0'.99727  mean  time, 
tlie  sidereal  chronometer  gains  0'.00273  on  the  solar  chronometer 
in  V;  and  therefore  it  gains  (^.5  in  183',  or  very  nearly  in  3"'. 
Hence,  once  every  three  minutes  the  two  clironometers  will  beat 
together.*  AVhen  this  is  about  to  occur,  the  obser^'er  begins  to 
count  the  seconds  of  one  chronometer,  while  he  directs  his  eve  to 
tlie  other;  when  he  no  longer  perceives  any  difference  in  the 
beat**,  he  notes  the  corresponding  half  seconds  of  the  two  instru- 
ments. 

Example. 

A  solar  and  a  sidereal  chronometer  were  compared  by  coinci- 
dent beats,  as  follows; 


Solar  chron. 

4»1C-    0*. 

4»  19-  10*. 

Sidereal  " 

1     3    11.5 

1     6    22. 

Difference 

3   12    48.5 

3   12    48. 

Here  the  interval  between  the  two  comparisons  being  about  3*, 
the  sidereal  chronometer  has  gained  a  beat.  In  order  to  judge 
of  tlie  accuracy  of  the  comparisons,  let  us  reduce  the  second  to 
the  time  of  the  first.  The  solar  interval  is,  by  the  solar  chro- 
nometer, S^IO*;  the  corrcsj^onding  sidereal  inter\'al  is,  by  the 
tables,  3*  10'.52;  the  second  comparison  reduced  to  the  time  of 
the  first  stands  as  follows : 

Solar  chron.     4*  10-    0'. 
Sid.         **  1     3    11  AH 

Difference        3    12    48.52 


♦  Thej  will  either  bent   together,  or  at   least  their  beats  will  both  fall  within  a 
fpttc*  of  time  equal  to  one>half  of  0'.UU273. 
VoL.II.— « 
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that  is,  it  agrees  with  the  first  comparison  within  0'.02.  Suppose 
that  at  the  second  comparison  the  time  when  the  beat8  were 
coincident  waa  mitstaken,  aitd  the  observer  made  his  comparison 
lO*  Inter;  he  would  have  had  10*  more  on  each  chronometer,  and 
consequently  would  have  put  down  the  comparison  thus: 

Solar  chron.    4*  19-  20*. 
SicL       ''         1     6    32. 

The  mean  inten^al  between  the  comparisons  would  have  been 
3"*  20",  and  the  ecjuivalent  sidereal  iutcn-al  is  3"  2<V,55,  80  that 
this  8etu>ud  comparison  reduced  to  the  time  of  the  &nst  would 
have  stood  thus : 

Solar  chron.    4*  lO*    Ov 

Sid.        **  1     3    11.45 

Difference        1   12    48.55 

that  is,  the  two  comparisons  would  still  hare  agreed  within  O'Mu 
The  observer  can  in  this  way  satisfy  himself  by  a  few  trials  that 
tlie  two  chronometers  can  really  be  compared  within  0.05  with 

certainty. 

When  two  solar  chronometers  are  to  be  compared  together,  it 
will  lie  most  accurately  done  by  comparing  each  with  a  sidereal 
clironouietcr  by  coiucideut  beat^,  and  reducing  the  comparisons 
as  follows: 

Example. 

Two  solar  chronometers  A  and  B  are  compared  with  a  sidereal 
chronometer  CJ  as  below: 


i 


c 

c 

Sid.  interval 


6*  13-  20** 
6   15    15. 

1    55. 


A 
B 


5  21 
1 


10-.5 

13. 

54  GO  solar 


B  reduced  to  time  of  .4  =^  5   19    18  .31 
Difference  of  .4  and  i?    =0   39      7  .81 


Tlie  intermediate  chronometer  used  for  comparison  U  not 
necessarily  a  sidereal  one.  It  may  be  a  mean  time  chronometer 
which  docs  not  beat  half  seconds;  for  cxami*lc»  a  pocket  chro- 
nouH'tcr  which  beats  18  times  in  G  seconds.  In  this  case  each 
beat  of  the  pocket  chronometer  is  worth  A,  and  therefore  differfl 
from  that  of  a  chronometer  beating  half  seconds  by  ^  of  a  second* 
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The  inaccnraoy  of  a  coincidence  cannot  exceed  this  quantity,  and 
the  comparison  may,  therefore,  also  be  made  within  a'e  of  a  second. 

67.  Probable  error  of  an  interpolated  value  of  a  chronometer  cor- 
rection.— When  the  corrections  A  r and  a  T' for  the  times  Tand  T' 
are  given,  the  correction  for  any  other  time  T  -\-  t  =^  T'  —  V  \% 
found  by  interpolation.  Denoting  the  rate  by  dTy  and  the 
required  correction  by  x,  we  have 

eithcrj:  =  Ar+ ^^r  or  x=Ar'  — f.^T 

Xow,  granting  that  the  given  quantities  a  Tand  a7^'  are  perfectly 

correct,  the  inteq)olated  values  of  x  will  also  be  correct  if  there 

are  no  accidental  irregularities  in  the  going  of  the  chronometer. 

But  such  accidental  irregukrities  certainly  exist,  and  tend  to 

diminish  the  weight  to  be  assigned  to  any  interpolated  value  of 

the  correction.     K  the  mean  (accidental)  error  in  a  unit  of  time 

is  t,  the  mean  error  in  the  interval  t  is,  by  the  theory  of  least 

squares,  C|  7,  and  the  weight  is   inversely  proportional  to  the 

square  of  this  error,  that  is,  inversely  proportional  to  t.    We  shall 

have  then 

h 
X  =  A T  +  f .  ^r  with  the  weight  - 

x  =  £ir^f.iT    "       ''        «      p 

in  which  k  is  an  undetermined  constant. 

Multiplying  each  value  by  its  weight,  and  dividing  the  sum  by 
the  f»um  of  the  weights  (lurording  to  the  usual  process  in  the 
method  of  least  squares),  we  have 

X  = ^  -'   ^ ,  with  the  weight  ==  A'  I  ^^^  -  \ 

(55) 

V'tt!' 
or  with  the  mean  error  =  c  ^ 

This  error  is  zero  either  for  /  =-.  0  or  ^'  —  0,  and  is  a  maximum 
for  t  ---  t\  that  is,  when  the  correction  is  found  for  the  middle 
time  between  the  two  given  times  7' and  T\ 

&^.  If,  however,  the  chronometer  has  accelerated  or  retarded 
uniformly,  the  error  will  obtain  a  diflerent  expression.     Let  the 
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rate  at  the  time  T  ho  ST  and  at  the  time   P  be  3'T.     The 

acceleration  in  a  unit  of  time  is 


S"T  = 


(56) 


The  rate  at  tlie  middle  instant  between  T  and  T  +  (  is  ST 
-r  i^f5"^;  ami  at  the  middle  instant  between  T'  and  T'  ^i' 
it  is  o'  T—  I  i\  d''  T;  hence  we  have 

Muhiplying  the  fii'gt  by  i\  the  second  by  t^  and  dividing  tlie  sum 
of  the  products  by  i  -{- 1\  we  have 

f.^T+t.^r  S'T-3T 

X-         ^^^  "^'     t-j-f     -Yitt.e  1 


or 


x  = 


t  +  f 


itf.3"T 


(ST) 


whence  it  appean*  tlnit  tlie  error  of  the  value  obtained  by  simple 
interpolation,  or  npon  the  Bupposition  of  a  uniform  rate,  is 
l(t\  d'^7]  and  this  error  is  also  a  maxiniuni  tor  the  middle  instimt 
between  T  and  T\  when  t  —  l\  and  vaui^hed  for  ^  =  0  or  r'=^  0. 


69,  Every  elirotiometer  has,  moreover,  its  own  peculiarities 
which  render  the  iii*plieation  of  any  fornmla  for  weight  more  or 
less  uncertain.  Sthuve  found  that,  for  the  greater  number  of 
the  chrononxeters  which  he  tried,  the  mean  error  of  an  intcr|)0- 
lated  value  of  their  corrections  could  be  expressed  by  the  cmpiri- 

cal  formula  g  -     .   y  differimj:  from  the  above  theoretical  formula 


t  +  f 

bv  the  omission  of  the  radical  sign 
l."  101.) 


{Expcdiiioh  ChroHom^iiique^ 


70.  docks. — The  astronomical  clock  is  provided  with  a  com- 
pen!*ation  pendnhun,  by  wbirh  the  etlcct  of  temperature  is  even 
more  completely  eliminated  than  in  chronometers.  The  only 
forms  in  use  arc  tin"  IlfUTtsoH  (the  ^n'dlrfm)  and  the  tnercurkU 
pendulum. 

In  the  n^ridiron  pendulum  the  rod  is  composed  (in  part)  of  a 
number  of  parallel  bars  of  steel  and  brass,  so  connected  together 
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that  tlie  expansion  of  the  steel  bars  produced  by  an  increase  of 
temperature  tends  to  depress  the  "  bob*'  of  the  pendulum,  the 
greater  expansion  of  the  brass  bars  tends  to  raise  it,  so  that  when 
the  total  lengths  of  the  steel  and  brass  bars  have  been  properly 
a^ljusted  a  perfect  compensation  occurs,  and  the  centre  of  oscil- 
lation remains  at  ^  constant  distance  from  the  point  of  suspen- 
sion. The  rate  of  the  clock,  so  far  as  it  depends  upon  the  length 
of  the  pendulum,  will  therefore  be  constant. 

In  the  mercurial  pendulum,  the  weight  which  forms  the  bob 
in  other  cases  is  replaced  by  a  cylindrical  glass  vessel  nearly 
filled  with  mercury.  With  an  increase  of  temperature  the  rod 
lengthens,  but  the  mercury  expanding  must  rise  in  the  cylinder, 
BO  that  when  the  quantity  of  mercury  is  properly  proportioned 
to  the  length  of  the  rod  the  centre  of  oscillation  remains  at  the 
same  distance  from  the  point  of  suspension.  If  a  clock  is  to  be 
exposed  to  sudden  changes  of  temperature,  the  gridiron  pendulum 
will  be  preferable  to  the  mercurial,  as  the  large  body  of  mercurj^ 
will  obtain  the  temperature  of  the  air  more  slowly  than  the 
thin  metal  rods. 

In  setting  up  the  clock  the  chief  point  to  be  observed  is  that 
its  alternate  beats  are  exactly  equal.  The  pendulum  usually 
carries  a  pointer  at  its  lower  extremity  which  indicates  upon  an 
arc  below  the  pendulum  the  extent  of  a  vibration.  Let  the 
pendulum  be  drawn  towards  one  side  gently,  until  a  tooth  of  the 
edcupement  wheel  is  just  freed,  and  mark  the  point  of  the  arc  at 
which  this  occurs;  then  let  the  pendulum  be  drawn  towards  the 
other  side,  and  mark  the  point  of  the  arc  at  which  a  tooth  escapes. 
Find  the  middle  point  A  of  the  included  arc.  Then  let  the 
pendulum  come  to  rest  in  a  vertical  position:  if  the  pointer  is  on 
A  the  adjustment  is  correct,  and  the  vibrations  on  each  side  will 
be  isoclironous ;  if  not,  the  clock  case  must  be  moved  until  the 
vertical  pendulum  is  directed  exactly  towards  A.  The  eciuality 
of  the  vibrations  may  also  be  tested  by  the  electro-chronograph, 
hereafter  described. 

WHiat  has  been  said  above  respecting  the  comparison  of  chro- 
nometers will  apply,  with  scarcely  any  modification,  to  that  of 
dcH'ks,  or  of  a  clock  with  a  chi'onometer. 

In  the  observatory,  a  clock  regulated  to  sidereal  time  is  the 
indispensable  companion  of  the  transit  instrument.  The  standard 
or  normal  clock  of  an  observatory  is  carefully  mounted  upon  a 
stone  pier  which  is  disconnected  from  the  walls  or  floors  of  the 
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building,  and  also  protected  as  inueh  as  possible  from  changes 

of  temperature.  For  tbe  latter  purpose  it  Is  sometiiiieti  imbedded 
in  a  8too<3  pier,  in  an  air-tight  tHnnpartmeut  below  the  surt'nro 
of  the  ground*  Stuuve  found  tluit  tla^  «"hflnge8  of  buronietrie 
pressure,  by  varying  the  resistance  which  the  air  opposes  to  the 
motions  of  tlio  pendulum,  caused  a  variation  in  tbe  rate  of  the 
normal  elock  of  tlje  l*ulknwa  Observatory  of  O*. 32  for  a  variation 
of  one  English  inch  of  the  barometer.* 

71.  The  effett'(hchronoffraph.-^ThU  eontrivunce  may  be  regarded 
as  an  ajipe adage  of  the  astronomical  clock,  and  bearing  the  same 
relation  to  it  tliat  tbe  reading  microscope  bears  to  a  divided 
eirele  ;  fi_>r  its  chief  use  is  to  subdivide  tbe  seconds  of  tbe  clock, 
and  tlius  to  measure  micrometrieally  the  snudlest  fractions  of 
time.  In  order  to  eftect  this  niierometric  subdivision,  the  cloek 
beats  are  converted  from  audible  into  visible  signals,  wbieh  are 
recorded  on  paper  by  means  of  au  cleetro-maguet.  The  instant 
of  the  oceurrence  of  any  phenomenon  is  also  registered  by  a 
visible  sigmd  c*u  the  same  ]*apcr,  and  thus  referred  to  the  pre- 
ceding clock  beat  with  great  precision.  This  general  statement 
covers  a  great  %'ariety  of  special  contrivances  k^iding  to  tbe  same 
end.  We  shall  here  treat  only  of  those  wbieb,  thus  far,  have 
been  most  used. 


72.  The  simplest  form  of  register  is  that  known  on  our  tele- 
graphic lines  as  Morse's,  in  wbich  a  iillet  ot  paper  is  reeled  oti' 
at  a  uniform  velocitv  bv  means  of  a  train  of  wheels  moved  by  a 
weight  The  tillet  jiasses  over  a  small  cylinder  and  just  under 
a  hartl  steel  point,  or  pen  (as  it  is  called,  tor  brevity),  which  is  so 
conueeted  with  the  armature  of  an  elcctro-uuiguct  that  whenever 
the  electric  circuit  of  the  galvanic  battery  is  established,  the  peu 
is  pressed  upon  the  yifiper  and  loaves  a  visible  mark.  The  wire 
from  one  pule  of  tlie  battiMT  wbieh  paHses  around  the  electro- 
magnet does  not  return  direetly  to  the  other  pole,  but  fii"st  passes 
tbmugh  the  cbH-k,  where,  by  a  eoutrivauee  presently  to  be 
deseribed,  the  circuit  is  broken  and  restored  at  every  second. 
The  Morse  tillet  in  running  ott*  tlierefore,  receives  an  imprcmou 
every  second,  and  thus  l»ecomes  graduated  into  spaces  represent* 
ing  jieeonds.     These  spaces  are  greater  or  lesa  uceurdiug  to  tliu 


*  DtMCr^Hon  d4  rob$trvaioire  UMtranomique  e^iral  de  Pamlkpp^,  |>,  !£!a, 
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velocity  with  which  the  paper  runs  off;  an  inch  per  second  is 
even  more  than  sufficient,  as  it  is  easy  to  divide  an  inch  into  fifty 
parts  by  a  scale,  even  without  the  aid  of  a  magnifier. 

It  is  of  im[)ortance  that  the  paper  should  run  oft*  with  a  uni- 
form velocity;  at  least,  no  sudden  changes  of  velocity  should 
occur.  In  the  Morse  register  this  regularity  is  maintained  by  an 
ordinary'  fly-wheel.  In  the  spr'auj-yovernory  invented  by  the 
Messrs.  Bond,  a  fly-wheel  and  pendulum  are  both  used.  The 
pendulum  secures  the  condition  that  the  seconds  shall  be  of  the 
same  length,  wlule  the  fly  is  supposed  to  maintain  a  uniform 
motion  during  tlie  second.  In  this  and  in  other  chix)nographic 
instruments  there  is  substituted  for  the  fillet  a  sheet  of  paper 
wrapped  about  a  cylinder  which  makes  one  revolution  per  minute. 
As  the  cylinder  revolves,  a  fine  screw  causes  it  to  move  also  in 
the  direction  of  its  lengtli,  so  that  the  pen  records  in  a  perpetual 
spiral,  and  when  tlie  paper  is  removed  from  the  cylinder  the 
successive  minutes  are  found  recorded  in  successive  parallel 
lines.  One  such  sheet  will  contain  the  record  of  upwards  of 
two  hours*  work.  This  cylindrical  register  is  preferable  to  the 
Morse  fillet  for  most  chronographic  purposes,  on  account  of  the 
convenience  witli  which  the  sheets  may  be  read  oft'  and  filed 
away  for  subsequent  reference. 

In  Saxton's  cylindrical  register  the  movement  is  regulated  by 
a  combination  of  the  crank  motion  with  the  vibration  of  two 
pendulums. 

Professor  Mitchel  employed  a  circular  disc  upon  which  tlie 
successive  minutes  occupied  concentric  circles,  each  of  which 
was  graduated  into  seconds  with  great  precision  by  connection 
with  the  clock. 

73.  The  connection  of  the  clock  with  the  register  is  made  in 
one  of  two  ways ;  either  so  as  to  break  the  circuit  every  second, 
or  so  as  to  make  it. 

The  method  most  used  of  causing  the  clock  to  break  the 
circuit  is  that  suggested  by  Mr.  Saxtox,  of  the  Coast  Survey. 
ACB,  Fig.  10,  is  a  small  and  very  light  ''tilt-hammer,"  usually 
made  of  platinum  wire,  mounted  upon  a  pivot  C,  so  that  the  end 
A  shall  slightly  preiK)nderate  and  rest  upon  a  platinum  plate  E. 
Tlie  end  B  is  bent  into  an  obtuse  angle.  The  wire  F  from  one 
I>ole  uf  the  galvanic  battery  is  constantly  connected  with  the  tilt- 
hammer  tlirough  the  metallic  support  D.     Another  wire  G  is 
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F|g.li.  connected  with  tlic  plate  Ey  and  goet 

first  t€i  the  clectro-magnot  of  tln^  register 
and  tliciicc  to  tlic  other  pole  of  the  bat- 
terj'.  Thm  apparatus  is  placed  in  the 
clock  case  in  front  of  the  pendidoni  PM^ 
with  the  vertex  of  the  angle  li  in  a  ver- 
tical line  below  tlie  point  of  su?»pen8ioii 
P.  A  Binall  pin  N  projecting  from  tJie 
pendulum  rod  pas^se»  over  the  angle  B 
at  eaeh  vibration  of  the  peudukun,  andj 
by  thus  depret^ning  the  end  B  of  the  tilt^ 
hammer,  i-ainos  the  end  A  from  the  plate 
Ei\m\  breakrt  the  eireuit,  whit-h  other- 
wise is  complete  through  the  connection 
of  the  portion  AC  of  the  tiltdianimer 
with  both  tlie  wire^  F  and  G.  The  in- 
ter^^al  of  time  during  which  the  circuit 
irt  broken  will  be  longer  or  shorter  accord- 
ing as  the  pin  iNT strikes  the  mdc:?  of  the  angle  B  farther  from  or 
nearer  to  it;?  vertex.  It  may  be  adjusted  so  that  the  break  shall 
last  but  one-twentieth  of  a  eecoudj  or  for  a  shorter  time  if 
required. 

Now,  if  the  pen  of  the  register  is  kept  pressed  upon  the  paper 
by  the  attraction  of  tlie  electro-magnet,  it  is  clear  that  the  bi^eakd 
produced  by  the  clock  will  produce  corresponding  breaks  in  the 
continuous  lino  made  by  the  pen,  and  the  paper  will  be  gradu- 
ated into  seconds,  thus : 


But  it*  tlie  pen  is  pressed  upon  the  paper  by  a  spring  acting 
against  tlie  attmction  of  tlie  magnet,  then  each  break  produced 
by  the  rloek  will  give  a  corresponding  siiort  mark  <»n  \\w  [Kiper 
with  an  intervening  blank,  so  that  the  paper  will  be  graduated 
into  seconds,  thus: 


The  first  of  these  methods  is  commonly  preferred. 

In  the  cylindrical  registers  a  pen  earrying  ink  is  used,  and  the 
breaking  of  tlie  circuit  by  the  clock  does  not  cause  the  pen  to 
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rise  from  the  paper,  but  moves  it  laterally;  in  this  case  the  paper 
Ib  graduated  into  seconds,  thus: 


Dr.  Locke  also  employed  a  tilt-hammer  for  breaking  the  cir- 
cuit; but  the  hammer  was  worked  by  the  teeth  of  a  wheel  placed 
on  the  axis  of  the  escapement  wheel  of  the  clock. 

At  the  Washington  Observator}',  the  record  on  the  paper  of 
the  cylindrical  registers  has  also  been  made  by  fine  punctures 
produced  by  a  needle  point.  The  needle  has  a  little  play  which 
prevents  its  resisting  the  motion  of  the  cylinder^during  the  time 
required  for  the  needle  to  enter  and  leave  the  paper. 

74.  The  most  simple  method  by  which  the  pendulum  jymkes 
the  circuit  at  each  beat  is  also  the  suggestion  of  Mr.^AXT0N. 
A  small  globule  of  mercury  is  placed  just  below  the  pendulum, 
aM  at  ^1,  Fig.  17,  upon  a  metallic  support  which  by 
the  wire  F  is  in  connection  with  one  pole  of  the 
batter)'.  Another  wire  G  is  connected  with  the 
metallic  support  of  the  pendulum  rod  at  P,  and  is 
connected  with  the  other  pole  of  the  battery  through 
the  electro-magnet.  A  tine  point  m  upon  the  ex- 
tremity of  the  pendulum  passes  through  the  globule 
at  each  vibration  and  estjiblishes  the  electric  cir- 
cuit, for  a  small  fraction  of  a  second,  through  the 
I>enduhim  itself.  The  effect  will  be  to  graduate 
the  fmper  in  one  of  the  above  mentioned  ways 
according  to  the  arrangement  of  the  register. 

75.  Having  thus  obtained  a  graduated  visible 
time-scale,  its  application  to  the  exact  recording  of 
an  astronomical  obser\'ation  is  very  simple.  Wo 
have  only  to  let  one  of  the  wires  in  connection  with 
the  magnet  pass,  on  its  way  to  the  battery,  through  ^Q  ^ 
the  hand  of  the  observer^  where  the  circuit  may  be  y^ 
bn)kcn  and  restored  at  pleasure.     A  small  piece  ^ 

of  apparatus  called  a  m/nal-/cn/  is  used  for  this  purpose.  It  con- 
sists of  a  piece  of  wood,  five  or  six  inches  in  length.  Fig  IS,  on 
whi<-h  is  fastened  a  metallic  spring  AB,  which  by  a  very  slight 
pressure  of  the  finger  can  be  brought  into  contact  with  a  metallic 
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plate  at  C     Couceive  the  wire  in  its  circuit  from  the  magnet  to 

the  hattfry  to, be  «evered  at  the  key;  let 
^'^'  ^^*  „      one  eiiil  i*' be  eoiincett'd  with  the  8j*riug 

AB^  the  other  end  G  with  tlie  plate  CL 


u 


The  continuity  of  the  wire  may  be  re- 
garded as  restored  whenever  the  spring 
16  juxMsed  into  contact  with  the  plate  CL 
This  constitutes  a  moke-circiu't  key.  It  iti  easy  to  see  how  the 
arrangement  may  he  revei>*ed,  so  that  by  prt\ssing  the  spring  tlie 
continuity  of  the  wire  is  interrupted,  eousititutiiig  a  hrcak-circuii 
key.  Now,  whenever  the  observer  taps  on  hi«  key  he  will  pro- 
duce upon  his  graduated  time  scale  a  mark  eimilar  to  that  of  the 
eloek,  but  mostly  distinguishable  from  it.  For  example,  on  a 
Morse-tiUet,  and  with  a  break-circuit  key,  we  have 


Here,  at  .4,  is  a  reeord  of  an  aBtronomieal  observ'ation  occurring 
between  the  30tli  and  31?^t  Hectind.  By  a  scale  of  equal  parti4,  we 
find  tlie  distance  of  A  from  30*  id  0.61*  of  the  distance  fTOra  SC 
to  31%  and  lieace  the  instant  of  the  ob,scrviitiou  is  3<)'.G1. 

In  order  to  identify  the  seconds  <m,the  register^  a  peculiar 
mechanical  contrivance  (which  need  not  be  described  here)  ia 
employed,  by  tneaus  of  whieh  one  of  tlie  breaks  is  omitted  at 
the  beginning  of  each  minute  of  the  clock  j  thus,  tor  example: 


1 

1 


w» 


(A*  la-) 


The  observer  has  only  to  identify  the  minute  and  write  it  on  tlio 
fillet,  as  in  this  example.  For  greater  security,  sometimes,  every 
fifth  minute  is  also  distinguished  by  the  omission  of  two  eondecu* 
tive  breaks,  thus : 


§7* 


6S* 


A  record  on  a  cylindrical  register  stands  thus: 


40« 


41- 


4> 


where  the  observation  A  occurs  at  44'.71.  The  observer's  signal 
ifl  generally  distingnisliable  from  the  clock  signals,  as  in  this 
example^  by  its  form. 
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In  all  the  forms  of  recording  it  must  be  observed  that  the 
beginning  of  the  break,  or  dot,  marks  the  point  of  time  recorded. 

In  order  to  read  oft' the  record  with  the  greatest  convenience,  a 
glass  scale  is  used,  on  which  are  etched  eleven  equidistant  parallel 
lines,  dividing  the  second  of  the  chronograph  into  tentlis;  the 
hundredtlis  are  obtained  by  estimation.     (Plate  I.  Fig.  3.) 

When  the  length  of  a  second  on  the  register  is  greater  than 
the  perpendicular  distance  of  the  extreme  lines  of  the  scale,  we 
have  only  to  place  the  scale  obliquely  on  the  line  of  seconds, 
always  causing  their  extreme  lines  to  pass  through  two  consecu- 
tive second  dot«.  Sometimes  the  lines  on  the  scale  are  made 
divergent;  it  is  then  always  applied  so  that  the  line  of  seconds 
shall  be  perpendicular  to  the  middle  line  of  the  scale,  and  at  the 
point  where  the  distance  of  the  extreme  lines  is  equal  to  the 
length  of  the  second.     (Plate  I.  Fig.  2.) 

76.  When  the  pen  of  the  chronograph  is  made  to  press  upon  the 
paper  by  the  attraction  of  the  electro-magnet  upon  it^  armature, 
a  certain  small  fraction  of  time  elapses  after  the  closing  of  the 
circuit  (by  the  clock  or  by  the  obserA'er)  before  the  signal  is 
actually  impressed  upon  the  paper.  This  time  is  called  the 
armature  time.  If  it  were  certainly  constant,  and  the  same  for  the 
clock  signals  and  for  those  of  the  observer,  it  would  have  no 
effect  upon  the  difference  of  time  between  any  two  recorded 
phenomena.  But  the  annature  time  probably  varies  both  with 
the  strength  of  the  batterj'  and  the  length  of  the  wire  through 
which  the  electric  current  passes.  The  variable  error  which 
would  thus  be  introiluced  into  our  results  is  avoided,  or  at  least 
verj'  much  reduced  in  magnitude,  by  employing  f/reak-circuit 
signals  exclusively;  for  the  interval  of  time  between  the  breaking 
of  the  circuit  and  the  ceamtion  of  the  action  of  the  magnet  is  pro- 
bably smaller  and  more  constant  than  that  between  the  making 
of  the  circuit  and  the  commencement  of  the  action  of  the  magnet. 

77. -To  give  the  reader  a  just  appreciation  of  the  degree  of 
accuracy  attained  in  the  recording  of  time  by  the  chronograph, 
full  i«ize  specimens  of  the  records  on  three  different  kinds  of 
registers  are  given  in  Plate  I.  Figs.  4  and  5  are  specimens  of 
clock  signals  as  recorded  on  a  Morse-Fillet  and  Saxton's  Cylin- 
drical Register  used  on  the  United  States  Coast  Survey.  Fig. 
6   is  a   specimen   of  clock    signals   and    a   number  of   actual 
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obsen^ations  of  stars'  transits  recorded  on  Boxb's  Ppriiig-Gover- 
II or  liei^iHter,  whicli  ha8  been  obligitigly  funiif^lied  by  Fn jfessiir 
G.  P.  BoxD.  Figs*  2  and  3  exhibit  in  full  eize  the  manner  in 
which  the  glass  Bcales  for  reading  these  records  ai-e  ruled.  Fig. 
1  exhibits  the  reticule  of  a  transit  instrument,  provided  with 
twenty-five  transit  thrtuids,  for  determiuiug  the  longitude  by  the 
electric  telegraph.     (Vol.  L,  p*  344). 


CHAPTER  IV, 


THE   SEXTANT,    ANb  OTHER   REFLECTING   INSTRU STENTS. 

78.  The  sextant,  of  all  astronomical  instruments,  is  the  most 
especially  adapted  to  the  puq^oses  of  the  navigator  and  tlie 
scientific  explorer,  as  it  is  at  once  portable  and  extremely  simple 
of  manipulation,  requires  no  fixed  support,  and  furnishes  its  data 
with  the  least  expenditure  of  the  time  of  the  observer.  Being 
held  in  the  hand,  and  having  small  dimensions,  the  extreme 
accuracy  of  fixed  instniments  is  not  to  be  expected  from  it,  but 
in  the  hands  of  a  practised  observer  the  precision  of  the  results 
obtained  with  it  is  often  surprising.* 

79.  The  optical  principle  upon  which  the  sextant  atid  other 
reflecting  instruments  are  founded  is  the  following:  *'If  a  my  of 
light  sutFcrs  two  successive  retiections  in  the  same  plane  by  two 
plane  mirrors,  the  angle  between  the  fii*st  and  last  directions 
of  the  ray  is  twice  the  angle  of  the  mirrors/* 

Let  M  and  rn^  Fig.  19,  be  the  tvvo  mirrors.  Since  the  direct 
and  reflected  niys  are  always  found  in  a  plane  perpendicular 
to  the  reflecting  surface,— called  the  plnne  of  refiieUon^ — it  follows 
that,  atter  two  successive  reflections  from  two  «ui*fiices,  the  la«t 
direction  of  the  ray  will  be  fonnd  in  the  same  plane  as  the  fimt 
only  when  the  plane  of  reflection  is  perpendicular  to  both  mirn^rs. 
In  the  diagram,  let  the  plane  of  reflection  be  that  of  the  paper, 

♦  The  firsl  invtHiar  of  tht*  scxli^nt  (or  f|uadrant)  wa§  Newtok,  among  whoiic  )»ii)>eTS 
ft  desert  (it  ion  of  tuoli  an  inMrunieDt  w»«  found  oflcr  his  denih  \  not,  howpver,  until 
after  it*  re-iiiTcniion  by  Thomas  GovraRT,  of  Pbiladelpbia,  io  173<),  aiid^  perbapa, 
by  Haplky.  io  1731. 
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Fig.  19. 


the  lines  jlf  and  m  being  the  intersections  of  this  plane  with  the 
surfaces  of  the  mirrors.  Let  AM 
be  the  direct  ray  falling  ui>on  the 
mirror  3/,  which  we  shall  first  siijv 
pose  to  lie  in  the  direction  MC; 
let  Mm  be  the  direction  of  the  ray 
after  the  first  reflection,  and  mE 
its  direction  after  the  second  re- 
flei'tion.  Draw  3IB  parallel  to 
E/ti,  MP  peq>endicular  to  J/C, 
and  3Ip  peri)endicular  to  the  mir- 
ror rn.  The  angle  AMB  is  the 
difference  of  the  first  and  last  di- 
rections of  the  ray.  The  angle 
PMp  is  tlie   same   as  the   angle 

contained  by  the  mirrors,  being  obviously  equal  to  MCnu 
have,  therefore,  to  prove  that  AMB  =  2PMp. 

If  we  conceive  a  perpendicular  drawn  at  m,  parallel  to  Mp,  wo 
easily  see  that  p3Ini  is  equal  to  the  angle  of  incidence  of  the  ray 
3Im  falling  upon  ?n,  and  pMB  is  equal  to  the  angle  of  reflection 
of  the  same  ray ;  and  smce  these  angles,  by  a  principle  of  Optics, 
are  e<pial,  we  have 

pMm  =  pMB  =  PMp  +  PMB 
But,  on  tlie  same  principle,  we  have 

PMm  =  PMA  =  AMB  +  PMB 
The  difterence  of  these  two  equations  gives  . 


We 


whence 


PMp  =  AMB —PMp 
AMB  =  2PMp 


80.  In  onler  to  apply  this  principle,  let  tlie  mirror  3/  be  at- 
tached to  an  index  ann  MCIy  which  revolv««  upon  a  pivot  at 
31  in  the  centre  of  a  graduated  arc  OIXy  and  let  m  be  penna- 
nently  secure<l  in  a  fixed  position  at  right  angles  to  the  plane  of 
tliis  arc.  Let  310  be  the  direction  of  the  centnil  mirror  an<l  of 
the  in<lex  arm  when  it  is  parallel  to  the  fixed  mirror  ;/?,  and  let 
the  graduation  of  the  arc  commence  at  0.  In  this  position,  an 
incidt'Ut  ray  iJJ/ from  a  distant  object  Z?  will  be  reflected  first  to 
m  and  then  in  the  direction  wE,  which  will  be  j^rallel  to  the 
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first  direction  B3L  If  then  the  objt^et  is  so  distant  that  two  ravs 
iroin  it,  BM and  bm,  fuHing  iii»oii  the  two  inirrori^,  will  be  seiihiVily 
parallel,  an  observer's  eye  at  E  will  reeeive  both  the  direct  ray 
bm  and  the  reflected  ray  7nE  at  the  same  time.  Hence  the  ob- 
ierver  will  «ee  two  iniago!?  of  the  same  object — a  direct  and  a 
reflected  image — in  coinmlaice. 

In  the  next  place,  let  the  mirror  M  be  revolved  into  the  posi- 
tion MCIy  in  whlcli  a  ray  AM  from  a  second  object  .1  U  reflected 
finally  into  the  line  mE.  The  ohrter\'er  now  seei?  the  direct  image 
of  the  object  B  in  ai>i>arent  coincidence  with  the  reflected  image 
of  the  object  A,  The  angiihir  distaju-e  A  MB  of  the  two  objecta 
is  then  equal  to  twiee  the  angle  of  the  mirrors,  that  is,  tot^nce 
3ICm  or  to  twice  OML  Tltc  arc  0/,  which  meuBtires  thit^  ^mgl*^) 
is  then  the  measnre  of  one-half  the  angular  distance  of  the 
objeebi*  If  the  arm  J// carrier  a  vernier  at/,  the  exact  vahie 
of  the  arc  will  be  oljtained*  In  order  to  avoid  the  necessity  of 
doubling  this  value  after  reading,  a  half  degree  of  the  are  is 
nninl»crcd  an  a  whole  degree:  thut^,  an  are  of  60°  is  divided  into 
120  eiiiial  i»artrt,  each  of  wbii-h  iw  reckoned  an  a  degree.  A»  the 
index  anu  J// cannot  pass  beyond  the  position  MmA\  where  it 
comc!i  againnt  tlie  fixed  mirror;  it  in  not  found  practicable,  in  this 
form  of  the  instrument,  to  extend  tlie  arc  OD  much  lieyond  GO*', 
and  it  is  from  this  circumstance  that  the  instrument  derives  its 
name* 


81.  Plate  ni.  Fig.  1  representfl  the  most  common  form  of  the 
sextant  constructed  upon  these  principles. 

The  frame  is  of  brass,  constructed  so  as  to  combine  Btrength 
vkMtb  lightness;  the  graduated  are,  inlaid  in  the  brass,  is  ut^ually 
of  silver,  sometimes  of  gold,  or  platinum.  The  divisions  of  the 
arc  are  usually  10'  eaf*h,  which  are  subdivided  by  the  vender  to 
10".  The  bamlle  //,  by  which  it  is  held  in  the  hand,  is  of 
woo*l.  The  mirrors  J/ and  m  are  of  plate  glass,  silvered.  The 
upper  half  of  the  glass  m  is  left  willioiit  silvering,  in  oi-der  that 
the  direct  rays  fi\)m  a  distant  object  may  not  be  inteivepted.  To 
give  greater  distinctness  to  the  images,  a  small  telescope  E  is 
placetl  in  the  lino  of  sight  mE,  It  is  supported  in  a  ring  KK^ 
whiih  can  be  moved  by  means  of  a  screw^  in  a  ilirection  at  right 
angles  to  the  plane  of  the  sextant,  whereby  the  axis  of  the  tele- 
scope can  be  directed  either  towartls  the  silvered  or  the  trans- 
parent part  of  the  mirror.     Thiii  motion  changos  the  plane  of 
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reflection,  which,  however,  remains  always  parallel  to  the  plane 
of  the  sextant :  the  use  of  the  motion  being  merely  to  regulate 
the  relative  brightness  of  the  direct  and  reflected  images. 

The  vernier  is  read  with  the  aid  of  a  glass  R  attached  to  an 
arm  which  turns  upon  a  pivot  Sy  and  is  carried  upon  the  index 
bar. 

The  index  glass  Jf,  or  central  mirror,  is  secured  in  a  brass 
frame,  which  is  firmly  attached  to  the  head  of  the  index  bar  by 
screws  a,  a,  a.  This  glass  is  generally  set  perpendicular  to  the 
plane  of  the  sextant  by  the  maker,  and  there  are  no  adjusting 
screws  connected  with  it. 

The  fixed  mirror  m  is  usually  called  the  horizon  glass,  being 
that  through  which  the  horizon  is  observed  in  taking  altitudes. 
It  is  visually  provided  with  screws  by  which  its  position  with 
respect  to  the  plane  of  the  sextant  may  be  rectified. 

At  P  and  Q  are  colored  glasses  of  diflcrent  shades,  which  may 
bo  used  separately  or  in  combination,  to  defend  the  eye  from 
the  intense  light  of  the  sun. 

I  shall  first  treat  of  those  common  adjustment*?  of  the  sextant 
which  the  observer  is  obliged  to  attend  to  in  the  ordinary  use 
of  the  instrument,  and  shall  afterwards  treat  fully  of  its  mathe- 
matical theory. 

82.  Adjmtmmt  of  the  i7\dex  glass. — ^The  reflecting  surface  of  the 
glas8  must  be  perpendicular  to  the  plane  of  the  sextant.  The 
simplest  test  of  its  perpendicularity  is  the  following.  Set  the 
index  near  the  middle  of  the  arc ;  then,  placing  the  eye  very 
nearly  in  the  plane  of  the  sextant,  and  near  the  index  glass, 
ol>ser^•e  whether  the  arc  seen  directly  and  its  reflected  image  in 
the  glass  appear  to  form  one  continuous  arc,  which  will  be  the 
ease  only  when  the  glass  is  periiendicular.  The  glass  leans  for- 
Kanl  or  backward  acconling  as  the  reflected  image  appears  too 
high  or  too  low.  It  may  be  corrected  by  putting  a  piece  of  paper 
tinder  one  edge  of  the  plate  by  which  the  glass  is  securiMl  to  the 
index  ann,  first  loosening  the  screws  «,  «,  a  (PI.  III.  Fig.  1)  for 
that  pur|K>8e.  Or  we  may  make  the  adjustment,  as  it  is  done 
by  the  instrument  makers,  by  removing  the  gla-ss  and  filing 
down  one  of  the  metallic  points  against  which  the  glass  bears 
when  secured  in  its  frame. 

83.  Adjastment  of  the  horizon  glass. — This  must  also  be  perpen- 
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dicular  to  the  plane  of  the  sextant.  The  index  glass  having 
heen  previously  adjusted,  if  by  revolving  it  (by  meauB  of  the 
index  arm)  there  18  found  one  poriitloii  hi  which  it  ia  parallel 
to  the  horizon  glas»  the  latter  muist  also  be  pcrpendieular  to  the 
plane  of  the  8extant  The  test  of  this  parallelism  is  the  following* 
Put  hi  the  telescope,  and  direet  it  towards  a  star.  Move  the 
index  until  the  reflected  image  of  the  star  appears  to  pass  the 
direet  image.  If  one  image  patwes  exactly  over  the  other,  it 
will  be  possible  to  bring  bo^h  into  exact  coineidenee,  so  a^  to 
form  but  a  single  image  ;  and  it  is  evident  that  when  this  coin- 
eidenee  takes  place  the  mirrors  must  be  parallel.  If  one  image 
passes  on  either  side  of  the  other,  tlie  horizon  glass  needs  ad- 
justment. 

Tlie  jierpeudieularity  of  the  horizon  glass  may  also  be4ested 
as  follows.  Hold  the  instrument  so  that  its  plane  shall  be  nearly 
vertieal,  and  bring  the  direet  and  reflected  images  of  the  sea 
horizon  into  eoincidcnce.  Then  incline  the  instrument  until  its 
plane  makes  but  a  small  angle  with  the  horizon  ;  if  the  inmges 
Btill  coincide,  the  two  glasses  are  parallel :  eonsequentlVt  if  the 
index  glass  ia  perpendicular  to  the  plane  of  the  sextant,  the 
horizon  glass  is  also  in  adjuHtment 

Any  distant  aiul  well  deiiucd  ten^cstrial  object  may  be  sub^- 
tuted  for  the  atur  or  the  sea  horizon.  A  star,  how*ever,  U  to  be 
preferred ;  and  one  of  the  third  magnitude  will  afibrd  greater 
precision  than  the  brighter  ones. 
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84.  Adjnsimcnt  of  the  telescope. — The  sight-line  of  tlie  telescope 
must  be  parallel  to  the  plane  of  the  sextant.  Two  parallel  wires 
or  threads  are  placed  in  the  telescope,  which  are  to  be  made 
parallel  to  the  plane  of  tlie  sextant  by  revolving  the  sliding 
tube  eoutainiug  theiu ;  then  all  contacts  or  coincidences  of 
images  are  iu  be  made  nfnlway  between  these  two  wires.  The 
eight-line  of  the  sextant  telescope  is,  therefore,  a  line  drawn 
through  the  optical  centre  of  tbe  objeet  lens  and  the  middle 
point  between  these  parallel  threads. 

Select  two  ol)ject*i  from  100^  to  120^  apart^  as  the  sun  mid 
moiin,  and  bring  the  reflected  Image  of  one  into  «'onlaet  with 
the  direct  image  of  the  other,  at  the  thread  nearest  the  j^lane  of 
the  instrument;  then  move  the  instrument  80  aa  to  throw  the 
images  upon  the  other  thread;  if  the  coutaet  remains  perfect, 
the  line  of  sight  midway  between  tlie  threads  is  [parallel  to  the 
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plane  of  the  sextant.  If  the  limbs  of  the  two  objects  appear  to 
separate  on  the  thread  farthest  from  the  instrument,  the  object 
end  of  the  telescope  droops  towards  the  sextant;  otherwise  it 
riseti. 

It  is  to  be  observed  that  when  the  telescope  is  adjusted  and 
two  images  are  brought  into  contact  at  either  thread,  they  will 
not  be  in  contact  in  the  middle  of  the  field,  but  will  there  over- 
lap; oonsc»quently,  the  reading  of  tlie  sextant  will  be  less  for  a 
contoi't  in  the  true  sight-line  in  the  middle  of  the  field  than 
for  one  on  either  side.  If  the  telescope  is  out  of  adjustment,  the 
middle  of  the  field  is  no  longer  in  the  tnie  sight-line,  and  the 
eontavtrt  obser\'ed  there  give  angles  which  are  too  great.  The 
correition  for  a  given  iiu lination  of  the  telescope  will  be  inves- 
tigatetl  in  a  subsequent  article. 

This  adjustment  may  also  be  examined  as  follows.  Place  the 
sextant  horizontally  on  a  table,  and  place  two  small  metallic 
sights  .1,  A  (Fig.  20)  on  the  arc.  At 
a  distanrc  of  at  least  lo  or  20  feet,  let 
a  well  di'fined  mark  be  j^laced  so  as 
to  be  in  the  same  stmight  line  with 
the  upper  edges  of  the  sights,  and  in 
such  a  positi<m  that  it  may  also  be  seen  through  the  telescope. 
The  top  edges  of  the  sights  should  be  at  the  same  distance  from 
the  plane  of  the  sextant  as  tlie  axis  of  the  telescope.  The 
threads  of  the  telescope  being  made  i>arallel  to  the  jjlane  of  the 
si*xtant,  the  mark  should  be  seen  in  the  middle  between  them. 

The  adjustment  of  the  telescope  when  necessary  is  eftected 
by  means  of  two  small  opposing  screws  in  the  ring  which 
carries  it. 

80.  The  index  correction, — Having  made  the  preceding  adjust- 
ments, it  is  necessary  to  find  the  point  of  the  graduated  arc  at 
which  the  zero  of  the  vernier  falls  when  the  two  mirroi's  are 
parallel;  for  all  angles  measured  by  the  instrument  are  reckoned 
fnun  this  point  (Art.  80).  If  this  point  is  to  the  left  of  the 
actual  zen>  of  the  scale  by  a  (piantity  r,  all  readings  in  the  arc 
will  Ik*  t<M)  great  by  r;  if  it  is  to  the  right  of  the  actual  zero,  all 
readings  will  be  to#  small  by  the  same  (pnuitity.  If  we  wish 
the  rea<ling  to  be  zero  when  the  mirrors  are  parallel,  we  mu>t 
place  the  zero  of  the  veniier  on  the  zero  of  the  arc,  and  then 
revolve  the  horizon  glass  about  a  vertical  line,  until  the  direct 
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and  reflected  images  of  the  same  object  coincide.  Some  inatru- 
meiitn  are  provided  with  a  pair  of  oppuf^ing  .screws  by  which  tliis 
revohitioo  can  be  effected  ;  but  in  others  no  §ueh  adjustment  is 
possible.  In  fact^  the  adjustment  is  unnecessary,  as  we  can 
always  determine  the  correction  to  be  applied  to  our  readings  to 
reduce  them  to  what  they  would  be  if  the  adjui^tmerit  were 
made.     This  Index  correction  m  found  as  follows : 

1st  Bi/  a  5^ar,— Bring  the  ilireet  and  reflected  images  of  a  star 
into  eoiiicidence,  and  rea*!  off  the  are»  The  index  correction  is 
numerically  equal  to  tliis  reading,  and  is  positive  or  negative 
according  as  tlie  reading  is  on  the  right  or  the  letTt  of  the  zero. 
For  example,  the  direct  and  reflected  images  of  a  star  being  in 
coineitleiice,  we  read  on  the  arc  5'  20";  then,  calling  the  index 
correetion  x,  we  have 

x  =  —  W  20". 

In  another  sextant  the  direct  and  reflected  images  of  a  star 
being  in  coiucidence,  we  read  on  the  extm  arc  2'  40";  then 

x^^2*  40". 

This  method  may  be  used  with  the  sea^horizon  instead  of  a 
Btar,  but  not  with  great  precision. 

2d,  Ihi  (ht  sttfL — Measure  the  apparent  diameter  of  the  sun  by 
first  bringing  the  upper  limb  of  the  reflected  image  to  toueh  the 
lower  limb  of  the  direct  imaife ;  and  aicain  bv  brintriuij  the  lower 
linili  of  the  reflected  iniage  to  touch  the  upper  limb  of  the  direct 
image.  Denote  the  reailingn  in  the  two  cases  by  r  and  r';  t]jen, 
if  a  ^  the  apparent  diameter  of  tlie  eun  and  li  U  the  reading  of 
the  sextant  when  the  two  images  are  in  eoincidenee,  we  have 


whence 


r  =  R  +  8 

f=Jt^8 


and  the  index  correction  iflz  =  —  /?.  The  practical  rule  derived 
from  this  is  as  follows.  If  the  reading  in  either  ciise  is  an  the 
arc,  nuirk  it  with  the  mynthr  sign;  if  *i//' the%re  (Le.  on  the  extra 
arc),  mark  it  with  the  j}ost(k'e  sign ;  then  the  index  correction  is 
one-half  the  algebraic  sum  of  the  two  readings.  For  example, 
we  have  read  us  follows: 
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On  the  arc  —  31'  20" 
Off  the  arc  -j-  33  10 

+     1   50 
x  =  +    0'55" 

We  have  5  =  J(r  —  r'):  hence,  if  the  observations  are  good,  we 
OQg]it  to  find  that  half  the  algebraic  difference  of  the  readings  is 
equal  to  the  sun's  diameter  as  given  in  the  Ephemeris  on  the  day 
of  the  observation.  But,  in  order  that  this  comparison  may  be  a 
good  criterion,  we  should  measure  the  sun's  horizontal  diameter, 
which  is  not  sensibly  affected  by  refraction.     (Vol.  I.  Art  134.) 

In  onler  to  obtain  the  index  correction  with  the  greatest  i>re- 
cision,  the  mean  of  a  number  of  measures  of  the  sun's  diameter 
should  be  taken. 

Example. — Marc^h  15,  1858,  the  following  measures  of  the 
sun's  horizontal  diameter  were  taken : 


On  the  itro. 
—  81'  20" 

Off  the  arc. 
+  33'  10" 

"     10 

"       0 

"     15 

"     20 

"    25 

«    15 

"    20 

«    10 

"    20 
Mwns  —  Sl  18.3 

"    10 
+  33  10  .8 

—  31  18  .3 

x  =  +  56".3 
Obeerred  sun's  diameter,  s  ==  32'  14".6 
By  the  Ephemeris.  «  =  32    13  .8 

86.  To  measure  (he  angular  distance  of  two  objects  xcith  the  sextant. — 
Place  the  threads  of  the  telescope  parallel  to  the  plane  of  the 
instrument.  Direct  the  telescope  towards  the  fainter  of  the  two 
object*,  and  revolve  the  sextant  about  the  sight-line  until  its 
[»lane  produced  passes  through  the  other  object,  ob8er\'ing  to 
liiive  the  index  glass  on  the  side  towards  this  object.  Then 
move  the  index  until  the  reflected  image  of  the  second  object  is 
nearly  in  contact  with  the  direct  image  of  the  first;  clamp  the 
in<lex,  and  make  an  exact  contact  (at  the  middle  point  between 
the  threads)  by  means  of  the  tangent  screw.  The  reading  of  the 
arc  will  be  the  instrumental  distance:  applying  to  this  the  index 
correction  according  to  its  sign,  the  result  will  be  the  observed 
distajicc. 
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III  ortler  in  make  a  good  observation,  it  ie  important  tliat  the 
two  images  whose  contact  is  ohserved  rfionld  be  equally  bright, 
llence^  we  direct  the  telescope  towards  the  fainter  object,  so  that 
it  mav  be  tlie  brio:liter  one  which  sufiers  the  (kiuble  reflection, 
lint  in  observing  the  distance  of  the  moon  from  a  star  it  will 
generally  be  fonnd  that,  even  after  the  d(nible  reflection,  the  imJige 
of  tlie  moon  is*o  bright  that  the  mtar  will  appear  very  iudiHtinct 
nnkvi*  the  telescope  is  raised  (by  the  screw  for  that  pui*pot*e)  so 
tliat  the  sight*line  is  directed  throngh  the  transparent  part  of  the 
horizon  glass;  lV»r  tlien,  a  portion  of  tlie  retiected  rays  from  tht> 
moon  being  lost,  the  intensity  of  it^  light  is  rendered  more 
nearly  equal  to  that  of  the  star,  Vlien  the  distance  of  the  sun 
antl  moon  is  observed,  tlie  telescope  is  usually  directed  towards 
the  moon,  and  the  intensity  of  the  sun's  rays  is  diminished  by 
putting  one  or  more  of  the  colored  sluules  between  the  index  and 
horizon  glasses.  It  will  be  found  necessary  in  this  case  also  to 
regulate  the  distance  of  the  telescope  from  the  plane  of  the 
instrument,  in  order  to  give  the  image  of  the  moon  the  same 
intensity  as  that  of  the  sun.  It  is  a  common  error  of  inexpe- 
rienced observers  witli  the  sextant  to  have  the  images  too  luight. 
It  is  essential  to  a  good  observation,  Ist,  that  the  images  be  well 
defined  by  carefully  adjusting  the  focus  of  the  telescope;  2d,  tliat 
they  be  so  faint  as  not  in  the  least  to  fatigue  the  eye,  yet  pertVctly 
distinct;  3d,  that  their  intensities  should  be  as  ueai^y  as  possible 
equah 

In  the  ease  of  the  moon  and  a  star,  we  observe  the  distance  of 
the  star  fram  that  point  of  the  moon's  bright  limb  which  lies  in 
the  great  circle  jf»ini!ig  tlie  star  and  the  mnon*s  centre.  To 
ascertain  that  this  point  has  actually  been  brought  into  contact 
with  the  star,  the  sextant  must  be  elightly  revolved  or  mbrakd 
aliout  the  sight-line  (which  is  directed  towanls  the  star),  thus 
causing  the  moon  to  sweep  by  the  star;  the  limb  of  tlie  nnjon 
should  appear  to  graze  the  star  as  it  passes,  or,  rather,  tlie  limb 
shtjuh!  pass  through  the  centre  of  the  star  s  light,  for  in  the 
feeble  telescope  of  the  sextant  the  star  does  not  appear  as  a  well 
detined  point. 

In  the  ciise  of  the  moon  and  a  planet  we  bring  the  reflected 
image  of  the  nioou*s  limb  to  the  estuf^ffefl  centre  of  the  planet. 

In  the  case  of  the  nioou  and  the  snn,  the  contact  of  the  nearest 
limbs  is  observ  ed,  vibrating  the  instrument  as  aliovo  stated,  and 
making  the  limbs  just  touch  as  they  pass  each  other. 
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It  facilitates  the  observation  of  lunar  distances  to  set  the  index 
approximately  upon  the  angular  distance  before  commencing 
the  observation.  The  approximate  distance  for  a  given  time 
may  be  found  from  the  Ephemeris  (see  Vol.  I.  Art  65);  the  dis- 
tance thus  found  is  in  the  case  of  the  sun  and  moon  to  be 
diminished  by  the  sum  of  the  semidiameters  of  the  two  bodies 
(say  32'),  and  in  the  case  of  the  moon  and  a  star  or  planet  it  is 
to  be  diminished  or  increased  by  the  moon's  semidiameter  (say 
16'),  according  as  the  bright  limb  is  nearer  to  or  farther  from  the 
star  tlian  the  moon's  centre.  This  proceeding  is  also  a  check 
against  the  mistake  of  employing  the  wrong  star. 

87.  To  obsa-ve  the  altitude  of  a  celestial  body  with  the  sextant  and 
artificial  horizon. — The  artificial  horizon  is  a  small  rectangular 
shallow  basin  of  mercury,  over  which  is  placed  a  roof,  consisting 
of  two  [>lates  of  glass  at  right  angles  to  each  other,  to  protect  the 
mercury  from  agitation  by  the  wind.  The  mercury  aftbrds  a 
perfectly  horizontal  surface  which  is  at  the  same  time  an  excel- 
lent mirror.*  If  JAV  (Fig.  21)  is  the  horizontal 
8urfa<*e  of  the  mercury,  *Si^  a  ray  of  light  from  a  *^' 

utar,  ineident  upon  the  surface  at  B,  BA  the  re- 
fleeted  ray,  then  an  obsen'cr  at  A  will  receive 
the  ray  BA  as  if  it  proceeded  from  a  point  *S'' 
whiwe  angular  deprcrtnion  MBS'  below  the  hori- 
Z(mtal  plane  in  ecpial  to  the  altitude  SBM  of  the 
star  above  that  plane.  If  then  SA  is  a  direct  ray 
from  the  star,  parallel  to  SB,  an  obser\'er  at  A 
can  measure  with  the  sextant  the  angle  »S'-'1*S'' 
^  SBS':^  2SBM,  by  bringing  the  image  of  the 
f^XiiV  refleeted  by  the  index  glass  into  coincidence 
with  the  image  #S''  reflected  by  the  mercury  and  seen  through 
the  horizon  glass.  The  instrumental  measure,  correeted  for 
index  error,  will  be  double  the  apparent  altitude  of  the  star. 

The  sun's  altitude  will  be  measured    by  bringing  the  lower 

♦  Obfierrers  ar«  nometimeK  annoyed  by  impuriticR  in  the  mercury  wbirh  floot  on 
iif  fiiirface,  and  imagine  that  it  ih  important  to  have  very  pure  dintilled  mercuryl 
I  have  found  it  preferable  to  une  mercury  amalgamated  with  tin  (a  few  square 
inches  of  tin  foil  added  to  the  mercury  of  an  ordinary  horizon  will  annwer).  When 
the  mercury  it  poure<l  out,  a  pcum  of  amalgam  will  cover  itn  surface:  this  scum  can 
be  drawn  to  one  Mde  of  the  ba8in  with  a  card  or  the  smooth  edge  of  a  folded  piece 
of  paper.  leaTing  a  perfectly  bright  reflecting  surface,  entirely  free  eren  from  the 
mioutei^i  particles  of  dust. 
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limb  of  one  image  to  touch  the  upper  limh  of  the  other.  Ilalf 
the  corrected  instnimental  readins:  will  he  the  apparent  altitude 
of  the  8uu*8  lofcer  or  upper  limh,  according  as  the  ytearest  or 
farthest  limbjiof  the  direct  and  reflected  mm^  were  brought  into 
contact     For  example*!,  see  Vol.  L  Arts.  145,  151,  &c. 

In  obsor\*ation!5s  of  the  sun  with  the  artificial  horizon,  the  eye 
18  protected  liy  a  single  dark  glass  over  the  eye  piece  of  the 
telescope,  thereby  avoiding  the  errors  that  might  poi?dibIy  exist 
in  the  dark  glasses  attached  to  the  frame  of  the  sextant. 

Tlie  glasisc»s  in  the  mof  i)lacrd  over  the  meiY'ury  sliouhl  be 
ma<h*  of  plate  glass  with  perfectly  parallel  iaces.  If  they  are  at 
all  prismatic,  the  observcil  altitude  will  be  erroneous.  The  error 
may  be  removed  by  observing  a  second  altitude  with  the  roof  in 
reversed  position,  and,  in  gencrab  by  taking  one-half  of  a  set 
of  altitudes  with  the  roof  in  one  position  and  tlie  other  lialf  with 
the  roof  in  the  reverse  position.  It  is  easily  proved  that  the 
error  in  the  altitude  produced  by  the  glass  will  have  difterent 
signs  for  the  two  positions :  so  that  the  mean  of  all  the  attitudes 
will  be  free  from  this  error. 

Instead  of  the  mercurial  boriaion,  a  glass  plate  is  sometimes 
used,  standing  upon  three  screws,  by  means  of  wliich  it  is  levelled, 
a  small  spirit  level  being  applied  to  the  surface  to  test  its  hori- 
zontulity.  The  lower  surHice  of  the  (ihitc  is  blackenedt  sci  that 
the  reflexion  of  the  celestial  object  takes  place  ouly  at  the  upper 
surface. 


88.  In  the  observation  of  the  altitude  of  a  star  with  the  arti- 
ficial horizon,  it  requires  some  practice  to  fin*l  the  image  of  tho 
star  reflected  from  the  sextant  mirmrs;  and  sometimes,  when 
t^vo  bright  stai'^  stand  near  each  other,  tliere  is  danger  of  em- 
ploying the  reflected  image  of  one  of  them  for  that  of  the  other. 
A  very  simple  method  of  avoiding  tlus  danger,  liy  which  the 
observation  is  also  facilitated,  litis  been  suggested  by  Prt>fessor 
KxoRBE,  of  Russia.*  From  very  simple  geometrical  considera- 
tions it  is  rcailily  shown  that  at  the  instant  wlien  the  two  imagine 
of  tlie  same  star — one  reflected  from  the  artificial  horixoUj  the 
otlier  Irom  the  sextant  mirrors — are  in  coincidence,  the  inclina- 
tion of  the  index  glass  to  the  hori^^on  is  equal  to  the  inetinatiou 
of  the  sight-line  of  tlie  telescoi>e  to  the  horizon  glass,  and  is, 

♦  Aitron.  Xaek,,  Vol.  VTL  p.  262. 


METHOD   OF   OBSERVATION.  103 

tliereforc,  a  constant  angle^  whicli  is  tlie  same  for  all  stars.  If, 
therefore,  we  attach  a  small  spirit  level  to  the  index  arm,  so  as  to 
make  witli  the  index  ghiss  an  angle  equal  to  this  constant  angle, 
the  buhble  of  tliis  level  will  play  when  the  two  images  of  the 
star  are  in  coincidence  in  the  middle  of  the  field  of  view.  With 
a  sextant  thus  furnished,  we  begin  by  directing  the  sight  lino 
towards  the  image  in  the  mercury;  we  then  move  the  index 
until  the  bubble  plays,  taking  care  not  to  lose  the  image  in  the 
mercur}' ;  the  reflected  image  from  the  sextant  mirrors  will  then 
be  fomid  in  the  field,  or  will  be  brought  there  by  a  slight 
vibratory  motion  of  the  instrument  about  the  sight  line. 

It  is  found  most  convenient  to  attach  the  level  to  the  stem 
which  carries  the  reading  glass,  as  it  can  then  be  arranged  so  as 
to  revolve  about  an  axis  which  stands  at  right  angles  to  the  plane 
of  the  sextant,  and  thus  be  cjwily  adjusted.  This  adjustment  is 
eflrecte<l  by  bringing  the  two  images  of  a  known  star,  or  of  the 
sun,  into  coincidence,  then,  without  changing  the  jM)sition  of 
the  instrument,  revolving  the  level  until  the  bubble  plays. 

89.  Obser\'ations  on  shore  may  be  rendered  more  accurate  by 
means  of  a  stand  to  which  the  sextant  can  be  attached,  and 
which  is  so  arranged  that  the  sextant  can  be  placed  in  any 
required  plane  and  there  firmly  held.  The  manipulation  must  be 
learned  from  the  examination  of  the  stands  themselves,  which 
are  made  in  various  forms. 

90.  On  account  of  the  feel)le  power  of  the  sextant  telescope 
and  consequent  imperfect  definition  of  tlie  sun's  limb,  the 
apparent  diameter  of  the  sun  is  somewhat  increased.  This  error, 
however,  may  be  removed  by  taking  the  mean  of  two  sets  of 
altitudes,  one  of  the  lower  limb  and  one  of  the  upper  limb. 

91.  To  measure  an  altitude  of  a  celestial  object  from  the  sea  horizon. 
— Direct  the  telescope  towards  that  part  of  the  horizon  which  is 
beneath  the  object.  Move  the  index  until  the  image  of  the 
object  reflected  in  the  sextant  mirrors  is  brought  to  toucli  the 
hori'/on  at  the  point  immediately  under  it.  To  determine  this 
point,  the  observer  should  move  the  instrument  round  to  the 
right  and  left  (by  a  swinging  motion  of  the  boily,  as  if  turning 
on  liis  heel),  and  at  the  same  time  vibrate  it  about  the  sight  line, 
taking  care  to  keep  the  object  in  the  middle  of  the  field  of  view ; 
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the  object  will  appear  to  sweep  in  an  arc  tJie  lowest  point  of 
which  must  be  made  to  touch  the  horizon,  by  a  suitable  motion 
of  tho  tangent  screw. 

In  general,  ttltitudcB  for  detemiining  the  time  should  be  taken 
when  the  altitude  varien  most  rapidly  ;  and  tliin  is  near  the  prime 
vertical  (8ee  VoL  L  Arts.  143  and  149.)  If  the  object  is  tlie 
sun,  the  lower  limb  is  usually  brought  to  touch  the  horizon  ;  if 
the  moon,  the  bright  limK 

The  apparent  ultitndc  of  tho  point  observed  h  found  by  cor- 
recting the  sextant  reading  for  the  index  error,  and  Bubtmcting 
the  dip  of  the  horijion*  (VoL  I.  Art*  127.)  To  obtain  the  ajv 
parent  altitude  of  the  sun's  or  moon*6  centre^  we  must  also  add 
or  subtract  the  apparaii  semidiaineter.    (VoL  L  Art  135.) 

92.  As  the  sea  horizon  is  often  enveloped  in  mist,  even  when 
the  celestial  bodies  are  visible^  various  attempts  have  been  made 
to  obtain  an  artilicial  horizon  adajited  for  use  on  sbiiiboard. 
The  simplest  aiiparatus  heretofore  proposed  for  the  piirp<>se  is 
that  uf  Capt.  BecueRj  of  the  English  Navy.  '^  Outside  the  bnrizoii 
glass  of  tlie  sextant  is  a  small  ]»endulum  about  an  inch  and  a 
half  long,  suspended  in  oil  (in  order  to  cheek  it^  sudden  oscill»- 
tionsj ;  to  the  pendulum  is  attached  a  horizontal  arm,  carrying 
at  the  inner  end  a  slip  of  metal  which  is  seen  in  the  field  of  the 
telescope  at  the  usual  focus,  and  whose  upper  edge  when  it  coin* 
eides  wnth  a  given  line  is  tlie  true  horizon.  The  error  is  easily 
determined  by  a  known  aUitu<k%  and  is  the  same  for  all  altitudea. 
The  apparatus,  which  is  in  a  very  compact  form,  is  easily  attached 
to  any  reflecting  instrument,  and  is  shii^ped  and  unshipped  at 
pleasure.  A  lamp  is  attached  for  id>serving  at  night,"*  With 
this  ai>panitns,  when  the  motion  of  the  ship  is  not  too  great,  an 
altitude  can  be  obtained  within  5'  by  a  practised  obser\'er;  and 
this  is  often  sufficient. 


93.  3fethod  of  ohservwfj/  eqxal  fAUdtfks  with  the  sextant. — Some 
observers  set  the  sextant  at  plinisnrc,  and  note  two  instants* 
namelv,  the  contact  of  tlie  nearest  and  tUrthest  limbs  of  the  two 
images  of  the  sun  (fuve  tVom  the  sextant^  and  the  otlier  from  the 
mercurial  horizon),  both  nHntiing  and  evening,  witliout  touchiug 

*  RAPKm>  Pr&tHn  of  Kavi§9thn^  2d  ffdltbD^  p.  151.  It  does  not  arp^^r,  ^ev- 
eTer,  how  the  flip  of  metal  behind  the  hiirisoti  gliM  could  be  dialmotljr  vcea  la  tho 
f&dd  of  the  ttU4eop$,    A  pUtn  labe  mutil  be  UMd. 
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the  index  in  the  mean  time.  With  a  star  they  obtain  but  one 
ob»*en'ation  on  each  side  of  the  meridian.  This  practice  is  de- 
signed to  secure  the  condition  that  the  altitudes  observed  before 
and  after  meridian  shall  be  absolutely  identical,  which  may  not 
be  the  case  of  the  index  if  the  sextant  is  moved  and  brought 
back  again  to  the  same  reading.  The  errors  to  be  feared,  how- 
ever, from  not  setting  tlie  index  correctly  on  a  given  reading, 
are,  in  general,  so  much  less  than  errors  of  observation,  that  it 
is  better  to  sacritice  this  merely  theoretical  consideration  for  the 
sake  of  multiplying  the  observations.  The  following  method 
will  be  found  convenieut  in  practice. 

1st  For  the  sun.— In  the  moniing,  bring  the  lower  limb  of  the 
sun,  reflected  from  the  sextant  min^ors,  and  the  upper  limb  of 
that  reflected  from  the  mercury,  into  approximate  contact; 
move  the  0  of  the  vernier  for^vanl  (say  about  10'  or  20')  and  set 
it  on  a  division  of  the  limb ;  the  images  will  now  appear  orer- 
lappctU  and  will  be  svjHiraUng;  wait  for  the  instant  of  contact: 
note  it  by  the  chronometer,  and  immediately  set  the  vernier  on 
the  next  division  of  the  limb,  that  is,  10'  in  advance;  note  the 
instant  of  contact  again,  and  proceed  in  the  same  nmnner  for  as 
many  observations  as  are  thought  necessary.  If  the  sun  rises 
too  nijiidly,  let  the  inter\'als  on  the  limb  be  20'. 

Now,  find  (roughly)  the  time  when  the  sun  will  be  at  the  same 
altitude  in  the  aftenioon,  and  just  before  that  time  set  the  vernier 
on  the  last  altitude  noted  in  the  morning  (of  course  employing 
the  same  sextant) ;  the  images  will  be  ncjxirataly  but  will  be  wy)- 
prinichiittj ;  wait  for  the  instant  of  contact;  note  it  by  the  chn>- 
nometer;  set  the  veniier  buck  to  the  next  division  of  the  limb 
(10'  or  20',  as  the  case  may  be);  note  the  contact  again,  and  so 
pnx'ced  until  all  the  A.M.  altitudes  have  been  again  noted  as 
P.M.  altitudes. 

If,  instead  of  noting  the  times  directly  by  the  chronometer,  a 
watch  is  employed  (conjpared  with  the  chronometer  both  before 
and  after  each  obser\'ation),  it  will  generally  be  found  necessary 
to  allow  for  its  gain  or  loss  (m  the  chronometer,  so  as  to  obtain 
the  exact  <lifferenee  between  the  two  at  the  instant  of  observation. 

The  mean  of  all  the  A.M.  chronometer  times  and  the  mean  of 
all  the  corresponding  P.M.  times  are  regarded  as  two  simple  <)bser- 
vations  of  the  same  altitude,  and  the  computation  j)roeeeds  from 
these  according  to  the  method  and  example  of  Vol.  I.  Art.  140. 

2<1.  For  a  dar. — Set  the  sextant,  and  note  the  colncidencea  of  the 
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two  images  of  the  star  in  the  Bame  manner  as  the  contacts  of  the 
8un*H  limbd  are  oberved. 

In  selecting  ntars  for  this  absentation,  it  is  to  be  observed  that 
the  nearer  the  zenith  the  star  passes,  the  less  maj  the  elapsed 
time  be ;  and  wlien  the  Rtar  juissen  exactly  throiri^li  the  zenith, 
the  two  altitudes  may  be  taken  within  a  few  nrmutes  of  c*aeh 
other.  But  with  the  ordinary  nextants  altitudes  near  90°  cannot 
be  tiikea  with  the  artificial  horizon,  a.-^  the  double  altitude  is  then 
nearly  180*^.  The  prismatic  Hcxtants  and  eirelert  of  Plstor  and 
Maktixs  are  adapted  for  mea.suring  anglen  of  all  magnitudet*  up 
to  180*^^  and  are,  therefore,  especially  suitable  for  these  observa- 
tions. 


94,  To  examine  the  colored  glasses, — Tlio  two  faces  of  any  one  of 

the  colored  glusHOis,  or  nhades,  may  not  lie  parallel.  The  glasses 
then  act  like  prisms  with  8m all  refracting  angles,  which  change 
the  direction  of  the  rays  j>assing  through  them,  and,  consequently, 
vitiate  the  angles  measured.  To  examine  tlieni,  measure  the 
eun's  diameter  with  a  suitable  conibination  of  shades;  then  in- 
vert one  of  the  shades,  turning  it  about  on  an  axis  perpendicular 
to  the  plane  of  the  sextant,  and  repeat  the  mea»*ure ;  the  half 
difference  of  the  two  measures  will  be  the  error  produced  by 
that  i^hade*  A  number  of  mt^asures  must,  of  course,  be  taken  in 
both  positions  of  the  shade,  in  order  to  eliminate  accidental 
errors  of  ol nervation. 

In  onlcr  to  save  the  necessity  of  this  examination,  the  shade§ 
are  so  arranged  in  PiSTOii  and  Martins'  sextants  that  they  nmy 
he  instantaneously  reversed.  We  have  then  only  to  take  one-half 
of  a  set  of  observatiims  with  one  position  of  the  shades,  ami  t)ie 
other  half  with  the  reverse  position,  and  take  the  mean  of  all  the 
measures,  in  order  fully  to  eliminate  the  errors  of  these  glasses, 

95,  To  Jhid  the  constant  angle  between  the  sight  line  and  the  per* 
pevdicular  to  the  horizon  glass. — A  knowledge  of  the  value  of 
this  angle  will  be  useful  in  following  out  the  theory  of  the 
errors  of  the  sextant  in  the  subsequent  articles.  It  varies  in 
difterent  instruments,  and  must  be  found  for  each  by  a  s[>oeial 
examiiuition.  Let  the  sextant  be  phiicel  on  a  firm  horizontal 
support ;  direct  the  sight  line  towards  a  distant  obje<?t  i5.  Fig, 
22,  and  bring  the  two  images  of  the  object  into  coincidence. 
The  mirroi-8  M  and  m  are  then  parallel;  and,  if  we  put 
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fi  =  the  angle  between  the  sight  line  and  the  perpendicular 
to  the  horizon  glass, 

we  have 

BMm  =  MmE=2? 

We  have,  therefore,  only  to  find  some  nieans  of  measuring  the 
angle  B3fm.     Leaving  the  sextant  in 
ita  present  position,  place  a  theodolite  ^**'  ^^* 

in  the  line  3fjn  produced,  with  its  tele- 
8cope  TN  on  a  level  with  the  sextant 
mirrors  and  looking  into  the  index 
glasa;  adjust  it  so  that  the  image  of 
B  reflected  from  3/ shall  he  seen  upon 
the  cross-wire  w  in  the  focus.  Rays 
from  w  passing  through  the  ohject  glass 
N  emerge  in  parallel  lines,  as  if  from 
an  infinitely  distant  ohject  lying  in  the 
direction  MNT.  Bring  the  sextant  tele- 
scope to  look  into  the  theodolite  tele- 
scope, and  reflect  the  image  of  B  to  the  cross-wire :  the  reading 
of  the  sextant  corrected  for  the  index  error  is  the  measure  of  the 
angle  BMnu  or  of  2^9.  If  the  ohject  is  not  very  distant,  the 
angle  subtended  by  the  distance  Mm  at  the  ohject  may  be  ap- 
preciable. This  angle  nuiy  be  called  the  sextant  parallaXy  and 
denoted  by  p.     We  shall  have 

B3rm  =  2fi  —  p 

Wlien  the  object  and  its  reflected  image  are  in  coincidence,  let 
the  reading  be  B,  and  let  x  be  the  true  index  correction  for  an 
infinitely  distant  object;  then  we  have 

R  -\-  x  =  —p  (5ft) 

and  when  the  object  is  reflected  to  the  cross-wire  of  the  theodo- 
lite, let  the  sextant  reading  be  J?';  then  we  have 

rr+x=2tS--p  (59) 

and  from  these  two  equations, 

B'—Ii:^z  2,3  (60) 

By  this  method  I  found  for  one  of  TROUonTON*8  sextants,  at 
the  Xaval  Academy,  2ft  —  33^  G'. 
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96.  The  sextant  parallax  for  an  object  at  a  kiio^ni  distance  Is 
found  with  the  aid  of  tlie  angle  ^.     Let 

/  =  the  distancG  of  tho  index  and  horizon  glasseSi 
d  ^=  the  diBtanee  of  the  object  from  tho  index  gUs8. 

The  perpendicular  drav^Ti  from  M  upon  mE  h  equal  to /sin  2^; 
and  for  the  angle  put  the  ubject^  suhtunded  by  this  perpendicular, 
we  have 

/sin  2,?  /sin  2/5 

dsinl" 


8in  p  ■■ 


or 


(61) 


From  this  formula  we  may  find  a  rough  value  of  ^  when  p  has 
been  determined  for  a  near  object  by  means  of  (58)  and/  and  d 
are  carefully  measured. 

The  distance  of  an  object  fbr  which  the  sextant  parallax  will 
be  1"  will  be  found  by  the  equation  c/ =/ Bin  2^ eosec  1".  In 
the  sextant  mentioned  in  tlie  preceding  article  we  have/=8 
inchej^,  whence  d  ™  5.33  miles. 

Li  measuring  horizontal  angles  between  terrestrial  objects^ 
the  eftect  of  the  gextaot  parallax  may  be  eliminated  by  deter- 
mining the  index  correction  from  the  object  which  is  seen 
directly  through  the  horizon  glass.  Tliig  index  correction  will 
involve  the  pamllax,  and,  when  uftplicd  to  the  sextant  reading 
of  the  angular  distance  between  the  object.^,  will  give  the  angle 
sulitended  by  the  olycet**  at  the  centre  of  the  sextant.  The  sex- 
tant must,  of  course,  remain  in  the  same  position  in  the  measure 
of  the  angle  and  the  determination  of  tlie  index  correction. 

97,  To  determine  the  error  procured  bf  a  prismatic  form  of  t/ie  index 

fftass. — Let  us  iirst  consider  the  ca^e  of  a 

^Fir.  2S^  ^^j^^  ^^^^  pandlel  faces.   Let  M3I\  NN\ 

"^  Fig.  23,  be  the  parallel  faces,  of  which 
i\uV'  is  silvered.  An  incident  ray  AB  ia 
refracted  l>y  the  glass  at  B^  and  take**  the 

'^  direction  BC;   at  C  it  is   reflected  into 

-m  CD' ;  and  at  B'  it  is  refmctecf  into  BA\ 

^'^'  If  we  put 


1 


ly    a 


m  =  the  index  of  refraction  for  glass, 
f  ^=  the  angle  of  inciflcnco  A  BP, 
^  =  the  angle  of  refraction  lJliC\ 
/  =  A'B'P\ 
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we  have,  by  Optics, 


sin  f  =  m  Bin  »^ 
sin  f>'=:  m  mn*^' 


But  when  the  faces  J/3/'  and  NN^  are  parallel,  the  normals  BD 
and  B^iy  are  also  parallel ;  moreover,  the  incident  ray  56' upon 
NX%  and  the  reflected  ray  C-B',  make  equal  angles  with  />/)': 
hence,  alj*o  «?  =  &\  and,  consequently,  <p  =  (p'.  If  AB  and  A'B' 
are  produced  to  meet  in  C,  we  see  that  ^'5'  has  the  same  direc- 
tion that  it  would  have  had  if  it  had  been  reflected  directly  from 
the  plane  surface  mC'm'  parallel  to  MM'  or  to  NN\  The  re- 
fraction which  the  ray  suffers  in  passing  through  the  glass,  there- 
fore, produces  no  error  when  the  surfaces  of  the  glass  are  parallel. 
It  may  here  be  remarked,  also,  that  it  is  not  necessarj'  that  the 
reflecting  surface  of  the  mirror  should  stand  exactly  over  the 
centre  of  the  arc  of  the  sextant. 

Let  us  next  consider  the  case  of  a  glass  whose  faces  are  not 
parallel,  as  M'B,  N'D,  Fig. 
24,  which,  produced  to  meet 
in  J/,  form  a  prism  MM'N'. 
Let  urt  assume  that  these  faces 
are  peq»endicular  to  the  plane 
of  the  sextant,  and,  conse- 
quently, that  the  refracting 
etlge  of  the  priwm  is  also  per- 
pendicular to  thiw  plane.  The  incident  and  reflected  rays  will 
Ik'  found  in  a  plane  parallel  to  that  of  the  sextant.  The  ray 
being  traced  through  the  glass,  we  shall  have,  as  before,  employ- 
ing the  same  notation, 

Bin  f  =  m  sin  ^ 

sin  /=  m  sin  ^' 

bat  here  d  and  (>'  are  no  longer  equal.     If  wo  put 

M  =  the  angle  of  the  prism  =  M*MN' 

we  gliall  evidently  have 

90<>— d  =  CBB'z=  BCD  +  M 
90*»--^=  CB'B=  B'Ciy—  M 

and,  si^ce  BCD  =  B'CD\  the  difference  of  these  equations  gives 

6'  — d  =  2J/  (63) 


C   D 


]     (62) 


As  31  is  always  a  very  t<mall  angle,  approximate  values  may  be 
employed  in  tlie  second  member  of  tliis  equation:  it  will  be  suffi- 
cient to  take 

Bin  J  (^  — ^  y)  =^  m  Bin  Jf  * 


cos  f 


/—  f  =  2m2f  sec  f\^ 
which  may  be  reduced  to  the  form 


m» 


f>'—^  —  2M\/l-{-  (m*  —  1)  aec> 

or,  finally,  by  putting 

to  the  form 


g'  =  m'  — 1 


^—9  =  2  J/v^l  -fg'secV 


(64) 


The  error  varies  with  ^,  and  consequently  with  the  angle  mea- 
sured.    If 

jr  =^  the  angle  given  by  the  sextant, 


we  have,  in  Fig.  19,  P3Im  —  PMp  +  pMin,  or 


(65) 


The  whole  error  in  the  measured  angle  will  he  the  difference  of 
the  errort*  produced  at  the  reading  y  and  at  the  zero  [loint  of  the 
BcxUiiit;  and  at  the  zero  point  we  have  p  ^^  ^,  Hence  the  error 
will  be  the  ditFerence  of  tlie  vuluet*  of  (64)  for  f  =  If  "^  i^  ^^^^ 
jp  =  ^»  su  that,  if  ^'  denotes  the  true  value  of  tlie  angle,  we  shall 
have 

r-/^2M  [v^l+^'»ec'(ir  +  ^)  —  V^l  +  ^'flocv]        (66) 

Forgla88  we  have  usually  m  ^  1,55,  and  hence  q^=  1.4055,  If 
M=  10",  ^9  =  10%  and  r  ^  120%  we  shall  find  y  —  f^  -H"- 
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Tlie  effect  of  the  error  in  the  glass  is  evidently  less  for  small 
values  of  ^9  than  for  large  ones.  Moreover,  the  smaller  the  angle 
^,  the  larger  the  angle  which  can  be  measured  with  tlie  sextant, 
for  all  reflection  from  the  index  glass  ceases  when  ^  =  90°,  and 
this  value  gives  by  (65)  y  =  180°  —  2/9  as  the  limit  of  possible 
measures  with  the  instrument. 

Tlie  preceding  investigation  is  confined  to  the  case  in  which 
both  faces  of  the  glass  are  perpendicular  to  the  sextiint  plane; 
but  it  suffices  to  show  the  nature  of  the  effect  produced.  This 
ca2«e  is,  moreover,  that  in  which  the  effect  is  greatest. 

The  glass  reflects  from  its  outer  face  as  well  as  from  its  silvered 
face,  thougli  in  a  less  degree.  If  the  faces  are  parallel,  the  rays 
from  a  distant  object  reflected  from  the  two  faces  will  be  parallel 
after  leaving  the  glass;  they  will,  therefore,  be  converged  to  the 
same  focus  in  the  telescope  and  produce  but  a  single  innige  of 
the  object.  But  if  the  glass  is  prismatic  there  will  be  two  images, 
a  fainter  image  superposed  upon  the  stronger  one  and  not  quite 
coincident  with  it.  The  eftect  will  be  to  give  an  image  with  an 
indistinct  outline;  a  star  will  present  a  somewhat  enlarged  or 
elongated  image.  We  can,  therefore,  very  rea<lily  determine 
whether  the  glass  is  prismatic  by  examining  the  reflected  image 
of  a  star  when  tlie  index  is  set  upon  a  reading  of  about  120°. 

The  best  nuikers  will  reject  a  glass  that  does  not  stand  this 
test.  If,  however,  an  instrument  is  found  to  be  defective  in  this 
resj»ect,  we  may  detennine  the  error  produced  by  it  as  follows. 
After  carefully  adjusting  the  instrument  and  finding  its  index 
correction,  measure  a  large  angle  between  two  well  defined  ter- 
restrial objects.  Then  take  out  the  index  glass  and  invert  it 
(so  that  the  edge,  which  was  before  uppermost,  may  now  be  next 
the  plane  of  the  instrument),  readjust  the  instrument,  determine 
the  new  index  correction,  and  again  measure  the  angle  between 
the  two  objects.  Half  the  diflerence  of  the  two  measures  will  be 
the  error  in  either  measure  produced  by  the  glass.  Tlie  same 
process  repeated  for  a  number  of  angles  of  various  magnitudes 
will  furnish  a  table  of  errors,  from  which  the  error  for  any  par- 
ticular angle  may  be  obtained  by  inteii»olation. 

W.  A  prismatic  form  of  the  horizon  fflass  affects  all  angles,  the 
index  correction  included,  by  the  same  quantity,  and  therefore 
produces  no  error  in  the  results. 
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99,  To  (ktermine  the  error  produced  bji  a  smaU  inclination  of  (he 
sight  line  (o  (he  plane  of  the  sextant. — The  direotion»  of  rnies*  in 
space  are  most  clearly  represented  by  points  on  thtt  surface 
of  a  sphere  described  about  an  assumed  centre  with  an  arbitrary 
radiiu«»  (Vol,  I.  Art.  1).  The  radii  drawn  j)arallel  to  any  given 
lined  in  space  will  intersect  each  other  under  the  same  angles  as 
those  lines,  and  tliese  angles  will  be  meamired  by  the  area  of 
great  circles  joining  tlie  extremities  of  the  radii  on  the  surface 
of  the  8i»here.  Let  us  here  take  the  centre  of  the  sextant  are 
as  the  etiitre  of  such  a  sphere.     Let  0,  Fig.  25,  be  that  centre, 

OP  the  din*ction  of  the  perpendicular 
to  the  index  glass,  Op  that  of  the  per- 
pendieuhir  to  the  horizon  glaiss.  The 
points  P  and  p  are  the  poles  of  the 
great  circles  whose  planes  are  parallel 
to  those  of  the  glasses,  and  may  be 
called,  brietly,  the  poles  of  the  index 
ghiijs  and  hnrizon  glass,  respectively. 
Let  OA  be  the  direction  of  the  sight 
line.  When  the  instrument  is  per- 
fectly adjusted,  the  lines  0/*,  0/>,  and 
OA  are  in  the  same. plane,  which  is 
parallel  to  that  of  the  sextant.  The  course  of  a  my  which 
reaches  the  eye  will  be  most  readily  followed  by  tracing  it  back- 
wards from  the  eye.  Thus,  the  ray  0.1  coinciding  with  the  sight 
line  is  reflectetl  from  the  horizon  glass  in  the  direction  BO,  so 
iimt  pD=  pA,  It  is  then  reflected  from  the  index  glass  in  the 
direction  0(\  so  that  PB  --  PC;  and  OC  is  therefore  the  direc- 
tion of  an  object  whose  image  is  reflected  to  the  eye  in  the  same 
direction,  .40,  in  which  another  objeet  is  seen  directly*  Hence 
A0(\  or  AC,  is  the  angular  distance  of  the  objects.  From  this 
construction  we  obtain  easily  AC=  2P/>,  which  is  the  funda- 
mental property  of  the  sextant  (Art,  79). 

But  if  the  sight  line  is  inelined  to  the  phine  of  the  instrument, 
it  meets  the  sphere  in  a  puint  ^l'  not  in  the  great  circle  Pp, 
The  incrmation  is' measured  by  the  arc  A  A'  peipendicnlar  to 
J%  wliich  is  a  part  of  the  arc  QA'A  drawn  through  ^'and  tlie 
pole  Q  of  tlie  great  circle.  The  point  Q  may  be  called  the  polo 
of  the  sextant  plane.  Tnicing  the  ray  0*1'  backwards,  we  ob- 
serve that  the  plane  of  reflexion  from  the  horizon  glass  is  repre- 
sented liy  the  gi'cat  circle  A'pB\  detennined  by  the  my  and  the 
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normal  Opy  so  that  if  we  take  pB'  =  jyA'y  the  reflected  ray  takes 
the  direction  B'O.  The  plane  of  reflexion  from  the  index  ghiss 
will  be  represented  by  the  great  circle  B^PC'^  and  by  taking 
PC  =  PB\  OC  will  be  the  direction  of  the  reflected  ray. 
Hence,  -4' C  will  be  the  true  angular  distance  of  the  two  objects 
ob8cr\'ed  in  contact;  while  yl C* or  2 i^>  will  be  the  angle  given 
by  the  sextant.     Let 

y  =:  the  angle  given  by  the  sextant  —  JC, 
y^  z=z  the  true  angle  ^  A' C\ 

i  ■=z  the  inclination  of  the  sight  line  =  AM, 

It  is  evident  that  CC  =  BB'  =  AA',  and  therefore  QA'C  is  an 
ihosceles  triangle  of  which  the  angle  Q='Y^  the  side  vl'C"  -  /-', 
and  the  side  QA'  or  QC  =  90°  —  i.  If  then  we  divide  this 
tiiangle  into  two  rectangular  ones  by  a  perpendicular  from  Qj 
we  obtain 

sin  }  /  =  cos  I  sin  }  /  (G7) 

for  wliich,  as  i  is  always  verj'  smalf,  we  may  take  the  approxi- 
mate equation* 

/^  —  r  =  —  I*  sin  1"  tan  i  r  (G7*) 

Acconling  to  the  second  method  of  adjustment  in  Art.  84,  if 
the  mark  is  placed  at  a  distance  of  20  feet,  and  if  the  error  of  its 
[K)j«ition  in  a  vertical  direction  is  not  more  than  ^  an  inch  (which 
is  a  large  error  in  such  a  case),  the  telescope  adjusted  to  it  will 
have  an  inclination  which  will  be  found  by  the  e(piation  sin  / 

~  -  ^^»  which  gives  /  —  7'  10".     Taking  this  value  of  /,  the 

fonnuhi  (in*)  gives  f—y^  —  0".897  tan  }  y,  and  for  y  ^  120^ 
f '—  y  -.  —  1".6.  The  error  may  therefore  be  regarded  as  evan- 
escent when  ordinary  care  has  been  bestowed  upon  the  adjust- 
ment. When  the  error  exists,  the  observed  angles  are  always  too 
great 

100.  If  the  contact  of  the  images  of  two  objects  is  made  on 
either  side  of  the  middle  of  the  field  of  the  telescope,  the  actual 
sight  line  is  inclined,  although  the  axis  of  the  telescope  may  be 
panillel,  to  the  sextant  plane. 


*  Thin  approximate  equation  can  be  detluced  from   (67)  or  taken  direct!/  from 
8pb.  Trig.  (112;. 
Vol.  II.— 8 
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The  inclination  of  this  actual  siglit  Hue  ran  be  estimated  by 
the  aid  of  tlie  angular  distance  of  the  tbreads.  To  find  this* 
distance,  place  the  threads*  at  right  angles  to  the  plane  of  the 
Bextant,  bring  the  direct  image  of  a  distant,  well  defined  line  on 
one  thread,  and  the  reflected  image  on  the  other  thread,  and 
read  the  arc ;  then  move  the  index  nntil  the  images*  have 
exchanged  places  on  the  threads,  and  again  read  the  are ;  the 
half  difference  of  the  two  readings  is  the  angular  distance  of 
the  t%vo  threads. 

Let  this  distance  of  the  threads  be  denoted  by  *J,  and  suppose 
an  aiigle  ;•  is  ol)sei'\'ed  by  making  the  contact  at  a  distance  nS 
from  one  of  the  threads  (the  fraction  n  being  estimated  at  tbe 
time  of  making  the  observation);  then  tbe  inclination  of  tbe 
actual  sight  line  to  tbe  true  sight  line  corresponding  to  the 
middle  point  between  the  threads  will  be  i  =  )^3  —  ndy  with 
whicli  value  of  /,  tbe  correction  of  the  obser\^ed  angle  y,  will 
be  found  by  (67*). 

The  distance  3  in  the  best  sextant  telescopes  will  not  exceed 
80',  When  the  instrument  is  held  in  the  hand,  we  cannot  make 
all  contacts  exactl}^  in  the  middle  of  the  field  ;  but,  if  we  assume 
that  Avc  can  always  make  them  at  a  distance  greater  than  Ji 
from  either  thread  (which  a  little  practice  will  enable  us  to  do), 
we  shall  always  have  i  <  J^,  or  i  <  5',  and  hence  tlie  correction 
y' —  Y  <C  0''.44  tan  ly.  For  any  tolenibly  good  observer,  there- 
fore, this  correction  will  be  practically  insensible. 

At  the  same  time,  however,  we  see  the  importance  of  making 
the  contacts  as  near  to  the  middle  of  tl*e  field  as  possible,  since 
the  error  always  has  the  same  sign  and  all  tlte  measured  angles 
are  liable  to  be  too  great.  If  a  contact  is  made  on  either  thread, 
and  we  liave  3  =^  30',  the  error  in  j-  will  be  3".93  tan  J^,  or  6",8 
for  r  --  120^* 


101.  The  distance  <J  of  the  threads  may  also  be  used  to  find 

the  inelinatioii  of  the  axis  of  tbe  telese<nie,  or  rather  of  the  true 
sight  line.  Jleasure  an  angular  distance  of  120^  or  more,  be- 
tween two  well  defined  objects  ;  bring  the  images  in  contact  first 
on  one  thread  and  then  on  the  other  (the  threads  being  placed 
parallel  to  the  plane  of  the  instrument),  and  let  tbe  readings  on 
the  arc  be  y  and  y^.  Then,  ^  being  the  true  reading  in  either 
case,  and  i  the  inclination  of  tbe  true  siglit  line,  we  have 
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7^  — -  7'  =  —  I  -  —  1 1  Bin  1"  tan  i  x 

r'-r»=-(^  +  tj'sinrtatiin 

whence,  taking  tan  J;-  =  tan  §7-^  in  the  second  memhers, 

2  J  sin  r 

It  18  evident  that,  when  i  is  positive,  the  greater  measure  is  t*,, 
taken  on  the  thread  nearest  the  plane  of  tlie  instrument,  and 

^  -r  Ms  the  distance  from  this  thread  to  tlie  point  in  the  field 

which  represents  a  direction  parallel  to  the  plane  of  the  sextant. 
Ileuce  the  first  method  of  adjusting  the  telescope  given  in  Art.  84. 

102.  To  find  the  error  produced  by  a  small  inclination  of  the  index 
glass, — The  liorizon  glass,  being  ad- 
jurtted  by  means  of  the  index  glass 
(Art.  83),  may  be  supposed  to  have  the 
Rame  inclination.  Let  pP  (Fig.  2G)  be 
the  great  circle  of  the  sextant  i>lane ; 
let  the  poles  of  the  mirrors  be  at  P' 
and  p'y  and  {»ut 


/  =  the  inclination  of  the  index  glass  =  PP^  z=  that  of  the 
horizon  glass  =  pp\ 

If  we  suppoHC  that  the  sight  line  is  adjusted  by  the  first  method 
of  Art.  84,  it  will  be  found  in  a  plane  perjjendicular  to  both 
mirrors,  and  its  direction  will  be  represented  by  a  point  A'  in  the 
great  circle  ;/P'.  The  direct  ray  from  the  eye  t4)  an  olycct  A' 
will  be  reflected  in  the  direction  B',  and  thence  to  C",  thcHc  points 
all  lying  in  the  sjinie  great  circle  ;  A'C  will  be  the  true  distance 
7^  of  the  objects  obser\-ed,  and  y)'P'  --  J;*'  will  be  the  true  angle 
of  the  mirrors,  while  pP~  l/'will  be  the  angle  given  by  the 
f^extant  reading.  In  the  isosi-t'les  triangle  P'Qp\  we  have  the 
angle  p'QP'  ^  Jr  an<^  Qp'  =  QP' ^^  00^  —  /;  and,  dividing  it 
into  two  right  triangles  by  a  perpendicular  from  ^,  we  obtain 

sin  }  /  =  cos  /  sin  J  7^  (69) 
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whence,  very  nearly^ 

/  —  r  =  —  2^'  sin  1"  tan  J r  (OT«) 

By  the  metliod  of  uujiisting  the  index  glaaa  given  in  Art.  82^  it 
may  easily  be  placed  within  5'  of  itis  true  position,  and  for 
/  J  5'  =  300'^  and  j  ^  120°,  this  formula  gives  f  —  j^  —  0".5, 
Ileuee,  with  ordinary  care,  this  error  will  also  be  practically 
iiiBignifieant. 

The  inclinatiun  of  the  wight  Ihjo,  in  thk  eolntion,  is  variable 
with  the  angle  measiired.  Denoting  it  by  i'  =  -^l^^l',  wc  readily 
find,  by  the  aid  of  a  perpendicular  from  Q  upon  i?'P', 


cosi  \x 

m  which  j9  =  Ap\  or 

r  ^  I  Bee  J  Y  cos  {}t  —  ?) 


(70) 


(70') 


103.  If,  however,  the  sight  line  ^  not  determined  as  above 
suppoi^ed,  bnt  ban  a  constant  iiielinatlon  to  the  plane  of  tlie  sex- 
tant, denoted  by  i,  itn  inclination  to  the  plane  of  reflection />'P' 
will  be  i*  —  t,  and  tli  '-  inna!  error  produced  by  thi«  iuclina^ 
tion  will  be  found  liv  ,    .    ^  !^>  be 

—  (i'_  i')»6in  P'tan  J;' 
Combining  tliia  with  (69*),  the  complete  formula  ia 
/  —  ^  =  —  2 f  sin  1"  tan  i  7-  —  [/  sec  \  y  cos {\r  —  t^)  —  »T ^*"  1"  ^^^  J  T 
which  can  be  put  nndur  the  form 
/  -r  =  — 28in  1"  tan  J  r  [^  +  sec  Jr  P  C08(Jr— i^)  —  ^'cos  i rf]  (71) 

which  agrees  with  Excke's  formula  in  the  Berlhi  Jahrb\u*h  for 
1830,  p,  202. 

Taking,  as  an  extreme  case,  i  =  5',  i  =  —  5',  ^  =  IS')*',  ^  =  80®, 
this*  gives  f  —  x  —  ~  4".0. 

104,  To  find  the  error  producfd  by  a  small  melination  of  the  horizan 
fffa^^s. — Assuming  that  tlie  index  glass  and  the  telescoj^e  are  in 
adjuf^tnient,  let  the  jmle  of  thi*  liorizon  glass  be  at  p\  Fig.  27, 
tlu'  iiole  of  the  index  glasf^  lit'lng  at  J\  and  the  eight  line  directed 
towards  A  in  the  plane  of  the  sextant.  The  ray  from  the  eye 
towards  A  is  reflected  to  B'  in  the  are  Ap%  so  that  //i^'  =  p'Af 
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and  thence  to  C,  which  is  at  the  distance  CC  =  BB'  from  the 
great  circle  pPC.  -4  C  =  7^  is  the 
angle  given  by  the  sextant;  and  ^p=:;;[:^— -^J^ 
AC'='f^  is  the  true  angular  dis- 
tance between  the  two  objects  whose 
images  are  observed  in  contact. 
Putting 

k  =  the  inclination  of  the  horizon  glass  =  pp\ 

we  have  from  the  triangles  App'  and  ABB'j  verj'  nearly, 

m  =  2k  cosyS 

and,  from  the  triangle  A  C  C, 

cos  /  =  cos  m  cos  / 
whence 

r'  —  r  =  i  ^'  sin  1"  cot  T'  =  2  A«  sin  1"  cos*  fi  cot  r  (72) 

This^  error  is  sensible  only  for  small  values  of  y.  For  ;*  =  0  the 
exprt^ssion  becomes  infinite ;  for  in  fact  it  is  inapplicable  in  this 
case,  since  when  the  horizon  glass  is  inclined  it  is  impossible  to 
make  a  contact  of  two  images  of  the  same  point.  But  in  the  deter- 
mination of  the  index  correction  by  the  sun,  the  limbs  of  the 
two  images  will  be  brought  into  contact  alternately, on  each  side 
of  the  true  zero  point  of  the  arc,  and  we  shall  have  y--dzO^  82'. 
For  this  case,  with  ^9  =  30°  and  k  =  30"  (which  ought  to  be 
the  maximum  error  in  the  adjustment  by  Art.  83),  we  find 
Y'  X  —  0".7;  and  even  this  error  is  eliminated  from  the 
index  correction  itself.  For  all  angles  greater  than  0°  32'  the 
error  is  wholly  inappreciable. 

105.  To  find  the  eccentricity  of  the  sextant. — As  the  arc  of  the 
sextant  is  limited,  the  method  of  determining  whether  the  centre 
about  which  the  index  arm  revolves  is  coincident  with  the  centre 
of  the  graduations  by  means  of  two  verniers  180°  apart  (Art.  28) 
is  not  appli(*able.  AVe  can  find  the  eccentricity  only  by  comparing 
various  angles  measured  with  the  sextant  with  their  known  values 
found  by  some  other  means.  Thus,  the  angular  distances  of  a 
number  of  terrestrial  points  situate<l  in  a  horizontal  plane  nuiy 
l>e  accurately  detennined  with  a  good  theodolite  and  then  also 
measured  with  the  sextant. 
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Or  we  may  ineasiire  with  the  sextant  the  distatice  of  two  well 

known  fixed  stan^  and  compare  it  with  the  apparent  dir^tance 
eonijiuted  from  their  riglit  aBcenrtions  and  deoriiuitions.  The  re- 
fraction, however,  iiinBt  be  takt^n  into  account,  which  may  he 
done  in  either  of  two  ways,  let,  The  true  distance  of  the  atars 
will  he  found  as  iu  the  case  of  the  moon  and  a  star.  Vol.  L 
Art.  2o5,  Then  the  apparent  distanee  will  he  found  hy  the 
formuhe  (448)  and  (44^)  of  Vol  L,  in  which  we  niuftt  for  thin 
case  suppose  A',  H\  r/'  to  he  the  true  akitudcs  and  distance,  and 
Aj,  H^ydy  to  he  their  apparent  vahies  atlected  hy  refraction.  The 
altitudes  will  be  computed  hy  Art*  14,  Vol.  I.,  the  local  time, 
and  ci>iise(|uent!y  the  luuir  angles  of  the  stars,  heing  j^^ven. 

2d.  We  may  compute  the  zenith  distances  and  parallactic 
angles  of  the  Btars  for  the  time  of  the  observation  by  VoL  I.  Art, 
15,  and  then  the  relraetion  in  right  ascension  ami  decruuition  hj- 
Art.  120.  We  shall  then  have  the  apparent  right  ascensions  ami 
declinatiotis,  from  which  the  apparent  distance  will  be  dii'ectly 
computed  hy  the  method  of  Vol.  L  AH.  255. 

Xow^  let  f  he  the  sextant  reading,  x  the  index  correction  (here 
supposed  to  be  unknown,  as  we  must  reganl  the  zero  point  as 
likewise  affected  hy  the  eccentricity),  y'  the  true  value  of  the 
measured  angle,  e  the  eccentricity;  then,  since  the  readings  of  the 
gextaut  are  double  the  true  arcs,  we  liave,  by  (9), 

or,  putting  n  ^  j^  —  y, 

X  +  2«f  cos  £  BID  i  y'  +  2i?  sin  J?  cos  }  /  =  n  (7S) 

To  find  the  three  unknown  quantities  x,  2f  cos  J?,  and  2  a  sin  J?, 
we  must  ha%*e  three  such  equations  derived  from  three  angles 
tailing  in  different  parts  of  the  arc, — for  example,  near  O*^,  GO"^^  and 
120°.  If  we  have  measured  a  large  number  of  angles,  of  various 
magnitudes,  we  can  treat  the  equations  by  the  method  of  least 
squares. 

As  the  index  correction  is  liable  to  change  from  one  observa- 
tion to  another,  we  can  let  f  represent  the  reading  corrected  for 
the  index  error  found  at  each  observation,  and  then  x  will  be  the 
correction  of  the  xero  point  for  eccentricity. 
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THE   SIMPLE   REFLECTING   CIRCLE. 

106.  If  the  arc  of  tlie  sextant  is  extended  to  a  whole  circum- 
ference, the  index  arm  may  be  produced  and  carry  a  vernier 
upon  each  extremity.  The  mean  of  the  readings  of  the  two 
veniien*  may  then  be  taken  at  everj'  observation,  and  will  be 
wholly  free  from  the  error  of  eccentricity.  This  constitutes  a 
simple  reflecting  circle,  the  manipulation  of  which  in  in  every 
respect  the  same  as  that  of  the  sex-t^mt.  It  has  not  only  the 
advantage  of  eliminating  the  eccentricity,  but  at  the  same  time 
of  diminishing  the  effect  of  errors  of  reading  and  accidental 
errors  of  graduation,  since  ever}'  result  is  derived  from  the 
mean  of  two  readings  at  two  difterent  divisions  of  the  arc.  The 
only  objection  to  the  instrument  is  found  in  the  slight  increase 
of  its  weight. 

The  simple  reflecting  circles  of  TROUonTON  are  read  by  three 
veniicrs  at  distances  of  120° ;  but,  as  the  eccentricity  is  already 
fully  eliminated  by  two  verniers,  the  third  can  increase  the 
accuracy  of  a  result  only  by  diminishing  the  effect  of  errors  of 
reading  and  of  graduation.  If  e,  is  the  probable  error  of  the 
mean  of  two  readings,  that  of  the  mean  of  three  readings  will  be 

!*o  that  if  two  verniers  reduce  the  error  to  5"  the  third  will  only 
fiirthcr  reduce  it  to  4",  an  increase  of  accuracy  which  for  a 
pingh*  obser\'ation  is  not  worth  the  additional  complication  and 
weight  and  the  trouble  of  reading.  As  was  to  be  expected, 
these  instniments,  though  of  very  refined  and  perfect  couhtruc- 
tion,  have  been  but  little  used. 

The  prisnuitic  reflecting  circles  of  Pistor  and  Martins  noticed 
Iwlow  have  but  two  verniers,  and  combine  many  practical  ad- 
vantages. 

THE    repeating   REFLECTING   CIRCLE. 

107.  In  the  repeating  reflecting  circle*  the  small  mirror,  or 
h<»rizon  glass,  is  not  permanently  attached  to  the  frame  of  the 
instrument,  but  is  attached  to  an  arm  which  revolves  about  the 
centre  of  the  instrument.  As  the  telescope  must  always  be 
dire<*ted  through  this  glass,  it  is  also  attached  to  the  same  anu 
and  revolves  with  it.  This  arm  also  carries  a  vernier  at  it« 
extremity. 
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Let  £777  (Pig.  28)  be  tlie  revolving  ami  to  which  are  attached 

the   small   mirror  /w,  the 
^^''^  telescopo  T,  aiul  the  ver- 

nier, or  index  17;  M  the 
central  mirror  which  is 
revolved  bv  the  arm  MI^ 
carrying  the  vernier,  or 
mdex  /.  Li  accordance 
with  the  nomenclature  in 
nautical  works,  we  shall 
call  H  the  horkmi  tfuitz^ 
and  7  the  central  mkx. 

The  arc  is  gratlnated 
from  0°  to  720°  in  the  di- 
rection  HIE. 

Let  A  and  B  be  the  objects  whose  atigolar  distance  is  to  be 
meaHured.  First :  let  the  central  index  I  be  clam|>ed  at  any 
assumed  point  of  the  arc.  Bring  the  plane  of  the  iustrnmeut  to 
pass  thri>ue:h  the  two  objects.  Direct  the  telei^cope  toward?!  the 
right  baud  olijoct  B^  and,  without  touching  the  central  index^ 
move  the  horizon  index  H  (or  rather  revolve  the  instrument, 
keei>ing  the  telescope  bearing  on  7J),  until  the  image  of  the  left 
hand  object  A  is  reflected  from  the  central  mirror  J7  to  the 
horizon  glass  m,  and  thence  to  the  eye,  and  thus  into  coincidence 
with  the  object  B  seen  directly.     This  completes  the  first  part 

of  the  ohsen^ation.  Xow, 
\^j^  '    '  leaving  the  horizon  index 

H  clamped  in  this  posi- 
tion, uncUimpthe  central 
index  7;  direct  the  tele- 
scope to  the  left  hand 
olyect  A^  Fig.  2l>,  and 
move  the  index  /  for- 
ward (in  the  direction  of 
thegradiuitions)  nniil  the 
retlccted  innigc  of  the 
right  hand  object  B  is 
brought  to  coincide  with 
the  direct  imago  of  A* 
Thiscompletes  the  second 
part  of  the  obseiTation. 
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Then,  the  difference  bettceen  the  readings  of  the  central  index  in  its  two 
positions  is  twice  the  angular  distance  of  the  objects.  For  let  i?,  Fig. 
29,  be  the  point  of  reading  of  the  central  index  before  the  first 
contact,  and  B'  that  after  the  second  contact.  At  eacli  contact 
the  angle  of  the  mirrors  is  equal  to  one-half  the  angle  measured 
(Art,  80) ;  and  it  is  evident  that  the  points  Ji  and  H'  are  at  equal 
distances  on  each  side  of  that  point  of  the  arc  at  which  the  cen- 
tral index  would  liave  stood  had  we  stopped  its  motion  when  the 
mirrors  were  parallel.  Hence  the  angle  liMR'  is  twice  the 
angle  of  the  mirrors  at  either  contact.  Denoting  the  angle 
measured  by  j^  and  the  readings  by  R  and  i2',  we  have,  there- 
fore, 

2r  =  R''^R 

The  half  difference  of  the  two  readings  is  then  the  mean  of 
two  measures  of  the  required  angle  ;  while  with  the  nextaut  two 
obsen'ations  are  necessary  to  furnish  one  measure  of  an  angle, 
since  one  ol)8er\'ation  must  be  made  to  determine  the  index  cor- 
reetion,  which  is  here  dispensed  with. 

If  we  now  reeommence  the  obserx^ations,  starting  from  the 
last  position  of  the  central  index,  this  index  will  be  found  after 
the  fourth  contact  at  a  reading  72",  which  difters  from  ii'  by 
twice  the  angle  y:  so  that  we  have 

2r  =  R"-'R' 
and,  consequently, 

Ar=-R"  —  R 

Continuing*this  process  as  long  as  we  please,  we  shall  have,  after 

any  even  number  n  of  contacts,  a  reading  R^  of  the   central 

index,  and 

nr  =  R.-R 
or 

r^-"^^  (74) 

Hence  it  is  necessary  to  read  off  the  arc  oniy  before  the  first  and 
after  the  last  observed  contact,  which  is  one  of  the  greatest 
advantages  of  this  instrument  for  use  on  board  ship  in  night 
obser\'ations. 

10>^.  If  the  distance  of  the  objects  is  changing,  as  in  the  case 
of  a  lunar  distance  or  an  altitude,  the  difference  between  the 
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first  and  last  readings  will  be  the  sum  of  all  the  individual 
measureSf  and  tlie  value  of  ^  fLUiiid  l>y  dividing  this  8iim  by  the 
number  of  obaervationa  will  be  tlie  metiu  of  all  these  meatsures. 
The  tini45  of  each  observation  having  been  noted,  this  value  of  ;• 
will  be  the  value  of  the  observed  angle  at  tla*  mean  of  theee 
timcis,  provided  the  angular  distanee  h  changiag  umjormly. 


101),  We  have  thus  far  supposed  the  telescope  to  be  directed 
alternately  towards  each  object ;  but  {n^  in  the  measurement  of 
a  lunar  distunce^  for  example)  it  is  expedient  to  look  directly  at 
the  fainter  object  and  reflect  the  brighter  one.  ThLs  can  be  done 
by  reversing  the  face  of  the  inBtrunicnt  after  each  contact:  for 
the  relative  i>osition  of  tlie  mirrors  will  thus  he  inverted  without 
requiring  the  line  of  sight  to  be  sliifted  from  one  object  to  the 
other. 

It  is  convenient  in  prautiee  to  distinguish  tlie  two  kinds  of 
observation  by  the  relative  positions  of  the  mirrors.  For  thi^ 
purpose,  let  a  plane  be  conceived  to  be  passed  tlirongli  the  axis 
of  the  telescope  at  rigbt  angles  to  the  plane  of  the  circle ;  the 
instrument  is  tbus  divided  into  tw^o  portions,  of  which  that  which 
is  on  the  same  side  of  the  perpendicular  plane  as  the  central 
mirror  will  be  called  the  rights  and  that  wliieh  m  on  the  opposite 
side,  the  hfi;  these  designations,  liowever,  having  no  reference 
to  the  right  and  left  of  the  observer  when  the  instrument  is  held 
in  various  positions. 

An  obstrvHtkiti  (o  (he  right  is  one  in  which  the  object  reflected 
from  the  central  mirror  is  on  the  right  of  the  instrument. 

An  olfstrrftftoti  (o  (he  hf(  is  one  in  which  the  objA-t  reflected 
from  the  eeiitral  mirror  is  on  the  left  of  the  instrument. 

A  cross  observation  is  one  consisting  of  two  observations,  one  to 
the  right  and  one  to  the  left. 

The  4»bservation  to  the  right  is  precisely  like  that  with  the 
sextant.  "We  may,  in  fact,  use  the  instrument  as  a  sextant. 
Clainji  the  horizon  index  at  any  point  of  the  arc ;  bring  the  direct 
a!id  reflected  images  uf  tlic  same  oliject  into  coincidence  by 
moving  the  central  index,  and  read  off  tliis  index.  Call  this 
reading  li;  then,  making  any  observatitm  to  the  right,  let  the 
reading  be  i?';  the  angle  meastired  is  R'  —  i?,  and  —7?  may  be 
regiudc<l  as  tlie  index  correction^  as  in  the  sextant. 


110.  In  observing  altitudes  with  the  repeating  circle,  the  tele- 
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scope  is  directed  to  the  image  in  the  artificial  horizon.  The 
central  index  is,  for  convenience,  set  upon  zero,  and  we  com- 
mence with  an  observation  to  the  left,  as  in  Fig.  28,  holding  the 
instrument  in  the  left  hand.  The  next  obser\'ation  is  to  the 
right,  as  in  Fig.  29,  and  the  instrument  is  held  in  the  right  hand. 

111.  In  order  to  facilitate  the  repetition  of  the  obsen-ations, 
the  horizon  glass  and  telescope  carry  with  them  an  inner  circular 
arc,  which  is  called  the  finder.  This  finder  moves  under  the 
central  index  arm  alteniately  backwards  and  forwards  in  the  suc- 
cessive obser\'ation8 ;  and,  consequently,  when  the  two  places  of 
the  index  arm  have  been  once  noted  on  the  finder,  it  can  be 
brought  appn)xiniately  to  these  places  for  the  succeeding  obser- 
vation.**, whereby  the  images  will  be  already  approximately  in 
contact.  Two  sliding  stops  are  usually  placed  on  the  finder,  and, 
when  onee  set,  ser\'e  to  indicate  the  two  positions  of  the  central 
index.  The  finder  is  also  roughly  graduated  for  the  same  pur- 
jK)se. 

112.  Tlie  adjustment  and  verification  of  the  glasses  and  tele- 
scope are  in  everj'  respect  the  same  as  for  the  sextant.  The 
theory  of  the  errors  is  also  similar,  only  we  have  a  compensa- 
tion of  some  of  them  which  is  worthy  of  notice  and  will  be 
considered  below. 

Dark  glasses  or  shades  are  placed,  as  in  the  sextant,  behind 
the  horizon  glass  and  between  the  horizon  glass  and  central 
mirror,  for  observations  of  the  sun.  In  cross  observations,  the 
errors  of  these  glasses  are  eliminated,  since  their  jiositions  with 
respect  to  the  incident  rays  are  reversed  at  each  alternate  contact. 
In  obser\'ations  to  the  left,  however.  Fig.  28,  it  is  evident  that 
when  the  angular  distance  between  the  objects  A  and  B  is  small, 
colored  glasses  midway  between  M  and  m  would  intercept  a 
jiortion  of  the  direct  rays  from  A  on  their  waiy  to  M.  In  this 
case,  therefore,  it  beccmies  necessarj'  to  substitute  for  them  a 
large  shade  immediately  in  front  of  the  central  mirror.  The 
same  shade  ser\'es  for  the  observation  to  the  right ;  but,  as  the 
angle  of  incidence  of  rays  falling  upon  it  is  no  longer  the  same 
as  in  the  obser\'ati()n  to  the  left,  the  error  of  the  shade  is 
not  wholly  eliminated.  However,  as  the  angle  of  incidence  is 
small  in  both  positions,  the  errors  i)roduced  by  a  ])rismatic  form 
of  the  shade  will  be  small,  and  the  partial  compensation  of  these 
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errors  vvhicli  occurs  will  leave  a  residual  error  mostly  inappre- 
ciable. 

113,  To  determine  (he  error  produced  by  a  prismatic  form  of  the 
cmiral  mirror  m  a  cross  observation  with  tfm  circle. — ^Let  us  consider 
the  two  contact*^  separately, 

let,  The  observation  to  the  right  is  the  same  as  with  the  sextant, 
and  hence  we  have^  for  this  observation,  by  (66), 

r  —  /  =  2  Jf  [v'l  +  ^'9ijc'(ir  +  ^)  —  V'l  +  ^*8ec\j]       (76) 

in  which  3/,  y,  ^9,  y,  and  f  have  the  «anie  ftignifiention  aB  in  Art.  9T- 
2d.  Ill  the  observation  to  the  lej\  the  central  mirror  18  reversed 
Pj^  ^  with  respect  to  the  incident  ray,  and 

therefore    the   sign    of    M  niUi^t    be 
changed.     But  the  angle  of  iueidence 

^  P  is  ^^^^  changed.  Let  J/ and  m,  Fig, 

30,  be  the  jiogitions  of  the  mirrors, 
AM  fi  my  from  the  left-hand  ol>ji?et  A 
reflected  from  the  central  mirror  to  wi, 
and  theiKc  to  E  in  coincidence  with 
the  direct  ray  from  the  olijeet  B.  Produciug  the  faces  of 
tlie  mirrort^j  we  readily  find,  from  the  triangle  MCm^ 

This  value  is  to  be  used  in  the  equation  (64).  The  error  in  tlie 
measured  angle  will  be  the  difference  of  tlie  values  of  (64)  for 
f  ="  \T  ~^  ?  and  ^  =  —  ^;  and  wc  nhall  therefore  obtain  for  it 
a  formula  ditiVring  from  (75)  only  in  having  —  /}  instead  of  4-  fi 
and  —  31  instead  of  +  M.  Hence  the  error  in  an  observation 
to  the  left  is 

r—f=  —  2M  [va+r/secMlr  —  it)  —  i/r+YsecV]    (76) 

3d.  For  the  error  in  the  cross  observation  we  have,  by  taking  the 
mean  of  (75)  and  (76), 

^^^^M  [|/1  +  ^'sec'dr  +  «  -  VI  +  i^'secHir ~^)]  (7T) 

If  we  suppose,  bb  in  Art.  97,  f^  1.4025,  M=  W\  r  =  120°- 
fi  =  10°,  we  find,  by  these  fomiuhe,  that  the  error  of  an  obsenra- 
tion  to  tlie  left  is  41",  that  of  an  obncnatinn  to  the  riglit  is  11", 
and  that  of  a  cross  obsenation  is  15'^  The  error  of  the  central 
miriiir,  though  not  wholly  eliminated,  is  reduced  to  about  one- 
third  that  of  a  sextant  observation* 
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BoRDA,*  to  whom  we  owe  the  most  important  improvements  in 
the  reflecting  circle,  gave  the  numerical  values  of  the  formulse 
(7o),  (76),  and  (77),  in  a  small  table  with  the  argument  y^  for  a 
circle  in  which  ^9  =  10°.  Table  XXXTV^  of  Bowditcu's  Navi- 
gator  is  derived  from  similar  formuhe. 

The  error  produced  by  the  central  mirror  for  a  given  angle 
may  be  found  ])y  Art.  97,  and  then  by  means  of  Borda's  table 
we  may  infer  the  correction  for  any  other  angle,  by  simple  pro- 
portion. 

114.  The  errors  of  reading,  of  imperfect  graduation,  and  of 
eccentricity  are  all  nearly  eliminated  by  taking  a  sufficient  num- 
ber of  cross  obrtcn'ations.  For  these  errors  aftect  only  the  first 
and  last  readings,  and  are  divided  by  the  number  of  observations. 
If  the  sum  of  all  the  measures  is  very  nearly  720°  or  1440°,  &c., 
so  that  the  central  index  has  made  one  or  more  complete  revo- 
lutions, the  eccentricity  is  wholly  eliminated. 

The  error  reaulting  from  an  inclination  of  the  sight  line  of  the 
telescoi)e  is  not  reduced  by  repetition,  since  it  makes  every 
measure  too  great.     (Art.  99.) 

In  theorj',  therefore,  the  repeating  circle  is  very  nearly  a  per-^ 
feet  instrument,  capable  of  eliminating  its  own  errors.  As,  how- 
ever, we  cannot  pretend  to  measure  ^^tchat  wc  cannot  .vv<',"  the 
refinement  of  the  circle  may  really  be  thrown  away,  so  h»ng  as 
the  o])tical  power  of  its  telescope  is  so  feeble.  In  fact,  the  results 
obtained  with  the  circle  do  not  appear  to  have  surpassed  those 
obtained  with  the  sextant  so  much  as  was  expected  from  its  theo- 
retical perfection.  This  may,  however,  be  due,  in  a  degree,  to 
the  mechanical  imperfections  arising  from  the  centring  of  two 
axes  one  within  another.f 


♦  l)f»rnptvm  et  wage  du  Cerrh  de  R/flezion,  par  Ph.  De  IkiBDA,  4"^  ed.  Paria,  1H16. 

t  It  seems  that  the  instniment  makers  have  supposed  that  it  was  necessarj  that 
both  the  horizon  and  the  central  indices  should  be  perfectly  centred.  In  Gam  bey's 
circles  the  axis  of  the  central  index  turns  within  that  of  the  horiton  index,  and  any 
thakf  of  the  latter  is  communicated  to  the  former.  But,  if  we  use  the  inMtruinent  as 
prescrihe^l  in  the  text,  reading  off  only  the  central  index,  it  is  quite  unimpurtant 
whether  the  horiton  index  is  correctly  centred  or  not.  It  is  only  nece^iMiry  that  it 
should  reruWe  in  a  plane  parallel  to  the  plane  of  the  instrument,  and  shuuM  remain 
firmly  clamped  throughout  each  cross  observation  :  and  this  will  be  secured  by  (riTing 
it  a  broad  bearing  about  the  centre.  The  axis  of  the  central  index  ought  then  to 
p«»t  directly  into  the  solid  frame  of  the  instrument,  and  the  horiion  index  should 
turn  ui»<>n  a  fixed  collar,  which  would  entirely  t<eparatc  it  from  the  former.      From 
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Fig.  31, 
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115.  Tlie  circle,  as  abovo  described,  is  capable  of  meaduring 
no  angles  greater  than  about  140°.  In  tins  respect,  tlierefore, 
it  doe8  not  excel  the  sextant,  A  very  simple  adilition  proposed 
by  M.  Daussy  obriates  this  difHoulty.  On  the  horizon  index 
arm  EU^  Fig.  31,  be   phices   a  second  small  mirror  n^  which 

is  of  only  one-half  the 
height  of  the  silvered 
part  of  the  horizon  glass 
w.  The  angle  at  which 
it  stands  is  more  or  less 
arbitrary,  but  it  is  con- 
venient to  have  it  make 
an  angle  of  about  45*^ 
with  tlie  rn i rror  m.  Let 
^1 1)0  any  dit*ta!it  object, 
and  let  the  instrument 
be  held  so  that  a  ray  Jn, 
falling  upon  w,  shall  be 
reflected  in  the  line  nm 
to  m  and  thence  to  the  eye  at  E,  Now  move  the  central  index 
until  the  ray  A€\  from  tlte  tiamo  object,  is  reflected  fi'om  the 
central  mirror  J/3' in  the  line  Cm^  passing  over  the  small  mirror 
n  to  the  horizon  glass,  and  tbenee  to  the  eye  in  coincidence  with 
the  fir?«t  ray.  (This  observation  is  like  the  ordinary  one  of  deter- 
mining the  zero  point  of  a  sextant  or  eirek\  only  the  line  of  sight 
IB  directed  to  a  \m'n\i  about  90^  from  the  oliject.)  The  mirror 
MN  and  the  small  mirror  n  are  now  parallel.  Let  U  be  the 
reading  of  the  central  index.  Now  let  B  he  a  second  object 
which  nniy  be  even  more  than  180°  from  ^1  reckoned  in  the 
direction  IIRR\  Move  the  central  itidcx  until  this  object  is 
reflected  from  the  central  mirror  J/'.V'  to  m,  and  thus  into  coin* 
cidence  with  the  image  of  A  reflected  from  r.     Let  li^  be  the 

the  fftct  thftt  8ueb  a  con»tructto!i  hint  nM  been  hfretofore  adopfed,  I  infer  Uiat  Mm 
part  of  the  theory  of  (lie  iii!*i rumen i  hnn  not  been  well  eonBidered. 

If  lliis  change  If  made,  and  the  initriimeiK  i^  ti^ed  on  bnd  ufwin  a  stand,  \  cnnooi 
aee  an,v  reason  why  we  should  not  realize  nil  the  theoretical  udYantngei  of  nic  In* 
atniment.  e^'pecially  if  we  con»ideriih1y  increiiHe  the  opiicnl  power  of  the  tcloMoope, 

The  opinion  of  Sir  John  HKBsniiir.  {(futNnfn  of  A*tron&my,  Art,  188)  thai  **lho 
ahntract  bertiity  and  ndrnntrif^e  of  thin  principle"  (of  rvpethion)  *'feem  to  bo  eounlc^ 
balanc<'d  in  practice  by  scmic  unhnotpn  rtime,  trfuch  ftnihtthftf  muMt  ft*  imujfAf /or  m 
tmper/trt  clamping,**  is  hardly  gafltained  by  practical  experience  with  tnalrumeotl 
baring  a  tiingte  central  axis. 
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reading.  Tlie  angular  motion  of  the  mirror  3/iV being  always 
equal  to  one-half  the  anguhir  distance  of  the  objects,  iif'  —  if  is 
the  required  angle.  M.  Datssy  calls  this  contrivance  a  dcpressio- 
metrc^  or  dlp-ymasurer^  from  its  application  to  the  measurement 
of  the  dip  of  the  sea  horizon,  by  measuring  the  angular  distance 
between  two  diametrically  opi)Ositc  points  of  the  horizon,  this 
angular  distance  being  180°  jylas  or  minus  twice  the  dip  accord- 
ing art  we  measure  through  the  zenith  or  through  the  nadir.  It 
finals,  however,  another  important  application  in  obsen-ations 
with  the  artificial  horizon  when  the  altitude  exceeds  G5°  or  70°, 
and  the  double  altitude  is  consequently  too  great  to  be  measured 
in  the  usual  manner.  The  additional  mirror  is  usually  furnished 
with  the  Gambey  circles,  and  is  readily  applied  to  any  instru- 
ment. Since  the  angle  at  which  it  stands  is  not  required  to  bo 
found,  the  only  adjustment  necessary  is  to  make  it  perjuMidicular 
to  the  plane  of  the  instrument,  which  is  done  by  the  aid  of  the 
same  test  as  that  which  is  used  in  adjusting  the  horizon  glass; 
we  have  only  to  observe  that  the  two  images  of  the  same  object 
A  (which  for  this  purpose  may  l)e  a  bright  star)  reflected  from 
J/.Vand  n  can  be  brought  into  coincidence  in  the  middle  of  the 
field  of  the  telescope;  the  mirrow  3/i\"  and  7n  having  of  course 
been  previously  adjusted.* 

THE   PRISMATIC   REFLECTING   CIRCLE   AND   SEXTANT. 

116.  The  prismatic  reflecting  circle,  constructed  by  Pistor  and 
Martins  of  Berlin,  difters  from  the  simple  reflecting  circle 
(Art.  100)  by  the  substitution  of  a  glass  prism  for  the  horizon 
glass,  and  by  the  position  of  this  prism  with  respect  to  the  cen- 
tral mirn^r. 

AIi(\  Fig.  32,  represents  the  circle;  M  the  central  mirror 
upon  the  index  arm  ac^  which  carries  a  vernier  at  each  end  a 
and'*;  m  the  prism,  which  is  nearer  the  telescope  T' than  the 
centnd  miiTor,  and  is  jiermanently  attached  to  the  frame  of  the 
instrument.  The  jirism  has  two  of  its  faces  nearly  perpendicular 
to  each  other,  and  the  third  face  acts  its  the  reflector.  A  my 
from  the  central  mirror  entering  one  of  the  i)erpendicular  faces 
is  totally  reflected  at  the  inner  face  and  passes  out  through  the 


♦  Special  inMrumoDtn  for  measuring  fhc  dip  of  the  *»ca  horixon  hare  been  cnntriTed. 
Fur  an  account  of  Teocodtun's  Dip-Sector^  see  Simms's  Trtatite  on  Mathematical 
JnHrumentt. 
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other  perpeiKlicular  face  in  the  direction  of  the  sight  line  of  the 
telescope*  The  height  of  the  prism  is  only  one-luilf  the  diameter 
of  the  olijeet  lens  of  the  telescope,  and  therefore  direct  raja 
from  any  object  p^ssiug  over  the  prism  enter  the  telescope  aud 
are  brought  to  the  same  focus  as  the  reflected  rays.  Wlien  tlie 
central  mirror  is  pamllel  to  the  longer  Bide  of  tlie  prism,  m  in 
Fig.  32,  two  images  of  the  sanie  uhjeet  are  in  coincidence,  and 
the  index  oorreetion  is  determined  at^  in  the  sextant,  except  that 
every  reading  is  here  the  mean  of  tlie  readings  of  the  two 
verniers. 
Now  revolving  the  index  into  tlio  position,  Fig,  33,  au  object 


Fig.  32. 


Fig.  3S, 


'^"  /  ^       '4- 


to  the  right  will  he  reflected  into  coincidence  with  the  direct 
object,  and  the  angnlar  diKtance  of  the  two  objects  U  given  hy 
the  reading  corrected  for  the  index  error.  When  the  central 
mirror  becomes  nearly  per[*endicnlar  to  the  line  Mm,  the  prism 
intercepts  the  rays  from  the  right  hand  object  Thic*  t>ceura 
when  the  angular  distance  of  the  two  objects  is  about  130**. 
Beyond  this  point  the  head  of  the  observer  also  intercepts  the 
rays,  until  we  come  to  the  position  of  Fig.  34. 

In  this  j>osition  two  objects  180°  apart  can  be  brought  into 
optical  coincidence.  But,  although  the  prism  does  nut  iiitcrfera 
with  the  rays  from  the  second  object^  tire  head  of  the  observer 
may;  and  this  is  obviated  b}'  placing  a  small  prism  D  at  the  eye 
etnl  of  the  telescope,  to  retlect  the  two  images  which  are  iii 
eoiucidcnecj  to  the  eye  in  the  direction  DE, 
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Continuing  the  motion  of  the  index,  we  see,  by  Fig.  35,  that 
angles  greater  than  180*^  can  now  be  obtained  until  the  index 
anu  comes  against  the  prism,  which  occurs  when  the  angle  is 
about  280°.  The  angles  thus  measured  may  be  reckoned  either 
VLA  between  280°  and  180°  or  between  80°  and  180°.  Of  these, 
the  angles  falling  between  80°  and  130°  may  be  observed  in  two 
reversed  positions  of  the  instrument,  constituting  a  cross  obser- 
vation, as  with  the  repeating  circle,  whereby  the  index  c^oitcc- 
tion  becomes  unnecessary,  and  the  errors  arising  from  a  prismatic 
form  of  the  central  mirror  are  partially  eliminated. 


Fif.34. 


Fig.  35. 


'N^lien  the  index  is  on  zero.  Fig.  32,  the  rays  incident  ui>on 
the  c'entral  mirror  make  an  angle  with  it  of  20°,  and  in  this  jiosi- 
tioii  we  obtain  the  feeblest  reflected  images.  When  the  index 
is  at  130°,  the  incident  rays  make  an  angle  with  the  mirror  of 
85°,  and  we  obtain  the  brightest  reflected  images.  In  the  com- 
mon sextant  the  reverse  takes  plaee ;  the  feeblest  inuiges  occur 
for  the  angle  130°  when  the  incident  niys  make  an  angle  of  only 
10°  with  the  central  mirror;  and  the  brightest  images  when  the 
index  is  on  zero  and  the  rays  make  an  angle  of  75°  with  the 
mirror.  The  angles  of  incidence  in  the  prismatic  instruments 
are,  therefore,  more  favorable  for  the  production  of  distinct 
images  than  in  the  common  sextant,  since  even  the  smallest 
angle  which  the  incident  rays  make  with  the  mirror  in  the 
former  is  double  the  corresponding  angle  in  the  latter. 

You  II.— 9 
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The  adjustments  of  the  prism  and  central  mirror  are  Bimilar  to 
those  of  the  horizon  and  index  glasses  of  the  sextant 

The  theorj^  of  the  errors  is  also  similar  to  that  above  given 
for  the  sextant  and  circle. 


117.  The  advantages  of  these  instrnments  over  the  common 
sextants  are :  Ist*  Angles  of  all  magnitudes  can  be  measured ; 
2d,  the  eccentricity  is  completely  eliminated  by  always  employ- 
ing tlie  mean  of  the  readings  of  the  two  verniei*s;  3d,  the  re- 
flected images  are  brighter  thun  in  other  reflecting  instruments, 
both  because  the  angles  of  incidence  upon  the  central  miiTor  are 
more  favorable,  and  because  the  inner  face  of  a  glanfl  jirism  is  a 
much  better  reflector  than  a  silvered  glass;  4th,  the  errors 
arising  from  a  prismatic  form  of  the  central  mirror  are  much 
less  than  in  the  sextant.  The  instruments,  as  made  by  PrsToa 
and  Martins  combine  also  other  improvements  winch  might  be 
introduced  into  the  common  sextant.  Thus,  the  shade  glaasee 
admit  of  reversal,  by  whicli  their  errors  are  wholly  eliminated; 
a  revolving  disc,  containing  small  colored  glasses  or  shades,  is 
adapted  to  the  eye  piece  of  the  telescope,  for  use  in  taking  alti- 
tudes of  the  Bun  witli  the  artifleial  horizon ;  all  lost  motion  is 
avoided  in  the  tangent  gercw,  l)y  causing  it  to  act  against  a 
spring;  the  arc  is  read  oft'  at  night  by  the  aid  of  a  lantern  which 
is  placed  over  the  centre  of  the  instrument  and  the  light  of  which 
is  concentrated  upon  the  arc  by  a  lens. 

The  prisnmtic  sextant  diflcrs  from  the  circle  only  m  dispensing 
with  the  second  vernier  (the  vernier  a  in  the  above  figures),  and 
that  portion  of  the  arc  upon  which  it  reads.  The  same  angles 
can  be  measured  with  this  instrument  as  with  the  circle,  but 
wthout  the  advantage  of  eliminating  the  eccentricity. 

For  an  extensive  series  of  observations,  illustniting  the  capa- 
bilities of  the  sextant  in  the  hands  of  a  good  obseiTcr,  and  espo- 
cially  demonstrating  the  excellence  of  the  prismatic  sextants,  see 
an  ui-ticle  of  Scuumacuer,  in  the  Aiitvm  iVocA.,  Vol.  XXIIL  p, 
82L 
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CHAPTER  V. 

THE   TRANSIT   INSTRUMENT. 

lift.  The  trnnsit  instrument  is  an  in8tnimcnt  for  detormininff 
the  instant  of  a  star's  passage  througli  any  given  vertical  i»lane ; 
or  (which  is  tlie  same  tiling)  the  time  of  a  star's  transit  over  any 
givfn  verti<*al  <*ircle.  For  this  purjjose,  it  is  necessary  that  the 
motion  of  the  telcsco]»c  be  confined  to  the  vertical  plane  :  and  this 
is  effet'ted  hy  attaching  the  tnhe  to  a  horizontal  axis  and  peq)en- 
diciilar  to  it,  so  that  hy  revolving  the  instrument  ujjon  this  axis 
the  princi]>al  sight-line  of  the  telcscoi^e  describes  a  plane  ]>assing 
tlin»ugh  the  zenith.  The  common  theodolite  may  therefore  he 
nse<l  as  a  transit  instrument  when  its  telescojje  admits  of  a  com- 
plete revolution  upon  its  horizontal  axis. 

The  time  of  transit  over  the  assumed  vertical  circle  is  dedu<-ed 
from  tlie  time  when  a  star  passes  a  given  thread  place<l  in  the 
fiK'MA  of  the  olycctive. 

The  instrument  mav  be  mounted  in  anv  vortical  plane,  but  is 
cliiefly  ustMl  either  in  the  meri<lian  or  in  the  i>rime  vertical :  in 
tlie  first  ]>osition,  for  finding  either  the  true  local  time  or  the 
right  ascensions  of  stars ;  in  the  second,  for  finding  either  the 
latitude  of  the  ]»lace  of  observation  or  the  declinations  of  stars. 
When  spoken  of  simply  as  *' the  transit  instrument,'*  however, 
it  is  usually  underst<MMl  to  be  in  the  meridian. 

It  admits  of  some  variety  of  form.  In  the  old  and  still  most 
common  form,  the  teleseoj)e  and  horizontal  axis  bise<-t  each 
other,*  and  the  two  ends  (»f  the  axis  are  sujiported  on  pillai*s 
lietween  whieh  the  telescope  revolves. 

A  se«-ond  form  is  that  in  which,  starting  from  the  first  fdjnn, 
oiH-half  tin*  telescope  tube  is  dispensed  with,  that  half  which 
eoiit;iins  the  objtMt  glass  iM'ing  retainecl,  while  the  horiz(»ntal  axis 
i-  made  to  ]>erform  the  part  of  the  other  half.     At  the  intci-scc- 

♦  In  HiLi.i:Y«  triin<iil  inMrunicnt  ixtill  jir<'«rrviM|  a*  a  n-lir  in  tlio  Greenwich  Ob- 
eerTatijr\  ■  tin*  pivot «  of  the  ax  id  nrc  At  un«'i(ual  «liMtnnct's  lV*»iii  the  telescope. 
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tit>u  of  the  tube  with  the  axis  ie  a  glass  prism  which  hends  the 
ruys  from  the  object  glasM  at  right  iingles,  atul  tnuitsmits  tliem 
tlirough  the  hollow  axitj  to  the  eye  |nt?ce  which  is  placed  at  the 
end  of  this  axis.  The  chief  advantage  of  this  construction  U 
that  tlie  observer  does  not  have  to  change  his  position  to  observe 
all  tlie  stui*s  which  cross  tlie  plane  of  the  telescope.  It  luu*  aUo 
the  advantage,  for  a  portable  instrument^  of  diminished  weight 
and  a  more  compact  form. 

In  a  third  form,  propoged  by  Steixiieil*  of  Miinehen,  the 
telescope  tube  is  disjienscd  with  entirely,  ov  rather  the  horizontal 
axis  ie  converted  into  a  telescope,  by  starting  from  the  second 
form  just  described  and  shortening  the  tube  until  the  object 
glass  is  brought  next  to  tlie  prism,  so  that  the  rays  are  bent 
hnmediately  after  entering  the  instrument.  This  is  therefore, 
practieally,  an  instrument  of  the  second  form  witli  tlie  telescope 
tube  reduced  to  itB  minimum  length  ;  but,  to  gain  sutiicient  foo^ 
length,  the  olyeet  glass  and  iirism  (wliich  are  connected  togetlier) 
are  placed  near  one  end  of  the  axis.  This  form  evidently  offers 
tlie  greatest  advantages  for  a  portable  iustniment ;  its  want  of 
syniinetry,  and  the  loss  of  light  incurred  by  the  introduction  of 
the  prism,  seem  to  prevent  its  adoption  for  the  larger  instruments 
intended  feu*  tlie  more  refined  imrposes  of  the  obsen^atory. 

The  ]>rinciples  goveraiug  the  use  of  such  instruments  bein^ 
essentially  the  same  as  those  which  applj  to  the  transit  instru- 
nient  of  the  common  form,  I  shall  here  treat  exclusively  of  the 
latter. 

119.  Plate  IV.  repiH?sent8  tlie  meridian  transit  instniment  of 
the  Washington  Observatory,  made  by  Ektel  axd  8on\s,  Miinichp 
It  has  a  focal  length  of  85  inches,  with  a  clear  aperture  of  5.8 
inches.  The  dimensions  of  all  the  part^  may  be  found  from  the 
drawing.  The  portions  of  the  telescope  tube  TT^  which  are 
made  conical  to  prevent  flexure,  arc  screwed  to  the  hollow  cube 
3L  The  conical  portions  of  the  horizontal  or  roMiun  axis  iViV 
are  also  screwed  to  this  cube ;  this  axis  is  hollow,  and  tenninates 
in  two  steel  cylindrical  pivots  which  rest  iuVs  at  VV.  It  is 
highly  impoiiant  that  these  pivots  be  perfect  cyliudcrs  and  of 
precisely  equal  diameters. 

If  the  whole  weight  of  an  instrument  of  this  size  were  per- 


•  A9trom.  SatK,  Vol.  XX[X.  p.  17 
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mitted  to  rest  upon  the  Vs,  the  friction  would  soon  destix^y  the 
pertVct  fomi  of  the  pivots,  and  hence  a  2>ortion  of  this  weight  is 
counterpoised  by  the  weiglibi  WWj  which,  by  means  of  levew, 
ai-t  at  JCJLj  where  there  ai^e  friction  rollers  upon  which  the  axis 
turns.  By  this  arrangement,  only  80  much  of  the  weight  of  the 
instrument  is  allowed  to  rest  upon  the  Vs  as  is  necessary  to 
injure  a  perfect  contact  of  the  pivots  with  the  Vs.  This  not  only 
tiavod  the  jiivots,  but  gives  the  greatest  possible  freedom  of 
motion  to  tlie  telescope,  the  lightest  touch  of  the  finger  being 
now  Hufficient  to  rotate  the  instrument  upon  the  axis. 

The  c(>unteriM)isert  nuiy  be  made  to  perform  another  important 
8er>'ice  in  diminishing  the  Jlexure  of  the  horizontal  axis,  which  they 
will  cviilcntly  do  if  they  are  applied  nearer  to  the  cube  than  in  tliis 
mstrnment.  With  cones,  such  as  jViV,  of  very  broad  base,  the 
amount  of  flexure  must  be  extremely  small ;  still,  with  counter- 
poises i)roi)erly  i>laced,  the  necessity  of  making  the  cones  so 
large  and  heavy  would  be  obviated.  (See  the  arrangement  of 
the  cotmter]>oises  in  the  meridian  circle,  IMate  VII.) 

In  the  ])rinci{>al  focus  of  the  objective,  at  ?/<,  is  the  retirule,  con- 
rioting  of  seven  parallel  transit  threads ;  these  are  parallel  to  the 
vertical  plane  of  the  telescope  and  i>erpendicular  to  its  optical 
axis  (Art.  ;>).  These  threads  and  the  images  of  stars  in  their 
plane  are  observed  with  the  eye  piece  E.  Kye  pieces,  or  ocuhu's, 
of  various  magnifying  iK)wers  are  usually  supplied,  to  be  used 
according  to  the  natnre  of  the  object  obser\ed  and  the  state  of 
the  atmos)>hcre,  the  highest  powei's  being  available  only  in  the 
most  favorable  circumstances.  One  of  these  eye  j»ieces  (and 
usually  one  of  the  lowest  powers)  is  fitted  Vith  a  mirror  to  throw 
light  down  the  tube  in  observations  for  collimaticm,  iis  will  be 
fully  explained  hereafter.  This  constitutes  what  is  called  the 
C(»llhnntutij  rt/t'  purf ;  but  the  plan  of  ])lacing  a  small  piece  of  mica 
unL^itk  tlie  eye  piece  (Art.  47)  converts  any  one  of  the  eye  pie<es 
into  a  c'ollinniting  eye  jnece. 

There  is  also  a  mi<»rometer  thread  which  moves  so  nearly  in 
the  plane  i)f  the  transit  threads  as  to  be  sensibly  in  the  same 
foriis.  This  thread  may  be  either  i»arallel  or  at  right  angles  to 
the  transit  threads  aeeording  to  the  application  of  it  intende<l ; 
but  in  the  simple  transit  instrument  its  use  will  be  chiefly  to 
di'termine  the  i-ollimatiou  with  the  mercury  collimator,  ami  then 
it  will  be  most  <'onvenient  to  make  it  parallel  to  the  tnni^it 
thread:*.    For  this  purpose,  it  will  be  still  better  to  substitute  for 
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the  single  movable  thread  a  cro^s-ihrcad  or  two  very  close  paralk'l 
thread/^. 

The  transit  threads  are  rendered  visible  at  night  by  light 
thrown  into  the  interior  of  the  telescope  through  the  hollow 
rotation  axis  from  a  lamp  on  either  side.  The  light  is  reflected 
down  the  telescope  tube  by  a  Kmail  giilvur  mirror  in  the  cube  3f, 
or  by  an  open  metallic  ring,  which  does  not  interfere  with  raya 
from  the  object  glass.  The  amount  of  light  can  easily  be  regu- 
hited  by  a  contrivance  which  it  Ls  not  necet^sary  to  de!?ieribe.  The 
4  oli*r  uf  the  light  may  be  varied  by  i»aasing  it  through  glass  of 
the  desired  shaile. 

The  light  thy*?  thrown  down  the  tube  illuminates  the  fidd,  and 
tJie  transit  threads  appear  as  black  lines  upon  a  bright  gnnind. 
For  very  faint  stars  it  may  bo  necessary  to  reduce  this  field 
illumination  ti>  i^nch  an  extent  that  tlie  threads  cease  to  he  dis- 
tinctly visible,  and  then  the  dircH  ilbiininatiou  of  tl^e  threads  is 
to  be  resorted  to.  This  direct  ilhunimition  of  the  threads  is 
effected,  in  the  instrument  here  represented,  by  two  small  himps 
(oiiiitted  iu  the  drawing)  suspended  upon  the  telescope  near 
the  eye  piece,  which  tluTJW  their  ligiit  oliliquely  upon  the  threads 
without  illuminating  tlie  field.  Tbe  lamps  are  so  susitcnded  that 
their  flameiS  oeenpy  the  same  position  rebtively  to  the  threads 
for  all  positions  of  the  telescope.  The  tlireads  are  thus  made  to 
appear  as  bright  lines  on  a  tlark  gronniL  Two  lamps,  one  on 
each  side,  are  used  in  order  to  produce  symmetrical  illumination 
of  the  threads,  Tbe  threads  may  also  be  ilhuuiuated  by  light 
admitted  througli  the  axis,  but  so  brought  down  the  tube  (by  tho 
aid  <tf  a  small  lens)  as  not  to  illumiuate  the  iield;  this  light  being 
finally  received  by  small  reflectoi^  near  the  eye  piece,  and  by 
theiu  thrown  upoa  the  threads  in  such  a  manner  as  to  produce 
the  required  symmetrical  illumination. 

At  i^aml  i^are  twu  small /i//i///^^  rirelts,  also  cnlledjindmff  la'fb^ 
or  simplyj¥/H/-fr.s  wdiich  serve  in  setting  the  telescope  at  an^  given 
elevation  or  zenith  distance.  They  will  be  more  fully  exphiined 
in  coimection  with  the  portable  transit  instrument  in  the  next 
article. 

The  liandlcs,  A  and  B,  which  are  within  reach  of  the  obsert'cr's 
baud,  act  npi^ui  a  clam|>  and  fine  motion  screw  by  which  the  tele- 
scojie  is  fixed  and  aecurately  net  at  any  zenith  distance* 

The  incUnation  of  tlie  rotation  axis  to  the  horizon  is  measured 
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With  the  striding  level  L  (Art.  51),  which  is  applied  to  the  pivots 
VV.     The  feet  of  the  level  have  also  the  form  of  Vs. 

The  piers  are  so  nearly  adjusted  in  the  first  place  that  the  Vs 
are  nearly  in  a  true  east  and  west  line,  but  a  small  final  correc- 
tion is  t<till  |>03sible  hy  means  of  screws  which  act  horizontally 
upon  one  of  the  Vs.  In  the  same  manner,  the  inclination  of  the 
axis  \o  the  horizon  is  made  as  snuill  as  we  please  hy  screws 
acting  vertically  upon  the  other  V.  These  screws  are  not  shown 
in  the  dmwing. 

In  *»nler  to  eliminate  errors  of  the  instrument,  it  is  necessary 
to  reverse  the  rotation  axis  from  time  to  time,  that  is,  to  make 
the  east  and  west  ends  of  the  axis  change  places.  The  nitmnff 
<ipj)^in/hiJi  or  car  for  this  purpose  is  shown  at  7/.  It  runs  upon 
grooved  wheels  which  roll  upon  two  rails  laid  in  the  observatory 
floor  lietween  the  piers  PP,  and  is  thus  brought  directly  beneath 
the  axis.  By  the  cnink  h  acting  u}K)n  the  beveled  wheels  c  and 
/,  two  forked  arms  aa  are  lifted  and  brought  into  contact  with 
the  axis  at  ^V.V;  then,  continuing  the  motion,  the  telescope  is 
YiiWil  just  sufficiently  to  clear  the  Vs,  and  the  friction  rollers  at 
A'A';  the  car  is  then  rolled  out  fnmi  between  the  piers,  bearing 
the  telescope  up<m  its  arms;  a  semi-revolution  is  given  to  the 
amis,  the  exact  semi-revolution  being  determined  by  a  st<»p  (/, 
the  ear  is  n>lle4l  back  between  the  piei*s,  and  the  telescope  lowered 
into  the  Vs.  It  is  hardly  necessary  to  observe  that  the  telescope 
\A  phu'cd  in  a  horizontal  position  during  this  oi)enition. 

An  ohstrrimf  couch  C  runs  on  the  rails  between  the  piers.  It 
is  so  arrangetl  that  the  observer  reclining  upon  it  may  give  his 
lieail  any  rc(|uired  elevation,  ami  thus  be  able  to  observe  stars  at 
high  altitudes  without  the  discomfort  which  would  destroy  the 
ac<'ura«y  of  his  obsen'ations. 

The  ]»iers  PP  arc  of  granite,  and  rest  upon  a  foundation  of 
stone  sunk  ten  feet  below  the  surface  of  the  ground.  They  are 
wholly  insulated  from  the  walls  and  floor  of  the  buibling. 

Between  the  piers,  a  granite  slab  about  a  foot  broa<l  an<l  ten 
feet  long  is  j>laced  on  a  level  with  the  floor.  This  rests  firmly 
upon  the  foun<lati(m  whi<-h  supports  the  instrument,  and,  like 
the  pilars,  is  insulated  from  the  floor.  On  this  slab  may  be 
pla««d  a  basin  of  mercury  at  various  distances  from  the  in>tru- 
nient,  t*«»r  observing  stai*s  by  reflexion. 

I  do  lint  pro^iose  to  enter  into  the  <letails  of  constructing  the 
observatnxy  itself,  as  many  of  these  details  will  vary  according  to 
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the  taste  and  nieatiB  of  the  builder;  Imt  it  is  essential  to  remark 
that  the  open  nig  iii  the  roof  and  sides  of  the  huildmg  through 
wliich  the  ohservations  arc  to  be  made  should  be  much  wider 
than  the  mere  aperture  of  the  telescope ;  for  there  are  always 
cnrreutfl  of  air  of  various  temperatures  near  the  edges  of  the 
openings,  whieli  produce  unsteadiness  iu  the  images  of  stars.  A 
width  of  two  feet  at  leaat  should  be  allowed. 

It  is  also  well  to  ohserve  that  tlie  observing  room  should  bo 
large  and  iiigh,  that  the  radiation  from  the  walls^  may  not  have 
too  mueli  eifeet  upon  the  instrument  No  artitieial  lieat  should 
be  permitted  in  it  or  near  it.  Its  temperature  at  the  time  of  an 
observation,  and  that  of  the  whole  instrument,  should  be  as 
nearly  as  possil>le  the  same  as  the  temperature  of  the  atmos[>here 
outside  the  observatory. 

The  indispensable  companion  of  the  transit  instrument  in  the 
observatory  is  the  sidereal  clock,  which  is  to  be  secured  to  a 
stone  pier,  resting  upon  a  foundation  which  is  insulated  from  the 
floor,  and  so  placed  that  its  dial  may  be  seen  by  the  observer 
from  any  iM>sition  he  may  occupy  at  the  telescope.  If,  however, 
the  transits  are  recorded  by  the  chronograph  (Arts.  71-77)  the 
clock  may  be  in  any  part  of  the  observatory,  and  a  single  clock 
may  be  used  fur  all  the  observations  with  all  the  instruments.  It 
will  only  be  necessary  that  each  instrument  should  have  its  own 
ehrouographic  register,  wliich  is  graduated  into  seconds  bj'  the 
one  standard  clock.  However,  a  clock  in  the  room  w^ith  the  in- 
striimerit  is  still  necessiiry  to  enable  the  observer  to  prejjare  for 
his  ol»scrvation8  at  the  proper  time;  but  this  may  then  be  re- 
garded as  a  sort  of  Jimier  merely,  and  it  will  be  necessary  to  regu* 
late  it  only  approximately* 

120.  Plate  Y,  represents  a  portable  transit  instrument  as  con- 
structed by  Mr,  W,  Wi  RDEMANX  (Washington,  D.  C.)-  Tlie  focal 
length  of  such  an  iustroraent  is  usually  from  24  to  36  inches. 

The  lettei's  common  to  Plate  V.  and  Plate  VI.  represent  the 
same  partes.  The  peculiar  feature  is  the  portable  frame  PI\  which 
here  takes  the  place  of  the  piers.  It  is  made  of  iron,  and  is  maule 
as  light  as  possible  without  the  sacrifice  of  strength  and  stability. 
The  screws  tt  being  removed,  the  inclined  supports  pp  fold  in 
against  the  upright  ones,  and  then  the  latter  fold  doii\ni  upon  the 
hnriztuital  frame;  and  the  whole  frame  can  be  ]»laced  in  a  box. 
This  box  is  <leep  enough  to  receive  the  telescope  also.     The 
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instrument  can  thus  be  conveniently  transported  and  set  up  in  a 
few  minutes  upon  any  teniporarj'  pillar  Q.  In  the  field  it  will 
often  be  convenient  to  mount  the  instrument  upon  the  trunk  of 
a  tree  cut  off  to  the  required  heiirht.  The  frame  is  quickly 
levelled  approximately  by  the  foot  screws  Sj  S,  S. 

A  diagonal  eye  pkcc  E  (Art.  12)  is  necessary  for  obser\'ing  stars 
at  considerable  altitudes. 

Tlie  eye  tube  of  the  telescope  is  moved  out  and  in  by  a  rack 
and  ])inic)n  r,  to  bring  the  threads  precisely  into  the  focus  of  the 
object  glass.  The  rack  and  pinion  k  carry  the  eye  piece  to  the 
right  and  left  so  as  to  bring  it  opposite  each  thread  in  succession 
as  a  Htar  crosses  it. 

The  tin<ler  -F  consists,  1st,  of  a  small  graduated  circle  which  is 
permanently  attachc<l  to  the  telescope;  2d,  of  a  spirit  level  g 
attached  to  an  arm  which  revolves  about  the  centre  of  the  circle. 
This  arm  carries  a  vernier,  and  has  a  clamp  and  fine  motion 
screw  at/.  When  the  veniier  reads  0°,  the  axis  of  the  level  is 
p;inilk*l  to  the  optical  axis  of  the  tele8COi)e;  conseijuently,  if  we 
set  the  veniier  to  this  reading,  0°,  and  then  rc»volve  the  tele- 
Si'opo  until  the  bubble  stands  in  the  middle  of  the  tube,  the 
optical  axis  will  lie  horizontal.  If  then  we  set  the  vernier  at 
any  other  given  reading  7/,  and  revolve  the  telescoijc  until  the 
bubl»li*  stands  in  the  mi<l<lle  of  the  tube,  the  inclination  of  the 
tflfsi-ope  to  the  horizon  will  be  -  Ji.  The  altitude  of  a  star 
whose  transit  is  to  be  obser\'ed  is  known  from  its  declination 
and  the  latitude  of  the  ])lace  of  observation,  and  it  is  usually 
necessary  to  prepare  for  the  obsen-ation  by  setting  the  telescope 
at  the  i»ropi»r  altitude  by  means  of  the  finder. 

A  raik  and  pinion  (not  shown  in  the  drawing) ser\'e  to  revolve 
the  eye  piece  an<l  micrometer  so  as  to  make  the  threads  vertical, 
or  nither  parallel  to  the  vertical  ]>lane  of  the  telesirope. 

The  illuminating  lamps  are  shown  in  their  position.  Their 
light  is  thrown  into  the  axis  in  nearly  j^arallel  lines  by  means  of 
a  lens  in  the  lantern  opjjosite  the  middle  point  of  the  fiauie,  the 
flame  being  nearly  in  the  focus  of  the  lens. 

120*.  A  small  altitude  and  azimuth  instrument  so  constructed 
that  it  maybe  usimI  also  as  a  transit  instrument  is  called  a  »////arifaf 
in^itniiiunt.  The  horizontal  graduated  circle  renders  such  an  in- 
stnim4*nt  very  convenient  for  observations  out  of  the  meridian. 
t!>ee  Chai»tcr  VII. 
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Fig.  30. 


121,  Mtthod  of  observation. — In  all  cases,  the  celestial  obaerva- 
tion  nuitle  with  the  transit  infttriimeut  consists  only  in  noting,  by 
a  clock  or  chronometer,  the  several  instants  wlien  a  star  or  other 
object  crosses  the  threaik*  The  method  of  doing  this  with  pre- 
cision is  as  follows.  The  iuKtrumcnt  remaining  ^tiitionary,  the 
diurnal  motion  causes  the  star  to  pass  acro.ss  the  field  of  the 
telescope.  As  it  approaches  a  thread,  the  observer  looks  at  tlie 
clock  ant]  begins  to  count  its  beats ;  and,  keeping  the  count  in 
his  head  by  the  aid  of  the  audible  beats  of  the  clock,  he  then 
turns  his  eye  to  the  telescope  and  notes  the  beat  when  the  star 
appears  on  the  thread,  Tlie  transit  over  the  thread  may,  how- 
ever, fall  between  two  beats;  and  then  the  fruetion  of  a  beat  is 
to  he  estimated.  This  estimate  is  made  rather  by  tlie  eye  than 
the  ear.  Suppose  the  clock  beats  seconds.  Let  a,  Fig.  36,  he 
the  position  of  the  star  at  the  last  beat 
before  the  star  comes  to  the  threadj  and  b 
it«  position  at  the  next  following  beat. 
The  observer  eomi>ares  the  distance  from 

a  to  tlie  thread  with  the  distance  from  a  to 

by  and  estimates  the  fraction  which  ex- 
presses the  ratio  of  the  former  to  the  latter 
in  tenths ;  and  theae  tenths  are  then  to  be 
added  to  the  whole  number  of  seconds 
counted  at  a^  to  express  the  instant  of  transit.  Thus,  if  he  counts 
20  seconds  by  the  clock  at  a,  and  est i mutes  that  from  a  to  the 
thread  is  ,^  uf  «/>,  the  instant  of  transit  is  20*.4,  which  he  reconls, 
together  with  the  minute  and  hour  by  the  clock. 

In  the  transit  of  the  sun,  the  moon,  or  a  planet,  the  instant 
when  the  limb  is  a  tangent  to  the  thread  is  noted.  The  mode 
of  inferring  the  time  of  transit  of  the  centre  from  that  of  the 
limb  will  he  explained  hereafter. 

The  most  accurate  iiiethad  of  observing  transits  is  by  the  aid 
of  the  clironograph.  At  the  precise  instant  wdien  the  star  h  on 
tlie  thread,  the  ohsen^er  [iresses  the  signal  key  and  makes  a 
record  on  the  register,  which  is  read  oft'  at  his  leisure,  according 
to  the  methods  explained  in  ArtB,  71-77.  The  record  of  fieveml 
transits  of  stars  over  tlie  five  threads  of  the  Cambridge  telescope 
is  shown  in  Plate  I,  Fig.  6.  Kach  transit  is  preceded  by  an 
irregular  signal,  produced  by  a  rapid  succession  of  taps  on  the 
signal  key,  by  means  of  wdiich  the  place  of  the  observation  on 
the   register  is  afterwards   readily  found.     As  the  observer  b 
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roliovo<l  by  the  chronograph  from  the  necessity  of  counting  the 
seconils  an<l  estimating  the  fractions,  tlie  transit  tlireads  may  be 
placed  much  closer  to  each  other  and  their  number  greatly  in- 
creased. In  the  transit  instruments  used  in  the  United  States 
C<)a.st  Surwy  for  the 'telegraphic  detennination  of  differences  of 
longitude  (see  Vol.  I.  Art.  227),  the  diaphragms  contain  twenty- 
five  threads,  arranged  in  groups,  or  ''  tallies,'*  of  five,  as  in  IMate 
I.  Fig.  1. 

GENERAL   FORMUL.I?   OP   THE   TRANSIT   INSTRUMENT. 

122.  In  whatever  position  the  tnmsit  instrument  may  be  placed, 
wo  may  consider  its  rotation  axis  as  an  imaginary  line,  passing 
thn>ugh  the  central  points  of  the  j»ivots,  which,  produced  to  the 
celestial  sphere,  becomes  a  diameter  of  the  sphere;  and  the  axis 
of  rnllimatinn  as  an  imaginary  line,  drawn  fn^m  the  optical  centre 
of  the  objiu't  glass  peri>endicular  to  the  rotation  axis,  and  de- 
s<'rii»ing  a  great  circle  of  the  sphere  as  the  telescope  revolves. 
Thf  position  of  this  great  circle  in  the  heavens  is  fully  deter- 
mined when  we  have  given  the  jiosition  of  the  rotation  axis; 
and  the  position  of  the  rotation  axis  is  given  when  we  know  the 
altitude  and  azimuth  of  cither  of  the  points  in  which  it  meets 
the  eelestial  sphere. 

The  sitfltf-linc  marked  by  a  thread  in  any  part  of  the  field  is 
a  lint-  drawn  from  the  thread  through  the  optical  eentre  of  the 
objiit  ghiss.  The  angle  wliieh  this  line  makes  with  the  axis  of 
ci»lliniiition  does  not  «*hange  as  the  telescope  revolves:  so  that, 
whili-  the  axis  of  collimation  describes  a  great  circle,  the  sight- 
line  d«-cribes  a  small  circle  parallel  to  it  whoso  <listance  from  it 
is  everywhere  the  constant  measure  of  the  inclination  of  the 
sight-line.  If  then  a  star  is  observed  on  the  threa<l,  the  {position 
i)f  the  r*tar  with  respect  to  the  great  circle  of  the  instrument 
becomes  known  when  we  know  the  inclination  of  the  sight-line 
or  thf  angular  distance  of  the  threa<l  from  the  axis. 

The  general  probb»m  to  which  the  use  of  the  transit  instru- 
ment gives  rise  is  the  following: 

12o.  Jo  fiittl  the  hour  n)i(]tc  of  a  star  ohsrrred  on  a  g'nrn  thread  of 
fit'  fr'tfiyit  ittsfrtntitttf  in  a  girm  positinn  <»/*  thr  rotatinn  axi-^, —  Let 
Fig.  •)"  repH'sent  the  sjihere  stereogrnphi<-alIy  pr(»jecte<l  upon 
the  jilane  <»f  the  horizon,  A'S'  the  meridian,  WE  the  prime 
vertical.  Suppose  the  axis  of  the  instrument  lies  in  the  verti<'al 
f 


140 


TRANSIT   IKSTBUMENT   IX  THE   MERIDIAIT. 


plane  ZA^  and  that  A  is  tlie  point  in  wliich  this  aaris  produced 
pj    g  towards  the  west  meets  the  celestial 

sphere.  Lot  N^Z'S*  be  the  great 
circle  described  by  the  axia  of  coUi^ 
iiintiou ;  A  is  the  pole  of  this  circle. 
Let  nOs  be  the  small  circle  described 
by  the  sight-line  drawn  throu|^h  a 
thread  who^e  constant  angular  dis- 
tance from  the  collimation  axis  is 
given  =  t\  Let  b  deuote  the  altitude, 
90^  +  a  the  azimuth,  90^  «  m  the 
hour  angle,  n  the  declination  of  the 

point  A;  f  the  latitude  of  the  obHervcr;  S  tlie  declination  of  a 

etar  observed  at  0  on  the  given   thread.     Join  PA^  PO,  AO* 

We  have 


ZA  =  90**  ~  h, 


ZPA  =r  90'  --  m 
PA  =  90«  — 11 

PZ  =  90^  —  ^ 
PO  =  90*  —  9 


and  the  triangle  PZA  gives  the  equations  [Sph,  Trig.  (6),  f8)>  (4)] 

cos  n  sin  m  =  sin  ^  cos  ^  -f-  cos  b  gin  a  sin  f        1 
,^  cos  n  cos  m  =  cos  6  cos  a  V      (78) 

sin  n  =:  sin  ^  sin  f>  ^  cos  h  sin  a  cos  ^       j 

which  determine  m  and  n  when  <i  and  6  are  given.    Now  let 

r  :=  the  hour  angle  of  0  east  of  the  mendian; 

then  the  angle  APO  ^  90^  —  m  +  r  =  90*^  +  (r  «  m),  and  the 
triangle  APO  gives 


whence 


—  sin  c  :=:  sin  n  sin  ^  —  cos  n  cos  ^  sin  (r  —  fn) 
sin  (r  —  m)  :=:  tan  n  tan  d  4-  sin  c  sec  ii  sec  9 


(7») 


which  determines  r  —  tw,  whence  also  r. 

These  genera!  formula^  admit  of  simplification  when  the  in* 
Btrument  is  either  near  tlie  meridian  or  near  the  prime  vertical. 


THB  TRAX?1T   INSTHUJffENT   IN   THB  MEBIDIAI^, 

1S4.  Tlie  inistniraent  i^  said  to  be  in  the  meridian  when  tht 
great  circle  described  by  the  axis  of  collimation  id  the  meridlttn. 
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Tlio  axifl  of  rotation  is  then  perpendicular  to  the  plane  of  the 
nioridian,  and,  consequently,  lies  in  the  intersection  of  the  prime 
Vertical  and  the  horizon.  If,  further,  tlie  tliread  on  which  the 
Ht:ir  irt  ohiierved  is  in  the  axis  of  colliniation,  the  time  of  obser- 
vation is  that  of  the  star's  transit  over  the  meridian ;  and,  since 
at  that  instant  the  sidereal  time  is  equal  to  the  star's  right  ascen- 
sion, the  error  of  the  clock  on  sidereal  time  is  obtained  at  once 
by  takin<?  the  ditierence  between  that  right  ascension  and  the 
observed  clock  time  of  tnmsit.     (Vol.  I.  Art.  138.) 

Prai'tically,  however,  we  nirely  fulfil  these  conditions  exactly, 
Imt  must  correct  the  time  of  observation  for  the  small  deviations 
expn»ssed  by  /i,  />,  and  r,  of  which  a  is  the  excess  of  the  azimuth 
of  the  west  end  of  the  axis  above  00®  (reckoned  from  the  north 
p<»int),  and  is  called  the  azimuth  constant ;  b  is  the  elevation  of  the 
west  end  of  the  axis,  and  is  called  the  level  constant-,  and  c  is  the 
inclinati4>n  of  the  sight-line  to  the  eollimation  axis,  and  is  called 
the  f**Jltnintion  constant. 

We  must  first  show  how  to  adjust  the  instrument  approxi- 
mately, or  to  reduce  a,  6,  and  c  to  small  quantities. 

12i>.  Approximate  adjustment  in  the  meridian, — 1st.  The  middle 
thread  of  the  diaphragm  should  coincide  as  nearly  as  possible 
witli  the  coITunation  axis.  This  a<Ijustment  can  be  a]q>roxi- 
inat4'ly  made  bctbre  putting  the  instrument  in  the  meridian,  by 
moving  the  thread  jdate  laterally  until  the  middle  thread  cuts  a 
well  <lelined  distant  point  in  both  positions  of  the  rotation  axis 
in  the  Vs. 

2d.  The  midille  tliread  (and,  t'onsequently,  all  the  transit 
tliread>)  sliouM  be  vertical  when  the  rotation  axis  is  horizontal ; 
that  is,  it  should  be  j>erpen<licular  to  the  rotation  axis.  This 
can  l>e  verified  while  adjusting  the  sight-line,  by  observing 
whether  the  distaint  point  continues  to  appear  on  the  thread  as 
the  telescope  is  slightly  elevated  or  <lepressed.  After  the  instru- 
ment lias  been  placed  in  the  meridian  and  the  axis  levelled,  the 
verticality  of  the  threads  may  also  be  i>rovcd  by  an  equatorial 
star  running  along  the  horizontal  thread,  which  is  at  right  angles 
to  the  tnmsit  threads. 

The  axis,  l)eing  placed  nearly  east  and  west  (at  first  byestinui- 
tioii),  is  levelled  l)y  means  of  thc»  striding  level.  Thus  c  and  b 
•ro  easily  reduced  to  snndl  qimntities. 

8d.  To  reduce  a  to  a  snuill  <|uantity,  or  to  place  the  instrument 
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very  near  to  the  meridian,  we  must  have  recourse  to  the  obser- 
vation of  stars.  The  following  proce.'^H  will  be  found  as  Bimple 
as  any  other  with  a  portable  iiiBtrument 

Compute  the  mean  time  of  transit  of  a  slow  moving  star  (one 
near  tlie  pole),  and  bring  the  telescope  upon  it  at  that  time»   For 
the  tirejt  approximation,  the  time  may  be  given  by  a  conimou    j 
watch,  and  the  telescope   may  be  brought  upon  the   star  by    I 
moving  the  fmnie  of  the  inf^tninient  horizontally.     Then  level 
the  axis,  and  note  the  time  by  the  clock  of  the  tran8it  of  a  star 
near  the  zenith  over  the  middle  thread.     It  is  evident  that  the 
time  of  transit  of  a  star  near  the  zenith  will  not  be  much  affected 
by  a  deviation  of  the  iui^trument  in  azimuth,  and  therefore  the 
difference  between  the  star's  right  aii^ccnsion  and  the  clock  time 
will   be   the  approximate  error  of  tbe  clock  on  giidereal  time,    l 
With  thid  error,  we  are  prepared   to  repeat  the  proeesft  with 
another  elow  moving  8tai\  this  time  employing  the  clock  and 
causing  the  middle  thread  to  follow  the  star  by  moving  only  the   l 
azimuth  V.     When   the    clock  correction  has  been  previmialy 
found  by  other  means  (as  with  the  sextant),  the  first  approximation 
will  usually  be  found  eufficient.     The  iustnimeut  is  now  suffi- 
cienth^  near  to  the  meridian,  and  the  out-standing  small  deviations    J 
can  be  foun<l  and  allowed  for  ae  explained  below.  " 

In  mounting  a  large  transit  instrument  in  an  obsen'atory,  it 
will  be  convenient  tij*st  to  establisb  the  approximate  direction  of  1 
the  meridian  with  a  thcod<dite,  and  to  set  np  a  distinct  mark  at  '' 
a  sufficient  distance  to  be  visible  in  the  large  telescope  without 
a  change  of  the  stellar  focus.  The  middle  thread  of  the  instru- 
ment can  then  be  brought  upon  thii§  mark  befure  proceeding  to 
the  observation  of  stars, 

4th.  Finally,  it  is  necessary  to  adjust  the  Jinder  whereby  the 
telescope  is  to  be  directed  to  that  i>oint  of  the  meridian  through 
wbich  a  given  olyeet  will  puss.  If  the  finder  is  intended  to  give 
the  zenith  distance  (f ),  we  take 

C  =  5P  —  S  —  r  -f*  j>  for  an  object  south  of  the  senithj 

C  =  (J— f— r-f|>      **  "      north      •'  '' 

in  whicli  r  is  the  refraction,  and  jtJ  the  parallax  of  the  object  for 
the  zenith  distance  ^.  But,  for  the  purjiose  of  finding  an  object 
merely,  we  may  neglect  r,  excci»t  for  very  low  altitudes,  and  p 
may  be  neglected  for  all  bodies  except  the  moon. 

To  adjust  the  finder,  we  have  only  to  clamp  the  telescope  wbeu 
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some  known  star  is  on  the  horizontal  thread,  and  in  that  position 
cause  the  finding  circle  to  read  correctly  for  that  star,  by  means 
of  the  proper  adjusting  screws.  It  will  then  read  correctly  for 
all  other  stars.  In  large  instruments  the  finder  is  sometimes 
graduated  from  0°  to  360°. 

With  re»»pect  to  the  time  when  a  star  is  to  be  expected  on  the 
meridian,  the  sidereal  clock  or  chronometer  answers  as  a  finder, 
since  (after  allowing  for  its  error)  it  shows  the  right  ascensions 
of  the  stars  that  are  on  the  meridian. 

126.  Equations  of  the  transit  instrument  in  the  meridian. — ^By  the 
preceding  process  we  can  alwayn  easily  reduce  a,  6,  and  c  to 
quantities  so  small  that  their  squares  will  be  altogether  insensible, 
or,  whii'h  is  the  same  thing,  we  can  substitute  them  for  their 
sines,  and  put  their  cosines  equal  to  unity.  And,  since  7/1,  >?,  and 
r  will  be  quantities  of  the  same  order  as  a,  6,  and  c,  the  general 
formula.'  (78)  will  become 

m  =z  b  cos  ^  -f  rtr  sin  f  )       ,^/v. 

n  =  6  sin  ^  —  a  cos  ^  J 

and  (79)  gives 

T  =  m  +  n  tan  ^  -j-  <?  sec  ^  (81) 

....  .:,.--.  .'...    . 

which  is  Bessel's  formula  for  computing  the  correction  to  be 
ad<U'<l  to  the  observed  sidereal  clock  time  of  transit  of  a  star 
over  the  middle  thread  to  obtain  the  clock  time  of  the  star's 
transit  over  the  meridian.  It  is  hanlly  necessary  to  obscne  that 
the  unit  of  all  the  (quantities  a,  6,  c,  m,  7i,  r  should  be  the  second 
of  time. 
If  now  we  put 

T  -.rz  tho  observed  clock  time  of  the  star's  transit  over  the 
middle  thread, 
A  7*  -   the  correction  of  the  clock, 
a  :^-  the  star's  apparent  right  ascension, 

the  true  sidereal  time  of  transit  will  be  T+  r  +  aT,  and  this 
quantity  must  be  eqmd  to  a.     Ilunce  we  have 


or  >     (82) 

a  =  T  +  ^T  +  m  +  n  ian  d  +  c  BQC  d 


I     C^S) 


by  whi<-h  formula  the  right  asoousion  of  an  unknown  star  can  be 
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found  when  ATand  the  constants  of  the  instrument  are  known. 
From  the  traimita  of  known  stars,  on  the  other  hand,  thie*  equa- 
tion enables  us  to  find  a7\  when  the  constants  of  the  in^^tnim^ 
are  given. 

The   apparent   riglit   ascension   in   this   equation    »honhl 
affected  by  the  diunud  aberration,  which,  by  Voh  I.  Art.  £893,  is 
0".311  cos ^ sec i  ==  0*. 021  cos p sec i  when  the    star   ia  on   thai 
meritlian.     If  then  a  denotes  the  right  ascension  m  given  in  the 
Epheijieris,  the  first  member  of  (82)  ought  to  be  a  +  (K',311 
cos^'-tfec  J,  so  that  the  equation  becomes 

11=:  r+^r+m+n  tan -5  + (c  —  0*.021  cos  f )  sec  a      (SjO 

HeDC6j  if  instead  of  c  we  take 

(f=c~  *>;021  cos  ^ 

we  may  use  (H2)  without  further  modification,  and  the  diurnal 
aberration  will  be  fully  allowed  tor.  Since,  for  each  place  of  ob- 
servation, the  qmmtity  0'J)!i21  cosy  is  constant^ there  is  no  reaaonj 
for  omitting  to  apply  tliis  eoiTCction,  although  its  influence  ia 
scarcely  aiipreciable  except  with  the  larger  instruments  of  the 
observatory, 

127.  Bes8EL*s  form  for  the  correction  r  is  usually  the  most 

convenient ;  but  other  forms  have  their  advantages  in  certaiu 

applications.     From  (80)  we  deduce 

a  ^m  mxk  f  —  n  cos  ^ 
b  ^  m  cos^  -f  n  sin  ^  • 

and  from  the  second  of  these  we  have 

m  =  2»  sec  f  —  11  tan  f 

which  substituted  in  (81)  gives  Hansen's  formula, 

r  =  6  sec  f  '\-  n  (tan  d  —  tan  f)  +  c  soc  d 

This  is  convenient  m  reducing  obaen^ations  of  Btars  near  the 
zenith,  where  the  coefficient  tan#  —  tan^P  becomes  small*    II J 
shows  that  for  a  star  in  the  zenith  the  correction  depends  only  | 
on  b  and  c^  and  that  in  general  the  best  stars  for  determining 
tlue  clock  correction  are  those  which  pass  nearest  to  the  iienith. 

If  we  substitute  the  valties  of  m  and  n  from  (80)  in  (81),  we 
readily  bring  it  to  the  form 


(84) 
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r  =  « . "'"  ^^'  --''>  +  h .  '-^(^r-3.  +  -'-  (87) 

COS  d  COS  o  COS  d 

which  is  known  as  Mayer's  formula.  Tliis  is  tlic  oldest  form ; 
but  where  many  stars  are  to  be  reduced  for  the  same  values  of 
the  constants,  it  is  mudi  less  convenient  than  the  preceding.  It 
has  its  advantatfcs,  however,  in  cases  where  the  constant  a  is 
directly  given,  or  in  discussions  in  which  this  constant  is  directly 
Bought. 

128.  Those  formula?  apply  directly  to  tlie  case  of  a  star  at  its 
upper  cuhninatiim.  To  adapt  them  to  lower  culminations  (that 
is,  of  circumpolar  stars  at  their  transits  below  the  pole),  we 
ohsene  that  in  the  genenil  investigjition  Art,  123,  o  represents 
the  distance  of  the  star  from  the  e<[Uator  reckoned  towanls  the 
zenith  of  the  place  of  observation,  and,  consequently,  the 
formula  will  be  applicable  to  lower  culminations  if  we  still  repre- 
sent by  ii  the  distance  of  the  star  from  the  cipnitor  through 
the  7A*nith  and  ovir  thv  pole ;  that  is,  if  we  take  for  o  the  supple- 
ment of  the  declination.  This  being  un<lerstood,  we  shall  be 
saved  the  n(»cessity  of  dui»licating  our  fonnuhe. 

Again,  the  time  of  the  lower  culmination  differs  by  12*  of 
wdereal  time  fnun  that  of  the  upjjer  culmination  of  the  same 
star.  Hfuce,  to  apply  the  formuhe  to  the  case  of  a  lower  cul- 
mination, it  is  also  necessary  to  supjjose  that  a  represents  the 
star'^  right  ascension  increased  by  12*. 

In  short,  for  lower  culminations,  we  must  substitute  12*  +  a 
and  IW  -  u  for  a  and  J. 

120.  Since  the  instrument  maybe  used  in  two  positions  of  the 
rotation  axis,  it  is  necessary  to  distinguish  these  jK»sitions.  "We 
nhall  suppose  that  the  cl^frnp  is  at  one  end  of  the  axis,  and  shall 
distinguish  the  two  positions  by  "  clamp  west"  and  *-  clamp  east." 
If  the  value  of  c  has  been  found  for  clamp  west,  its  value  for 
clamp  east  will  1)0  numerically  the  same,  but  will  have  a  different 
sign:  for,  since  in  rever>ing  the  coirnnati<m  axis  renuiins  in  the 
fiame  piano.*  any  thread  will  b(»  at  the  same  abst»lute  di^tance 
from  this  axis,  but  on  t)pposite  sides  of  it  in  the  two  i)ositions. 


*  Except  when  the  piTots  arc  unequal,  tbc  correction  for  which  will  be  cunsiUereU 
bcreafirr. 

Vol.   II.-IO 
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For  example,  if  we  have  found  for  clamp  west  c  =  —  0*.292,  we 
nin^t  take  for  elanip  cant  c  =  +  0**292, 

If,  however,  we  take  the  diurnal  aberration  into  account,  we 
must  obeerve  that  (K  is  not  numerically  the  same  in  the  two  posi- 
tions of  the  axis.  For  example,  if  tp  =  38**  59',  the  correction 
0*.021  eo8  if  is  (K.OIG ;  and  if  for  clamp  west  we  have  c  =  —  0'.292, 
we  shall  have  for  thin  position  e^  =  —  0'.292  —  0.016  =  —  0^.308^ 
hut  for  clamp  east  c'  =  +  0%292  —  0*.016  =  +  0'.276- 

130.  In  tlie  above,  we  ha\*e  assumed  that  the  star  has  been 
observed  on  a  single  thread  whose  distance  from  the  colHmation 
axis  is  known.  The  same  methoil  may  be  applied  to  each  thread ; 
but  when  the  intervals  between  the  threads  are  known,  each 
observation  may  be  reduced  to  the  middle  threat!  or  to  a  point 
corresi>onding  to  tlie  "mean  of  tlie  tlireads,**  and  the  correction 
r  will  then  be  computed  only  for  this  middle  thread  or  thi^  mean 
point.  I  proceed  to  show  how  these  intervak  are  to  be  deter- 
mined and  applied* 

TO  READ   INTEEVALS. 

131,  An  odd  number  of  threads  is  always  used,  and  they  ore 
placed  as  nearly  equidistant  as  possible,  or,  at  least,  they  are 
symmetrically  placed  with  respect  to  the  middle  one,  and  this 
middle  thread  is  adjusted  as  nearly  as  possible  in  the  colHmation 
axis.  If  the  threads  were  exactly  equidistant,  the  mean  of  th^ 
observed  times  of  transit  over  all  of  them  eould  be  taken  as  the 
time  of  transit  over  the  middle  one,  and  this  with  the  greater 
degree  of  accuracy  (theoretically)  the  greater  the  number  of 
threads,*  But  since  it  rarely  happens  that  the  threads  are  per- 
fectly equidistunt  or  symmetrical,  it  becomes  necessary  to  deter, 
mine  their  distances;  and  this  is  usually  the  fii-st  business  of  the 
observer  after  he  has  mounted  his  instrument  and  brought  it 
approximately  into  the  meritlian. 

Let  i  denote  the  angular  interval  of  any  thread  from  the 
middle  thread  ;  /  the  time  required  by  a  star  whose  di'clinatioii 
is  J  to  pass  over  this  interval.  Then  i,  being  expressed  in 
seconds  of  time,  will  also  denote  the  interval  of  sidereal  time 
required  by  a  star  in  the  equator  to  deecribe  the  opace  betweeil 


*  The  pncticftl  limiti  to  the  number  of  Ibrcftde  wUl  be  considered  in  aaotlker 
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the  thrcadft ;  for  thiB  ia  tlio  case  in  which  the  apparent  path  of 
the  star  is  a  great  circle.  Our  notation,  therefore,  may  he  ex- 
pred8ed  by  putting 

1  =rz  the  equatorial  interval  of  a  thread  from  the  middle  thread, 
/  :^  the  inter\'al  for  the  decHnation  d. 

If  now  c  denotes  the  colljmation  constant  for  the  middle  thread, 
the  distance  of  the  side  thread  from  the  collimation  axis  is  i  t  c; 
and  if  r  is  the  hour  angle  of  a  star  when  on  the  middle  thread, 
/  {-  r  is  its  hour  angle  when  on  the  side  thread.  Hence,  by  our 
rigorous  formula  (79),  applied  to  each  thread,  wo  have 

ein  (/  +  r  —  m)=  tan  n  tim  d  -f  sin  (/  -\-  c)  sec  n  sec  d 
sin  (r  —  m)=  tan  n  tan  d  -j-  sin  c  sec  n  sec  J 

the  difference  of  which  is 

2  cos  (i  7  +  r  —  m)  sin  i  1=2  cos  (}  i  +  c)  sin  i  i  sec  n  sec  fJ 

for  which,  since  r  —  7?i,  c,  and  n  are  here  verj'  small  quantities, 
we  may  write,  wnthout  sensible  error. 


2  cos  i  7  sin  }  7  =  2  cos  i  i  sin  i  i  sec  d 


] 


sm  I  —-  sni  i  sec  o 

From  tliis,  Jean  be  found  when  /  is  given.  On  the  other  hand, 
if  I  is  observed  in  the  case  of  a  star  of  known  declination,  we 
deduce  i  by  the  formula 

sin  i  =  sin  7  cos  <5  (>*9) 

If  the  star  is  not  within  10°  of  the  pole,  it  is  quite  accurate  to 
take  for  these  the  more  simple  forms 

7  =^  I  sec  ^  t  =  7  cos  d  (1»0) 

Thefto  formulie  show  that  the  observed  interval  will  l)e  the 
greater  the  nearer  the  star  is  to  the  pole.  Hence,  for  iinding  i 
fnnn  observed  values  of/,  it  is  expedient  to  take  stiirs  near  the 
pile,  since  errors  in  the  obsen'cd  times  will  be  reduced  in  the 
ratio  1 :  cos  J. 

When  the  star  is  so  near  to  the  pole  that  either  (>^8)  or  (W)  is 
to  be  used,  it  will  be  found  convenient  to  substitute  for  them 
the  following: 

T       •        •  f  .       7oos  ^ 

7=1  see  d. A:  i=-  (til) 


148 


TRANSIT   INSTRUMENT   IN  THE    MEBIDUK, 


/sin  15" 

ill  which  k  =^  — ,         '  aod  its  logarithm  may  be  readily  taken 

from  the  follomiig  table ; 


/ 

log  •  see  it 

log  A 

1- 

1.778 

0.00000 

2 

2.079 

.00001 

8 

2.255 

.00001 

4 

2.380 

.00002 

& 

2.477 

.000U3 

6 

2.556 

.00005 

7 

2.623 

.00007 

8 

2.881 

.OOOOD 

9 

2.732 

.00011 

10 

2.778 

.OUUU 

11 

2.819 

.00017 

12 

2.857 

.00020 

18 

2.892 

.00023 

14 

2.924 

.00027 

16 

2.954 

.00031 

'   / 

log  i  we  6 

logi 

is- 

2.954 

0.00031 

le 

2.982 

.00035 

17 

8.008 

.00040 

18 

3.033 

.00045 

19 

8.056 

.00050 

20 

8.079 

.00055 

21 

8.100 

.00061 

22 

8.120 

.00067 

23 

3.139 

.00073 

24 

8.15S 

.00080 

25 

8.175 

.00086 

26 

8.192 

.00093 

27 

8.209 

.00101 

28 

8.224 

.00108 

29 

3.239 

.00116 

30 

8.254 

.00124 

Example  1. — If  for  a  star  whose  decliuation  is  ^  =  88®  33'  we 
have  oh^orvotl  the  inten'al  between  a  side  thread  and  lie  middle 
thread  to  be  /—  25*  17'. 6,  required  the  value  of  u 
We  have 

log/    3.18U6 

logoo«a    8,40320 

ar.co.  log  A*    1>.99912 

I  =  38r325  log  i    L58348 

Example  2.— Given  i  ^  38*,325,  find  /for  «  =  87* 
We  have 


/=799'.25 


log  I 

log  sec  d 

log  *  eec  ^ 

(Argument  2,902}  log  k 

log/ 


1.68848 
1.31H9C 

2.90244 
0.00024 

2.SW268 


131  The  thread  inter\^aU  may  abo  be  found  by  Gauss's 
method,  with  a  tlieodolitc,  precisely  ae  in  the  method  of  deter- 
mining file  value  of  a  mieroineter  screw  in  Ait.  40. 

If  the  instrument  is  furnished  \y\x\\  a  micrometer,  the  value 
of  the  Bcrew  may  be  determined  by  tlie  transita  of  clrcumpolar 
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Btare  over  tlie  micrometer  thread,  and  then  it  may  be  employed 
to  measure  the  thread  intervals. 

REDUCTION   TO   THE   MIDDLE  THREAD. 

133.  Suppose  tliat  the  reticule  contains  five  transit  threads, 
and  that  they  are  numbered  consecutively  from  the  side  next  to 
tlie  clamp:  so  that  for  "clamp  west'*  stars  at  their  upper  cul- 
minations cross  the  threads  in  the  order  of  their  numbers.  Then, 
if  we  denote  the  obsen'ed  clock  times  of  a  transit  over  them  by 
/,,  (p  ty  /^,  Z^,  and  the  equatorial  inten^als  of  the  side  threads  from 
the  middle  thread  by  i,,  ?,,  i^,  i^  (observ'ing  that  i^  and  /^  will  be 
essentially  negative),  the  time  of  passing  the  middle  thread 
according  to  the  five  observations  is  either  t^  +  ?\  sec  J,  /,+  i^  see  <J, 
/j,  t^+  i^sec  J,  or  (^+  jjSec  J,  which,  if  the  observations  were  per- 
fect, would  be  equal  to  each  other.  Taking  their  mean,  which 
we  shall  denote  by  7",  we  have 

6  "^  6 

If  we  put 

Ai  =  ^  + ''« +  ^  +  ^5 

5 

and  denote  the  mean  of  the  observed  times  by  7^,  we  have 

T  =  T^  +  At  sec  ^    for  clamp  west, 
T=  T^  —  At  see  ^    for  clamp  cast. 

If  the  threads  are  equidistant,  At  vanishes;  other>vi8e  a/ sec  J 
is  the  correction  to  be  applied  to  what  is  called  the  mean  of  (hi 
threads,  to  obtain  the  time  of  passage  over  the  middle  thread. 

If  there  are  seven  threads, 

7 

and  so  on  for  any  number  of  threads. 

At  the  lower  culmination,  a  star  crosses  the  threads  in  the 
reverse  onler,  and,  consequently,  the  sign  of  the  correction 
At  sec 5  must  be  changed;  but  this  change  of  sign  is  eflfected  by 
taking  for  d  the  supplement  of  the  declination,  according  to  the 
mcthoil  pointed  out  in  Art.  128.  We  shall,  therefore,  regard 
the  above  formula*  as  entirely  general. 

A  broken  transit  (one  in  which  the  transits  over  some  of  the 
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1/ 


threads  have  not  been  obaen''ed)  is  reduced  in  the  ^mo  manner; 

that  is,  we  take  the  mean  of  the  observed  timct^  and  apply  to  it 
a  correction  which  m  the  mean  of  the  equatorial  intervals  of  the 
observed  threads  luiiltiplied  by  sec  5,  Thus,  if  only  the  Ist,  8d, 
and  4th  of  five  threads  have  been  observed,  we  have  for  Tthe 
several  values  /j  +  «'i  »ec  rj,  t^,  (^-^  i^»Qc8^  the  correispoDding 
thread  intervals  being  I'j,  0,  i^ :  so  that  we  have 


►_i+v+^  ,  »\  +  »* 


sec  8 


In  general,  if  we  put 


M  =  the   moan  of  the  observed  times  on  any  number  of 

threadB, 
/=  the  mean  of  the  equatorial  intervals  of  those  threads, 

the  time  T  of  transit  over  the  middle  thread  will  be 


T  =  Jf  +  /  sec  ^ 


(98) 


If  the  clock  rate  is  eouwidcnible,   tlie  reduction  of  3f  to  T 
must  be  corrected  accordingly.     Thus,  if 

aT=  the  clock  rate  per  hour, 
the  reduction/ sec i  becomes/ sec eJJ  1  —  ^j^  1;  or,  putting 

V     (94) 


p  ^  the  factor  for  rate  =^1  — 


T=M  +  p/BeQd 


zmo 


For  a  sidereal  clock  wbicli  gains  V  per  day,  we  have  ^T=^ 
—  Ji,  whence  log/?  =^  0*00005,  and  for  a  gain  of  x  seconds  dally 
logp  =  0.00005  X. 

For  a  mean  time  clock  which  has  no  rate  on  mean  time,  and, 
consequently,  loses  9*.83  per  hour  on  sidereal  time,  we  find 
log /?==  9.99881 ;  and,  if  it  ffains  x  seconds  per  day*  log/»  =* 
9.99881  +  0.00005  z. 

If  the  star  is  very  near  the  pole,  each  thread  should  be  sepft* 
rately  reduced,  the  reduction  to  the  middle  thread  being  com- 
puted by  the  formula  /  =^  i  sec  S.kp^  log  A*  being  taken  from  the 
tiible  in  Art.  131. 


REDUCTION   TO   TUB   MEAN   TUREAD. 
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134.  Another  mode  of  reducing  transits  is  commonly  used  in 
the  observatory.  We  may  suppose  an  imaginary  thread  so 
placed  in  the  field  that  the  time  of  tninsit  over  it  will  he  the 
same  as  the  mean  of  the  times  on  all  the  threads,  and  f<»r  brevity 
tliis  imaginary  thread  is  called  the  mean  of  the  threads,  or  the 
mean  thread.  Then  all  observations  are  reduced  to  this  imaginary 
thread,  and  the  constant  c  as  well  as  the  intervals  of  the  several 
threa<ls  are  referred  to  it,  preeisely  as  if  it  were  a  real  thread. 
It  IS  evident  that,  where  many  complete  transits  are  to  be  re- 
duced, this  method  saves  labor,  as  the  correction  a/ sec  o  is  avoided. 

13r>.  Example  1. — The  upper  transit  of  Polaris  was  observed 
with  the  meridian  instrument  of  the  Xaval  Academy  on  Jan. 
2tf,  1851>,  as  in  the  seeond  column  of  the  following  table : 

Clamp  EmI.     rf  =  88»  33'  64".3 


ThrMfL 
VIl 

8M.  clock. 
0»44-.>V 

/ 

log/ 

"** 

lofi 

-  35'.720 

—  23«  4y 

fi3. 15503 

0.00079 

nl.55290 

VI 

62   50 

—  15    48 

n2. 97081 

84 

f.1.87513 

—  23  .721 

!     V 

1     0    54 

-    7    50 

n2.07201 

09 

fil.07007 

-  11  .767 

IV 

8    44 

111 

16    32 

+    7    48 

2.67()25 

09 

1.06882 

+  11.717 

11 

24    31 

-f  15   47 

2.07035 

84 

1.37407 

-f  23  .690 

I 

32    30 

4-  23    40 

3.15412 

78 

1.55200 

t    35.045 

The  table  exhibits  the  computation  of  the  equatorial  inter\'al» 
of  the  side  threads  from  the  middle  thread.  The  vahies  of  logA 
are  taken  from  the  table  in  Art.  131,  and  each  value  of  log  i  is 
found  by  the  formula  log  i  =-  log  /+  log  cos  J  —  log  A'.  Tho 
eigiis  of  /  and  *  are  given  for  clamp  west. 

The  values  of  the  inter\'als  must  be  found  from  a  number  of 
obsen'ations  of  this  kind,  and  the  mean  of  all  the  determina- 
tions should  be  finally  ado[»ted. 

Aeeording  to  this  single  observation,  the  value  of  At  for  this 
instrument  will  bo 

A**  =  —  0'.021 

If  the  reductions  are  to  be  made  to  the  mean  of  the  threads, 
we  find  the  values  of  /  by  taking  the  diiference  between  the 
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mean  of  all  the  obsen^ed  times  and  the  time  on  each  thread, 
and  compute  ias  before.  The  values  of  z  that  would  result  in 
the  above  example  may  be  immediately  inferred,  since  they 
will  be  equal  to  those  above  found  diminished  by  At  Thua, 
arranging  the  values  in  their  order  for  clamp  west,  we  have — 


Tlimd. 

Inlenriila  to 
middle  thread. 

Ini«rT*Ii  to 
mean  thread. 

I 

+  35'.645 

+  SS-.CGC 

II 

+  23 .696 

+  23 .717 

ni 

+  11.717 

+  11 .738 

IV 

0. 

+   0.021 

V 

— 11 .767 

— 11 .746 

Tl 

—  23  721 

—  23 .700 

VII 

—  35.720 

—  35.609 

ExAMPiE  2. — ^With  the  same  instrument  on  the  same  date,  the 
transit  of  a  Arktls  was  observed  as  follows  {<:hMp  east): 


Ji=  +  22<*  47'  49". 


Thread. 

Gock. 

VII 

1»  68-  68'.2 

VI 

lost 

V 

1  69    24.1 

IV 

86.9 

ni 

49.8 

n 

2     0     2.8 

I 

16.9 

Mean  — 1  59    41.28 

The  algebraic  sum  of  the  intervals  to  the  middle  thread  for 
the  threads  here  observed,  taken  from  the  table  in  the  preceding 
example,  is  +  23',570,  or  for  clamp  east  —  23\570;  and  tlierefore 
the  time  of  transit  over  the  middle  thread  is 

*>*l*  'V71 

r=  1*  59-  41*,28  —  -         -  sec  d  =  1*  59-  87\02 
6 

To  reduce  this  observation  to  the  mean  of  the  threacb,  the 
shortest  method  is  to  take  one-sixth  of  the  interval  corresponding 
to  the  missing  thread, — thus  : 


LEVEL   CONSTANT. 
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T.=  P  59-  41-.28  —  ??•  ''^  sec  a  =  1*  59-  37'.00 

136.  Having  shown  how  the  quantity  T  in  (82)  or  (88)  is 
found,  I  now  proceed  to  show  how  to  determine  tlie  constants 
wi,  n,  and  c.  Since  m  and  n  both  involve  6,  let  us  begin  with  the 
investigation  of  this  quantity. 


THE   LEVEL   CONSTANT. 

137.  The  inclination  of  the  rotation  axis  to  the  horizon  is 
usually  found  by  applying  the  spirit  level  as  explained  in  Art. 
52;  and  this  inclination  expressed  in  seconds  of  time  is  the 
>'alue  of  the  level  constant  6,  positive  when  the  west  end  of  the 
axis  is  too  high. 

But  the  spirit  level  applied  to  the  outer  surface  of  the  cylinders 
which  ft>rm  the  pivots  does  not  directly  determine  the  inclina- 
tion of  the  rotation  axis  which  is  the  common  axis  of  tliese 
cylinders,  unless  the  pivots  are  of  equal  diameters. 

To  find  the  correction  for  inequality  of  the  pivots^  let  C,  Fig.  88, 


Fig.  39. 


be  the  centre  of  a  cross  section  of  a  pivot,  A  the  vertex  of  the  V 
in  which  the  pivot  rests,  B  the  vertex  of  the  V  of  the  spirit  level 
ap[died  to  it.     Put 

2 1  =  the  angle  of  the  V  of  the  level, 
2i*  =   "       "        "       V     "       transit  inst, 
r  =  the  radius  of  the  pivot, 
d  =r  the  vortical  distance  of  B  above  C, 

a  a  C       "       A, 


we  have 


d.= " 


d = -'- 

Hin  ( 


(/.=3-. 


sm  I. 


If  now,  in  Fig.  30,  C'C  is  the  rotation  axis,  A  and  B  the 
vertices  of  the  transit  and  level  Vs  at  the  end  next  the  finder, 
A'  and  B^  the  vertices  of  the  Vs  at  the  other  end  of  the  axis, 
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r'  the  radius  of  the  pivot  at  that  end,  then  we  have  for  the  dis- 
tances -B'C,  A'C, 


d'  = 


sin  t 


<  = 


Bin  I, 


The  lev^el  gives  tlje  iiR*rnmHou  of  the  line  BB'  to  the  horizon^ 
and  we  wi^h  to  tiud  thut  of  CV.  Let  us  suppoae  the  clamp  at 
first  18  west,  and  at\erwardfl  east,  and  that  in  both  pOBitions  of 
the  axift  the  mcliuatiou  given  by  the  level  is  observed*     Let 

By  J5'=  the  inclinations  given  by  the  level  for  clamp  west 

and  clatn|>  cast^  respectively, 
h^  b*  ^=  the  triio  incliniitiona  of  the  rotation  axis  iot  clamp 
eaet'and  i-lamp  west,* 
?  =:  the  constaiit  inclination  of  the  line  AA\ 

Also  draw  CfTaiid  CF  parallel  to  BB*  and  AA\  and  put 

p  =  ECC  p^  =  FCC 

then,  Zt  being  the  length  of  the  level,  wo  have 

sin  p  = =  — ^ — 

^  L  X  sin  i 

d*-^d,        f-r 

Bin  p.  ^=r  -^ = — — 

L  Xsim' 


for  which  we  may  take 
r'^  r 


Xsin  I  sin  15" 


fi- 


in  which  p  and  Py  are  in  seconds  of  time,     Now^  we  have  evi- 
dently for  clamp  west  (i  denoting  the  elevation  of  the  west  end) 


h  =  B^p 

and  for  clamp  east^ 

V  =  B'-p 


b  =  fi-p, 


¥=fi  +  p^ 


whence 


b'—  b  =  B'  —  B^2p^  2p^ 

B'^B  sin  I  jsini+sinLV 

— ;; — ^P  +  Pt  =  P+P—;-:='P{ ?-^ n 

2  sin  i|         \        sm  tj        I 
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and,  consequently, 

p  =  ?l^l^^-h^\  (95) 

^  2       ysini  +  sintj  ^     ^ 

By  this  formula,  when  i  and  i\  are  known,  we  can  directly  com- 
pute the  value  of  p  from  the  level  indications  £  and  -B',  observed 
in  the  two  positions  of  the  axis. 

If  the  angles  of  both  the  transit  and  the  level  Vs  are  equal  to 
each  other,  which  is  usually  the  case,  we  h^ve  sin  i  =  sin  ij ;  and 
then  we  have  ' 

P  =  ^-^  (96) 

The  value  of  p  thus  found  is  called  the  correction  for  inequality 
of  pivots.  It  is  to  be  carefully  found  by  taking  the  mean  of  a 
great  number  of  level  determinations  in  the  two  positions  of  the 
axirt.  By  determining  it  according  to  the  above  formula,  it  is  a 
correction  algebraicailly  additive  to  the  level  indication  for  clamp 
west :  so  that  the  true  level  constant  in  any  case  is  found  by  the 

formulae 

b  =  B  -\-  p    for  clamp  west,  1 

h'=B'--p    for  clamp  east.  /      (^') 

13^.  The  inequality  of  the  pivots  may  also  be  found  without 
reversing  the  axis,  by  using  successively  two  spirit  levels,  the 
angli^rt  of  whose  Vs  are  quite  diflerent.  Let  2i  and  2/'  be  their 
angles,  and  B  and  B'  the  apparent  inclination  of  the  axis  given 
by  the  two  levels  respectively.  K  then  b  is  the  true  inclination, 
and  we  put 

*  ""  ZTiiTlS'' 
we  have,  by  the  preceding  article, 

6  =  5+-?^ 
sin  i 

sin  r 
whence 

j  =  (fl-5').-.'''"'T^  (98) 

BUI  i  —  HUl  I 

and  the  correction  of  inclinations  found  with  the  level  the  angle 
of  whose  Vs  is  2i  will  be 
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em  I 


ff) 


Bin  r 


(99) 


sit]  t  —  sin  i' 

K  we  construct  the  levels  80  that  their  angles  are  supplements 
of  each  other,  that  is,  make  2  i'  =  180°  —  2  i,  the  formula  bccouiea 

B—B' 


P  = 


tant* 


For  example,  if  2i  =  157**25'  and  2i'  =  22'=»  85',  we  have 

j)  =  J(5  —  B') :  so  that  as  accurate  a  determination  of  p  may 
be  found  in  this  way  as  by  reversing  and  empluying  tlie  formula 


139.  Example  1. — The  following  example  of  a  case  in  which 
the  angle  of  the  level  V  differed  from  that  of  the  trant*it  V  is 
given  by  Sawitscii.  A  portable  instrument  was  mounted  in  the 
meridian,  and  three  sets  of  obaervations  were  made  consecutively 
for  the  determination  of  />,  as  in  the  following  table : 


No.  of  deter- 
minitioii. 

CUmp. 

LuTcI  readings. 

S  and  B" 

ff—B 

Weat. 

EMt. 

1 

E.    . 

B.     13.2 
A.     14.0 

A.  18.4 

B.  17.9 

13.1 

12.4 

8.4 

8.2 

B  =  +  0.42 
B'=  +  4.92 

diT. 
-1-4.50 

2 

W.    ' 

B.    18.8 
A.     19.1 

A.  13.6 

B.  1S.2 

8.3 

7.2 

12.0 

13.0 

|j'=  +  5.60 
:i>  = -1-0.45 

+  6.15 

S 

E. 

B.    13.C 
A.     14.0 

A.  18.2 

B.  18.3 

13.0 
12.5 

8.8  1 
8.0 

B  =  -hO.52 
B'=  +  5.05 

+  4.58 

^ 


The  letters  A  and  B  in  the  first  column  of  level  readings  refer 
to  the  position  of  the  level  on  the  axis. 

The  value  of  one  division  of  the  level  was  1".68,  or,  in  time, 
0-.112. 

The  angle  of  the  level  Vs  was  85*^=  2i;  that  of  the  transit 
Vs  was91°=2i\. 

We  find,  by  taking  the  mean, 

B'—  B^  +  4.73  dir.  =  +  O-.Sa 
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and  hence,  by  (95), 

p  =  -[-  O-.U 

If  we  had  asBumed  i  =  ?,,  we  should  have  found,  by  (96), 
p  =  +  O'.IS,  very  nearly  the  same  as  by  the  complete  formula, 
although  there  is  a  considerable  difference  between  i  and  i,. 

To  find  the  true  inclination  of  the  axis  during  these  observa- 
tions, we  have,  by  takmg  the  mean  of  the  values  of  JB  and  JB\ 

dir. 
B  =  +  0.46  ==  +  0*.05 
J5'=  + 5.19  =  +  0.58 
whence 

b  =  -\-  0*.05  +  0M4  =  +  0-.19 
l/=  +  0  .58  —  0.14  =  +  0.46 

Example  2. — ^In  October,  1852,  the  pivots  of  the  Repsold 
meridian  circle  of  the  U.S.  Naval  Academy  were  examined  by 
twenty-four  determinations  of  the  inclination  of  the  axis,  twelve 
in  each  position,  and  the  means  were 

dir. 

Clamp  west,    5  =  +  0.68 

"      east,      -B'  =  +  0.74 

One  division  of  the  level  was  equal  to  0'.079 ;  and  hence 

diT. 
p  =  +  0.015  =  +  0-.0012 

which  was  neglected,  as  of  no  practical  importance.  Indeed,  it 
is  hardly  to  be  presumed  that  the  level  readings  were  sufficient 
to  determine  so  small  a  quantity  with  certainty;  nevertheless 
they  suffice  to  prove  the  same  excellence  of  workmanship  in 
these  pivots  as  in  those  of  other  instruments  of  Kepsold's.  In 
the  meridian  circle  of  Pulkowa,  made  by  the  same  distinguished 
artist,  Struve  found  an  inequality  of  pivots  of  only  0'.0025. 

140.  The  linear  difference  of  the  radii  of  the  pivots  may  also 
be  found ;  for,  by  the  above  formulae,  we  have 

^  T    •     •  •    1//       f^'— 5)  Z  Bin  1"  sin  I  810  1,      ,-^ 

r'— r  =  pi  smtsm  1"= -.     .-.-—. (100) 

^  2  (sm  I  +  Bin  I,)  ' 

The  value  of  L  in  the  Example  1  of  the  preceding  article  was 
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Fig.  40. 
m  K  a* 


10.85  iuchesj  and  honee  r'  —  r  —  0.000075  mcb.  Small  as  ihw 
difforeuce  appears,  it  is  Batisfactorilj  determined  by  the  leveL 

141.  The  level  constant  may  ako  be  found  by  tbe  aid  of  the 

merenry  oollimator  {Art.  47)  and  the  micrometer.  For  large 
in8trumeiitB,  it  is  eonveiiient  to  have  the  mercury  basin  perma- 
nently placed  immediately  under  the  ins^trument,  a  little  below 
the  level  of  tlie  floor,  and  covered  only  by  a  small  movable 
trap-door  in  the  floor. 

Let  CC\  Fig.  40,  be  the  rotation  axis  of  the  instrument;  J?0 
the  collimation  axis,  perpendicular  to  CC-  ; 
3IN  the  surfaee  of  mercury.  There  will  be 
formed  in  tiie  tield  of  the  telescope  a  reflected 
image  t>f  each  thread  of  the  reticule ;  but 
we  rIiuII  here  use  only  the  movable  micro- 
meter thread  (which  will  be  assumed  to  be 
parallel  to  the  transit  tlireads).  Let  this 
micrometer  thread  be  bnimght  into  comci- 
dence  with  its  own  reflected  image,  which 
occurs  when  it  is  at  that  point  a  of  the 
field  which  lies  in  the  line  bO  drawn 
through  the  optical  centre  of  the  objective, 
perpendicular  to  the  horizontal  surface  of 

the  mercury;  and  hence  it  follows  that,  in 

this  position,  the  angle  aOJ^is  equal  to  the 
inclination  of  the  rotation  axis  CC"  to  the  surface  31 N,  or  tliat 
aOE  is  equal  to  the  required  level  constant.  Now,  let  the  rota- 
tion axis  Ijc  reversed ;  the  directions  CC  and  EG  remain  un- 
changed (provided  the  pivots  arc  equal),  and  the  micrometer 
tliread  is  now  at  a'\  at  the  same  distance  as  before  from  the  col- 
limation axis;  if  then  the  thread  is  again  brought  into  coinci* 
dence  with  its  image,  it  must  be  moved  over  a  distance  a'a 
=  twice  the  required  level  constant.     If  then  we  put 

M  =  the  micrometer  interval  (expressed  in  seconds  of  time)^ 
positive  or  negative  according  as  the  micrometer  tbrcftd 
is  east  or  west  of  its  imago  after  reversal, 

we  shall  have 


2 


(101) 


and  b  will  thus  be  positive  when  the  west  end  is  elevated. 
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If  the  pivots  are  unequal,  b  and  b'  being  the  true  inclinations 
of  the  axis  for  clamp  west  and  clamp  east  respectively,  we  shall 
have,  after  reversal,  EOa'  =  6,  and  after  making  a  coincidence 
again,  EOa  =  6'/  and  hence 

V+b  =  M 
and,  from  (96)  and  (97), 

6'— 6  =  2;> 
whence 

6  =  f-i>  ^'=f+l>  (102) 

It  appears,  then,  that  the  mercury  collimator  alone  is  not  ade- 
quate to  the  determination  of  the  level  constant  when  the  pivots 
are  unequal,  since  the  quantity'  p  must  be  otherwise  determined. 
The  only  independent  method  of  finding  p  is  by  the  spirit  level ; 
but  we  shall  see  hereafter  how  the  level  may  be  dispensed  with 
(or  its  indications  verified)  by  means  of  the  mercury  collimator 
in  combination  with  coUimating  telescopes. 

142.  Tlie  pivots  may  be  not  only  unequal,  but  also  of  irregular 
figures.  To  determine  the  existence  of  irregularities  of  form, 
the  level  should  be  read  off  with  the  telescope  placed  successively 
at  even'  10°  of  zenith  distance  on  each  side  of  the  zenith.  The 
mean  of  all  the  inclinations  found  being  called  J3^,  and  i?'  being 
that  found  at  a  given  zenith  distance  r,  i?^—  fl'  is  the  correc- 
tion to  be  applied  to  any  level  reading  afterwards  taken  in  the 
same  position  of  the  rotation  axis  and  at  the  same  zenith  dis- 
tanee.  The  level  readings  are  thus  freed  from  the  irrvfpilurities 
of  the  pivots,  but  we  still  have  to  ai>ply  the  correction  for  m- 
tfinnlity  of  the  two  pivots;  and  tins  ineciuality  will  be  deter- 
mined by  taking  one-fourth  of  the  difference  of  the  mean  values 
of  li^  (found  as  just  explained)  in  the  two  positions  of  the  rota- 
tion axis. 

For  the  examination  of  the  form  of  the  pivots  of  the  great 
Tninsit  Circle  of  Greenwich,  "each  is  perfonited,  and  within 
the  hollow  of  the  eastern  pivot  is  fixed  a  plate  of  metal  i»erfonited 
with  a  ven'  small  hole,  behind  which  a  light  can  be  placed  for 
illumination ;  and  in  the  hollow  i>f  the  westeni  pivot  there  is 
fixed  an  object  glass  at  a  distance  from  the  perforated  plate  equal 
to  its  focal  length.  This  combination  forms  a  collimator  re- 
volving with  the  instrument.  It  is  viewed  by  a  telescope  of  7 
feet  focal  length,  which,  when  required,  is  placed  on  Vs,  one  of 
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tliem  plmitod  in  the  opening  of  tlie  western  pier,  and  the  ether 
in  a  lit?le  niatle  for  that  purpose  in  the  western  wall  of  the  room. 
By  a  series  of  most  eareful  obHervationa  in  1850,  'ol,  and  *52,  no 
appreciahle  error  could  be  discovered  in  the  form  of  the  pivota*"* 
These  pivots  are  six  inehes  in  diameter. 

THE   COLLIMATION   CONSTAKT. 

143.  The  constant  c  may  express  the  distance  from  the  colli- 
mation  axis  either  of  the  middle  thread  or  of  the  fictitious  thread 

denoted  by  the  *' mean  of  the  threads;"  the  former,  when  Tin 
(82)  is  the  time  of  transit  over  the  middle  thread,  and  the  latter 
when  T  is  the  time  of  transit  over  the  mean  of  the  threads 

Let  UHi  iir^t  deternune  e  for  the  middle  thread ;  it^  value  for 
the  mean  of  the  threads  can  aftorward*s  be  found  by  adding  the 
quantity  M  (Art,  133) ;  thus,  denoting  the  latter  hy  c^  we  ehall 
have 

r^=c-f  Ai  (103) 

144,  First  Mdhod. — ^Tlace  the  telescope  m  a  horizontal  position, 

and  select  any  terrestrial  object  that  presents  some  well  defined 
point,  and  so  remote  tlutt  the  steilar  focus  of  the  tch*Hcope  need 
not  be  changed  to  obtain  a  good  definition  of  the  poinLf  Plea- 
sure with  the  micmmcter  tlie  distance  of  the  point  from  the 
middle  thread.  Reverse  the  rotation  axis,  and  again  measure 
this  distance.  If  it  is  the  same  as  before,  the  tliread  is  in  the 
coUimation  axis,  and  c  —  0 ;  otherwise  c  is  one-half  the  diiierence 
of  tlie  micrometer  measures.  To  obtain  a  simple  practical  rule 
which  will  fix  the  sign  of  c  for  clamp  west,  put 

Jf,  M*  t^  the  micrometer  distances  of  the  middle  thread  from 
the  point,  positive  when  the  thread  appears  in  the 
field  to  be  nearer  to  the  damp  than  tho  point; 


then,  for  chunp  west, 


e=^  J(Jtf+Jlf') 


(104) 


This  gives  c  with  the  positive  sign  when  tlie  thread  is  nearer 
to  the  clamp  than  the  coHimatlon  axis,  in  which  case  stars  at 


*  Greenwich  Obs*  for  1S51     Introd.  p.  it. 

f  The  meritliiLti  nmrk,  if  one  haa  been  esUbliihed^  will,  of  courst,  t>e 
iMs  point.    See  Art.  li»U. 
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their  upper  culminations  arrive  at  the  thread  before  they  reach 
the  axis,  and  the  correction  c  sec  3  must  be  additive. 

By  this  method,  no  correction  for  the  inequality  of  the  pivots 
18  required,  since  the  telescope  is  horizontal. 

Instead  of  a  distant  terrestrial  point,  we  may  substitute  the 
intersection  of  two  threads  in  the  focus  of  a  horizontal  colli- 
mating  telescope,  placed  north  or  south  of  the  instrument.  To 
avoid  reversing  the  axis,  t\vo  such  collimators  are  used,  as  in 
the  following  method. 

145.  Second  Method. — ^Let  two  horizontal  collimating  telescopes 
D  and  Fj  Fig.  41,  be  mounted  on  piers  in  the  transit  room,  one 


7^ 


north  and  the  other  south  of  the  transit  instrument,  in  the  same 
plane  with  its  rotation  axis,  their  objectives  turned  towards  this 
axin,  and,  consequently,  towards  each  other.  Suppose,  for  sim- 
plicity, that  the  collimators  have  each  a  single  vertical  thread 
Nor  S  in  the  principal  focus.  The  transit  instrument  being  at 
first  removed  so  as  not  to  obstruct  the  view  of  one  collimator 
fix>m  the  other,  an  image  of  the  thread  of  either  collimator  will 
be  fonaed  at  the  focus  of  the  other,  and  either  thread  may  be 
adjusted  «o  as  to  coincide  exactly  with  the  image  of  the  other. 

Tlien  the  two  sight  lines  of  the  collimators  are  in  the  name 
line,  or  at  least  are  parallel  to  each  other,  and  their  threads 
when  viewed  by  the  tranwit  telescope  represent  two  infinitely 
distant  objects  whose  difference  of  azimuth  is  precisely  180®. 
Replacing  the  transit  instrument,  direct  it  first  towards  the 
north  collimator.  Let  CC"  be  its  rotation  axis,  AA'  peri)endi- 
cular  to  CC  its  collimation  axis,  T  the  middle  thread  of  the 
diaphnifrm  at  the  distance  AT  —  c  west  of  the  axis.  An  image 
of  A' will  be  formed  at  X^  at  a  distance  AX'  from  the  collima- 
tion axis,  which  is  the  measure  of  the  diffcr€n4:e  of  directions  of 

Vol.  II.— 11 


1«S 


TRANSIT   INSTRUMENT  11?  THE   MERIDIAN?. 


Ilie  common  flight  line  of  the  collimators  and  the  axis  AA\ 
Measure  with  the  tnnvsit  micrometer  the  dmtaiice  (=  M)  of  T 
Croiu  N'.  Next  revolve  the  telescope  upon  its  rotatiou  axU  and 
direct  it  towartb  the  south  collimator.  The  axis  CC^  \b  ua* 
chaiijo^ed,  and  the  point  A  of  the  focns  which  reprem'nts  the 
collimation  axis  is  now  found  at  A^.  The  image  of  JS  ifi  formed 
at  S'  at  a  distance  A'S^  from  the  collimation  axis,  which  is  a^in 
the  measure  of  the  difference  of  directions  of  the  common  sight 
line  of  the  collitiiators  and  tlie  axis*  AA\'  so  that  we  have  AN' 
=^  A'S';  but  tlie  puiutn  ^S"  and  iV"'  are  on  opposite  isides  of  the 
axis.  The  middle  transit  thread  is  now  at  T*  on  the  same  side 
of  the  collimation  axis  and  at  the  same  distance  from  it  as 
before:  so  that  we  have  also  A' 2"' =  c.  llenee,  remeniberiQg 
that 

M,  W  ^  the  micrometer  distances  of  the  middle  thread  west 
of  the  north  and  south  collimator  threads,  respect- 
ively, 

we  evidently  have 

To  give  this  method  the  greatest  degree  of  precision,  it  will 
not  suffice  to  use  single  vertical  threads  in  the  collimators,  on 
account  of  the  difficulty  of  estimating  the  coincidence  of  two 
supcrfioscd  threads.  It  is  also  clear  that  the  sight  lines  of  the 
two  eollimatoi's  must  not  be  marked  by  two  entirely  similar  and 
equal  systems  of  threads,  since  to  bring  the  sight  lines  into  coinci- 
dence we  should  still  have  to  supei-pose  one  system  upon  the  other* 
A  simple  metbod  is  to  substitute  for  the  single  thread  in  the 
north  collimator  two  very  close  parallel  vertical  threads,  and  in 
the  south  collimator  two  threads  intei'secting  at  an  acute  angle 
and  making  cqmil  angles  with  the  vorticaL  Then  the  middle 
point  between  the  close  parallel  threads  marks  the  sight  line  of 
the  north  collinmtor,  and  the  coincidence  of  the  intersection  of 
the  cross  threads  of  the  south  collimator  with  this  iioint  <*an  be 
judged  of  by  the  eye  with  great  delicacy.  It  will  assist  the  eye 
somewhat  if  the  collimators  have  also  two  parallel  horizontal 
threads  equidistant  from  the  middle  of  the  field,  hut  not  at  tlie 
same  distance  from  ea*'h  other  in  both  telescopes. 

In  the  large  transit-circle  of  the  Greenwich  Observatory  the 
whole  system  of  transit  threads  is  moved  by  the  micrometer 
screw.     In  this  case  let  J/  and  3/'  be  the  micrometer  readi^ 
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when  the  middle  thread  ia  in  coincidence  with  the  two  colli- 
mators respectively;  then  JK^  =  J  (3/  +  -W')  is  the  reading  when 
the  middle  thread  is  in  the  axis  of  collimation,  and  c  =  0;  and 
if  during  any  subsequent  observations  the  micrometer  is  placed 
at  a  different  reading  m,  we  must  take  for  the  reduction  of  such 
observations  <?  =  J/q  —  ^« 

Example. — On  Feb.  7,  1853,  the  collimators  of  the  Greenwich 
transit-circle  having  been  brought  into  coincidence,  the  middle 
transit  thread  was  brought  successively  upon  each  collimator, 
and  the  reading  of  the  micrometer  for  the  north  collimator  was 
Sl'.SOO,  and  for  the  south  collimator  31^521.  Hence,  the  micro- 
meter being  set  at  the  mean  3K411,  the  middle  thread  would 
be  in  the  collimation  axis,  and  then  c  =  0.  But  if  the  transit  of 
a  star  was  observed  on  tliat  date  with  the  micrometer  set  at 
8r.5,  we  should  have  c  =  SVAll  —  3^.5  =  —  (K.089,  or,  since 
V  =-  O-.OSo,  c  =  —  O'.OSS. 

146.  For  merely  determining  the  collimation  constant,  it  is 
not  necessary,  as  has  been  above  supposed,  that  the  collimators 
Ik?  in  the  same  horizontal  plane  with  the  axis  of  the  transit 
instrument.  They  may  be  in  a  plane  so  far  above  (or  below) 
that  of  the  tnmsit  inHtrument  that  the  telescope  of  the  latter 
when  horizontal  will  not  intercept  the  view  from  one  to  the 
other.  If  then  each  collimator  is  mounted  as  a  transit  iuHtru- 
nient  and  its  rotation  axis  is  level,  it  can  be  depressed  (or 
elevated)  until  its  threa<ls  can  be  viewed  by  the  transit  tele- 
scope. If  the  inclination  of  each  collimator  to  the  horizon  Is 
the  name,  and  the  measures  of  the  distances  of  the  middle  transit 
threads  from  the  two  coUimating  threads  are  as  before  M  and  M\ 
we  still  have  c  ---  J  (3/  +  J/').  The  objection  to  this  arrange- 
ment is  that  the  sight  lines  of  the  collimators  must  be  made  per- 
pendicular to  their  rotation  axes,  and  thene  axes  must  be  levelled, 
adjurttments  which  are  unnecessary  when  they  are  in  the  same 
or  %'ery  nearly  the  same  horizontal  plane  as  the  axis  of  the  prin- 
cipal instrument. 

To  a%'oid  the  necessity  of  raising  the  tnmsit  instniment  out 
of  the  Vs  (when  the  three  instruments  are  in  the  same  horizontal 
I»lane),  two  apertures  may  be  made  in  the  cube  of  the  telescope, 
tlin>ugh  which,  when  the  telescope  is  vertical,  tlie  horizontal 
mys  from  the  collimators  may  pass. 
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147,  Third  3feihod. — Direct  the  inatriiment  vertically  towarda 
the  mercury  collimator,  and  moaBure  with  the  micrometer  the 
distance  of  the  middle  thread  from  iU  image;  put 

M  ^=:^  the  micTonieter  distance  of  the  thread  from  its  image, 
positive  when  the  threud  it*  west  of  its  image  j 

then  it  is  evident  that,  if  the  rotation  axis  is  horizontal,  we  shall 
have  31  ^^2e;  bnt^  if  the  west  end  is  elevated  by  the  quantity  6, 
the  apparent  diisfanee  of  the  thread  and  its  image  will  bo  dimin- 
ished by  26;  so  that  we  shall  then  have  3J=  2c  —  26,  whence 


c^lM+b 


(105) 


which  gives  c  with  its  proper  eign  for  the  actual  position  of  the 
rotation  axis. 

If  we  wii^h  to  determine  the  level  constant  at  the  same  time, 
we  re%^erse  tlie  axis,  and  again  measure  the  distance  of  the  middle 
thread  from  its  image.     Then,  putting 

Mf  M*  ^  the  distances  of  the  thread  west  of  its  image  for 
clamp  west  and  elamp  oast,  respectively, 
bf  U  =  the  level  constants  in  the  two  positions, 

we  have,  for  clamp  west, 

and  (since  the  sign  of  c  is  changed  by  the  reversal),  for  clamp 

east, 

—  cf  =  jjT  +  y 

whence 

c  =  \{M  —  M')^  l{b* --  h) 


or,  since  b*  -^b  ^^  2/>, 

c  =      \  {M  —  JtT)  —  p    elamp  west, 

and  e  =  ^\{M—M')+p        *'      east, 

We  have  also 

6'+6  =  —  i  (.¥  +  .¥') 


}    (106) 


whence 


b'  —  b^      2p 

6  =  —  I C  Jf  +  if)  —  p    elamp  weit^ 
(/  =  —  \iM+M')  +  p        «      east, 


}    (107 


) 


When  the  micrometer  thread  is  at  right  angles  to  the  meridian, 
ami,  consequently,  moves  only  in  declination,  it  can  nevertheless 
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be  used  for  determining  the  small  quantities  c  and  h  according 
to  the  above  method,  as  follows.    Let  AB^  Fig.  42, 
be  the  middle  transit  thread,  A'B'  its  reflected  }  Af 

image  in  the  collimator,  CD  the  micrometer  thread. 
Move  the  micrometer  thread  CD  until  the  distance 
between  it  and  its  image  C'D\  estimated  by  the 
eye,  is  equal  to  the  distance  between  the  transit 
thread  AB  and  its  image,  that  is,  until  the  two  threads  and 
their  images  form,  to  the  eye,  a  perfect  square.  This  square  is 
always  verj'  small  in  a  tolerably  well  adjusted  instrument,  and 
can  be  very  accurately  formed  by  estimation.  We  have  then 
only  to  measure  the  distance  of  CD  and  CD'  to  obtain  the 
reciuired  distance.  Now,  if  we  move  CD  we  also  cause  the 
ima^  CD'  to  move ;  but  it  is  evident  that  (the  telescope  not 
being  disturbed)  if  CD  is  moved  to  C'D\  the  image  will  be  seen 
at  C/),  and,  in  passing  from  one  position  to  the  other,  the  thread 
and  \\a  image  will  be  in  coincidence  at  the  point  midway  between 
the  two  portitionn.  If  this  coincidence  could  be  observed  with 
perfect  accuracy,  we  might  read  the  micrometer  head  first  when 
the  square  was  formed,  and  secondly  when  the  coincidence 
occurred  and  the  difference  of  the  readings  would  be  one-half 
the  recjuired  mejisure  of  the  side  of  the  square.  But,  as  the 
threads  have  sensible  thickness,  it  is  difllicult  to  estimate  the 
coincidence  of  the  middle  of  the  thread  with  the  middle  of  its 
image,  and  therefore  it  will  be  better,  to  read  the  micrometer, 
fir»t  when  the  s([uare  is  formed  by  the  thread  at  CD  and  its  image 
at  C/y,  and  secondly  whea  the  square  is  again  formed  by  the 
thread  at  C'ZK  and  its  image  at  CD.  The  difference  of  the 
readings  will  then  be  the  required  measure  of  the  side  of  the 
square  or  of  the  quantity  above  denoted  by  3/. 

Example  1. — In  1857,  June  28,  at  the  Xaval  Academy,  to  find 
the  collimation  constant  of  the  meridian  circle,  the  distance  of 
the  image  of  the  middle  thread  from  its  image  in  the  mercury 
collimator  was  measured,  by  forming  a  square,  as  above  explained, 
with  the  declination  micrometer  thread,  alteniately  north  and 
south  of  its  own  image.  The  readings  of  the  micrometer  were 
5:]..^  div.  and  59.5  div.  Tlie  middle  thread  was  west  of  its  image. 
The  value  of  one  divisii)u  oT  the  micrometer  was  0'.0C18.  The 
level  constant  found  by  the  8[>irit  level  was  6  =  —  0'.247.  Clamp 
"West. 
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We  find 


dlT. 


Jf  =  +  6,0  :=.  +  Ov371 
e  =  ^itf+6  —  -f  Q\B7l  —  0'.247  =  +  0*124 

Example  2. — In  1855,  May  11,  with  the  same  instroment,  a 

Biniihir  observation  wim  made,  both  with  clamp  west  and  clamp 
east,  and  there  were  found 

Clamp  W.,        Jtf"  =  —  2,4    (Thread  east  of  itfl  image) 
*♦      E.,         M*=^  —  2,7  *<         *'       **         '^ 

HencBj  since  for  tliis  instrument  2?  =  0,  we  find 

e=       }(M—M')  =  —  (^M2  for  clamp  W, 
i  =  —  i  (^¥  +  3P)  =  +  0 .125 

148.  By  combining  the  collimating  telescopes  with  the  mer- 
cury collimator,  we  can  deduce  both  the  colliiuation  and  level 
coufttants  without  reversing  the  rotation  axig  and  without  in- 
volving the  inequality  of  the  pivots.  For,  by  the  collimating 
telescopes^  we  deduce  the  value  of  <?,  and  by  the  mercury  colli- 
mator ia  the  same  pot^ition  of  the  axis,  the  value  of  t  ^  c  ^ —  ^M. 
This  is  the  method  now  employed  at  the  Greenwich  Observatory, 
where  the  transit  circle  is  never  reversed ;  but  it  ia  better  also 
to  reverse,  and  thus  obtain  two  independent  determinations  of 
our  constants  for  verilicution. 

If  we  revei-se  the  instrument  and  determine  the  level  constant 
by  this  method  in  both  positions,  we  can  find  the  inequality  of 
the  pivots  ;  for  we  shall  have  p  —  ^[b*  —  b). 


149*  Fourth  3fethod. — The  preceding  methods  are  very  precim 
end  convenient,  but  are  practicable  only  with  instruments  pro- 
vided with  collimators.  The  folknnng  method  is  independent 
of  tliese  auxiliaries,  and  is  practicable  with  all  instruments  which 
admit  of  reversal ;  and,  being  quite  accurate,  it  may  b©  used 
also  with  the  larger  instruments  in  connection  with  the  other 
methods,  as  a  check  upon  tliem. 

Direct  the  telescope  upon  a  star  near  tlie  pole,  and  observe 
its  transits  over  one  or  more  of  the  side  threads  (and  also  ov*er 
the  middle  thread,  if  the  instrurae^u  can  be  reversed  in  tlie 
interval  between  two  threads).  Then  immediately  reverse  the 
rotation  axis  and  observe  the  transits  of  the  star  over  one  or 
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more  of  the  same  side  threads  again.  Let  T  and  T'  be  the 
mean  of  the  clock  times  of  transit  over  the  middle  thread, 
deduced  from  the  several  observations  for  clamp  west  and  clamp 
east  respectively  (Art.  133) ;  b  and  b'  the  level  constants  in  the 
two  positions  (the  pivots  being  supposed  unequal) ;  then,  by  (82), 
(88),  and  (87),  we  have,  for  clamp  west, 

^^  J  ,   ^T  ,   ^^J^^^^zJ)    I   ^  eo8(f>--a)       _c O'.021cosf> 

cos  J  cos  ^  cos  J  cos^ 

and,  for  clamp  east, 

•  =  T+  e^T+a  s'^Cv^-^^)    i   yC08(y>  — ^) ^ O'.021co6f> 

cos  d  cos  d  COS^  COS  d 

From  the  difference  of  these  equations  we  deduce 

c  =  j  (T'  —  T)  cos  a  +  p  cos  (v*  —  S)  (108) 

in  which  we  have  substituted  p  for  \{b'  —  b).  If  the  pivots  are 
equal,  the  term  ;>  cos  (^  —  d)  will  disappear. 

K  Tand  T'  are  the  times  of  passing  the  mean  thread  Art.  184), 
then  c  is  the  coUimation  of  this  fictitious  thread. 

150.  If  the  equatorial  intervals  have  not  been  previously  well 
determined,  the  mean  of  the  transits  over  the  same  thread  in  the 
two  positions  must  be  compared  with  the  transit  over  the  middle 
thread.  Thus,  if  T^  and  7"/  are  the  clock  times  on  the  same 
thread  for  clamp  west  and  clamp  east,  we  have,  for  this  thread, 
\  being  its  equatorial  interval  (omitting  the  diurnal  aberration, 
which  would  be  eliminated), 

COS  d  cos  d  COS^ 

cos  3  COS  d  COS  3 

and,  for  the  middle  thread,  su[)posed  to  be  obsened  with  clamp 
west, 

COS  d  COS  d  cos^ 

Tlie  diff*erence  between  the  last  equation  and  the  mean  of  the 
first  two  gives 

c  =/  ZjjLZZ  _  rjeos  ^  +  ;)  cos  (f  —  a)  (109) 
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but,  since  the  error  of  observation  in  Twill  appear  in  all  the 
values  of  v  thus  found  from  the  several  thread^^  their  mean  will 
also  involve  this  ern^r,  8o  that  but  a  slight  increase  of  accuracy 
will  be  gained  by  observing  more  than  one  side  thread.  Uence^ 
for  the  greatest  precision,  it  is  indispensable  that  the  tliread 
intervals  should  be  previously  %vell  detenuined,  and  that  several 
threads  should  be  used  as  prescribed  in  the  preceding  article. 

These  fomiulai  apply  without  modification  to  the  case  of  a 
lower  transit,  if  for  d  we  use  the  eupplement  of  the  star's  decli- 
nation {Art.  128), 

Example* — On  Sept  30,  1858,  the  lower  transit  of  Polaris  waa 
observed  with  the  meridian  circle  of  the  Naval  Academy  on  the 

three  side  tlireads  and  the  middle  thread  with  clamp  east,  and 
on  the  same  side  threads  with  clamp  west,  as  below; 

FoUfu  (lower  culm,)  d  =  9P  27'  84", 


Tbread. 

Clock. 

Redtiction  to 
mitJdk  thread. 

Clock  time  on 
middle  llir^ftd. 

CLE. 

I 

n 
III 

IV 

I2»  44-  45'. 

12  62   41 

13  0    39 
13     8    24.5 

+  23-  39'.2 
+  15    44 .8 

+    7    47.5 

13»  8-  24*,2 
25-8 
26,5 
24.5 

Mean  T  = 

13  8    25,25 

CI.W. 

HI 

II 
I 

13  16    21.     1 
24    20. 
82    13. 

-  1    47.5 
^15    44,8 

—  23    39,2 

13   8    33.5 
35.2 
33,8 

Mean  T  = 

13  8    33.17 

The  adopted  intervals  for  these  threads  were  tj  ^^  -f  85*.67, 
^  =  +  23*-77,  ^  —  +  11*. 77,  with  which  the  reductions  to  the 
middle  thread  were  computed  as  in  the  talde.  As  a  test  of  the 
accuracy  of  the  ohscr\'ation,  each  thread  is  here  reduced  sepa- 
rately. We  have  tlien,  taking  only  the  seconds  of  T  and  T\ 
and  putting  p  =  0,  by  (108)^ 


25'.25  —  33M7 


COB  91^  27'  34"  =  +  OMOO  (CI  W.) 


On  the  Bame  day  the  distance  of  the  middle  thread  west  of  its 
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image  in  the  mercury  collimator  was  found  with  clamp  east  to 
be  —  19.9  div.  =  —  r.285,  and  by  the  spirit  level  there  was  found 
b=+  0'.521,  whence  c  =  —  O-.eiS  +  0'.521  =  —  COOT  (CI. E.), 
agreeing  almost  exactly  with  the  value  found  by  Polaris. 


THE  AZIMUTH  CONSTANT. 

151.  To  find  the  azimuth  constant,  we  must  have  recourse  to 
the  observations  of  stars,  since  it  is  only  by  a  reference  to  the 
heavens  that  the  direction  of  the  meridian  can  be  determined. 
We  can  eitlicr  find  a  directly,  or  first  find  n  and  m,  from  which 
a  can  be  deduced. 

To  find  a  directly. — Observe  the  transits  of  two  stars  of  difierent 
declinations  d  and  d'.  Let  T  and  T'  be  the  clock  times  of  transit 
reduced  to  the  middle  thread  (or  the  mean  thread),  b  the  level 
constant,  c  the  collimation  constant  for  the  middle  thread  (or 
the  mean  thread),  and  put  c' =  c  —  0'.021  cosy?  (Art.  126).  Let 
A  7"^  be  the  clock  correction  at  any  assumed  time  Tqj  8T  the 
hourly  rate ;  then  the  clock  corrections  at  the  times  of  observa- 
tion are 

Ar=  a7;+  dT{T—  t;) 
Ar=  A  7;+  dTiT—  r,) 

Then,  if  a  and  a'  are  the  apparent  right  ascensions  of  the  stars 
at  the  time  of  the  observation,  as  found  from  the  Ephemeris, 
we  have,  by  (82)  and  (87), 

•  =  T  ^-  A r  -f-  fl  sin (f  —  S)Bec  S  -{-b  cos(^  —  S) sec  d  -^  (f  »cc  S 
Q,'z=T+  £i  T+  a  sin  (f  —  if)  sec  d'+  b  cos  (f  —  ^)  sec  <J'+  c'  bcc  d' 

If  in  these  we  substitute  the  above  values  of  AT'and  a  7^',  and 
suppose  the  rate  of  the  clock  to  be  given,  every  thing  in  the 
equations  will  be  known  except  aTJ  and  a.     To  abbreWate,  put 

f  =  T  +  ST(T ^  T;)  +  b  cos(^  ^  d)wic  S  +  d Becd  I 

r=.  r+  dT{T--  T.)  +  b  co8(v'  —  ^)s6c  a'+  c'seca'  j     ^^^"^ 

that  i»,  let  t  and  t'  denote  the  observed  clock  times  reduced  to 
the  ansumed  epoch  T^  and  corrected  for  level  and  collimation ; 
then  we  have 

a  =  t  +  aT^+  a  Rin  (^  —  d  )Bec  d 
a'=r+  A 2;+  a  sin  (f  — a') sec  a' 


I 


From  these  formulfe  we  learn  the  eonditions  necessary  for 
the  accurate  determiimtiou  of  a.  In  the  lirrtt  phice,  if  the 
rate  of  the  clock  is  not  well  determined^  the  interval  between 
the  ob9er\'ation»  must  be  a8  brief  as  possible,  so  that  /  and  i^ 
will  be  but  little  atieeted  by  the  error  in  3T.  The  right  ascen* 
Bion«  of  tlie  two  stars  must  therefore  differ  as  little  as  possible; 
or^  if  otie  of  them  is  obsorve^l  at  itn  lower  culmination,  they 
must  ditter  bj^  nearly  1'2\  In  the  next  pkice,  it  is  evident  that 
the  larger  the  factor  tan  3  —  tan  3'  in  the  denominator  of  (111), 
the  less  effect  will  errors  in  ('  and  t  have  upon  the  deduced 
vahie  of  a.  Therefore,  if  both  stars  are  observed  at  the  upper 
culminations,  one  must  be  as  near  to  the  pole  and  the  other  ua 
fer  from  it  as  possible.  Finally,  the  right  ascensions  a  and  a' 
must  be  aeeuratel}'  known,  and,  therefore,  only  tundamental 
etars  should  Ije  used,  or  those  whose  places  are  annually  given 
in  the  Ephenieris. 

If  one  of  the  stars  is  olj^enxnl  at  its  lower  culmination,  we 
have  only  to  use  180*^  —  5'  and  12*  -f-  a'  for  its  deelinntion  and 
right  ascension,  and  still  use  the  equations  (110)  and  (111)  with- 
out change  of  notation  (Art.  128).  In  this  ease  tlie  factor 
tan  3  —  tau<J'  will  become  tan  3  +  tan  8^  (taking  3'  here  to 
iignify  the  proper  declination);  and  this  \iill  be  the  greater,  the 
nearer  bofh  stars  are  to  the  pole.  All  the  moat  favorable  condi- 
tions can  therefore  lie  best  fulfilled  by  two  cireumpolar  stani, 
both  as  near  to  tlie  pole  as  possible  and  differing  in  right  ascen- 
sion by  nearly  12*, 

If  we  can  rely  upon  the  stability  of  the  instniment  and  the 
clock  rate  for  12*,  we  may  observe  the  same  star  at  both  its 
upper  and  lower  enlminatioua,  and  then,  putting  180**  —  i'  ^  4, 
the  formula  becomes 
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2co8fUind 

where  a'  is  the  apparent  right  ascension  of  the  star  at  the  lower 
culmination  increased  by  12*,  and  V  is  the  corrected  time  for  the 
lower  culmination. 

If  the  object  of  the  observer  is  to  re-determine  the  right 
ascensions  of  the  fundamental  stars  themselves,  it  is  plain  that 
he  must  have  an  instrument  of  the  greatest  stability,  and  for 
the  determination  of  the  azimuth  must  rely  upon  upper  and 
lower  culminations  of  the  same  star ;  for  the  difference  a'  --  a 
in  (112)  may  be  accurately  computed  by  the  formiiJee  for  pre- 
cession and  nutation,  although  the  absolute  values  of  a  and  a' 
may  be  but  ^proximately  known. 

To  find  n  directly. — Having  observed  two  stars  under  the  con- 
ditions above  given,  let  i  and  V  be  the  clock  times  reduced  for 
rate  to  the  assumed  epoch  7^  as  before,  but  further  corrected 
only  for  collimation ;  that  is,  put 


(113) 


t=  r+  dT(T-^  rj  +  c'seca 

then,  by  Bessel's  formula,  Art.  126, 

a  =  <4-A  r^^+m+n  tan  a 
a'=*'+  a2;+  m+  ntana' 
whence 

tan  a  —  tan  a' 

For  a  single  circumpolar  star  observed  at  its  upper  and  lower 
culminations, 

2  tan  a  ^      ^ 

We  then  find  m  by  (85) ;  namely, 

m  =  6  sec  f  —  n  tan  f  G^^) 

If  we  reduce  our  observations  by  Bessel's  or  Hansen's 
formula,  it  will  be  unnecessary  to  find  a.  If  it  is  required,  how- 
e%'er,  it  may  now  be  found  by  the  equation 

a  =  6  tan  f  —  n  sec  ^  (H") 


1T2 
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Example. — On  May  25,  1854,  with  the  mt^ridmn  circle  of  the 

U.  S*  Naval  Academy,  tlie  upper  and  lower  transitB  of  Polaris  and 
the  traiiisit  of  aArietls  were  observed,  and  the  clock  times  reduced 
to  the  middle  thread  were  as  follows : 


1*14- 
2     8 
IS  14 


48'.24    (Clamp  East.) 
40.12  " 


Polaris  TJ.  C. 
a  Arietis 
Polaris  L.  C. 

With  the  spirit  level  and  mercury  collimator,  there  were  found 
b  =  -t  0'.004,  c  ^  —  0*.203.  The  hourly  rate  of  the  clock  on 
sidereal  time  was  3T=^  —  0^.224.  The  longitude  of  the  instru- 
ment was  5*^5"*  55*  W.  of  Greenwich^  and  the  latitude  f  ^  88**  58' 
52".5.     Find  the  constantft  a,  m^  and  n. 

From  the  Nautical  Almanac  for  this  date  the  right  ascenBions 
and  declinations  of  the  stars,  reduced  to  the  time  of  the  obser- 
vationsj  arc 

a                                   (f  Nat.  tan  6 

Polaris  V,0.      1*^    5"  29*.41  88**  31' 39"  38.905 

aAridis              I   58    56.05  22    46    7  0.420 

Solaris  L.C,     13     5    29.75  91    28  21  —38,905 

"We  find  for  the  constant  of  diurnal  aberration  for  tlie  given 
latitude,  O'.021cos^?  ==  0*.016,  and  hence  c'=  --  0^.203  --  0\016 
=  —  ©".SIO,  Computing  c'  bcc  5,  6cos  (^  —  J)  sec  5  for  each  star, 
and  reducing  the  times  for  rate  to  0*,  the  values  of  (,  according 
to  (110),  are  found  as  follows: 


T 

Red.  for 

nte  to  0*. 

Corr.  for 
ooUim. 

CoTT.  for 

level. 

1 

Polaris  U.  C. 

a  Ariftis^ 
Polaris  Ua 

I- 14-  48'.24 

2     8     9.13 

18  14   40.12 

—  0'.28 

—  0.48 

—  2.97 

—  8'.62 

—  0.24 

+  8.52 

+  OM0 

0.00 

-0.09 

l»14-39'.54 

2     8     8.41 

13   14    45.58 

To  exemplify  the  use  of  the  formula  (111),  we  will  first  take 
Polariii  U.  C,  and  a  Arietis  (acccntiug  the  quantities  for  tlio 
second  star).     We  find 

a'^a^  53*  26*.64  t'—t  =  53- 28-.87 

tan  d  —  tan  d'  =  38.485 
and  hence,  by  (111), 

—  2*.28 


a  =- 


38.486  COB  ^ 


:^  _  0.^074 
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To  exemplify  the  use  of  (111)  in  the  case  of  two  stars,  one 
above  and  the  other  below  the  pole,  we  will  take  a  Arietis  and 
Polaris  L.  C,  for  which  we  find 

•'  —  a  =  IP  6-  33'.70  t'—t  =  11*  6-  37M7 

tana  — tan  a' =39.325 
whence 

—  3v47 


a  = 


=  —  0M18 


39.325  cos  ^ 

To  exemplify  the  use  of  (112),  we  will  take  Polaris  U.  C.  and 
L.  C,  for  which  we  have 


•'— a  =  12*0-0'.34 
whence 


5'.70 


r— *  =  12*0«6*.04 
2  tan  a  =  77.81 

=  -_  0..094 


77.81  COB  f 

WTe  adopt  this  last  determination  of  a,  and  then,  by  (80),  we  find 

m  =  —  0*.056  n  =  +  0*.076 

But,  where  m  and  n  are  required,  it  is  preferable  to  find  n 
directly  from  the  observations,  and  for  this  purpose  we  do  not 
correct  the  times  for  level.  Thus,  correcting  the  times  according 
to  (113),  we  find  t  as  follows : 


T 

Red.  for 
rU«  to  0». 

Corr.  for 
ooU. 

t 

Polaris  U.  C. 
a  Arietis, 
Polaris  L.  C. 

P14-48'.24 

2    8     9.13 

13  14  40.12 

—  0'.28 

—  0.48 

—  2.97 

—  8'.62 

—  0.24 
+  8.62 

lM4-89'.44 

2    8     8.41 

13  14   45.67 

Taking  Polaris  U.  C.  and  a  Arietis^  we  find,  by  (114), 

+  2r33 


n  = 


38.485 


=  +  0*.061 


Taking  a  Arietis  and   Polaris  L.  C,  we  find,  by  the  same 
formula, 

-f  3V56 


n  =  -■  =  +  0*.091 

39.325        ^ 


174 


TRANSIT   INSTRUMUfT  UT  TEE   MERIDIAN, 


Finally,  from  Pofam  tJ.  C,  and  L.  C,  we  find,  by  (115)t 

+  5'.89 


II  = 


77.81 


^  +  0*.076 


agreeing  exactly  with  the  value  above  found  from  the  game 
observations.  IVe  now  find  m  by  (116),  which  gives  us  boforo 
m  =  ~0*,056.     And  thenj  if  a  U  required,  we  find,  by  (117), 

THE  CLOCK  CORRECTION, 

152,   Having  determined  all  the  instrumental  eonetantfl,  the 

clock  correction  is  found  from  the  transit  of  any  known  star  by 

the  formula 

a2'=«i— (T+r) 

in  which  Tis  tlie  clock  time  of  the  star's  transit  over  the  middle 
thread,  or  tlie  mean  tliread,  and  r  in  the  reduction  of  this  thread 
to  the  meridian,  compnted  hy  either  (81),  (86),  or  (87). 

The  finally  adopted  value  of  a  7"  will  be  the  mean  of  all  the 
valucB  thus  found  from  a  number  of  stars ;  and  this  mean  will 
be  the  value  corresponding  to  the  mean  of  all  the  times  of  obser- 
vation. But  the  ohseiTHtious  thus  grouped  together  for  a  deter- 
mination of  A  r  should  not  extend  over  so  great  a  period  of  time 
that  the  clock  rate  cannot  be  regarded  as  constant  during  that 
period. 

The  clock  rate  is  found  by  comparing  the  corrections  CkT,  aT% 
corresponding  to  two  times  7",  T%  or 

A  T'  —  A  r 


ar  = 


T—  T 


The  value  aT^  of  the  clock  correction  for  an  assumed  epoch  T^ 
will  be  found  by  taking 

a7;=  Ar+  BT(T^—  T) 

It  is  evident,  from  Hansen's  formula  (86),  that  an  error  in  the 
detcmiination  of  n  (or  of  a^  which  involves  n)  mil  have  the  leaa 
etlci't  upon  r  and  a  7' the  less  tbe  difference  between  the  obsen'er't 
latitude  and  the  star  s  declination.  Hence,  assuming  that  b  and 
c  can  he  found  with  greater  precision  than  n,  it  is  expedient  to 
use  for  dock  stars  only  finidamcutal  t^tars  which  pass  near  to  the 
zenith,  K  two  circnmzenith  stara  are  obsen^ed,  such  that  the 
mean  of  the  tangents  of  their  declinations  is  equal  to  the  tangent 
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of  the  latitude,  the  mean  value  of  a  Twill  be  wholly  free  from 
any  error  in  n. 

An  error  in  c  will  be  eliminated,  either  wholly  or  in  part,  by 
taking  the  mean  of  the  two  values  of  a  T  found  in  the  two  posi- 
tions of  the  rotation  axis,  since  the  sign  of  e,  and,  consequently, 
also  that  of  any  error  in  c,  is  changed  by  reversing  the  axis.  An 
error  in  the  assumed  value  of  the  correction  p,  for  inequality  of 
pivots,  will  also  be  removed  in  this  manner ;  but,  since  the  co- 
efficient of  b  docs  not  change  its  sign  for  different  stars,  nor 
when  the  instrument  is  reversed,  there  is  no  method  of  elimi- 
nating an  unknown  error  of  b.  It  is  necessary,  therefore,  that 
the  astronomer  give  particular  attention  to  the  precise  determi- 
nation of  tills  constant. 

(For  the  determination  of  the  clock  correction  by  a  transit  of 
the  sun,  see  Art.  155). 

DETBRMINATION  OF  THE  RIGHT  ASCENSIONS  OF  STARS. 

153.  The  principal  application  of  the  transit  instrument  in  the 
observatory  is  the  determination  of  the  apparent  right  asceuRions 
of  the  celestial  bodies.  The  instrumental  constants  and  the 
clock  correction  and  rate  being  found  from  known  stars  as  above 
explained,  the  right  ascension  of  any  other  star  is  immediately 
deduced  from  the  time  of  its  transit  by  (82),  in  which  we  may 
sabfltitute  (86)  or  (87).  The  form  in  which  the  observations  are 
reduceil  will  be  best  learned  by  referring  to  any  of  the  printed 
observations  of  the  principal  observatories. 

In  making  a  catalogue  of  stars,  the  instniment  is  clamped  at 
a  certain  declination,  and  all  the  stars  within  a  zone  of  the 
breadth  of  the  field  of  the  telescope  are  observed  as  they  cross 
the  tlireadfl.  In  this  case,  it  will  be  expedient  to  find  the  clock 
correction  from  fundamental  stars  nearly  in  the  parallel  of  decli- 
nation upon  which  the  instrument  is  set.  For  if  we  have  found 
A  r  from  a  star  whose  right  ascension  is  a,  by  the  formula 

Ar=a  — (T+t) 
the  right  ascension  of  another  star  will  bo 

a'=  r'+  Ar+  dT{T  —  T)+t' 

that  is,  it  will  be  equal  to  the  right  ascension  of  the  fundamental 
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star  increased  by  the  clock  interval  corrected  for  rate,  and  for 
tlie  difference  r' —  r  of  the  iiistnunental  corrections;  atid  if  the 
declinations  are  the  samCj  we  shall  have  r'  —  r  =^  0,  and  all  tiie 
errors  of  the  instrument  will  be  eliminated,  Sinee^  in  this  appli- 
cation, the  absolute  clock  correction  ia  not  required,  we  may 
substitute  in  (82)  ?/*'  for  1^7*+  m,  and  m'  will  be  found  directly 
from  the  fundamental  stars  by  the  formula 

m'  =  a  —  (  jT  -f  n  tan  3  -}-  c'  sec  S) 

The  right  ascensions  will  then  be  obtained  by  adding  to  the 
observed  times  tlie  correction  m*  +  n  tan  8  +  c'  sec  5,  and  it  will 
not  be  neccssarj'  t^  separate  m'  into  its  constituents  A^and  m* 
Since  in'  involves  the  rate  of  the  clock,  its  hourly  variation  will 
be  taken  into  account  in  precisely  the  same  manner  as  that  of 
aT,  This  mode  of  reduction  vpas  adopted  by  Bessbl  for  his 
Kdnigsbertf  Zone  obsen^ations* 

The  mean  right  ascensions  for  the  beginning  of  the  year  or 
for  any  assumed  epochs  are  found,  from  the  apparent  right 
aseensious,  by  the  formula  (G92)  of  Vol.  I. 

For  the  determination  of  the  absolute  right  ascensions  of  the 
fundamental  stars,  see  Chapter  XH,  Vol.  L 
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134,  IVansiis  of  the  moon. — The  hour  angle  of  the  moon*s  limb, 
when  on  a  side  thread,  is  altected  l)y  parallax;  and  the  time 
required  by  the  moon  to  pass  from  this  thread  to  the  meridian 
differs  from  that  required  by  a  star  in  consequence  of  the  moon^s 
proper  motion  in  right  ascension.  If  J  is  tlie  true  decltnation  of 
the  moon  J  <J'  the  apparent  declination  as  alFectcd  by  parallax^  &' 
the  apparent  east  hour  angle  of  the  moon*s  limb  at  the  instant 
of  the  observed  tniusit  over  a  thread  whose  equatorial  intcr\*al 
Fig,  43.  from  the  middle  thread  is  i,  then,  since  8'  is  the  decli- 
nation of  the  observed  point  on  the  tliread,  we  have 

1^  =  m  +  n  tan  3'  +  (i  +  &)  sec  d' 

Tlius  &*  is  known,  but  to  reduce  the  observation  Wft 
must  find  the  true  hour  angle  e?»  Let  P3f,  Fig,  48,  be 
the  meridian,  P  the  pole,  Z  tlie  geocentric  zenith  of  the 
place  of  observation,  0  the  true  place  of  the  moon,  (X 
itji  apparent  place ;  and  denote  the  true  and  apjiarent 
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zenith  distances  ZO  and  Z(y  by  z  and  z'.  We  have  MPO  =  t>, 
MP(y  =  «>',  and  drawing  03/,  0'3/'  perpendicular  to  the  meri- 
dian, we  find 

.     ,^«.^       sin  MO       sin  JlfO' 


or 


whence 


Now,  if 


JkMM,MJ\y    

sin 

ZO        sin  ZO' 

sin  *  cos 

^_ 

sin  ^  cos  ^' 

sin  ^ 

sin  2^ 

*  =  *' 

sin 

2  cos  h* 

sin  y  cos  ^ 


I  =  the  moon's  increase  of  right  ascension  in  one  second  of 
sidereal  timCi 

the  sidereal  time  required  by  the  moon  to  describe  the  hour 

angle  &  is ;  and,  therefore,  7^ being  the  clock  time  of  transit 

of  the  limb  over  the  thread,  the  right  ascension  of  the  limb  at 
the  instant  of  its  transit  over  the  meridian  will  be 

...  .mm  V 

a=  T+  liT  + 


1  —X 
and  if  we  put 

S  =  the  moon's  geocentric  apparent  semidiameter, 

the  hour  angle  of  the  moon's  centre  when  the  limb  is  on  the 

meridian  will  be  ±  — -.  and  the  time  required  by  the  moon 

locos  d  g*  "^ 

to  describe  this  hour  an<(le  will  be  rb  ,_ ,  -- ;.    Hence  the 

°  16(1  —  A)cos^ 

formula  for  computing  the  right  ascension  of  the  centre  at  the 
instant  of  the  transit  of  the  centre  over  the  meridian  is 


1  —  >l  ~  15  (1  —  >l)  cos  ^ 

in  which  the  upper  or  the  lower  sign  will  be  used  acconling  as 
the  fin<t  or  the  second  limb  is  observed.  If  then  we  substitute 
the  values  of  e?  and  e?',  and  put 


F=^^!^ ^ (118) 

sin  2'  (1  —  /;  cos  d 


Vol.  IL— 11 


6m  j'  '       1  —  A 

F=  ABnec  $ 

The  value  of  A  may  be  fleveloped  in  a  eimple  form.  If  we  put 
tp'  ^  the  reduced  or  geocentric  latitude  of  the  place  of  obser^'a- 
tion,  p  =  itB  geocentric  distance,  t:  =  the  moon's  equatorial 
horizontal  parallax,  we  have  z  =  f'  ^  dj  and 

sin  (/  —  ^)  =  ^  BID  IP  Bin  / 

A  ^  -; — -  ^  COS  (r  —  z)  —  p  am  it  cos  z 
or,  neglecting  the  square  of  the  parallax, 

il  ^=  I  —  fiBlUK  COS  (/  ^  ^) 

which  k  the  form  employed  by  Bessel,  who  gives  the  value  of 
log  j4,  in  Table  XIII.  of  the  TabuttE  Heffiomonianm^  with  the 
argument  log  [/?  sin  t:  cos  {f'  —  5)].  For  a  particular  obeervatory, 
where  these  reductions  are  frequent,  it  is  more  convenient  to 
prepare  a  special  table,  adapted  to  the  latitude,  giving  log  A  with 
the  arguments  3  and  n.  In  Besskl*s  table,  there  are  also  given 
tlie  values  of  log  B  with  the  argument  **  change  of  the  moou*8 
right  ascension  in  12*  of  mean  time,"  and  the  argument  is  ex* 
pressed  in  degrees  and  minutes  of  arc ;  but  as  the  cliange  in  one 
minute,  expressed  in  seconds  of  time,  wliich  I  shall  denote  by  ao^ 
is  given  in  the  American  Ephemeris,  I  shall  take 


1  = 


60J1643 


B^ 


60.1643 


60.1643  —  An 


where  60.1643  is  the  number  of  sidereal  seconds  in  one  minute 
of  mean  time.     Tlie  following  table  gives  the  values  of  log^ 

computed  by  this  formula : 
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Argnment  Aa  =r  ekange  of  the  moon'i  right  afcension  in  one  B^nnte  of 
mean  time. 


A« 

logs   1 

1   Aa 

logi»   1 

Aa 

.  log  £   ' 

1 

1'.65 

0.01208  ! 

2'.05 

0.01506 

2'.45 

0.01806  ' 

1.70 

0.01245 

2.10 

0.01543 

2.50 

0.01843  1 

1.75 

0.01282 

2.15 

0.01580 

2.55 

0.01881  1 

1.80 

0.01319 

2.20 

0.01618 

2.60 

0.01919 

1.85 

0.01356 

2.25 

0.01655 

2.65 

0.01956 

1.90 

0.01394 

2.30 

0.01693 

2.70 

0.01994 

1.95 

0.01431 

2.35 

0.01730 

2.75 

0.02082  1 

2.00 

0.01468  ; 

2.40 

0.01768 

2.80 

0.02070 

This  table  will  be  useful  also  in  computing  the  term 

^ =  ,V  SB  Bee  d 

15(1  — i)coBa       '^ 

The  reduction  of  an  observed  transit  of  the  moon  is  then  as 
follows.  The  transit  over  each  thread  is  reduced  to  the  middle 
thread  (or  mean  thread)  by  adding  the  correction  iF  to  the 
obsen'ed  times,  and  the  mean  of  the  several  results  is  taken 
as  the  clock  time  of  transit  of  the  limb  over  the  middle  (or 
mean)  thread;  or  this  time  may  be  found  by  multiplying  the 
mean  of  the  equatorial  intervals  of  tlie  observed  threads  by  F 
and  adding  the  product  to  the  mean  of  the  observed  times. 
This  time  is  then  reduced  to  the  meridian  by  adding  the  correc- 
tion (m  -f  w  tan  <J'  +  c'  sec  <J')i^co8  d'  or  (//i  cos  <J'  +  ?i  sin  3'  +  c')-F, 
in  which  we  may  take  d'  =  d  —  tc  sin  (^'  —  d).  Then,  adding  the 
clock  correction,  we  have  the  right  ascension  of  the  limb  at  the 
instant  of  its  transit  over  the  meridian.     Finally,  adding  or  sub- 


tracting the  term 


S 


--»  we  have  the  right  ascension  of 


15(1  —  X)  cos* 

the  moon*8  centre  at  the  instant  of  its  transit  over  the  meridian. 
When  the  m(X>n  has  been  observed  on  all  the  threads,  the 
computation  of  F  by  the  above  method  may  be  dispensed  with, 
as  an  approximate  value,  sufficient  for  computing  the  reduction 
to  the  meridian,  may  be  inferred  from  the  obrter\'ed  times  on  the 
first  and  last  thread.  For,  calling  the  observed  inter\'al  between 
these  threads  /,  and  the  equatorial  interval  j,  we  have  /=  iFj 
whence 

t 


ISO 
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If  we  omit  the  factor  1  —  ^  tliroughout,  the  right  ascension 

ol>tained  is  that  which  corre^pondfl  to  the  instant  of  the  observa- 
tion  instead  of  tlie  instant  of  meridian  passage. 

Example* — The  transit  of  the  moon's  fii'st  limb  was  observed 

at  the  U.  S.  Naval  Academy  on  May  29,  1855,  as  follows: 


Thread. 

Clock. 

I 

15*  8-  5-'.5 

II 

4    10.3 

(Clamp  east.) 

III 

4    23.2 

IV 

4    30 .2 

V 

4    49.0 

VI 

5      1.8 

VII 

5    14  .G 

For  the  Naval  Academy  we  have  f'=  38^  47'  38",  and  \ogp 
=  9,9mm;  and  the  longitude  from  Greenwich  is  5*  5"  57*- 

The  constants  of  the  transit  instrument  were  m  =  -f  0'.261, 
n=  —  0*.162,  c^  +  (ymS ;  and  hence  (Art.  126)  c^=+  Q^MS 
—  0*.016  =^  -f  0'.077.  The  clock  correction  to  sidereal  time  waa 
4*  1"*  25*.  11,  The  equatorial  intervals  of  the  threads  from  the 
middle  thread  were 


+  35'.65       -f  23-J2       +  UMS      —  11M7       —  23- J7       —  S5-.67 

From  the  American  Ephcmeris  we  find  for  the  culmination 
at  the  Naval  Academy  on  May  29,  1855, 

ic  =  5r46'M  S=15'4r.5 

^  =  — 17'=*  58'  53"  Aa  =  2V2U7 

To  illustrate  the  method  of  redncing  the  observations  to  the 
middle  tlircad,  we  will  first  find  the  factor  i'^by  direct  computa- 
titm.     We  have  f'  —  i  =  56*^  46'  31",  log  p  sin  ;r cos (jp'  —  i)  = 

7,06405;  and  hence 

log  .4  ^  9  J9598 

log  B  =  0,01629 

log  sec  d  —  0,02175 

log  F=  0.03402 

Multiplying  the  equatorial  intcrvalf^  l»y  F,  we  find  the  reductions 
uf  the  several  threads  to  tlie  middle  thread  to  be 

I  n  Ml  V  VI  vii 

+  88'.56       +25*.66       -f  12'J4       — 12*.73       —  25«.71       —  38*.58 
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The  clock  times  of  transit  over  the  middle  thread,  according 
to  the  observations  on  the  several  threads,  were,  therefore, 


I 

i5»  4-  se-.oe 

II 

85.95 

III 

35.94 

IV 

86.20 

V 

36.27 

VI 

86.09 

VII 

86.02 

Mean  7=16  4    36.08 

To  compute  the  instrumental  correction,  we  have  ;r  sin  (^ '  —  S) 
=  48'.3,  whence  J'  =  —  18°  47'.2,  m  +  n  tan  d'  +  c'  sec  3'  = 
+  C.SST,  and  therefore  ^ 

(m  +  niAnd'+  cf  sec  d')  FcoBd'=  +  0-.40 
Applying  this  term  to  the  above  mean,  we  have 

Clock  time  of  transit  of  the  limb  =  15*  4-  36*.48 

Clock  correction,  aT   =  -f   1    25.11 

R  A.  of  the  limb  at  transit  =  15  6      1 .59 

8 


15  (1  ^  X)  cos  d 


=        1      8 .88 


R  A.  ofmoon's  centre  at  transit,  o=  15  7    10.47 

The  factor  F  might  have  been  approximately  deduced  from 
the  first  and  last  observations,  which  give  the  inter\'al  /=  77'.1, 
and  the  equatorial  intcn'ul  between  the  extreme  threads  in 
i  =  SS-.Go  +  85'.67  =  71'.32,  whence 

log  F  =  log  — —  =  0.0388 
*  *  71.32 

which  is  sufiiciently  accurate  for  reducing  the  instrumental  cor- 
rection. 
The  "  sidereal  time  of  the  semidiameter  passing  the  meridian," 

or  Tr-7\ r: r  nia\'  be  taken  from  the  table  of  Moon  Culnii- 

15(1  — i)  cos  a        ^ 

nations  given  in  the  Ephemcris. 

The  clock  correction  employed  in  deducing  the  moon's  right 
ascension  should  be  deduced  from  stars  as  nearly  as  possible  in 
tlie  same  parallel  of  declination.  (See  Art.  153.)  The  "moon  cul- 
minating stars*'  are  stars  lying  nearly  in  the  moon's  path  whose 
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poaitiona  have  beeu  carefully  determined  for  thizi  purpose.  (See 
Vol  L  Art.  229.) 

155.  lyansits  of  ihe  sun  or  a  planet. — Tlie  formula  (119)  is  applic- 
alilc  in  general  to  any  celestial  body;  but,  in  the  case  of  the  huh 
and  planets,  the  parallax  is  so  small  that  it^  effect  upon  the  time 
of  transit  over  a  side  thi'ead  is  inai»pre€iable:  so  that  we  may 
take  simply 

F  = ^BseoS 

(1  —  X)  cos  d 

and,  consequently,  also  put  3  for  8\    The  formula  for  computing 

the  right  ascension  of  tlie  centre  of  the  sun  or  a  planet  over  any 
given  thread  is,  therefore, 

a^T+A  'f+  iBmcS  +  (m  +  ntan^  +  (f  sec  tJ)  B  ±  j\  SB  need  (1 20) 

in  which  {I  denoting  the  change  of  right  ascension  in  one  sidereal 
second)  we  have 

The  logarithm  of  B  may  he  readily  computed.  Putting  act  for 
the  change  of  right  ascension  in  one  hour  of  mean  time  (which 
change  is  given  in  the  Ephemeris  for  the  sun),  we  liave,  since 
one  mean  hour  is  equal  to  3610  sidereal  seconds, 

i  =  -^ 

3610 


.i„g«  =  -.„g(.-^^) 


31 


3610 

in  M'hich  31^  0,43429,  the  modulus  of  the  common  system  of 
logarithms.     Performing  the  division  of  M  by  3010,  wo  find 

log  B  ^  0.00012  X  ^<*  (121) 

in  wliich  Aa  mnst  be  expiT^tsed  in  seconds  of  time. 

In  the  Britisli  Xauticul  Almanac,  the  change  of  right  ascension 
Aa  in  one  hour  of  luugitnde  is  given  for  each  planet     In  this 

ea^e,  we  have 

^ * 

♦  Bj  the  formuU  log  {I  —  t)  =  —  M(x  -f-  }««-f-  &o,),  where  the  squnre  and 
Ligber  powers  of  r  it«  co  amull  u  U»  be  illappn^ctftble  iji  the  pretent  etie. 


I 
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the  logarithm  of  which  may  also  be  found  by  (121)  with  Buffi- 
cient  accuracy,  that  ia,  within  a  unit  of  the  fiftli  decimal  place. 

The  term  ^  SB  sec  5,  or  "  the  sidereal  time  of  the  seniidiameter 
passing  the  meridian/*  is  given  in  the  Ephemeris  for  the  sun  and 
each  of  the  planets.  When  both  limbs  have  been  obser\'ed  on 
all  the  threads,  this  term  is  not  required,  since  the  mean  of  all 
the  obsen'ations  is  evidently  the  time  of  the  passage  of  the  centre 
over  the  mean  of  the  threads.  If  this  mean  is  to  be  reduced  to 
the  middle  thread,  there  will  remain  the  small  correction  ^kiBsecd 
to  be  applied  (Art  188),  for  which  we  may  take  ^i  sec  3.  We  may 
also  put  m  +  n  tan  3  +  c'  sec  d  instead  of  (m  +  n  tan  d  +  c'  sec  d)  -B, 
unless  m,  w,  and  e'  are  unusually  great. 

Tlie  re<luction  of  trannits  of  the  sun  observed  with  a  sidereal 
clock  is  greatly  facilitated  by  the  use  of  Table  XII.  of  Bessel's 
Tabulae  ReghmoniancRy  which  contains  every  thing  necessary  for 
the  purpose,  for  each  day  oi  i\\Q  fictitious  year  (Vol.  I.  Art.  406). 

156.  Trmisits  of  (he  sun  observed  with  a  mean  time  chronometer. — 
A  mean  time  chronometer  is  often  used  with  the  portable  transit 
instrument,  and  transits  of  the  sun  are  then  observed  solely  for 
the  puq>orte  of  determining  the  chronometer  correction.  In  this 
case,  the  mean  motion  of  the  sun  correnponds  with  that  of  the 
chronometer,  and  therefore  the  factor  B  may  be  put  equal  to 
unity,  unless  we  winh  to  obtain  extreme  precision  by  taking  into 
account  the  small  difference  between  the  mean  motion  of  tlie  sun 
and  it^  actual  motion  at  different  seasons  of  the  year,  a  degree 
of  precinion  quite  superfluous  in  the  use  of  a  portable  instrument. 
If  we  put 

E  ==  the  eqaation  of  time  for  the  instant  of  transit,  positive 

when  additive  to  apparent  time, 
S'  =  ^'5  S  sec  d  =  the  mean  time  of  the  sun's  semidiamoter 
]mii8ing  the  meridian,  which  may  be  taken  fh>m  the 
Ephemeris, 
T  =  the  redaction  to  the  meridian,  foand  cither  by  (82),  (86), 

or  (87), 
T  =  the  observed  chronometer  time  of  the  transit  of  the 
sun's  limb  over  a  thread  whone  equatorial  interval  is  i, 
aTz=  the  chronometer  correction  to  mean  time, 

t  =  the  chronometer  time  of  the  transit  of  the  sun's  eentrei 
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then  we  have 
and 


or 


t—  T+iBQCd  ±  S*  +  t 
i^T— 12*  +  E  —  t 


022) 


(12S) 


ExAMPLE.^ — On  May  17,  1856,  the  transit  of  the  snn  was  ob- 
served at  the  Naval  Academy  with  a  portable  instrnmeut  as  bi;law 
(Clamp  West): 


Mean  time  chronometer. 

Thrftftd. 

1st  Limb, 

2il  T.imb. 

I 

11*  55-  42'.2 

11*  67'*  so-.a 

II 

55    57  4 

lost 

III 

56    12.0 

58    26  J 

IV 

lost 

58    41J 

V 

66    42,3 

loat 

There  had  been  found  a  = -h  fr^SS,  &  ^  —  0',27,  <?  =  —  O'.ia, 
The  thread  interv^als  from  middle  thread  were 

k  h  h  h 

+  28\25  +  14M5  ^  14-.27  ~  28*.31 

The  longitude  being  5*  5**  57*  west  of  Greenwich,  we  find  &om 
the  Ephemeris  for  the  transit  over  this  meridian, 


^  =  +  19**  29M 


5'=67'.24 


^  =  —  8*  49',71 


The  reductions  of  the  several  threads  to  the  middle  thread,  or 
the  values  of  iseciJ,  are,  therefore, 


+  2a'.97 


n 
+  15'.01 


ly 
—  15M4 


V 
-^  30*.03 


Applying  these  to  the  obscr\"ed  times^  and  ako  the  quantity 
±.  »S\  we  have  the  chronometer  time  of  the  transit  of  the  sun*s 
centre  over  tlio  middle  thruad,  as  deduced  from  the  several 
threads^  as  follows : 
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Ist  Limb, 


Thread.  Chronometer. 

I  11»  67-  19'.41 

II  19.66 

III  19.24 

V  19 .61 


19.83 
2d  Limb.  -!  m  19.46 

19.32 


I IV 


Mean  =  11  67    19.42 

The  latitude  being  y  =  88°  58'.9,  we  find,  by  (87),  r  =  —  0'.27, 

and  hence,  finally, 

t  =  11*  57-  19'.15 

12»  +  E  =11  56    10.29 

Ar=—     1      8.86 

157.  Correction  of  the  transit  of  the  moon^or  a  planet  xchen  the 
defective  limb  has  been  observed. — Let  us  consider  the  general  case 
of  a  spheroidal  planet  partially  illuminated.  The  transit  of  the 
observed  limb  is  reduced  to  that  of  the  centre  by  employing 
instead  of  S  in  (119)  the  perpendicular  distance  from  the  centre 
of  the  planet  to  that  tangent  to  the  limb  which  lies  in  the  direc- 
tion of  the  transit  threads,  or,  in  tlie  case  of  meridian  transits, 
the  perpendicular  upon  the  declination  circle  which  is  tangent 
to  the  limb.  Tlie  formulae  for  computing  this  perpendicular,  in 
general,  are  discussed  in  Vol.  I.,  Occidtations  of  Planets,  where  we 
have  found  that  in  all  practical  eases  the  formula  (628)  of  p.  580 
may  be  considered  as  rigorous.  In  those  formulre  the  angle  t> 
10  the  angle  which  the  required  perpendicular  makes  with  the 
axis  of  the  planet,  so  that,  p  being  the  angle  which  this  axis 
makes  with  a  declination  circle,  we  have  here 

^  =  270^  — jp        or        d  =  90^  — jp 

acconling  as  the  first  or  second  limb  is  observed.  The  values 
of  j>  as  well  as  of  V  and  c  required  are  found  as  in  Vol.  I.  Arts. 
851,  852. 

But  this  rigorous  process  will  seldom  be  required  ;  and  when 
we  regard  the  planet  as  spherical,  the  fomiulce  can  be  simplified 
as  follows.  For  a  spherical  planet  we  make  e  =  1,  and  substi- 
tute the  value  90^  —  p  for  tf,  which  applies  to  the  2d  limb, 
whence,  by  Vol.  L  formula  (628)  and  (623), 

sin/  =  cosp  sin  V 
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or 


Bin  jif  ^=  —  cos  D  sin  (a'  —  A) 
if*=  s  COS/  =  -?  cos  / 


(124) 


where  a'  and  j1  are  tlie  right  ascensiona  of  the  planet  and  the 
81111  respectively  (and  a'  —  A  is  therefore  in  the  present  case  the 
snn's  hour  angle  at  the  time  of  tht^  obi^ervation) ;  D  —  the  sun 'a 
declination ;  R^  R*  =  the  helioeentric  distances  of  the  earth  and 
the  planet  respectively;  s  =  the  apparent  soniidianieter  of  the 
planet  at  the  time  of  the  observation ;  ^o  =^  the  mean  semi- 
diameter  (Voh  L  p.  578);  r  =  the  geoceotric  distance  of  the 
planet;  and  ^''  =  the  required  perpendicular.  For  the  moon  we 
may  put  R  =  J?'. 

The  above  rahie  of  sin/  ia  deduced  for  the  second  limb,  and, 
therefore,  by  Vol,  I.  Art.  354,  it  will  be  positive  when  tlie  second 
limb  ia  defective.  Since  we  should  have  to  substitute  270^  — p 
for  tf,  or  —  cosp  for  sin  iS,  in  the  ease  of  the  first  limb,  which 
would  only  change  the  sign,  it  follows  that  the  vtilue  of  sin 'j^  com- 
pukd  ht/  (he  above  formula  will  be  positive  or  iKijaiivc  according  as  the 
2il  or  the  Isi  limb  is  dtfeciive. 

The  value  of  5"  is  to  be  substituted  for  S  in  (119). 
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158.  Since  the  refraction  changes  the  zenith  distance,  its  effect 
upon  the  time  of  transit  over  a  side  thread  has  the  same  form  as 
that  of  the  parallax.  If  then  z  and  2'  denote  respectively  the 
true  and  apparent  zenith  distances,  the  time  requiivd  by  tlie  star 
to  deseribe  the  interval  i  is  iF^  where  i*^is  found  by  (118)  j  or, 
denoting  this  time  by  1%  and  putting  k  —  0, 


r= 


% 


sin  z 


QO^d  sin/ 


•TTow,  the  refraction  is  represented  by  the  formula  r  =  itanz', 
k  being  nearly  constant ;  and  for  values  of  z  not  greater  than  85**, 
we  may  here  aiisume  A  =  58",  and  ^  =  ^'  4-  k\\mz\  whence 
we  find 


Bin  ^ 


=  1  +  Asinr  =  1.0(KB8 
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Hence  the  error  in  computing  the  inten^al  hy  the  formula 
/=  laecJ  is  /X  .00028,  which  amounts  to  O-.Ol  when  /=  86'; 
and  this  is  as  great  an  interval  as  is  ever  used  for  an  equatorial 
Btar.  The  error  of  observation  for  other  stars  increases  with  the 
interval  /,  or  as  the  value  of  sec  d :  so  that  the  error  produced 
by  neglecting  the  refraction  is  always  much  less  than  the  proba- 
ble error  of  observation.  Moreover,  the  error  is  wholly  elimi- 
nated when  the  star  is  obsen^ed  on  all  the  threads,  or  on  an  equal 
number  on  each  side  of  the  middle  thread. 

If,  for  any  special  purpose,  it  becomes  necessary  to  correct  an 
observation  on  an  extreme  thread  for  refraction,  we  can  take,  as 
a  very  accurate  formula, 

/'=t8eca(l  + Asinl") 

k  being  found  by  Bessel'b  Refraction  Table  (Table  IL),  and,  for 
a  near  approximation, 

r  =  I  sec  a  X  1.00028 

MERIDIAN   MARK. 

159.  For  a  fixed  instrument,  it  is  desirable  to  have  a  perma- 
nent meridian  mark  by  which  the  azimuth  of  the  telescope  may 
be  frequently  verified.  A  triangular  aperture  (for  example)  in  a 
metallic  plate  mounted  upon  a  firm  pier,  with  a  sky  background, 
makes  a  good  day  mark,  the  thread  of  the  telescope  being  brought 
into  coincidence  with  it  by  bisecting  the  vertical  angle  of  the 
triangle.  K  the  mark  is  sufficiently  near,  a  light  may  be  placed 
behind  it  for  night  observations.  A  simple  mark  like  this,  how. 
ever,  must  be  so  remote  as  to  be  distinctly  defined  in  the  tele- 
scope without  a  change  of  the  stellar  focus,  and  even  for  instru- 
ments of  moderate  power  this  requires  a  dist^cc  of  upwards 
of  a  mile. 

It  is  found,  however,  that  the  apparent  direction  of  these 
distant  marks  is  often  subject  to  changes  from  the  anomalous 
lateral  refractions  which  take  place  in  the  lower  strata  of  the 
atmosphere,  pnuiuced  chiefly  by  variations  of  temperature.  If 
a  sheet  of  water  intervenes,  the  mark  is  found  to  be  espi^cially 
unsteady.  It  was  to  remedy  this  diflSculty  that  Kitten  house 
first  proposed  the  plan  of  placing  the  mark  comparatively  near 
to  the  instrument,  but  in  the  focus  of  a  lens  which  receives 
the  divergent  rays  from  the   mark  and  transmits  them  to  the 
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telescope  in  parallel  lines ;  a  suggestion  which  has  resulted  in 

various  imjiortatit  improvements  in  the  methods  of  investigat- 
ing iuritrumental  errors,  such  as  the  coUimating  telescopes,  the 
mercury  collimator^  &c.,  which  have  already  been  fully  treated 
of  in  the  preceding  pages.  The  apparent  direction  of  the  mark 
will  he  that  of  the  line  joining  the  optical  centre  of  the  lens 
and  the  mark*  At  Pulkowa,  the  lens  ft)r  this  purpose  is  placed 
on  a  pier  within  the  transit  ix>om,  and  has  the  extraordinary 
focal  length  of  ahout  556  feet,*  which  is,  therefore,  the  distiince 
of  the  mark  from  the  pier.  The  mark  consists  of  a  circular 
aperture  ^  of  an  inch  in  diameter,  in  a  metallic  plate,  presenting 
in  the  telescope  a  planetary  disc  of  only  2"  in  diameter,  which 
can  be  bisected  by  the  thread  of  the  telescope  with  the  greatest 
precision.  The  merit  of  such  a  mark  depends  on  the  stability 
of  the  two  points,  the  mark  and  tlie  lens,  which  determine  the 
direction  of  its  optical  line.  These  points,  mounted  as  they  are 
upon  solid  stone  piers,  are  not  liable  to  greater  relative  changes 
than  the  piers  of  the  telescope  itself,  and  tlierefore  the  changes 
of  direction  of  their  optical  line  will  he  less  than  those  of  the 
telescope  in  the  proportion  of  the  focal  length  of  the  lens  to  the 
length  of  the  rotation  axis  of  the  telescope,  which  in  this  ease 
was  as  i}5G  feet  to  3.61  feet,  or  as  154:1.  Now,  according  to 
STiiuvE^t  the  diurnal  changes  in  the  direction  of  the  axis  of  a 
well  mounted  transit  instrument  are  seldom  more  than  one  or 
two  seconds  of  arc  ;  but  ^^^  of  a  second  of  arc  is  a  quantity  abso- 
lutely imperceptible  even  in  the  best  transit  telescopes.  Two 
marks  of  the  same  kind  were  used  by  Struve,  one  north  and 
the  other  south  of  the  telescope,  and  they  sei-ved  not  only  as 
meridian  marks,  but  as  collimators  according  to  the  method  of 
Art.  145. 

In  the  same  manner,  one  of  the  collimators  of  the  Greenwich 
transit  circle  is  used  as  a  meridian  mark,  although  it  is  within 
the  transit  room.  In  this  case,  the  advantage  gained  is  com- 
paratively small. 

It  is  not  nece^gary  that  the  mark  be  precisely  in  the  meridian 
of  the  instrument  It  is  sufficient  if  it  is  so  near  to  it  that  its 
deviation  in  azimuth  can  be  measured  with  tlie  telescope  micro* 
meter.  Let  A  be  its  azimuth  west  of  north.  Direct  the  telescope 
to  it,  and  measure  its  distance  m  from  the  middle  thread,  giving 

*  De$enpihn  de  t  Obttrvatoirt  de  Pomlkava^  p.  125.  f  Ibid.  p.  128. 


PERSONAL   EQUATION.  189 

the  measure  the  positive  sign  when  the  mark,  as  seen  in  the 
field,  is  to  the  apparent  west  of  the  thread ;  then,  a  being  the 
azimuth  constant  of  the  telescope  determined  by  stars,  and  c  the 
collimation  constant,  we  have 

il  =  a  —  m  —  c  (125) 

80  long  as  the  values  of  A  thus  found  appear  to  vary  only  within 
the  limits  of  the  probable  errors  of  observation,  their  mean  is  to 
be  taken  as  expressing  the  constant  position  of  the  mark,  and 
during  this  period  the  azimuths  of  the  transit  instrument  will  be 
found  at  any  time  by  the  formula 

a  =A  +  m  +  c 

If  the  instrument  is  reversed  and  the  micrometer  distance  of 
the  mark  west  of  the  middle  thread  is  now  7/1',  we  have 

a=A  +  m' — c 
which,  combined  with  the  former  equation,  gives 

which  last  equation  gives  c  with  its  proper  sign  for  the  first  posi- 
tion of  the  instrument 


PERSONAL   EQUATION. 

160.  It  is  often  found  tliat  two  observers,  both  of  acknowledged 
skill,  will  diflfer  in  the  time  of  transit  of  a  star  observed  by  *'  eye 
and  ear,"  by  a  quantity  which  is  nearly  the  same  for  all  stars. 
Such  a  conMant  difference  does  not  necessarily  prove  a  want  of 
skill  in  subdividing  the  second  according  to  thq  method  of  Art 
121,  but  may  proceed  from  a  discordance  between  the  eye  and 
the  ear,  which  affectn  the  judgment  as  to  the  point  of  the  field  to 
which  the  clock  beats  are  to  be  referred.  Thus,  if 
a  and  6,  Fig.  44,  are  the  true  positions  of  a  star  at 
two  succct^sive  beats  of  the  clock,  we  may  suppose 
the  ohnerver  to  allow  a  certain  interval  of  time  to  p  ^ 
ehipse  after  each  beat  before  he  associatcft  it  with  the 
starV  [)o»«ition  (po88il)ly  in  some  cases  he  may  antici- 
pate the  beat) :  so  that  he  refers  the  beats  to  two  different  points 
a'  and  6',  whose  distance  from  each  other  is,  however,  the  same 


a'  a 
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as  that  of  a  and  b,  Tlie  ratio  in  which  the  distance  a'b'  is  divided 
he  may  still  estimate  corret'tlv. 

The  distance  between  a  and  a'  may  he  called  the  absotiite  per* 
sonal  eqtmiion  of  the  observer,  and,  if  it  could  he  detennined, 
might  be  applied  as  a  correction  to  all  his  observ^ations.  But,  ao 
long  as  Ms  observations  are  not  combined  with  those  of  another 
observer,  the  existence  of  such  an  error  cannot  be  discovered; 
nor  is  it  then  of  any  consequence.  For  the  process  of  deter- 
mining the  right  ascension  of  an  unknown  star  consists  eficten- 
tially  iu  applying  to  the  right  aacension  of  a  knowTi  star  the 
difference  of  the  clock  times  of  the  transit  of  the  two  stars  (cor- 
rected for  instrumental  errors  and  rate),  and  this  difference  will 
evidently  be  the  same  as  if  the  observer  had  no  personal  equation. 

In  order  to  combine  the  observations  of  two  individuals — ^for 
example,  to  deduce  the  right  ascension  of  an  unknown  star 
whose  transit  is  observed  by  A,  from  the  time  of  transit  of  a 
known  star  observed  by  B — it  is  necessary  to  know  the  difference 
of  their  absolute  equations, — i.e,  tlicir  rehiiire  personal  equation. 
Thus,  if  the  times  observed  by  A  are  later  than  those  observ*ed 
by  B  by  tlie  quantity  J5J,  then  B*s  observations  may  be  reduced 
to  A'a  (that  is,  to  what  they  would  have  been  if  observed  by  A) 
by  increasing  them  all  bj  E, 

The  relative  personal  equation  may  be  found  by  the  following 
methods ; 

First  3Fiih(x!, — Let  one  observer  note  a  star's  transit  over  the 
first  three  or  four  threads,  and  the  other  obsen'cr  its  transit 
over  the  remuining  threads.  Reduce  the  observations  of  each 
to  the  middle  thread  (or  to  any  assumed  thread)  by  applying  th« 
known  equatorial  interv'als  multiplied  by  sec  eJ.  The  diffeivnce 
between  the  mean  results  for  the  two  observers  will  be  a  value 
of  their  required  persotisd  equation.  Tlie  mean  of  the  values 
found  from  twenty  or  thirty  (or  more)  such  observations  will  be 
adopted,  provided  tlie  probable  error  of  such  a  determination  (aa 
found  from  the  discrepancies  of  the  individual  results)  is  not 
greater  than  the  equation  itself;  in  which  case  the  difference 
between  tliem  should ,  of  course,  be  regartled  as  accidental,  and 
the  use  of  a  constant  equation  would  introduce  error  instead  of 
elimimitiug  it.  This  remark  may  be  necessary  to  guard  inexpe* 
rienced  oliscrvers  against  an  incautious  adoption  of  an  equation 
derived  from  insufficient  data,  We  may  also  remark  here  that 
constant  personal  equations  are  more  apt  to  exist  bet\«'een  trained 
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observere  than  between  inexperienced  ones,  the  fonner  having 
by  practice  acquired  a  fixed  habit  of  observation. 

Second  Method. — The  preceding  method  is  liable  to  the  objection 
that  as  the  second  observer  takes  the  place  of  the  first  in  a  some- 
what hurried  manner,  his  usual  habit  of  observation  may  be 
disturbed.  To  obviate  this,  let  each  observer  independently 
determine  the  clock  correction  by  fundamental  stars ;  then  the 
difference  of  these  corrections,  both  reduced  for  clock  rate  to  the 
same  epoch,  will  be  the  personal  equation.  The  equation  thus 
found  involves  the  errors  of  the  stars'  places  and  of  the  clock 
rate.  The  first  will  be  inconsiderable  if  only  fundamental  stars 
are  used,  but  may  be  entirely  eliminated  by  the  observers*  ex- 
changing stars  on  a  following  day  and  taking  the  mean  of  the 
two  results.  The  effect  of  error  in  the  rate  will  be  insensible  if 
the  stars  are  so  distributed  that  the  means  of  the  right  ascensions 
of  the  stars  of  the  two  groups  employed  by  the  two  observers 
arc  nearly  equal. 

Third  Method. — ^An  equatorial  telescope  is  sometimes  used  for 
the  purpose,  as  follows.  Two  transit  threads  of  the  micrometer 
are  adjusted  in  the  direction  of  a  declination  circle,  and  the  tele- 
scope is  directed  towards  a  point  in  advance  of  any  star  not  far 
from  the  meridian,  and  clamped.  The  observer  A  notes  the 
transit  of  the  star  over  the  first  thread,  and  the  observer  B  the 
transit  over  the  second  thread.  The  telescope  is  then  moved 
forward  again  in  advance  of  the  star,  and  clamped.  The  ob- 
server B  now  notes  the  transit  over  the  first  thread,  and  A  the 
transit  over  the  second  thread.  This  gives  one  determination 
of  their  personal  equation ;  for,  putting  E  =  the  reduction  of 
B*8  observation  to  A's,  and  /=  the  interval  of  the  threads  for 
the  observed  star,  M  and  M'  the  observed  intervals,  we  have 

Jf=/-}.JB  M'=I^E 

whence 

M^M' 

Tliis  process  being  repeated  a  number  of  times,  Jf  will  be  the 
mean  of  all  tlie  intervals  when  A  begins,  and  M^  the  mean  of 
those  when  B  begins. 

Tliis  method  is  also  open  to  the  objection  that  the  observers 
Bucceed  each  other  so  rapidly  that  their  usual  habit  of  deliberate 
obi»ervation  is  likely  to  be  disturbed.    Moreover,  if  their  per» 
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soDal  equation  is  required  to  reduce  their  observations  mads 
with  a  traoiiit  iustrument,  it  sliould  be  detcrmiued  with  tbi.s  in- 
Btruinent;  tor  it  is  poasible  that  the  equatiou  maj  not  be  the 
Banie  with  instrunienta  of  different  powers. 

The  same  clock,  also,  should  be  used  in  determining  the  per- 
sonal equation  that  is  used  ia  the  observations,  for  it  is  very- 
probable  that  the  peculiarity  of  the  clock-beat  aflecta  the  equa- 
tion.* 

It  is  one  of  the  advantages  of  the  American  (the  electro-chro- 
nogra[>hie)  method  of  recording  transits  that  the  pei'sonal  equar 
tion  ia  very  much  reduced :  still  it  is  not  wholly  destroyed.  The 
same  methods  may  be  employed  to  determine  its  amount  m 
when  the  observations  are  made  by  eye  and  ear. 

It  may  also  be  remarked  that  not  only  should  the  same  t^le- 
ftcope  and  the  ^ame  clock  be  employed  in  determining  the  per* 
sonal  equation,  as  in  the  obi^ervatioiis  to  which  it  is  to  bo 
applied,  hut  also  the  observer's  general  phi/sical  condition  should 
be  as  nearly  as  possible  the  same.  Even  the  posture  of  the  body 
has  been  found  to  have  some  ctieet  upon  the  observer  s  estimate 
of  the  time  of  tmnsit;  and  it  can  hardly  be  doubted  that  the 
personal  equation  will  fiuctuate  more  or  less  mth  the  obser%'er*« 
health,  or  the  condition  of  his  uen^jus  system. 

That  the  personal  equation  depends  upon  no  organic  defect 
of  either  the  eye  or  the  ear,  but  upon  an  acquired  habit  of  ob- 
sen^ation,  seems  to  follow  from  the  fact  that  it  is  usually  greatest 
in  the  ease  of  the  most  practised  observers-  In  1814  there  was 
no  personal  equation  between  those  eminently  skilful  astrono- 
mers liE.ssEL  and  Struve;  but  in  1821  they  diflered  by  0.8, 
and  in  1823  by  a  whole  second;  a  progressive  increase  indicat- 
ing the  gradual  formation  of  certain  fixed  habits  of  observation. 
So  farfnnu  invalidating  the  results  of  either  observer,  this  fact 
would  indicate  that  their  absolute  pei'sonal  equations  were  in  all 
probability  very  constant  for  moderate  inter\*al8  of  time,  and 
therefore  had  no  appreciable  effect  upon  their  results  so  long  as 
these  rcsidts  did  not  depend  upon  a  combination  of  their  obeer* 
vations  with  those  of  other  observers, 

^BsBiEL  found  tbat  with  t  chninometer  beating  half  i«coiid«  ht  obserred  txmiisiti 
0^,49  later  than  iritli  a  dock  boating  wLialc  t>ecoiidj. 
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161.  Prof.  Petrce  has  called  attention  to  the  fact  that  expe- 
rienced ol)8erver8  often  acquire  a  fixed  erroneous  habit  of  esti- 
mating particular  fractions  of  the  second.  Thus,  when  a  star  is 
really  at  ©".S  from  a  thread,  one  observer  may  have  a  habit  of 
culling  it  0'.4,  while  another  may  incline  rather  to  0*.2 ;  or,  again, 
when  the  fraction  is  less  than0.1,one  invariably  takes  0.1,  while  tho 
other  as  invariably  neglects  it  and  puts  0.0.  Thus  each  observer 
is  conceived  to  have  his  own  personal  scale  for  the  division  of  tho 
second. 

In  a  very  large  number  of  individual  transits  over  threads  by 
the  same  obsen^er,  there  is,  according  to  the  doctrine  of  proba- 
bilitiert,  the  same  chance  for  the  occurrence  of  each  of  the  deci- 
mals .0,  .1,  .2,  &c.,  if  the  observations  are  jyerfectly  made,  or  if  (he 
errors  of  (he  observers  are  j)urcly  acciden(al;  othenvise,  one  or  more 
of  these  decimals  will  occur  more  frequently  than  the  rest. 
Hence,  by  simply  counting  the  number  of  times  each  decimal 
occurs  in  a  very  large  number  of  observations  by  the  same 
observer,  the  pei'sonal  scale  of  this  observer  may  be  determined. 

It  is  easily  shown  that  the  effect  of  an  erroneous  personal 
scale  is  to  increase  or  diminish  the  mean  result  of  a  largo 
number  of  obsen-ations  by  a  constant  quantity.  For  example, 
8up{><)se  that  in  1000  observations  of  a  certain  obsen'er  the  frac- 
tion 0.:J  appears  but  20  times,  while  0.4  appears  180  times,  and 
that  each  of  the  other  fractions  appears  100  times.  Then,  since 
ca<'h  fraction  should  appear  100  times,  the  mean  of  any  large 
number  of  observations  by  this  observer  w^ill  probably  bo  too 
great  by  the  quantity 

(0.4  X  mo  +  0.3  X  20)  -  (0.4  X  100  -f  03  XjO^  =^  0  008 
"  1000 

The  effect,  therefore,  being  constant,  will  be  combined  with 
the  personal  equation  determined  from  a  large  number  of  obsiT- 
vations,  and  may  be  reganled  as  always  forming  a  part  of  it. 
ifence  it  follows  that  the  application  of  the  personal  e<|uation, 
whiih  involves  the  errors  of  the  personal  scale,  does  not  neces- 
wirily  eliminate  the  obsen'cr's  constant  error  from  each  observa- 
tion, ])ut  that  it  pndmbly  does  eliminate  it  from  the  mean  of  a 
large  number  of  obser\'ations. 

VuL.  IL-U 
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1G2.  That  part  of  the  error  in  the  observed  time  of  transit  of 
a  star  which  h  iiidependetit  of  the  personal  equation  tind  oUier 
constant  errors,  and  \s  irregular  or  accidental,  may  be  distin- 
gnished  ns  the  probubk  error;  and  it  will  be  the  only  error  of 
olrs^ervation  which  will  affect  t!ie  final  result,  if  the  observations 
of  two  observers  are  not  combined*  It  may  be  determined  for 
each  ohHerver  by  comparing  the  several  values  of  \lx&  thread 
intervals  given  by  hit?  observationj*.     Let 

/  =  the  observed  interval  of  two  threads  whoso  equatorial 
interval  is  i; 

then^  since  we  fibonld  have  i  —I  cos 3,  each  observation  furnishes 
a  value  of  i;  and  from  a  great  number  of  valuea  the  probable 
error  r  of  each  single  determination  is  deduced  by  the  formula* 


=  0.6715  J^^^ 


in  which  the  values  of  v  arc  the  residuals  found  by  subtracting 
the  known  value  of  i  from  each  value  found  from  observation, 
and  m  is  the  number  of  observations. 
Kow  put 

r  :=  the  probable  error  of  the  observed  time  of  transit  of  an 
equatoridl  star  over  a  thread; 

then,  since  the  time  of  transit  over  each  thread  is  affected  by 
this  error,  we  have 


2i*=r» 


whence 


^0.6745  J     -^'"> 


Example, — From  the  transit  observations  made  by  Mr.  Ellis 
at  the  Greenwich  Observatory  in  1843,  the  observed  intervals 
between  the  Buccessive  threads  {Le.  from  1st  to  2d,  from  2d  to  Sd, 
&c.)  were  found  as  in  the  following  table:  the  true  equatorial 
intervals  being  those  given  in  the  fourth  column.   The  difference 


•  Api»«iidis.  Art.  17 
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between  the  computed  and  the  true  equatorial  interval  (i-)  is 
given  in  the  fifth  column,  and  the  last  column  gives  r^. 


1843. 

ObMrred 

/ 

Computed 
i  =  /eeo<« 

True 
i 

V 

»» 

March  8. 

13'.8 

12'.79 

12'.89 

-O-.IO 

0.0100 

v'  Tauri 

13.8 

.79 

.76 

+    .03 

9 

a  =  +  22<>  27 

14.0 

.93 

.87 

+    .06 

86 

14.0 

.93 

.91 

+    .02 

4 

13.7 

.66 

.88 

—    .22 

484 

13.6 

.57 

.86 

—    .29 

841 

18.8 

.85 

.80 

—    .04 

16 

t  Tauri 

13.8 

.85 

.76 

+     .09 

81 

a  =  +  210  21' 

13.9 

.94 

.87 

+     .07 

49 

13.9 

.94 

.91 

+     .08 

9 

13 '.8 

.85 

.88 

—    .03 

9 

18.7 

.76 

.86 

—    .10 

100 

13.7 

.65 

.89 

—     .24 

576 

p,  Geminor, 

14.0 

.98 

.76 

+    .17 

289 

a  =  +  22^  85' 

14.0 

.93 

.87 

+     .06 

86 

14.0 

.93 

.91 

+     .02 

4 

• 

18.9 

.84 

.88 

—    .04 

16 

13.8 

.74 

.86 

—     .12 

144 

jft  =  18, 

I(V'): 

^  0.2803 

Hence  we  find,  by  the  above  formula, 

«  =  O'.Oe 

Taking  a  much  greater  number  of  the  observations  made  by 
Mr.  Ellis  of  stars  from  the  8d  to  the  5th  magnitude,  I  found 
f  =  C.OSG,  which  is  probably  smaller  than  will  be  found  for 
most  observers.  In  the  case  of  another  well  trained  observer,  I 
found  c  =  O-.OS. 

In  the  same  manner,  from  a  large  number  of  Mr.  Ellis's  ob- 
servations of  the  moon  I  found  his  probable  error  in  obsen'ing 
the  transit  of  the  first  limb  over  a  single  thread  to  be  0'.074,  and 
for  the  second  limb  0*.071.  In  the  case  of  another  observer,  I 
found  for  the  first  limb  O-.OTS,  and  for  the  second  limb  0'.094. 
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If  we  assume,  then,  that  for  moderately  Bkilful  observers 
e  =  fr-OS  for  a  star,  tlie  probulile  error  of  the  mean  of  the  ob- 
serv^ations  over  seven  threuda  will  be  0*.08  -^  i  1,  or  only  0*.030» 
the  star  being  in  the  equator.  For  the  declination  3  the  pro- 
bable error  will  be  0^.03  sec  3, 

The  probable  eiTor  thus  found  h  the  accidental  en-or,  com- 
posed of  the  error  of  the  observer  in  estimating  the  tractions  of 
a  second  (including  the  errors  of  ]m  personal  scale),  and  of  tlie 
error  arising  from  unftteadincgs  of  the  star;  bnt  it  must  not  be 
taken  as  the  mea^jurc  of  the  degree  of  precision  in  the  deduced 
right  ascension  or  time,* 

163,  The  error  of  the  right  ascension  derived  from  a  single 
complete  transit  is  composed  of  the  following  errors ; 

1st  The  undetermined  instrumental  errors,  depending  upon  the 
eiTora  in  the  determination  of  the  constants  a,  b,  and  c; 

2(1.   The  en'ors  of  tlie  assumed  clock  eorreetion  and  rate; 

'Sd.   The  error  uriniug  from  irregularity  of  the  clock; 

4th,  The  error  in  the  obsei'\*er  s  personal  equation^  arising  from 
an  imjierfeet  determination  of  the  equation,  or  from  fluctaa- 
tions  in  its  value,  depending  on  the  observcr*8  physical  and 
mental  condition ; 

6th,  The  accidental  error  of  observation,  eomi>o8od  of  the  ob- 
server's error  in  estimating  the  fractions  of  a  second,  and  of 
errors  arising  from  unsteadiness  of  the  star; 

Gth.  The  error  arising  from  an  atmospheric  displacement  of  the 
star,  which  may  possibly  be  constant  iluring  the  transit  over 
the  field  of  the  telescope,  and  may  be  called  the  culmination 
error. 

We  may  fomi  an  estimate  of  the  total  effect  of  all  tliese 
sources  of  error  by  examining  tlie  several  values  of  the  right 
ascension  of  a  fundamental  star  deduced  fi'om  different  culmi- 
nations, and  reduced  for  precession  and  nutution  to  a  common 
epoch,  Tims,  there  were  found  from  the  different  obscrvalious 
of  the  transit  of  a  Arieiis^  in  the  year  1852  at  the  Oreenwieh  Ob- 
ciervatorj^;  the  following  values  of  its  moan  right  ascension  on 
Jan.  1, 1852.   Putting  a  —  1*  58"*  50"  +  x^  the  values  of  x  were — 


*  In  thia  eonneolion  bm  Ibe  remarks  of  BsitBi.  in  the  Bnrlia  Jalirbuch  for  18S2» 
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X 

X 

X 

X 

©•••W 

0'.84 

cso 

0'.87 

.44 

.81 

.42 

.34 

.39 

.42 

.42 

.84 

.89 

.45 

.46 

.59 

.42 

.68 

.83 

24 

.40 

.35 

.82 

31 

The  mean  is  ar  =  0*.40 ;  and  from  the  differences  between  this 
mean  and  the  several  values  of  x  we  deduce  r  =  O'.OST  as  the 
probable  error  of  a  single  determination  of  the  right  ascension 
of  this  star.  In  the  same  manner,  I  find  from  the  obsen-ations 
of  ;^  C^ti  during  the  same  year  r  =  0*.063,  and  for allrsce  Majoris 
r  =  ©".ISl.  If  these  be  multiplied  by  the  respective  valuct*  of 
cos  dj  we  have  O-.OoS,  O-.OGS,  O-.OeS,  the  mean  of  which,  or  O.OG, 
expresses  nearly  the  probable  error  of  a  single  determination  of 
an  equatorial  star  with  the  transit  circle  of  the  Greenwich  Ob- 
servatory in  1852.  A  larger  number  of  stars  should  be  ex- 
amined to  determine  this  error  with  certainty ;  but  the  above 
will  suffice  to  illustrate  the  mode  of  proceeding.  It  must  not 
l>e  forgotten,  however,  that  this  instrument  is  never  reversed, 
and  all  its  results  may  be  affected  by  small  constant  errors 
peculiar  to  the  several  stars. 

If  we  denote  the  probable  error  of  observation,  or  the  5th  of 
the  above  enumerated  errors,  by  «,  and  the  combined  effect  of 
all  the  rest  by  Cj,  we  have 

whence,  taking  r  ^  ©".Oe,  and  e  —  ©".OS,  as  above  found,  we 
deduce  e,  =  0'.052 :  so  that  if  e  were  reduced  to  zero— that  is, 
if  the  obaer\'ation8  were  made  /wr/ccrfy — ^the  right  ascension 
detennined  by  a  Hingle  transit  would  be  improved  by  only  CH.Ol. 
Hence  it  follows  that  an  viercase  of  (he  number  of  threads  for  the 
purpose  of  reduring  the  error  of  observation  would  be  attended  by  no 
mj>ortani  advantage, 
BcssEL  thought  five  tlireads  s^ifficient. 

164.  We  see  from  these  principlej*  that  the  weight  of  an  ob- 
wrvcd  transit  in  not  to  be  a88umed  to  vary  as  the  number  of 
tlireads,  as  it  would  do  were  there  no  culmination  error  or  un- 
known iiiritrumental  errors.  For  practicral  purposes  it  will  be 
sufficient  to  regard  the  probable  error  of  a  transit  as  com|)Osed 
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only  of  the  error  of  obsen^ation  and  the  culmination  error.   Tli'^ 
latter  will  then  be  the  quantity  denoted  above  by  e^;  and,  if  we 

now  put 

t  =^  tbe  probable  error  of  a  transit  over  a  eingle  tliread, 

7*  =  the  mioiber  of  thread 8  observed, 

r  =^  the  probable  error  of  the  observed  right  ascension. 


we  shall  have 


It*  then  we  also  put 


r'=V+^ 


E  =  the  probable  error  of  an  observation  whose  weight  is 

unity^ 
p  =  the  weight  of  the  given  observation, 


we  shall  have,  according  to  the  theory  of  least  squares, 


P  = 


•.■+= 


(1!T) 


The  unit  of  weight  is  arbitraryj  and  hence  E  ol&o  is  arbitraiy. 
If  N 19  the  total  number  of  threads  in  the  reticule,  and  a  complete 
observation  on  them  all  id  to  have  the  w*eight  unity,  we  shall 
have 

and  the  formula  will  become 


^'  + 


.V 


./+? 


(128) 


If  we  sulistitute  tlie  values  e,  =  0.052,  e  =  0.09,  wliich  are  suffi- 
ciently aecurute  for  an  njiproximate  estimation  of  the  weight*  of 
obaervatious,  we  shall  find,  very  nearly,* 


P  = 


(129^ 


•  8m  alM  Vol.  I.  Art.  S30,  when  u.  *ligh(l]r  difercnl  formiil*  i«  alM«iii«4. 
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Tliid  will  be  a  very  convenient  formula  in  practice  in  cases 
where  there  is  no  reason  to  depart  from  the  above  assumed  values 
of  «,  and  e.  The  observer  who  has  detennined  these  quantities 
for  himself  will,  of  course,  employ  (128)  directly. 

It  may  be  useful  to  illustrate,  by  the  aid  of  this  formula,  the 
proposition  announced  at  the  end  of  the  preceding  article.  If 
JV  =  7  and  J?=  0'.062,  the  weiglits  and  probable  errors  of  obser- 
vations ou  one  or  more  threads  will  be  as  below : 


J?. 


n 

P 

1 

0.36 

2 

0:57 

8 

0.71 

4 

0.82 

5 

0.90 

6 

0.95 

7 

1.00 

25 

1.25 

ao 

1.43 

0M04 
0.082 
0.073 
0.069 
0.065 
0.063 
0.062 
0.055 
0.052 


We  see  that  the  advantage  of  seven  threads  over  five  is  almost 
insignificant,  and  Bessel*s  opinion  is  confirmed. 

16.'>.  The  probable  error  of  a  single  transit  of  a  star  recorded 
by  the  electro-chronograph  does  not  appear  to  be  much  less 
tlrnn  that  of  one  observed  by  eye  and  ear  by  experienced  ob- 
ser\-erH  ;*  but  it  must  be  remembered  that  it  takes  but  a  short 
time  to  acquire  the  requisite  skill  in  the  use  of  the  chronograph, 
while  the  small  probable  errors  by  eye  and  ear  above  adduced 
are  evidences  of  long  training.  The  personal  equation,  however, 
is  much  less  in  the  use  of  the  chronograph,  and  probably 
more  constant.  It  is  not  unlikely  that  a  considerable  portion  of 
the  total  error  of  a  determinati<m  of  right  ascension,  as  above 
found,  irt  the  result  of  variations  in  the  observer's  personal  equa- 
titm ;  and,  if  ho,  the  substitution  of  the  chnmograph  for  eye  and 
ear  will  carrj'  thene  detenninations  to  a  still  more  remarkable 
degree  of  accunicy. 


•  See  Dr.  B.  A.  Gocld'i  Report  in  the  U.  S.  Coast  SurTcy  Report  for  lSo7,  p.  807. 
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APPLICATION  OF  THE  METHOD  OF  LEAST  SQUARES  TO  THE  DETER- 
MINATION OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN   THE    MERIDIAN. 

166,  In  the  use  of  the  portable  transit  instrument  in  the  field, 
it  is  not  always  possible  to  mount  it  so  finnly  that  its  asii ninth 
and  level  can  be  absohitely  relied  upon  as  constant  for  a  whole 
day.  Frequently  it  is  necessary  to  take  all  the  observations  at 
a  given  place  within  a  few  hours.  We  must  then  observe  such 
stars  118  ai'e  available  at  the  time,  and  so  conduct  the  observatioae 
and  their  reduction  as  to  obtain  the  inosi  proft^d*lc  result. 

First,  as  to  the  observations. — The  instrument  having  been 
brought  very  near  to  the  ineridhin  (see  Art.  125),  a  number  of 
stars  must  be  observed  in  both  positions  of  the  rotation  axis, 
and,  in  general,  about  the  same  number  of  stars  in  each  position. 
Among  these  must  be  included  at  least  one  eireumpolar  star, 
and,  if  possible,  two  or  three,  one  or  more  being  below  the  pole. 
The  level  should  be  observed  at  the  beginning  and  end  of  the 
series,  and  before  and  at^er  each  reversal  of  the  axis^ 

Secondly,  as  to  the  computation. — We  assume  that  the  thread 
intervals  have  been  well  dotcrmined,  as  also  the  value  of  a 
division  of  the  level.  If  they  have  not  been  found  before  the 
observations,  they  must,  of  conrse,  be  determined  subsequentlj^ 
only  obscnnng  that  no  change  of  the  instrument  has  occurred 
whicli  might  change  the  value  of  the  thread  intervals.  Tka 
mean  of  all  the  level  determinatious  should  be  adopted  bb 
the  constant  value  of  b  for  all  the  obser^'ations,  unless  the  dif- 
ferences of  the  several  values  are  greater  than  the  probable 
errors  of  obser%"ations  made  with  the  particular  spirit-level  used, 
in  which  case  it  will  be  better  to  interpolate  a  value  of  b  for 
each  star  from  the  actually  observed  values.  The  chronometer 
time  T  of  transit  over  the  middle  thread  or  the  mean  thread 
being  found  for  each  star  by  e!n[iloying  the  thread  intcnals  when 
necessary,  we  shall  suiipose  tliat  observation  has  funiislicd  only 
Tand  6  for  each  star.  The  rate  8 Tot  the  chronometer  is  also 
supposed  to  l)e  approximately  known.  The  constants  a  and  r, 
and  tiie  clock  correction  ^7^,  are  then  to  be  found  by  a  projier 
combination  of  the  observations.  Let  ns  put  in  foriuula  (87),  far 
each  star, 

A  ^  the  asimuth  factor  =  sin  (^  —  d)  sec  *i, 
B  ^  the  level  factor  =  coa(f  —  J)  sec  I, 
C  ^=^  the  eollimation  factor  =  see  d; 
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$iBOj  let  each  observation  bo  reduced  to  some  assumed  time  T^ 
and  pat 

A  7*^=1  the  chronometer  correction  at  the  time  T^ 
whence 

aT  =  a7;+  ST(T--  T,) 
Let 

^  =  an  assamcd  approximate  value  of  aT, 
A*  =  the  required  correction  of  6 
80  that 

*  +  A*  =  at; 

then  the  formula  (82)  becomes 

a=  r+*  +  A^  +  arcr— T^  ^  Aa  +  Bb  +  a 

in  which  every  thing  is  known  except  the  small  quantities  a«?,  a, 
and  c.     If  we  now  put* 

tr=  T+  dTiT^T;)+  Bb 

then,  since  a  —  /  and  t>  are  each  nearly  equal  to  the  clock  cor- 
rection, U7  is  a  small  residual,  and  the  equation  is 

Aa+  Cc  +  A^  +  w  =  0  (130) 

Each  star  gives  an  equation  of  condition  of  this  form,  and  from 
all  these  equations  the  most  probable  vahies  of  a,  r,  and  a<>  will 
be  found  by  the  method  of  least  Bqnarcs.  The  sign  of  the  term 
Ct  will  bo  changed  when  the  axis  of  the  instrument  is  reversed. 

If  the  obsor^•ation8  are  extended  over  a  number  of  hours,  it 
will  not  always  be  safe  to  assunie  that  the  azimuth  a  has  been 
constant  durin<r  the  whole  time.  We  may  then  divide  the  obner- 
rations  into  two  groups,  in  one  of  whieh  the  azimuth  will  bo 
denoted  by  a  and  in  the  other  by  a'.  The  nonnal  equations, 
formed  by  eombining  all  the  equations  in  the  usual  manner,  will 
then  invf»lve  the  four  unknown  (|uantitiert  a^  a\  r,  and  a'>. 

To  determine  the  mean  error  of  the  resulting  value  of  a*>,  it 
must  be  remembered  that  when  a  and  r  have  been  eliminated  by 


♦  For  (rreatcr  prvcition  (not  always  required  in  the  use  of  a  portable  invtrument), 
ve  maj  aUow  for  the  diurnal  aberration.  Since  a  requires  the  correction  t  O'.Cil 
coi^  tec  ^,  we  bare  merely  to  take 

f  _=r-h  6T{T—T^)  -f  Db  —  0».021co»^ieo<I 
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successive  substitution,  taking  care  to  iatroduce  no  new  factor 
into  tlie  cquiitious,  the  ooetJieieiit  of  a(?  in  the  resulting  final 
equation  will  be  the  weight  p  of  the  value  of  a<?  thus  determined.* 
Then,  subeitituting  the  values  of  «,  c,  and  Ai^  in  the  equations  of 
condition,  and  denotuig  the  residual  in  each  by  Vy  we  have  the 
mean  error  of  a  single  ob.servation  by  the  formula 


\  m  —  t 


in  which  [rr]  =  the  sum  of  the  squares  of  the  residuals,  m  =  the 
number  of  observations,  and  fi  =  the  number  of  unknown 
quantities. 


The  mean  error  of  A(9  and  aT^^  will  be 


and  if  we  wish  the  probable  errors,  we  multiply  the  mean  errors 
by  0.6745, 

If  any  residuals  are  so  large  as  to  throw  a  doubt  upon  the 
observations,  sueh  doubtful  observations  may  be  examined  by 
Peirce*s  Criterion.f 

If  an  observation  consists  of  transits  over  only  a  portion  of  the 
thrcails,  it  may  be  well  to  give  it  a  diminished  weight,  multiply- 
ing its  equation  of  condition  by  the  square  root  of  the  weight 
found  by  (liJ9), 

If  the  coUiraation  constant  c  has  been  previously  determined, 
we  have  only  to  include  the  term  Ch  in  the  quantity  t;  thusi 
putting 

t==  T+  JT(r—  TJ+  Bb+  Ce 
w—  d  —(a  —  t) 


the  equation  for  each  star  will  be 

Aa  +  i^$  +  w 


(181) 


and  the  detennination  of  a  and  a<?  from  these  equationa  is  then 
exeecdingly  simple, 

ExAMPLE.—The   fi^llowing   obsor\*ations  were    taken   on  the 
United  States  North- Western  Boundary  Survey  with  a  portable 


♦  See  Appendix. 


t  Se«  Appeadix,  **/V«re**t  Oiitnotu*' 
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transit  inBtromcnt  in  the  meridian.  The  stars  were  mostly 
selected  from  the  British  Association  Catalogue,  and  are  con- 
veniently designated  by  their  numbers  in  this  catalogue.  But 
their  apparent  places  have  been  derived  from  the  more  reliable 
authority  the  Greenwich  Twelve  Year  Catalogue.  The  apparent 
place  of  UrscB  Majoris  is  derived  from  the  American  Ephemeris. 
Other  stars  from  the  British  Association  Catalogue,  observed 
on  the  same  evening,  have  been  excluded  because  they  are  not 
given  in  the  later  catalogues. 


Camp  Simiahmoo.— 1 

1867, 

Jaly 

27. 

Latitude  40O  (V  N. 

ThraMb. 

Sa 

Bar. 

MotiL 

LiTtl 

1 

I 

n 

ni 

IT 

T 

n 

Til 

B  h.€  mm 

1.V.3 

4a'.6 

it'.a 

40»J 

^S 

a7*.& 

0*.2 

22*    4"' 40^.76 

4-  0^.76 

2 

-     i;i3* 

41 

27.2 

i5.2;sa.8| 

2.8 

26.8 

mA\n  10  as.tiSi      -*  I 

S 

*      ^Hl 

11 

:.'3.6 

47.8 

u.s 

86,3 

68  .ft 

^J 

46.6 

22  11    Sd.lU 

"    I 

4 

*•      1M60 

41 

21  .a;4fl  J 

12  .G 

37.8 

2.8 

22  18    37.&tt 

o    1 

6 

::  -^i 

•  t 

m).s;?iJt.8 

8S,2 

4i.O 

1^    16    41  .66 

- 

e 

¥.:h'i% 

m  MM .« 

26  IS    40.40  —  0,70 

1 

••      Z1Z2  8.  R 

-   MA 

HI.  HIS  .2 

4f^.4 

&4,6 

59  .9 

%M 

0  46    48.64!— 0.51 

8 

<-      3^46  8.  R 

**  \m  J 

:iu,7'  7,oraoj 

86. ft 

ltl.lt 

0.8 

1     h   6lKD4!^0.48 

9 

*'      Tl>*MI 

««  &3J 

44KII26.7 

18  .<J 

OJ 

48  .C 

^,6 

1  21    14.04  —  0.44 

10 

**        irflS 

**  m.% 

8  M:^  ,2 

49  J 

10.8 

^0.^ 

Til  ;2 

I  84    40,78-  0,42 

11 

"    a*j4Tap. 

'*  2ft. 8 

20.7  17-5 

It  J 

t.a 

IS 

:^7,«( 

1  m  11.8G— o.as 

12 

*Uf#.  MaJ.   ».  IM'M»2.7 

ia,H  7  .'a 

•^5.0 

42,f> 

m^i 

17.4 

2   n    65,0«l-a.88 

The  threads  are  numbered  from  the  end  of  the  axis  at  which  the 
illuminating  lamp  is  placed,  and  the  seconds  of  the  chronometer 
are  recorded,  not  in  the  order  of  observation,  but  in  the  columns 
appropriated  to  the  several  threads.  The  column  "  Mean'*  gives 
the  time  of  passage  over  the  mean  of  the  threads,  employing  in 
the  cane  of  the  defective  transits  the  following  equatorial  inter- 
vals from  the  mean : 


•i  U  's  u 

+  G5'.»2     +44'.05     +21'.84     —  0-.08 


••  ••  't 

22'.00     ~43V79    —  65-.85 


where  the  signs  are  given  for  Lamp  "West.  The  column  marked 
L  gives  the  jKwition  of  the  lamp  end  of  the  axis.  The  value  of 
one  division  of  the  level  was  O'.IOS.  Only  one  obser\'ation  of 
the  level  was  made  during  the  observations  ''lamp  west."  Two 
obser%ati<)ns  of  the  level  were  made  during  the  obser\'ations 
**Iamp  east,"  one  near  the  beginning,  the  other  near  the  end,  of 
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the  series,  from  wbicli  those  givea  in  the  table  are  obtained  by 

interiiolatiou. 

Stars  obsen'ed  at  tlieir  lower  euhninatioiis  are  marked  S.  P. 
(sub  jiolo). 

The  chronometer  was  sidereal,  and  its  i^ate  was  losing  0',40 
daily. 

A  firet  computation  of  the  observations  having  shown  that  tho 
observ^ations  lamp  west  and  lamp  east  give  very  different  results, 
the  presumption  U  that  in  reversing  tlie  axis  the  obeerv^er  dis- 
turbed the  lustruniont,  a  t^uppo^ition  renclered  still  more  probable 
by  the  change  of  level  It  will,  therefore^  be  proper  to  compute 
the  observations  upon  the  supposition  of  a  diffeix>nt  aximuth  for 
the  two  positions  of  the  axis. 

The  apparent  places  of  the  stars  on  the  given  date  were  aa 
follows : 


Star. 

a 

i 

B.  A. 

C.  6390 

18' 

39-  38v70 

+  89"»  31' 

" 

6434 

18 

45    35.70 

—  22  "55 

(( 

6441 

18 

46    31.91 

—  22    51 

(t 

6489 

18 

53    34.36 

—  30      5 

(( 

6836 

19 

48   41.59 

+  69    53 

3232 

9 

21    46.76 

+  70   29 

334G 

9 

40    48.22 

+  59   +4 

7686 

21 

67    14.42 

+  72    28 

7778 

22 

9    49.07 

+  56    18 

3647 

10 

32      9 .78 

+  «6    30 

a  Urs 

.  Maj. 

10 

54    58.22 

+  62    31 

The  oljscrved  times  of  transit  are  to  be  reduced  for  the  chro* 
nometer's  rate  to  some  common  epoch,  which  we  shall  here 
assntne  to  be  7^^=  0*  by  the  chronometer.  The  assumed  correc- 
tion of  the  chronometer  at  this  time  will  be 

*  =  —  3*  25-  0*. 


The  formation  of  the  equations  of  condition  for  the  first  and 
last  stars  is  as  follows ; 
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L.W. 

L.B. 

B.A.C.6890. 

aUnnM^j.  8.P. 

+  39°  31' 

117°  29' 

+    9    29 

—  68    29 

0.1127 

nO.3358 

9.9940 

9.5644 

9.2169 

n9.9686 

0.1067 

n9.9002 

9.3296 

0.8044 

+     0.214 

+  2.016 

+     1.296 

—  2.166 

+      COS 

+  0'.04 

22»   4-40'.76 

2»  19-  55'.06 

—   0.03 

+  0.04 

+    0.10 

+  0.02 

—   0.03 

+  0.04 

22     4    40.80 

2   19    55.16 

18  89    38.70 

22  54    53.22 

—  3  25     2.10 

-3   25      1.94 

-8   25      0. 

—  8   25     0. 

+  2.10 

+  1.94 

d 

fp  —  d 
log  sec  d 

log  COB  (f  —  i) 

log  sin  (f  —  d) 
log  cos  (f  —  S)  80C  d  =  log  B 
log  sin  (f  —  S)  BOO  d  =  log  A 

A 

seed  =  C 

b 

Observed  mean 

Rate  to  0* 

Bb 

Dinmal  ab.  =  —  0^.021  cos  ^  sec  d 

t 

a 
a  — f 

Assumed  ^ 
w 

Denoting  the  azimuth  of  the  instrument  for  L.  W.  bj  n,  and 
that  for  L.  E.  by  a',  and  changing  the  sign  of  c  for  L.  JE.,  the 
equations  of  condition  for  these  two  stars  are,  therefore, 

+  0.214  a  +  1.296  c  +  a*  +  2'.10  =  0 
+  2.016  a'+  2.166  c  +  a#  +  1 .94  =  0 

The  equations  for  the  other  stars  being  found  in  the  same 
manner,  we  have  then : 


1. 
2. 

3. 
4. 
5. 
6. 


+  0.214  a  +  1.296  c  +  a.^  +  2vl0  =  0 

+  1.032  a  -f  1.086(?  +  a«  +  2  .96  =  0 

+  1.031  a  +  1.085  (?+  A.^ +3. 17  =  0 

+  1.135(1  +  1.156(;+  A.»  +  3.19  =  0 

—  0.732  a  +  2.056  c  +  0.707  a.>  +  0 .15  =  0 

—  0.732  a'  —  2.056  c  +  0.707  a^  —  0 .97  =  0 
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7.  +  2.606  a*  +  2.903  c  +  a»9  -f  2 .22  =  0 

8.  +  1.879  a'  -f  1.984  c  +  A*  +  1 .91  =  0 

9.  —  1.322  fl'  —  3.319  c  +  a»  —QM  =  0 

10.  —  0.229  a'  —  1.802  ^  +  a^  +  0 .58  :^  0 

11.  +  2.264  a'  +  2.508  c  +  £,*^  +  2  18  =  0 

12.  -f  2,016  a'  +  2.106  c  +  Ar?  +  1 .94  =  0 

wliere  the  5th  and  6th  equations  have  been  multiplied  by  |/|^ 
thus  giving  each  but  one-half  the  weight  of  an  ordinarj  obser- 
vation, because  the  star  was  observed  on  but  half  the  thread^,* 
The  normal  equations  are 

3.998  a  +  0     +    2.325  c  +    2.894  ^$  +  10.283  =  0 

0  +  21.848  a'  +  27.881  c  +  (3.0S»7  Ar?  +  19.569  =  0 
2.325  a  +  27,881  a*  +  51.969  c  +  9.153  a-9  +  36.352  =  0 
2.894  a  +    6.607  a'  +    9.153  c  +  ll.CM}0  a^  +  19,090  =  0 

from  which  we  find 


a^  —  1V681 
a'^'-O  .083 
c  ^  —  Q  .423 
A*  ^  —  0 .891  with  tho  weight;)  ^  6.775 


^ 


This  example  is  inBtructive  in  several  respects.  The  instru- 
ment was  reversed  upon  the  starB.A.C»  6836  for  the  purpose 
of  deducing  the  value  of  e.  But,  upon  the  supposition  that  the 
azimuth  remaiiietl  unchanged  during  the  niversal,  we  fitul 
e  =  —  0\272.  The  danger  of  disturbing  the  instniment  in  re- 
versing the  axis  is,  of  course,  greater  with  snuill  instrument!*, 
and  always  requires  great  caution.  Again^  the  obsen^er  neglected 
to  observe  the  level  immediatelj  before  and  after  the  reversal, 
the  values  of  b  given  in  the  table  being  inferred  from  observa- 
tions taken  at  the  time  of  the  transits  of  Xos.  1,  7,  and  11.  If 
the  level  had  been  observed  more  fretiuently,  m  it  should  be, 
the  distorhuiH^e  of  the  azimuth  might  have  been  suggested  to  the 
obflen'er  himself,  who,  liowcver,  appears  not  to  have  suspect eil  it* 

But  we  shall  ol>tuin  still  further  instruction  from  this  example 
by  substituting  the  values  of  a,  a\  i\  A'>  in  the  original  equa- 
tions of  condition.  Tlie  residuals  r  will  exhibit  to  us  the  ano- 
malous observations.     We  find  : 

*  To  proc«ttd  mora  ftceiinitelj,  we  tfaouliJ  bftve  computed,  Vj  (129),  the  we-igbU  of 
th«  /our  dcfectiTe  obfervat'toos,  the  *2i\,  Ith^  Gth^  and  Gib.  We  should  buire  found 
tbe  woigbUO.95,  0.89,  0.82,  0.71  respcctket/* 
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No. 

V 

w 

1. 

+  0'.802 

0.0912 

2. 

—  0.125 

.0156 

3. 

+  0.086 

.0074 

4. 

—  0.098 

.0096 

5. 

—  0 .120 

.0144 

6. 

—  0 .669 

.4475 

7. 

—  0.153 

.0234 

8. 

+  0.024 

.0006 

9. 

+  0.043 

.0018 

10. 

+  0.470 

.2209 

11. 

+  0 .040 

.0016 

12. 

—  0.084 

.0012 

[vv]  =  0.8352 
Hence,  the  number  of  observations  being  denoted  by  m  =  12, 
and  the  number  of  unknown  quantities  in  our  equations  by 
^  =  4^  we  have  the  mean  error  of  an  observation  of  the  weight 
unity, 


\  m  —  fL 


828 


The  large  residuals  of  Xos.  6  and  10  point  them  out  as  probably 
anomalous ;  but,  before  rejecting  them,  we  will  apply  Peirce's 
Criterion.  Since  Table  X.  is  adapted  only  to  the  cases  of  one 
and  two  unknown  quantities,  we  shall  have  to  employ  Table  X.  A. 
Commencing  with  the  hypothesis  of  but  one  doubtful  observa- 
tion, we  assume  for  a  first  trial  x  =  1.5. 

Ist  Approx. 
m  =  12,  /»  =  4,  n  ==  1  x    1.5 

Table  X.A.  log  T    8.5051 
"        **      \ogR    9.3973 

log^    9.1078 

\ogX^=\og(^Y'    9.8378 
1  —  A>  0.3117 


2d  Approx. 
1.78 
8.5051 
9.34G4 

9.1587 


:in 


m 


2_ 

11 


m  — /I  —  n 


=  7,  x>— 1  =  7(1— A')  2.1819 
x« 

X 


-»  3.1819 
1.78 


9.8470 

0.2970 

2.0790 
3.0790 
1.76 
xc  =  0-.568 
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The  reBidual  0.669  surpasses  the  limit  0*.568,  ami  hence  the 
6th  observation  is  to  he  rejected.  We  most  then  pasB  to  tlje 
hypothesis  of  two  doubtful  obsen^utionsj  for  which  we  com- 
mence bj  assuming  x  =  1.5,  and  then  with  n  ^  2  we  find 
K  =  1,49,  X£  ^  0'.481.  Ilenee  the  10th  observation  10  itol  to  be 
rejected.  Thus  the  ooly  observation  to  he  rejected  as  anomaloiis 
is  the  6th ;  and  our  hypothesis  of  a  disturbed  state  of  the  iiutni* 
ment  produced  by  reversal  is  confirmed. 

It*  we  now  form  normal  equations  from  the  remamiug  eleven 
equations  of  condition,  we  shall  iind  the  valuei^  of  the  unknown 
quantities  to  he 

a=^^  !•  G36 
0^=^  0.092 
e  =  —  0  Ml 
Ad  =  ^  0 .999  with  weight  p  —  5.963 

and  these  values  snbstituted  in  the  equatiouB  of  condition  give 

the  residuals  uud  mean  errors  as  follows : 


No. 

V 

[rr] 

1. 

+  0'.2iO 

0.0762 

2. 

—  0 .126 

.0169 

8. 

+  0.086 

.0074 

4. 

—  0.089 

.0079 

6. 

—  0,1!4 

.0130 

7. 

—  0.120 

.0144 

8. 

+  0.010 

.0001 

9. 

—  0  2^9 

.0.571 

10. 

+  0 .2(34 

.0097 

11. 

+  0.051 

.0026 

12. 

—  0.040 

.0016 

m- 

-P  =  7 

[ru]  =  0.2669 

^JiL^L  =  o..l96 
Mm  —  u 


The  10th  observation  is  now  well  represented,  and  the  Crite* 
riou  does  not  reject  any  of  them* 
The  mean  error  of  ^d  is 


Vp 


and  the  probable  error  0'.05. 
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Hence  we  have,  finally,  the  chronometer  correction  at  0*, 
a2;=  *  +  A*  =  —  3*  25"  I'.OO  ±  0-.05 

THE  TRANSIT   INSTRUMENT   IN   ANY   VERTICAL   PLANE. 

167.  The  formulie  (78)  and  (79)  apply  to  any  position  of  the 
instrument  When  the  instrumental  constants  m  and  n  are  known, 
or  when  a  and  b  are  given,  from  which  m  and  ?i  can  he  found  hy 
(78),  the  formula  (79)  determines  the  apparent  east  hour  angle 
r  of  the  ohservtjd  ohject  at  the  time  of  its  transit  over  any 
given  thread  whose  distance  fnmi  the  collimation  axis  iH  c.  The 
constants  are  found  by  combining  observations  of  stars  near  to 
and  remote  from  the  pole,  as  will  be  illustrated  hereafter. 
When  the  transits  over  several  threads  have  been  obser\'ed, 
each  may  be  separately  reduced  by  the  general  fonnube ;  but  it 
is  necessary  also  to  have  the  meanS  of  reducing  them  all  to  a 
common  instant.  I  shall,  therefore,  here  consider  the  most 
general  i^ase  of  an  obser\'ation  of  tbe  moon's  limb  on  any  given 
thread,  and  invcrttigate  the  fonnula  for  reducing  it  to  the  middle 
thread,  or  to  the  collimation  axis  of  the  instrument.  This 
general  formula  will  be  applicable  to  any  other  object  which 
has  a  proper  motion  and  a  sensible  diameter.     Let 

0  =  the  sidereal   time   of  the   observed   transit  of  the 

moon's  limb  over  the  given  thread, 
t  --  the  equatorial  inten-al  of  the  thread  from  the  middle 
thread, 
o.  o  —  the  true  R  A.  and  dccl.  of  the  moon's  centre  at  the 

time  0, 
a\o'  =  the  apparent  K.  A.  and  declination, 
^  .zzs  the  moon's  geocentric  semidiameter, 
4f'  -—.  the  moon's  apparent  semidiametor. 

At  the  instant  the  moon's  limb  touches  the  thread  whose  dis- 
tance from  the  middle  thread  is  ?,  the  centre  of  the  moon  is  at 
the  distance  i  ±  s'  from  the  middle  thread,  and,  consecpiently,  at 
the  distance  c  -^  i  ±  s'  from  tbe  collimation  axis  of  the  telescope. 
Tlie  apparent  east  hour  angle  of  the  moon's  centre  at  this 
instant  is 

r  ...  a'  -  0 

Putting  then  r  +  t  ±  ^  for  c  and  a'  —  0  for  r  in  (79),  we  have 

Vol.  II.-U 
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Bin  (c  +  I  ±  5^  =  —  sin  71  Bin  ^'  —  cm  n  cob  H'  Bin  (6  —  «'  -(-  m) 

=:  —  Bin  n  Bin  d'  —  cos  n  cos  m  cob  S*  sin  (8  —  aT) 

— COS  n  sin  m  cos  9'  cos  (8  —  a') 

where  the  apparent  declination  and  right  ascension  are  employed, 
since  it  is  the  moon's  apparent  place  which  ia  observed.  To  in- 
troduce the  geocentric  quantities,  let 

n^=  the  moon's  equatorial  horizontal  parallax, 
p^  ^'=  the  eartli's  radius  and  reduced  latitndo  of  the  place 

of  observation, 
4j  J'=thc  moon's  distance  from  the  centre  of  the  earth 

and  the  observer  respectively  ^ 


then,  putting 


^-'j 


we  find  from  Vol  I,^  equations  (132), 

/cos  d'sin  (0  —  a')  =  cos  d sin  (9  —  ») 

/  cos  *'  cos  (0  —  a')  =  cos  ^  cos  (B  —  a)  —  p  Bin  ir  COfl  f^ 

f  sin  d'  ==  sin  9  —  p  sin  r  sin  ft 

Substituting  these  values,  we  obtain 

/  (c  +  I  ±  ^)  sin  1''  =^  —  sin  n  sin  ^  —  cos  n  cos  ^  sin  (9  —  «  +  m) 
-j-  p  sin  ;r  sin  f '  sin  n  +  ^  sin  ;r  cos  f^  cos  n  sin  m 

(1S2) 

The  riglit  ascension  and  declination  are,  however,  variable,  and 
we  should  introduce  into  the  formula  their  values  for  some 
assumed  epoeli.  Let  this  e[»oeh  he  the  sidereal  time,  0^,  which 
is  the  common  instant  to  which  the  observ^ations  on  the  several 
threads  are  ta  be  reduced*     Let 

ok^,  S^  =^  the  true  right  ascension  and  declination  at  the  time 

Aa  :=  the  increase  of  the  right  ascension  in  one  minute 

of  mean  time, 
^d  ^  the  increase  of  the  declination  (towards  the  north) 

in  one  minute  of  mean  tinie^ 

and  put 
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7=  ©,  —  ©  =  the  required  redaction, 

i  =  -—-—7  =  the  increase  of  a  in  !•  of  sidereal  time 
60.164 

Ad 

60.164 
then,  if  /  is  expressed  in  seconds  of  arc,  we  have 

©-•  =  ©.-  a.-(e,  -  ©)  +  (a.  -  a)  =  ©.  -  «,  -(1  -  ;)  7 

sin  (O  —  o  +  m)  =  sin  (©^  —  o^  +  m) 

—  (1  —  >l)  cos  [©,  —  a^  +  m  —  J  ( 1  —  ^)  ^  2  sin  1 7 

[in  which  (1  —  ^)  sin  J  7  is  put  for  sin  J  (1  —  jl)  7] 

X' 
sin  ^  =  sin  ^^  —  --  cos  ^^ .  2  sin  }  7 
15 

X' 
cos  a  =  cos  ^^  4-  ~  sin  ^^  •  2  sin  J  7 
Id 

Sobstitnting  these  values,  our  formula  becomes  (omitting  a  term 
multiplied  by  the  exceedingly  small  quantity  ^^' sin*  J  7) 

/(<?+i±:«')8inr'=~  sin  n  sin  d^  ~  cos  n  cos  ^^sin  (©^, — o^  +  m) 
+  ^  sin  JT  sin  ^' sin  n  +  ^  sin  r  cos  f' cos  n  sin  m 
+(1— >l)co8«co8iJ^co8[©„— tt„+7n— J(l— 'l)^]28in}7 
+ 1*4'^'  [®^"  ^  ^^8  <J,— cos  n  sin  ^o«*n(^o— •t+'w)]  2  wn  §7 

(188) 

In  thii<  formula,  we  may  consider  7  as  the  only  quantity  which 
varies  with  the  time ;  for,  although/,  s\  and  tz  vary  slightly,  their 
variations  will  not  usually  be  sensible,  or,  if  sensible  for  a  single 
thread,  their  effect  will  disappear  when  the  ei>och  is  nearlj-  the 
mean  of  all  the  obserN'cd  times. 

If  now  0^  is  the  time  of  tnuisit  of  the  moon's  centre  over  the 
great  circle  of  the  instrument,  tliis  formula  gives 


0  r=  —  sin  n  sin  \  —  cos  n  cos  d^  sin  (©^  —  a^  -|-  m) 
-f  />  sin  9r  sin  ip'  binn-^p  sin  i:  cos  f '  cos  n  sin  m 

Subtracting  this  from  (133),  and,  for  brevity,  putting 

^  =  ©,  -  ao  +  m 

R  =  sin  n  cos  t\  —  cos  n  sin  d^  sin  t 


}    (134) 
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we  find 


2fimii== 


f(c  +  i±_^)mnV 


(1  —  a)  cos  n  cos  d^  cos  [f  —  1  (I  —  ^)  /]  +  A  Jl'* 


This  is  equivalent  to  the  formula  pven  by  Sawitscu  (PtacL 
Aslroihy  Vol.  I.  fu  303);  but  he  has  not  obBerved  that  the  expre«- 
ftion  for  li  may  be  put  under  a  nnieh  more  simple  form.  Iti  dO 
small  a  term  as  ^k'li,  we  need  not  eonsider  tlie  effeet  of  the 
parallax  upon  the  factor  i?;  but  when  we  neglect  the  parallax 
we  have,  by  (134)^ 

0  ^=  —  sin  n  em  ^^ —  cos  n  cos  ^,fiin  t 

Mnltiplying  this  by  sin^Jg^  and  subtraeting  the  product  from 
E  cos  3^^  we  find 


E  cos  ^0  ^=  sin  w, 


or 


M  =  sin  n  sec  9^ 


It  is  also  to  be  observed  that  by  the  formula  (246)  of  Vol.  L 

we  have 

f^  :^  s  ^:^  tho  trno  somidiametor. 


Hence  our  formula  becomes 

f(c  +  «)8in  1" 


2  sin  J  /= 


s  sin  1" 


(I — i) cos n COB a„ cos  [f  —  iil  —  l)I'l  +  j'j i'sin n sec i^ 

or,  when  /is  small,  as  it  usually  is, 


(135) 


/= 


f(C+  t)±8 


(1 — A)  cos  n  cos  'J^coa  [f  —  I  (1  —  A)  /]  +  yV  ^'®^^  '*  ^"^  ^» 


(1S5*) 


This  formula,  then,  gives  the  reduction  of  the  observed  time 
of  transit  of  tbe  moon*s  limb  over  any  given  tiiread  to  the  time 
of  transit  of  the  moon's  centime  over  the  great  circle  of  the  instni- 
ment. 

li  we  omit  s  in  the  numerator  of  the  second  memhor,  / 
becomes  the  reduction  to  the  time  of  transit  of  tlie  limb  over  the 
great  circle  of  the  inetrument. 

If  we  omit  fc  ±  5,  /becomes  the  reduction  to  the  time  of 
transit  of  the  limb  over  the  middle  thread. 

The  faetor/is  determined  rigorously  by  (137),  Vuh  I. ;  but  it 
generally  fluffices  to  take 

sin  C 
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which  is  veiy  nearly  exact,  according  to  (101)  of  Vol.  I.  The 
finder  of  the  inatrument  will  give  the  apparent  zenith  distance 
Z\  and  the  (KflTerence  between  this  and  the  true  zenith  distance 
f  will  be  found  with  sufficient  accuracy  by  the  formula 

sin  (C'  —  C)=  p  sin  x  sin  (C'  —  r) 

in  which,  a  being  the  azimuth  constant  of  the  instrument, 

y  =(^f  —  ^)  COB  a 

or,  very  nearly, 

^^  =  (^  —  f')  cos  n  co8  m 

For  the  sun  or  a  planet  we  can  always  put  ^'  =  0  and  (^  =  Z\ 
and  the  formula  becomes 

j= Mii±J ^  (136) 

(1  —  >l) COS  n  cos  d^ cos (f  —  } i) 

For  a  fixed  star,  we  further  put  jl  =  0,  5  =  0,  <  =  0^  —  a  +  m, 
and  the  formula  becomes  for  stars  near  the  pole, 

2  ein  1  /  = (c  +  i)«nl" 

cos  n  cos  J  co8(f  —  il) 


and  for  other  stars, 


I  = ^-±i (137*) 

cos  n  cos  d  cos  (t  —  J  /) 


In  all  cases,  we  must  carefully  observe  the  sign  of  /  in  the 
denominator  of  the  second  member,  /will  be  negative  when 
the  observed  time  is  later  than  the  time  to  which  the  reduction 
is  made,  and  then  —  J /will  be  essentially  positive.  An  approxi- 
mate value  of  /must  first  be  found  by  neglecting  /in  the  second 
member,  and  then  a  more  precise  value  by  the  complete  formula. 
If  the  azimuth  a  and  the  level  b  are  given,  m  and  n  must  first 
be  found  by  (78),  in  which,  however,  we  may  usually  neglect  6 
when  our  object  is  merely  to  reduce  the  several  threads  to  a 
common  instant, 

168.  For  a  fixed  star,  another  formula  has  been  given  by 
Haxsex.     We  have 

8in(r  -f  0  =  —  sin  n  Bind  —  cos  n  cos  ^  sin  (t  —  T) 

=  —  sin  n  sin  ^  —  cos  n  cos  d  sin  t  cos  /-j-  cos  n  cos  d  cos  t  sin  / 
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I£  the  reduction  is  made  to  the  colli mation  axis,  we  have 

0  ^:  —  einn  siiiiJ  —  cos  n  cos  d  sin  t 
which,  Bnbtracted  from  the  above,  gives 

Bin  {c  -\-i)=^2 eoa  n  cos d sin  t  Bin*  i  / -f  ^^^  ^  ^^^  ^ ^^^  ^ ^^  ^ 
whence 


sin  J  == 


sin  (c  +  0 


COB  71  COB  S  COS  f 


—  2tantsinViJ 


(IM) 


which  18  a  rigorous  formula.    We  see  also  that  t  may  be  found 

by  the  formula 

sin  f  ^  —  tan  n  tan  S  (189) 

169,  7b  deduce,  the  moon's  right  meensianfrom  an  observed  transU 
in  mnj  gkm  position  of  (he  mstrumcnt, — We  first  find  the  clock  time 
of  trau:^it  of  the  moon's  centre  over  the  great  circle  of  the 
instrument,  from  each  thread,  by  applying  to  the  observed  time 
the  reduction  given  by  the  formula  (135).  Let  7^  be  the  mean 
of  the  resulting  times,  and  i^T^  the  corresponding  correction  of 
the  clock ;  then  we  have  ©t,  =  T^+  aT^,  and  from  (134)  we  deduce 


sin  (0^ — 0(,4-  ^)^ — tan  n  tan  3^-{-pBin  :r  ( 


sin  /tan  n-f-cos^^sinm 
cos  ^ 


)(140) 


in  which  a^  and  S^  are  the  true  right  ascension  and  declination 
at  the  sidereal  time  ©^^. 

If  it  is  preferred,  we  may 'first  find  the  apparent  right  ascen* 
Bion  by  the  fornmla 

sin  (B^  —  Op'  +  m)  ^^  —  tan  n  tan  Sj 

and  deduce  the  true  right  ascension  by  applying  the  parallax 
computed  by  Art.  102,  Vol,  I;  but  it  will  then  be  neeeBsary  to 
compute  the  apparent  deermatioii  <J^'. 

It  will  be  cuHV  to  deiluce  from  (140)  the  formula  for  the  CMO 
where  the  instrument  is  in  the  meridian,  which  has  ah^eadv  been 
given  in  Art.  154. 

The  rougtants  m  and  ri,  above  supposed  to  be  known»  may  be 
found  from  the  transits  of  two  stais  as  in  the  next  article. 
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FINDIXO   THE  TIME  WITH  A   PORTABLE   TRANSIT   INSTRUMENT   OUT 
OF  THE   MERIDIAN. 

170.  The  number  of  Nautical  Almanac  stars  near  the  pole  is 
80  small,  that  the  observer  in  the  field,  when  pressed  for  time, 
cannot  always  wait  for  their  transits  over  the  meridian,  and 
must  then  either  employ  catalogue  stars  whose  places  are  not  so 
well  determined,  or  have  recourse  to  extra-meridian  observations. 
If  the  transit  instrument  is  mounted  so  as  to  be  readily  revolved 
in  azimuth  and  clamped  in  any  assumed  position  (as  is  the  case 
with  tlie  *'  universal  instruments''),  it  may  be  directed  at  once  to 
a  fundamental  star  near  the  pole,  and  then,  its  rotation  axis  being 
levelled,  its  collimation  axis  will  describe  a  vertical  circle  not  far 
from  the  meridian.  The  transit  of  any  star  over  this  circle  being 
observed,  the  general  equations  of  Art  123  will  enable  us  to  find 
the  hour  angle  of  this  star,  and  hence  the  time,  when  we  have 
detennined  the  constants  m  and  n  for  the  assumed  position  of 
the  instrument. 

The  stars  best  adapted  for  the  purpose  in  the  northern  hemi- 
sphere are  Polarut  (a  Urscc  MInoris)  and  d  Ursce  iUnorbiy  one  of  these 
being  always  near  the  meridian  when  the  other  is  most  remote 
from  it ;  an<l  it  will  be  advisable  always  to  employ  that  which  is 
nearest  to  the  meridian.  In  the  southern  hemisphere,  the  best 
star  is  a  OitnntiSy  which  is  less  than  1°  from  the  i)ole ;  but,  as  it 
is  of  the  t>th  magnitude,  it  may  be  necessary,  with  small  instru- 
ments, to  use  either  ^  Hydri  or  /9  ChamaJcontis. 

To  take  the  obsen'ation,  make  the  axis  approximately  level, 
and  tuni  the  telescope  upon  the  circum-polar  star.  The  star 
moving  veiy  slowly,  set  the  instrument,  so  that  a  few  minutes 
must  elapse  before  the  star  will  cross  the  middle  threa<l.  During 
this  interval,  apply  the  spirit  level  and  determine  the  constant  6. 
Obser\'e  the  transit  of  the  star  over  the  middle  thread  by  the 
chronometer.  The  instrument  now  remaining  clamped  in  azi- 
muth, revolve  the  telescope  upon  its  axis,  and  obser\e  the  transit 
of  an  equatorial  star  over  all  the  threiuls.  Then  determine  the 
constafit  b  again,  and  employ  the  mean  of  its  two  values. 

In  order  to  eliminate  an  error  of  collinuition,  the  rotation  axis 
is  to  be  reverse<l,  and  another  similar  observation  is  to  be  taken, 
the  instrument  being  set  at  a  new  azimuth  slightly  in  advance 
of  the  polar  star  as  before.  Kach  observation  of  a  pair  of  stars 
murtt,  of  course,  be   separately   reduced.     We  may,  however, 
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comljine  eaeli  tranait  of  the  polar  star  with  the  transits  of  several 
equatorial  stare, 

Tlie  collitnation  constant  should  have  been  made  as  small 
as  possible  before  the  obsem^ations ;  but,  in  any  case,  we  shall 
assume  that  lU  value  is  known. 

To  reduce  the  obaervationg,  we  must  first  find  the  constaiitB 
which  determine  the  position  of  the  instrument.  For  tbbs  pur- 
pose, we  use  only  the  observations  on  the  middle  thread.  Let 
then  T^  and  y  be  the  obaerved  chronometer  times  of  transit  of 
the  polar  and  equatorial  star  respecti%"ely  over  the  middle  thread, 
reduced  for  rate  to  an  assumed  time  7"^;  and  let  A^^be  the  chro- 
nometer correction  at  this  time;  a',  a^  the  right  ascensionsi,  <J',  Jt^ 
the  declinations;  r',  r,  the  east  hour  angles,  or  reductions  to  the 
meridian;  90°— m,  and  n,  the  hour  angle  and  declination  of 
the  point  in  which  the  rotation  axis  produced  towards  the  west 
meets  the  celestial  sphere ;  c  the  collimation  constant :  then  we 
have,  by  (79), 

sin  (r  —  m)  =  tan  n  tan  ^  +  sin  c  sec  n  sec  ^       1 

sin  (t'—  m)  =^  tan  n  tan  d*-{-  gin  c  sec  »  sec  ^'      J     ^      ^ 


in  which  we  have 


If  we  could  put  c  =  0,  these  equations  would  give  us  m  and  i» 
by  a  very  simple  tmnstbrmation;  but,  retaining  c,  we  can  still 
reduce  them  to  the  form  they  would  have  if  c  were  zero,*  For 
this  purpose,  let  m'  and  n'  be  approximate  values  of  m  and  », 
determined  by  the  conditions 

sin  (r  —  m*)  ^^  tan  n'  tan  * 
sin  (r'—  m*)  ===  tan  n*  tun  5' 

from  wliifh  we  shall  find  //  and  then  the  correction  to  reduce  it 
to  n.    Put 


then  X  is  known  from  the  obsen^ation,  since  we  have 


(142) 


♦  Thi§  tranifomitkft  U  gifcn  by  Hansk5,  Jittr,  Saek.t  VaL  XLVIIl.  p.  USw 
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"We  have  then 

mod  hence 

Bin  (/I  —  y)  =  tan  n'  tan  *  sin  (/I  +  y)  =  tan  n'  tan  6' 

the  sum  and  difference  of  which  give 

28in  ;i  cos  ^^  cos  a  cos  ^'  =  tan  n' sin  (d'  +  d) 
2cos >l  sin  ^  cos  d  cos  d'  =  tan  n'  sin (d'  —  d) 

If,  therefore,  we  make 

^    .  ■  sin  (d'  +  d) 

£  sm  i  =  — ^^ — -^—^ 

COS;' 

■    (148) 
smy 

these  equations  will  give  us  i  and  X,  and  then  we  shall  have 

,      2cosacosa'  .^..^ 

tan  n'  = (144) 

It  is  to  be  observed  that  a'  is  always  to  be  regarded  as  greater 
than  T'y  and  in  finding  y  by  (142)  the  difference  a'  —  T'  is  to  be 
found  bj'  increasing  a'  by  24*  when  necessary,  but  a  —  Twill  be 
positive  or  negative.  This  makes  y  less  than  180°,  and,  since 
1  +  Y(=t'  -—m')  must  be  less  than  360°,  it  follows  that  i  must 
also  be  less  than  180°.  Hence,  L  will  have  the  same  sign  as 
cosf,  and  n'  will  be  negative  when  y  >  90°. 

Now,  we  have  r  —  m  =  r  —  m'  +  (m'  —  m),  and,  since  m'  —  m 
is  very  small, 

sin  (r  —  m)  =  sin  (r  —  m')  +  sin  (m'  —  m)  cos  (r  —  m') 

which,  substituted  in  the  first  equation  of  (141),  gives 

sin  c  =  sin  (r  —  m')  cos  n  cos  d  —  sin  n  sin  d 
+  sin  (m'—  m)  cos  (r  —  m')  cos  n  cos  d 

To  simplify  this,  let  us  put 

sin  d 

sm  u?  =       - , 

cosn' 

from  which  and  the  equation 

sin  (t  —  m')  =  tan  n'  tan  d 
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there  follows  also 

cos  w  ^  COS  (r  —  m')  cos  9 

for,  if  we  add  together  the  j^quarcs  of  the  fii*st  and  third  of  these 
equations,  the  ftuni  h  reduced  hy  nieaiig  of  the  seeouJ  to  the 
identical  equation  1  —  1,  By  mil>Btitutiiig  the  vahjes  of  sin  (r  —  m'), 
C08  (r  —  7?i'),  and  ain  (J,  which  these  equations  give^  in  the  expres- 
sion for  e^  it  becomea 

sin  c  =  sin  {n'  —  n)  sin  w  +  ain  (m'  —  m)  cos  n  co»  w 

In  the  same  manner,  if  for  the  polar  star  we  take 

gin  «;'  ==  — --  COS  10^  =  COS  (r' —  m')  cos  J' 

cos  n' 

we  shall  have 

Bin  ^  ==  sin  («'  —  n)  sin  w*  +  sin  (m'  —  m)  cos  n  cos  u/ 
Combining  tliCHC  two  values  of  sin  c,  we  have 

sin  c  (coa  w  —  cos  uf)  ^=  sin  (a'  —  n)  sin  («?'  —  uj) 

sin  1(m/+  tt?) 


whence 

ain  (nf  —  fi)  ^  ain  c 

or,  putting  7i'  —  71  =^  Vj 

¥  ^  c 


cos  i{u/  —  w) 
sin  i  ffu'  -j-  fi?) 


(145) 


cos  i  (i^'  —  1^) 
li  =  n'  — ^  V 

The  angles  w*  and  w  here  required  arc  found  by  the  equations 
tan  Jf  tan  S 


tan  txf  = 


cos{>lH-7')cosn' 


tan  t^ : 


cos  {I  —  ;')  cos  n 


-  (146) 


observing  that  for  a  negative  value  of  tan  u'',  ic^  is  to  be  taken 
in  the  2d  quadrant,  but  tluit  for  a  negative  value  of  tan  ir,  ir  is 
to  he  tiiken  numerically  let^i^  than  00*^,  and  with  flie  negative  sign. 
To  find  m^  we  have,  by  eliminating  a  from  (78), 


whenco 


sin  m  cos  n  cos  f  -f  sin  n  sin  ^r  =^  sin  6 


sin  m  =  —  tan  n  tan  f  -[- 


sin  h 
cos  n  cos  f 


If  then  we  take 


we  have 
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fiin  ;i  =  —  tan  n  tan  ^ 

b  . 

cos  n  cos  fjL  cos  f  r    C1'*0 


Tlie  constants  being  thus  found,  we  proceed  to  find  the  cor- 
rection of  the  chronometer  by  the  equatorial  star.  We  must 
first  reduce  the  transits  over  the  several  threads  to  the  collima- 
tion  axis,  which  may  here  be  done  by  the  formula  (138),  omitting 
the  last  term,  which  is  insensible  when  the  instrument  is  so  near 
the  meridian  as  wo  here  suppose  it  to  be.  If,  therefore,  we  first 
find  t  by  the  formula 

sin  f  =  —  tan  n  tan  d  (1*^8) 

and  tlien  put 

F=  cos  n  cos  d  cos  t 

we  must  apply  to  the  observed  time  on  each  thread  the  correction 

I=i  (149) 

(where  i  is  the  equatorial  interval  of  a  thread  from  the  middle 

threa<l),  and  to  the  mean  of  the  results  we  must  apply  also  the 

(J 
correction  p  to  reduce  to  the  collimation  axis.     Let  the  resulting 

time,  re<luced  for  rate  to  the  assumed  epoch  T^,  be  denoted  by  ( 7^. 
Then,  if  0^  is  the  true  sidereal  time  at  the  same  instant,  we  have 

and,  by  Art.  167, 

whence  we  derive* 

A7;  =  a— (70+^  — 1»  (150) 

If  we  wish  to  take  into  account  the  diurnal  aberration,  we  must 
add  to  the  right  ascension  of  each  star  the  correction  0'.021  cos  f 
sec  d  cos  r. 

171.  In  the  above,  we  have  supposed  c  to  be  given.  To  inves- 
tigate the  eflect  of  an  error  in  the  assumed  vahie  of  r,  let  c  +  ^c 

*  It  'm  easilj  seen  that  the  general  forniula  (150)  reduces  to  HAXsiif's  formuU  (S6) 
when  the  instrument  is  in  the  meridian. 
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be  ita  troe  value ;  then  the  correction  of  n  corresponding  to  ^c 
ia,  by  (145), 

Bin  i  (t(/  +  w) 


An  ^=  —  4c 


cos  i(yf  —  w) 

and  J  by  differentiating  the  expressions  (147),  (148),  and  (149),  we 

find  the  corresponding  corrections  of  »i,  t^  and  I  to  be 


Am  =  —  An- 


A«  =  —  A» 


tan  ^ 


cos'  n  cos  wi 
tan  d 


:=^      AC' 


Sin  i(v/  -\-  w)  tan  f 
cm  i(uf  —w)  cos'  It  cos  i 


cos*  n  cos  ^  cos  i  («/  —  «?)  cos'  n  cos  t 


Ai:= 


AC 


cos  ^  COS  n  COB  ^ 


The  correction  of  the  quantity  ( 7*)  —  /  +  wi  will  be  composed  of 
the  corrections  of  /  (by  which  (7^  is  obtained),  of  m,  and  of  L 
Denoting  the  whole  correction  by  At,  we  have 

At  =^  aJ—  Af  +  Am 

Substitating  the  values  of  the  corrections,  we  find 


Ar 


_    AC  r    1     _  sin  I  (ii/+  w)  tap  w  sin  j  (tr^  -^  to)  tan  f     I 

cos  n  Lcos  w  cos  J  (u/  —  w}  cos  i  {w*  —  w)  cos  n  cos  m J 


By  obsei'viog  that   J  (»£?'  —  if?)  =  J  (i£?'  +  tp)  —  m?,   the  first  two 
terms  witliin  the  parentheses  become 


cos  }  (u/  —  w)  —  sin  J  (uf  -\-  id)  sin  u?  ^_  cos  }  (tp'4-  w) 
cos  i{w^  —  w)emw  cos  J  (uf^w) 


whence 
At  = 


AC 


cos  It  COS  i  (t^  — m) 

Finally,  if  we  put 


[cos  1  (w/  +  w)  +  SIQ  i{uf  +  w)  — — ^— 
cosnoosmj 


tan  /  = 


tan  f 


cos  n  cos  m 


the  eicpression  becomes'* 


cos  [}  Uif  -}-  w)  —  fT 
COS  n  cos  f '  cos  1  (ir'  —  w) 


(151) 
(152) 


♦  A»  giTtn  by  HASitji,  Atlr.  AVe*..  Vol.  XLVIII.  p.  120. 
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If  we  denote  the  coefficient  of  ac  in  this  equation  by  C,  and  the 
true  chronometer  correction  by  aT,  the  first  computed  correction 
being  (a  7"),  we  have 

lT={lT)  —  Clc  (153) 

For  another  observation  in  the  reversed  position  of  the  axis 
the  coefficient  of  ^c  computed  by  (152)  being  denoted  by  C",  and 
the  computed  chronometer  correction  by  (aT'),  we  have,  since 
the  sign  of  ac  is  changed, 

A!r=(Ar)  +  C'Ac  (154) 

and,  combining  the  two  results,  we  can  determine  both  a  7  and 
Ar.  If  we  have  taken  a  number  of  stars  in  each  position,  we 
can  treat  all  the  equations  of  this  kind  by  the  method  of  least 
squares. 

172.  The  designation  "  equatorial  star,"  in  the  preceding  ex- 
planations,  has  been  used  to  designate  the  star  from  which  the 
chronometer  correction  has  been  deduced;  but  it  is  by.no  means 
necessary  that  this  star  should  be  very  near  the  equator.  A  star 
which  passes  near  the  zenith  will  be  preferable,  since  an  error  in 
the  determination  of  n  will  then  have  little  or  no  effect  upon  the 
computed  time. 

Example.* — In  1843,  August  17,  at  Cronstadt,  latitude  tp  = 
59**  59'. 5,  the  following  observations  were  taken.  The  value 
of  one  division  of  the  level  was  O'.llS.  The  correction  for  in- 
equality  of  pivots  was  ;>  =  +  0*.14  for  circle  west.  The  equatorial 
intervals  of  the  threads,  numbered  from  the  circle  end  of  the 
axis,  were 

•i  U  U  h 

+  34'.50  +  18M4  —  1G'.14  83'.33 

The  a^jiumed  collimation  constant  was  c  =  —  0'.33  for  circle  tcesL 
The  chronometer  correction  was  approximately  a  5r=  +  ^O"; 
iti*  losing  rate,  1'.72,  or  3T=  +  r.72  daily. 

♦  Sawitscu,  Pract,  Attron.,  Vol.  I.  p.  843. 
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let  poailioii  of  the  inatrumeiit:  CircU  W4$t, 


Lcvol.     Direct 


—  12.0 

—  17.8 


W. 


+  2L0 

+  21.2 


B=  +  0*^2 
p^  +  0 .14 


Mean  J5  =    +  4^.6 


fc^  +  0. 


fransita  obscrred  jrith  chronometer  "Haut  No.  19." 


Thread. 

I 

II 

III 

IV 

V 

a  Urs.  Min, 
fi  DraconiB 

38-.0 

3*.9 

17*  23*  10*.0 
17  28    35.0 

lv4 

2»'.S 

Level    Direct 

Eeversed 


E. 

w. 

—  18.0 

—  12.4 

+  21.0 

+  26.8 

Mean  B^    +  4^35 


2d  petition  -  Cireh  Eati, 


Level.     Direct 

Eeversed 


E. 

W. 

— 18  4 
—  17.4 

f  21.0 
+  23.1 

Mean  B  =    -\-  Z*M 


Level.    Direct 

Eeversed 


^, 

w.      1 

^  1G.2 
— 18.3 

+  23.G 
+  2L5 

^  ^  4.  0'.4tl 
|>  =  +  0 .14 


J5  =.  +  0'.24 
|,  =  +  0.14 

ft  = +  0.10 


Thread. 

V 

IV 

III 

II 

I 

Ok  UfB.  Min. 
Y  Draconh 

8M 

35-.8 

17*  52-  4iy.5 
17  55      1,4 

8K6 

5T-.1 

J  =  +  O'.ao 
p  =  — o.u 


Mean  B=     +  S'.GS  6  =  +  O.W 

For  tho  given  date  we  find,  from  the  Nautical  Almanac, 
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1»    8-45'.70 

88»  28'  24".2 

17  26    55.73 

52    25  25  .5 

17  53      0.35 

51    80  51  .0 

o  Urs.  Min. 
fi  DraconiSy 
X  DraconiSj 

Compntation  of  the  observations,  circle  west. — ^We  shall  reduce 
the  observed  times  for  the  chronometer  rate  to  the  common 
epoch  T^=  18*.  To  allow  for  the  diurnal  aberration,  we  take 
for  the  approximate  times  of  the  observation  of  a  Ursce  3Ii7ioris  and 
fiDraconiSy  17*  24*  and  17*  29*,  which,  subtracted  from  the  re- 
spective right  ascensions,  give  for  their  eastern  hour  angles,  or 
the  values  of  r,  7*  40*  and  —  0*  2*,  and  hence  the  values  of 
0*.021  cos  ^  sec  J  cos  r  for  the  two  stars  are  —  0'.17  and  +  0'.02, 
which  are  to  be  added  to  the  right  ascensions.  The  corrected 
quantities  are  then : 

45-.53    r'=:17»23-  9*.96  r=  88^28'24".2 
55  .75    T  =  17   28   84  .96  a  =   52    25  25  .5 


%iys.Min.  a'=    1*    8 
SDraconis,  a  =  17  26 

a'  — r  = 


2r  = 


40 
1 


35.57 
39.21 


a' +^  =  140   53  49  .7 
^'  — ^=  36     2  58  .7 


7   42 


14.78  =  115^83'41".7 
r=  57M6'50".9 

Hence,  by  the  formulee  (143)  and  (144), 
logsin  (a'+  6)  9.799833       log  sin  (a'—  d)  9.769736 


log  sin  r  9.927378 

log  L  cos  X  9.842358 
log  cos  ;i  9.704899 

log  £0.137459 
log2co8^'co8a86.117S3 

Ji'  =  +  P  21  22".8  log  tan  n'  8.374324 

By  the  fomiulie  (145)  and  (146), 


log  cos  r  9.726857 

log  X  sin  il  0.072976 
log  Un  X  0.230618 

;i=      59°32'39".2 


log  cos  ^'8.425554 

log  cos  a  9.785199 

log  2        0.301030 

8.511788 


X  +  r=     117°  20' 

x^r  = 

P46' 

log8oc(;i+^)   n0.3380 

log  sec  (X  —  y) 

0.0002 

log  seen'     0.0001 

log  see  n' 

0.0001 

log  tan  ^'     1.5743 

log  tan  d 

0.1138 

log  tan  ir'   nl.9124 

log  tan  w 

0.1141 

u/  ^       90«>  42' 

w  = 

52*>  27' 

i(uf+w)  =-       71    35 

iOr'-ir) 

19      8 

log  sin  \(yf  +  w) 

9.9772 

log  80C  \(yf  —w) 

0.0247 

€  =  —  0'.33  =  —  4".95 

\ogc 

nO.6946 

.  =  —  4  .97 

logy 

110.6965 

n'  — .  =  11=  +  1°21'27".8 

6  ^  +  (^M5  =  +  £K'.68 


By  tlie  formulae  (147) : 

log(— taun)      n8.3747Ga 

log  tan  ^  0,238415 

log  sin /I  Jt8.G13184 

/i^  — 2'»21'   7".0 
fi=  +  I&.4 

m  =  —  2    20  47  .6 


The  constanti?  of  the  instrument  being  thua  found,  we  proceed 
to  find  the  ohronometer  correetion  by  ^?  Dj-aeonis,  We  first  find 
t  and  the  thruad  intervals  by  (148)  and  (149) : 


log^ 

0.9859 

log  sec  n 

O.OOOl 

log  sec  ft 

0  0004 

log  sec  f 

0,3000 

log^ 

1.2873 

log 

tan  71    8.374709 

log  cos  n 

9.99988 

log 

tan^J    0.113823 

log  cos  d 

d.78520 

e  =  —  1**  45' 

54'\6         log 

Bin  t  nS.488592 

log  sec  t 

9.99979 

logF 

9.78487 

I 

n 

IV 

V 

C    z 

=-^.88 

log  i  1.53782 

1.27277 

nl.  20790 

nl52283 

log  e 

nd-filS 

log/lJ5295 

L48790 

nL42303 

nl.7379a 

log  J 

n9.733 

/  +  56,62 

+  30- J5 

--  2fr.49 

—  54'JO 

c 

=  -0'.54 

Applying  these  reductions,  wo  have,  for  the  time  of  passage  over 
the  middle  thread,  and  the  chronometer  correction  by  (150), 

17*  28-  34'  02 
34  .65 
35.00 
34  .91 
34.60 


17   28  34 .76 

~  0.64 

Red.  for  rate  to  18»  =        —  0 .04 

(3r)  =  17  28  34.18 

o  =  17_26_65J5 

a-^  r^^     1  38.4a 

f  —  m  =  +  0»84'63".0  =  +     2  19.68 

Chron.  comsctioQ  at  18*  =  a  T^  ==  -f-  41 .10 
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Computation  of  the  observations,  circle  east. — This  being  in  all 
respects  similar  to  the  above,  we  shall  only  put  down  the  prin- 
cipal results.  The  approximate  hour  angles  (r)  of  a  Ursce  Minoris 
and  J  Draconis  are  7*  10*  and  —  0*  3"*,  whence  the  correction  of 
the  right  ascensions  for  diurnal  aberration  are  —  0'.12  and  +  0'.02. 
Keducing  the  times  for  rate  to  18*,  we  find 


»Urs.Min.a'=  1»   8-45'.58 

2"=17»52-45'.49    i'=  88°  28' 24".2 

rDracojiM  a  =  17  58     0.37 

r  =  17  55     1 .39    »  =  51   30  51  .0 

'whence 

r=      64»  ras^s 

A  =      65»  55'  54."2 

n'  =  +     1   26    2  .6 

c  =  +  0'.33  =  +  4".95 

l-\-r=      110°   4' 

A  —  y  =        1°  48' 

uf=        90   81 

w=      51    82 

»=               +    5".0 

n  =  +      1«»  26'  57".5 

h  =  -\-  CIS  =  +  1"95. 

;i  =  —     2    28  54  .7 

/9  =  +  3".9 

m  =  -     2    28  60  .8 

<  =  -     1   48    9.6 

\ogF=      9.79866 

For  tLe  reductions  of  the  threads  for  x Draconis,  we  find 

V                        IV 

"                  * 

/      +  53'.60        +  25'.96 

—  80'.14        —  55'.48       -|  =  +  O-SS 

and  hence 

y  Draeonii. 

Transit  over  middle  thread  =  17*  55"   1-.59 

~=        +     0.58 
Bod.  for  rate  to  18*  =        —     0 .01 


(7)  = 

17 

55 

2.11 

o  = 

17 

53 

0.37 

a 

-(2-)  = 

— 

2 

1.74 

t 

—  m     ^ 

— 

2 

42.75 

a7;=        +    41.01 

The  moan  value  derived  from  the  observations  in  both  positions 
of  the  inritrumcnt  is,  therefore, 

A  2;=  +  41-.06  at  18*. 
In  general,  however,  unless  the  declinations  of  the  two  stars  are 
nearly  equal,  the  true  value  of  ^T^  will  not  be  the  moan  of  the 
value:«  found  in  the  t^^'O  positions;  but  we  shall  have  to  proceed 
as  follows. 
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To  CBtimate  the  eflect  of  an  error  in  the  assumed  Talae  of  r  in 
thia  computation,  we  nnght  Iiere  put  ^'—  p  in  (152),  since  n  and 
m  are  liere  smuU ;  but,  for  the  sake  of  iliuBtratioOy  we  shall  use 
the  complete  formulie.    We  find 


Cirdt  Wttt. 

drctt  Salt 

^= 

60°  1'.2 

m''  VA 

iiw'  +  w)~9'  = 

11    34 

11    0 

10gCOB[Kw'+  "?)  —  *>'] 

9.9911 

9.9910 

log  eec  i{n/  —  u>) 

0.0247 

0.0257 

seen 

0.0001 

0.0001 

fiecfi' 

0.3013 

0.3013 

log  (7 

0.3172 

logC 

0.3190 

C  = 

+  2.075 

C'  = 

-1-  2.084 

Hence 


whence 


(Circle  west)     A  7;  :==.  +  41M0  —  2.075  s^e 
(Circle  east)      a  i;  —  -f  ^1  -01  +  2.084  A<? 

(Circle  west)     a  7;  =  +  41-10  —  0-04  =  +  41«.06 
(Circle  east)     A  2;  ^  +  41J1  +  0  ,05  =^  +  41 .00 

This  result  agrees  with  the  mean  value  found  before,  becaoae 
here  the  declinations  of  the  stars  were  nearly  equal,  and  tlie  po«i- 
tiou  of  the  instrument  with  respect  to  the  meridian  was  nearljr 
the  same  in  both  obser%^ationa. 

As  the  value  of  c  is  often  but  imperfectly  known,  it  will  be 
best  always  to  take  a  pair  of  stars  in  each  po-^ition  of  the  asdii, 
and  then  to  compute  the  two  clock  coixections  upon  the  suppoai* 
tion  of  e  =^  0.  The  true  correction  will  then  be  found  by  com* 
puting  Ca^  aa  above,  and  the  value  of  ac  will  be  the  true  value 
of  c.  Thus,  in  the  preceding  example,  if  we  ha<l  first  taken 
c  =  0,  we  should  have  found  from  [i  Draeonls  (a7^  =  -f  40^,41, 
ami  from  y  Draconis  (aT')  =  +  41'.70,  and,  computing  the  coeffi- 
cients C  and  C  as  above,  we  should  have  had 


whence 


(Circle  west) 
(Circle  east) 


A  r,  ^  +  40',42  —  2.075  c 

aT.  ^  +  41  .70 -f  2.084 «? 


^1*28 

4.159 
(Circle  west)     aT;  ^  +  40*42  -f  0',64  =  +  41».0e 
(Circle  east)      a  T;  =  +  41J0  —  0  .64  =  +  41 .06 
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APPLICATION  OP  THE  METHOD  OF  LEAST  SQUARES  TO  THE  DETER- 
MINATION OF  THE  TIME  WITH  A  PORTABLE  TRANSIT  INSTRUMENT 
IN  THE  VERTICAL  CIRCLE   OF  A   CIRCUMPOLAR   STAR. 

173.  We  here  suppose  the  obsen-ations  to  be  made  essentially 
as  directed  in  Art.  170,  with  this  difference,  however,  that  wo 
shall  not  restrict  the  obser\'ation  of  the  star  near  the  pole  to  its. 
transit  over  the  middle  thread.  The  instnimont  being  brought 
near  the  vertical  of  a  circumpolar  star :  1st,  the  transit  of  this  ntar 
overrtwyowf  of  the  threads  irt  ohsen'cd;  2d,thetran8it^of  anumber 
of  equatorial  stars  are  observed ;  3d,  the  axis  of  the  instrument  is 
reversed,  and  the  transit  of  the  polar  star  again  observed  over 
one  thread  ;  and  4th,  the  transits  of  a  number  of  equatorial  stars 
are  observed.  The  level  is  read  for  each  star.  If,  however,  the 
c-irt'uiniM)lar  star  has  passed  all  the  threads  by  the  time  the  axis  has 
been  rc^versed,  the  azimuth  of  the  instrument  must  be  changed, 
so  as  to  bring  the  star  near  a  thread ;  then,  clamping  the  instru- 
ment in  azimuth,  the  transit  over  this  thread  will  be  obser>'ed, 
an<l  also  the  transits  of  a  set  of  equatorial  stars  as  before.  In 
this  case  the  observations,  being  made  in  t\vo  diflTerent  vertical 
circles,  must  be  separately  computed  according  to  the  following 
metliod.  It  is  hardly  necessary  to  observe  that  the  obsen'ations 
of  the  equatorial  stars  may  either  precede  or  follow  that  of  the 
circumi>olar  star,  as  may  happen  to  be  most  convenient.  In  this 
nietlKMl,  we  form  an  equation  of  condition  from  the  obser>'atioii 
of  each  star,  and  all  those  for  which  the  azimuth  of  the  instru- 
ment 18  the  sjime  are  combined  by  the  method  of  least  squan»H. 

Let  c  <lcnote  tlie  colliination  constant  for  the  mean  of  the 
threads,  and  i  the  equatorial  distance  of  a  tliread  from  the 
mean;  then,  r  denoting  the  hour  angle  of  the  star  when  obser^•ed 
untlie  thread,  i  -  <•  must  be  substituted  for  cin  our  fundamental 
e(|uution  {7l») ;  and,  since  this  quantity  is  always  sufficiently  snudl, 
we  shall  put  it  in  the  place  of  its  sine.  Thus,  we  have  for  each 
thread 

r  -r-  i  =  —  sin  n  sin  «J  4-  cos  n  C08  d  sin  (r  —  m) 

W]i«*n  several  threads  are  ol)sen'ed,  the  mean  of  the  obser^•ed 
tiiiu-.«*  corresj»onds  to  that  point  of  the  field  which  we  call  the 
iiH-an  of  the  threads  only  when  the  instrument  is  in  the  meritlian. 
Whrn  the  instrument  is  not  in  the  meridian,  two  methods  of 
I'nM-t-dure  offer  themselves.  The  first  is  that  which  has  been  used 
in  tlie  jireceding  articles,  and  consists  in  reducing  each  thread 
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either  to  the  middle  or  the  mean  thread  by  means  of  the  com* 
puted  intervals.  But  to  compute  these  intervals  we  must,  as 
has  been  Been,  know  tlie  position  of  the  instrument.  The  second 
method,  vvhieh  we  owe  to  Bessel,  is  not  only  more  simple  in 
praetiee,  but  is  wholly  independent  of  the  position  of  the  instru- 
ment; and,  us  it  will  be  nseful  both  in  the  present  problem  and 
in  that  of  finding  the  latitude  by  transits  over  the  prime  vertical, 
I  shall  treat  of  it  here. 

If  we  denote  the  number  of  observed  threads  by  y,  we  have  q 
equations  of  the  above  form,  t  and  r  being  different  in  each. 
The  mean  of  these  equations  is 

1  1 

c  +  -  r*  ^  —  Bin  n  sin  d  4-  cos  n  cos  8  -  ^  sin  (r  —  m) 

where  2  is  the  usual  summation  sign.    Now  let 

2^  ^=^  the  mean  of  the  observed  times  on  the  several 
threads, 
T  —  /:=  the  observed  time  on  any  thread  j 

then  /is  the  interval  found  by  subtracting  each  observed  time 
from  the  mean  of  all,  and,  consequently,  the  algebraic  sum  of 
all  these  intervals  is  zero.     Also  let 


d  =  the  clock  correction, 
th^n  for  each  thread  we  have 

ein  (r  —  m)  =  BID  (t  —  m  +  /)  =  sin  (t  —  m)  cos/-f  cos(t  —  m)fiin  / 

1  11 

*- Jsiii(r  —  m)  —  ein(f  —  m)  —  Jcoa/+  cosff  —  m)  -^J^tinl 
q  '  q  9 

* 
Let  k  and  x  be  determined  by  the  conditions 

_  COS  X  =      —  r  cos  / 

k  q 


1  1 

-->  ain  X  =^  — -I  sin  / 
*  Q 


then  we  have 


«  E  sin  (t  —  m)  ==  —  ain  (f  —  x  —  m) 
q  k 
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Hence,  patting 


•        « 


} 


onr  equation  becomes 

.    ^   .  cos  n  cos  d  sin  (t,  —  m) 
c  +  ip  =  —  sm  n  sm  ^  H ^  » ^ 

ThnAy  X  and  A  being  fonnd,  we  find  t^  by  using  the  corrected 
time  T+  x  instead  of  7",  as  in  (166),  and  then  this  single  equation 
represents  the  mean  of  the  q  equations.  We  may  bring  this 
equation  still  nearer  in  form  to  that  for  each  thread,  by  substi- 
tuting 

^        1        > 

Y  cos  a,  =:  --  cos  ^ 

n 

Y  sin  dj  =  sin  ^ 
which  give 

— 5— -5  =  —  sm  n  sm  ^,  +  cos  n  cos  \  sm  (r,  —  m)        (156) 

where  7^  is  so  nearly  equal  to  unity  (as  will  presently  appear)  that, 
as  the  divisor  of  the  small  term  c  +  t^^  it  may  usually  be  omitted. 
Thus,  the  mean  equation  is  precisely  of  the  form  for  one  thread, 
when  we  use  both  a  corrected  mean  time  and  a  corrected  decli- 
nation. Tlie  quantities  x  and  Jj,  or  else  x  and  log  /:,  are  readily 
found  by  the  aid  of  tables  such  as  Tables  VIII.  and  VIII.A  at 
the  end  of  this  volume,  the  construction  of  which  is  as  follows. 
The  equations  which  determine  k  andx  may  be  written  thus: 

-lcosx  =  l  — ij2sin»l/ 
k  J 

—  sin  X  =  —  I  (/  —  sin  /) 
k  q 

for.  since  2*7=  0,  this  last  equation  is  the  same  as  the  one  before 
pven.  But  the  quantity  /—  sin  /  is  of  the  order  P,  and  there- 
fore extremely  small,  so  that  we  may  put  cos  x  =  1,  and  hence 

^  =  1  — lr28in«J/ 
k  q 

X  =~r(/— sin/) 
or 


Bkssel  givesf  a  table  from  which  with  the  argument  /we  find 

sin'  i  / 

/ — Bin/io  seconds,  aud     ,    ,.  ■     The  means  of  the  tabalar 

sin  1 

quantities  taken  for  tlic  several  vahies  of  /are  respectively  x  and 
the  numerator  of  the  eooflicieiit  of  2<J.  A  sraall  subsidiary  table 
corrects  for  the  neglect  of  the  denominator.   In  the  tables  at  the 

end  of  tliia  volume  I  liave  adopted  a  different  arrangement.  By 
the  logarithmic  formula 

log  (1  —  X)  =  —  Jlf  (JC  +  J  j^  +  &c.) 

in  which  M=  0.4342945,  we  find 

log  A  =  —  log  J  =  Jf  ri  J  2  sin«  1  /  +  J  f  1 T  2  sin*  I  /  V  +  &e  1 

wlvere  the  second  term  of  the  series  will  mostly  be  inappreciable* 
The  approximate  value  of  log  /c,  neglecting  this  term,  will  be 


and,  employing  this  value  in  the  second  term,  the  complete 
value  will  be 

Ta1>le  Vlll,  gives,  in  the  cohimn  log  A*,  the  value  of  ZMwxv?\l 
corresponding  to  each  interval  /.  The  mean  value  of  log  it, 
which  is  required  in  reducing  several  threads,  will  be  found  by 
taking  tlie  mean  of  the  several  vahies  from  the  table.     "WTieo 


♦  PL  Trig..  Art.  264. 


f  A9trm.N^€h.,  Vol  VL  p.  216, 
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extreme  precision  is  desired,  this  mean  is  to  be  increased  by  the 
small  correction  given  in  Table  VIII.A,  which  contains  the  value 

(loir  k)^ 
of  the  term  >  with  the  argument  "mean  log  A'."     Tlie 

colunni  marked  x  gives  the  value  of  /—  sin  /in  seconds  for  each 
value  of  /;  and  the  mean  of  the  several  values  is  likcwirtc  to  be 
taken  as  the  correction  of  the  mean  of  the  observed  times  T. 
Tlie  sign  of  /is  different  for  threads  on  opposite  sides  of  the 
mean,  and  the  sign  of  x  must  be  the  same  as  that  of  /.  Hence 
the  mean  x  will  be  evanescent  when  the  observed  threads  are 
B^Tnmetrioally  disposed  about  the  mean. 

Thortc  tables,  then,  effect  the  reduction  of  the  threads  to  a  single 
instant  in  a  remarkably  simple  manner,  without  requiring  a  pre- 
vious knowledge  of  the  position  of  the  instrument.  We  have 
only  to  add  x  to  the  mean  of  the  observed  times,  and  to  find  the 
corrected  declination  by  the  fonaula 

tan  d^  =  k  tan  d  (157) 

Then,  taking  the  mean  of  the  equatorial  intervals  i  of  the  ob- 
8or\-tMl  threads,  we  proceed  to  use  equation  (156),  as  ro})resenting 
the  moan  of  all  the  threads.  The  divisor  y  is  found,  from  the 
equations  which  determine  y  and  dp  to  be 

^l-(l-i)eo..a 
^  cosMj  — a) 

where  we  may  put  cos  (5,  —  5)  =  1.  Since  ig  is  zero  when  all 
tlie  threads  are  observed,  we  may  put  ^^  =  1  in  such  cases  with- 
out hesitation,  since  it  is  then  the  divisor  only  of  the  ver}'  small 
quantity  c.  But  in  the  method  of  observation  here  adopted  we 
may  in  all  cases  put  ;*  —  1 ;  for  we  suppose  the  slow-moving  star 
to  be  obser\'ed  on  but  one  thread,  in  which  case  we  have  rigor- 
ounly  T*  -  1 ;  and  for  the  equatorial  star  (even  if  we  extend  this 
denomination  to  stars  of  the  declination  50®  or  60**)  the  intervals 
/will  always  be  lesH  than  2*,  and  then  the  mean  log  A*  will  always 
be  les.-*  than  0.00001,  and  log  y  will  be  less  than  0.00002.  We 
take  then,  as  complete,  the  equation 

<r  -f  I,  =  —  sin  n  sin  «T,  -(-  cos  n  cos  \  sin  (tj  —  m) 

Substituting  sin Tj  cos m  —  cos r,  sin  m  for  sin(r|— m)and  then 
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Biibstitiiting  the  values  of  sin  n,  cos  n  cob  m,  cos  n  ein  m,  from  (78), 
the  equation  becomes 

c  +  1(1  =  —  b  (sin  f  Bin  ^,  +  ^^^  9  ^^^  ^i  ^^  ''i)  +  ^^  **  *^*  ^i  ^^  ^i 
-{-  BID  a  (cos  f  Btn  ^,  —  sin  ^  cos  ^^  cos  r^) 

This  equation  will  be  satisfied  when  a  is  the  true  value  of  the 
aziinutli  of  the  instrument  and  r,  lias  been  found  by  employing 
the  true  clock  correctiou  e?.  But,  if  a  and  &  denote  assumed 
approximate  values  of  these  quantities,  6,a  and  ^&  their  required 
correctionSj  and  if  r|  is  found  by  the  formula 


(r.  +  *) 


(158) 


then  we  must  substitute  in  the  above  equation  /i  +  a/z  for  o,  and 
Tj— Ai9  for  r^.  We  thus  fi!id  (neglecting  the  products  of  the 
small  quantities  6,  4ez,  and  aO) 

c  +  1^=^  ^^  (sin  f  sin  rfj  +  cos  f  cos  H^  cos  t,) 

4-  cos  a  cos  J,  sin  r^  -\-  gin  a  (cos  f  sin  \  —  sin  f  cos  d,  cob  r,) 

—  Aa  sin  a  cos  J,  sin  Tj+  Aa  cos  a  (cos  ^  sin  5^ —  Bin  ^  cos  d^  cos  r  J 

—  A^  cos  ^1  (cos  a  cos  r^  -}-  sio  a  sin  f  sin  r^) 

To  adapt  this  for  computation,  let  z  and  A  be  the  zenith  distance 
and  azimuth  of  the  point  of  the  sphere  whose  declination  is  i^ 
and  hour  angle  r^:  then  we  have  (VoL  I.  Art*  14) 


cos  z  =^       sin  <p  sin  \  +  cos  f  cos  d^  cos  r, 
sin  z  COB  j1  ^=  —  cos  ^  sin  d^  +  sin  f  cos  ^^ 
sin  z  sin  ^  ^=  cos  i^. 


a^cosr,    \ 

^j  cos  Tj        > 


(159) 


and  our  equation  becomes 


c  +  to  =  ^ —  ft  cos  ^  —  sin  (a  —  j4)  sin  j  —  Aa  cos  (a  —  ^)  sin  r 
—  A*  cos  ^,  (cos  a  COS  r^  -f  sin  a  sin  ^  sin  r,) 

Here  a  ^  A  must  be  of  the  same  order  as  <?  +  ^  and  there- 
fore may  also  be  put  for  it8  sine,  and  its  cosine  may  be  put  =^  1* 

In  the  coefficient  of  a^>  we  may  put  cos  H  for  cos  J,.   Trauiiposing 
the  equation  J  and  collecting  the  known  terms,  by  putting 

A  =  ij  +  i  cos  J  +  {a  —  J)  sin  z  (160) 

we  obtain  the  equation  of  condition 

c  -f  Aa  sin  z  +  A<*  cos  d  (cos  a  cos  r^  -f  sin  a  sin  f  sin  r,)  +  A  =  0  (161) 
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in  which  the  sign  of  c  most  ho  changed  when  the  axis  of  the 
instrument  is  reversed.  It  must  also  be  observed  that,  (as  in 
meridian  observations  where  2  =  f  —  J),  sin  z  must  be  negative 
when  the  star  is  north  of  the  zenith :  this  sign,  however,  will  be 
given  by  the  equations  (159)  if  attention  is  paid  to  the  signs  of 
the  other  quantities.  To  compute  z  and  A  by  logarithms,  let  g 
and  G  be  determined  by  the  conditions 


then 


g  sinO  =  sin  d, 
»  g  cos  G  =  cos  d^  cos  r^ 

cos  ^r  z=zg  cos  (f  —  Cf) 
sin  r  cos  ii  =  ^  sin  (^  —  O) 
sin  z  sin  A  =  cos  d^  sin  r^ 

or  (observing  that  tan  d^=  k  tan  d) 

^       k  tan  d 


.       tanT.ooeff  .    ,,^„^ 

tan  -4  =  -r—-^ — 7^  >  (162) 

tan  (^  —  G) 

Uiiz= >^-— — ' 

cos  A 

in  which  G  and  -4  are  to  be  taken  less  than  90®,  positive  or 

negative  according  to  the  sign  of  their  tangents,  and  the  sign  of 

tan  z  will  be  determined  by  that  of  tan  (f  —  G). 

If  we  put 

tan  J*  =  tan  r,  sin  f  (1G8) 

the  coefficient  of  a(?  may  be  computed  under  the  form 

p  ^  cos  a  COST,  cos  (a  — J')  j 

The  whole  process  of  forming  the  equation  of  condition  for 
each  star  is,  therefore,  as  follows : 

li*t.  Find  X  and  log  k  from  Table  VIII.,  and  add  x  to  the  mean 
of  the  obrter\'ed  times  on  the  several  threads.  Call  the  resulting 
time  7",,  and  find 

r.=a~(r.+  *) 

in  which  d  is  the  assumed  clock  correction  reduced  to  the  time  T^ 
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2d,  Gompote  A 
and  h  by  the  equation 


P  by  the  equationa  (162),  (163),  and  (1 W), 


-^  b  co^s  +(a  —  A) 


sin  z 


in  wliieh  J^  is  tlio  mean  of  the  equatorial  iiiten-ab  of  the  observed 
threads  from  the  mean  thread,  b  in  the  inclination  of  the  rotation 
axis,  and  a  is  the  assumed  azimuth  of  the  instrument. 

Then  th^  equation  of  condition  is 

±  c  +  £krt  sin  J  +  P.  A*  -f  A  =  0 

in  which  the  sign  of  e  is  to  be  determined  by  the  position  of  the 
rotation  axit*  of  the  instrument. 

From  all  the  equations  thus  formed,  the  most  probable  valaea 
of  <?,  Ail,  and  A/?  will  be  found  by  tlie  method  of  leat*t  gquareft. 

J£  the  azimuth  of  the  instrument  has  been  changed  during 
the  observations,  these  must  be  divided  into  two  sets,  and  two 
different  assumed  azimuths  cz,  a\  with  the  corrections  ^a  and  Aa> 
will  he  used  in  the  foniiation  of  the  equations. 

It  h  hardly  necessary  to  remark  that  all  the  quantitied  i^  b, 
a  — Af  Cy  Ad,  A<?  are  expressed  in  the  same  unit,  either  of  time  or 
arc:  the  latter  will  perhaps  he  most  conveoieut. 

Example* — The  following  obser\'ations  were  taken  by  Besssl 
with  a  very  small  portable  instrumeut,  to  determine  the  time^ 


^liiakli. 

1827,  June  27 

Circlt?  EasI. 

I 

n 

III 

IT 

V 

UrmL 

X  Scorpii 
e  Ophiuehi 
aUrscs  Minoris 

8- 12*.2 
14  22,4 

T-52'.5 
14     2.0 

11*. ..-..A 

11  13  43.2 
n ,. 

13-22*J 
20     3.2 

13-  KG 

— 0  .601? 
^0  .079 

Circle  WesL 
atfrsceMinom 

*  a  (Anon.) 
24  Scuti  Sob, 

21-66*.2 
26  31.6 

13M9-52'.8 
13  22   16.2 
13  26  52 .3 

+  1-Ji88 

+  1.887 

21"35*.6 
26   11,4 

22-37*.0 
27  12.8 

22-58*.8 
27  34.4 

The  azimuth  of  the  instrument  was  changed  between  the  two 
Bets  of  observations,  circle  east  and  rirck  west^ 

The  place  of  ob9er\^ation  was  in  the  garden  of  Dr.  Steixueil^s 
house,  wliere  the  latitude  was  y?  =^  48**  8'  40". 

The  elironometer  was  a  pocket  mean  time  chronometer  of 
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KsssiL.  Its  correction  to  sidereal  time  at  12*  (chronometer  time) 
was  assumed  to  be  j?  =  5*  l"  S'.OO,  and  its  rate  on  sidereal  time 
was  +  S'.IO  per  hour  (losing). 

The  equatorial  intervals  of  the  threads  from  the  mean  thread 
were  as  follows  for  circle  west : 


+  698".08 


II 
+  303".09 


III 
+  6".19 


IV 
—  294".91 


V 

—  612"  46 


The  value  of  one  division  of  the  level  was  4".49.  The  pivots 
were  of  unequal  thickness,  the  correction  for  which  had  pre- 
Tiously  been  found  to  be  —  1".89  for  circle  west 

The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows  2 


a 

S 

/  Scorpii 

16»   2-36'.71 

—    9»86'34".2 

t  Ophiuchi 

16     9    13.90 

—   4    16    8  .9 

a  Ursa  Minoris 

0  59     5.28 

+  88    23    2  .5 

*a(Anon.) 

18  18     8.49 

+  14    52  86  .7 

2iScutiSob. 

18  19    24.11 

—  14    39  56  .0 

The  reduction  of  the  observations  of  j[  Scorpii  and  e  Ophiuchi  on 
the  several  threads  to  a  mean  will  serve  to  illustrate  the  mode 
of  using  our  Table  VIII.,  altliough  in  this  case  the  quantity  x  is 
quite  insensible  and  log  k  nearly  so.     We  have,  then, 


Cirele  EMt. 

T 

/ 

X 

log* 

t 

/  Scorpii  I. 
II. 

11»  8-12'.2 
7    52.5 

—  9'.85 
+   9.85 

0.00 
0.00 

0.0000001 

1 

—  598".08 

—  303  .09 

Means 

11     8      2.35 

0.00 

0.00 

0.0000001 

—  450  .59 

Ophiuchi 


Means 


11  14    22.4 

—  39'.90 

0.00 

0.0000018 

14     2.6 

—  20 .10 

5 

13    43.2 

-   0.70 

0 

13    22.7  j+19.80 

6 

13      1 .6  1+  40 .90 

0.00 

19 

11  13    42.50i       O.OOlO.OO 

0.0000009 

—  598. 

"08 

—  303 

.09 

-     6 

.10 

+  294 

.91 

+  612 

.46 

0 

.00 

Bate  to  12* 


(in  &rc) 
log  sec  Tj 
log  Un  ^ 
logJt 

log  Um  0 
(? 

log  tan  Tj 

log  cos  £r 

log  coBeo  {f  —  O) 

log  Uti  J 

log  coi  A 

log  Un  (^  —  0} 

log  tftn  f 
log  sin  1 

log  00«  J 

A 
Aisamed  a 

tf  —  .4 
(a  —  j4)  sin  * 

k 

1.  Un  Tj  sin  ^  =  1.  Ian  F 

F 

a^F 

log  CiM  J 

log  COI  r, 

log  coi  (a  —  /•) 

lag  BOO  F 

logP 


xa«»p<f. 

9  0pMwht 

«rh«  Mim, 

11*   8"»  2*.  85 

11*18"»42',50 

11*  20"*  a-.so 

+    51      8.00 

+    5     1      8.00 

+    6   1    a.oa 

—      7 .96 

—      7.09 

—      6,12 

16     fi   67.80  1 

16   14    88.41 

16  21      0.08 

16     2   86  .71  ' 

16     9    13.90 

0  59      6.28 

*-      6   20.68 

-^     5    24,51 

4-      8  88      5.20 

^  l"  85'  ir.2 

—  1*    21'    VM 

129°  81'  ir.o  1 

0.000166 

0.000121 

fiO.196290 

«9.228677 

*i8.87$022 

1.649578 

0.000000 

O.OOOOOl 

0.000000 

»9.228S43 

n8. 873144 

nl.745868 

—    ^  Z&  47".2 

—    4^  16'  13",2 

—    88«  58'  17^8 

57    45  27  .2 

52    24  53  .2 

187      8  57  .8 

fi8. 442337 

ii8.3729T5 

f>0.0885ei 

9.993858 

9.998798 

8.254067 

0.072734 

0.101080 

0.157161 

nS.  508029 

i»8,472798 

n8.5(H7B9 

9.999774 

9.999808          1 

9.999778 

0.2O01SO 

0.113683           ' 

«i9.9«7894 

0.2tX>S6 

0.11887 

fi9.9C812 

9.02738 

9.89904 

119.88296 

9,72698 

9.78517 

9.86484 

—   l^SO'SS'.SS 

—  1*  42^  4".85 

—      V  i9r  5r.74 

—    1    42    0. 

+          &  55''.85 

+               4".  85 

+             r  62-.T4  [ 

-^                2  .96 

—              0.84 

+                   KM 

-f             453^29 

+              3".84 

^          82r,ea 

—                1  ,58 

—              0.51 

+                   1.18 

—            450  .59 

0  .00 

*f               294  .91 
—                26M8 

+          rj2 

+              8".88 

f»8.3X4S94 

b8.  245082 

fi9.955ei8 

^    P  10'  54" 

^    l**    0^26'^ 

—  42*   i'sr 

1  —        81     6 

—         81  34 

40  22  at 

9.99S80 

9,99879 

8.45026 

9.99983 

9.99988 

119.80871 

9.99998 

9.99998 

9.88184 

0.00009 

0,00007 

0.12948 

9.99876 

9.99872 

ii8.26&3e 

*  Wo  liaT«  negleotccl  tbe  dmmal  aborrKtlon^  as  an  insensible  quantitj  in  o\ 
tiont  wiih  bo  small  an  instrument. 
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Hence  the  equations  of  condition^  circle  east,  are: 

X  Scorpii  —c  +  0.8459  Aa  +  0.9857  Ad  +  V'A2  =  0 
c  Ophiuchi  —  c  +  0.7926  Aa  +  0.9971  Ad  +  3  .33  =  0 
a  Urs.  Min.  —  c  —  0.6807  Aa  —  0.0184  a*  —  25  .76  =  0 

In  the  same  manner,  we  find  for  the  stars  observed,  circle  west, 


aUnmMin. 

♦a 

24  ScuH  Sob. 

T,  +  * 

18»21-   8'.03 

18»  23-  32'.84 

18*28-   8'.81 

'■i 

gg-  2^  18".75 

—    1'»20'57".75 

—   2'»11'10".5 

log* 

0.000000 

0.000001 

0.000001 

log  tan  A 

n8.617908 

n8.618105 

n8.618199 

log  sin  z 

n9.82674 

9.73948 

9.94926 

log  cos; 

9.87007 

9.92217 

9.65941 

A 

—  2"  22'  82".22 

—  2°  22*  36".20 

—  2'»22'38".05 

Aasamcd  a' 

—  2    22  40  . 

a'— A 

—              7  .78 

—              8  .80 

—              1  .95 

b 

+              5  .22 

+              5  .61 

+              6.86 

(a*  —  A)  nnz 

+              5  .22 

—              2  .09 

—              1  .74 

b  cos  z 

+              8  .87 

+              4  .69 

+              2  .90 

'. 

+              6  .19 

0  .00 

0  .00 

A 

+            15  .28 

+              2  .60 

+              1  .16 

logP 

n7.74071 

9.98501 

9.98544 

and  lience  the  equations  for  these  stars  are 


a  Vrs 


Min.     +  c  —  0.6710  Aa'  —  0.0055  Ad  +  15".28  =  0 
a  +c  +  0.5488  Atf'  +  0.9661  Ad  +    2  .60  ==  0 

24  Scuti  Sob.  +C  +  0.8897  ao'  +  0.9670  Ad  +    1  .16  =  0 

The  six  equations  involve  four  unknown  quantities,  which 
might  be  detennined  from  the  four  normal  equations  formed  in 
the  UHual  manner.  But,  where  the  number  of  equations  is  so 
little  greater  than  that  of  the  unknown  quantities,  it  is  not 
worth  while  to  employ  this  method.  We  van  here  obtain  the 
same  resiult  by  eliminating  ai  from  the  first  set  and  Aa'  from 
the  8e<*(>nd,  and  then  combining  the  resulting  equations  for  the 
determination  of  c  and  A(y.     Thus,  substituting  the  values  of  Aa 


238 


TRANSIT  II7STRUMEKT 


aud  Aa'  found  from  the  eqtiatioDs  for  a  Ur$(E  3lm,  in  the  eqaa- 
tioim  of  tJie  otlier  two  stare  in  tho  t%vo  groups  respectively,  we 
have  the  four  equutioua 

X  Scorpii  —  2.2427  c  +  0  J029  £i&  ^  Zi/'M  =  0 

€  Ophiuchi  —  2.1642  e  -f  0.9757  A^  —  26  .60  =.  0 

*a  +  1.8179  c  +  0.9616  a*  -f  15  .10  ^  0 

24  Scuti  Sob.  +  2.8259  c  +  0.i)5U7  A*  +  21  ,42  =  0 

from  which  we  derive  the  normal  equations 

which  give 

Hence  we  have,  finally, 


18.4281c  —  0.2908  Ad  +  204".25  =  0 

—    0.2908  c  +  3.7249  a»>  -^    20  .68  ^  0 

A*  =  +    4".69  =^  +  O'.Sl 
c  =  ^  IV'M  =  —  0*.73 


*  =  +  5*  l*-  3'.S1 

By  the  four  time  BtarB,  severally,  we  have  8*.43,  3'.18,  3*.34,  3*.29» 
The  methods  wliich  have  here  been  given,  for  finding  the 
time  with  a  transit  instrument  out  of  the  meridian,  are  intended 
for  the  use  of  observers  in  the  field  who  have  but  little  time  to 
adjust  their  instruments  and  \\'ish  to  collect  all  the  data  possible, 
reserving  their  reduction  for  a  future  time*  The  greater  labor 
of  these  reductions,  compared  with  thtrs^e  of  meridian  observa- 
tions, is  often  more  than  eompeuaaled  by  the  saving  of  time  in 
the  field. 


DETERMIXATIOX    OF  THE   OEOORAPHICAI*   LATTTUBE   BY   A   TBAXSTt 
INSTRUMENT    IN    TUE    PRIME    VERTICAL. 

174.  The  transit  instrument  is  said  to  be  in  the  prime  vertical 
when  the  great  circle  de^cribeil  by  its  collimation  axis  is  in  the 
prime  vertical.  The  rotation  axis  is  then  perpendicular  to  Uie 
phme  of  the  prime  verticah  and  lies  in  the  intersection  of  the 
planes  of  the  meridian  and  horizon.  We  owe  to  Bessel  the  ap- 
plication of  the  instrument  in  tliis  position  to  the  determinatioii 
of  the  latitude  of  the  [place  of  obKervation. 

The   fundamental   prineiple  of  the   method   may  be   briefljr 


I 


Tig 

A 

.45. 

P 

N 

./ 

1 

\. 

a-^ 

>% 
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Stated  as  follows.*  Let  PZ,  Fig.  45,  be  the  meridian ;  SZS' 
the  prime  vertical  of  tlie  observer ;  HMS' 
the  diurnal  circle  of  a  star  which  crosses 
the  meridian  between  the  zenith  and  the 
equator.  Such  a  star  crosses  the  prime 
vertical  above  the  horizon  at  two  points 
S  and  *S''  on  opposite  sides  of  the  zenith 
and  at  equal  diHtances  from  the  meridian. 
If  then  we  observe  the  transits  at  these 
two  points  with  an  instniment  perfectly  adjusted  in  the  prime 
vertical,  and  note  the  times  by  a  clock  whose  rate  is  well  known, 
we  determine  the  hour  angle  ZPS'  =^  /,  which  is  equal  to  one- 
half  the  elapsed  sidereal  time  between  the  two  obserN'ations ; 
and,  therefore,  in  the  right  triangle  VZS*  we  know  this  angle 
and  the  ^lypothenuse  Pti'  =  90°  ~  J,  from  which  we  find  the 
side  PZ  :t=  DO®  —  ^ ;  whence  the  fonnula 

tan  9  =  tan  ^  sec  f 

in  which  tp  is  the  latitude.  It  is  evident  that  only  those  stars 
can  be  olmer\'ed  on  the  prime  vertical  whose  declinations  are 
between  0  and  p.  The  nearer  the  obsen'ations  to  the  zenith,  that 
IK,  the  less  the  difterence  between  the  declination  and  the  latitude, 
the  less  the  effect  of  errors  in  the  observed  times  upon  the  value 
of  sec  ^  and,  consequently,  u[)on  the  computed  latitude. 

The  advantage  of  this  method  of  finding  the  latitude  lies 
chiefly  in  the  facility  with  which  all  the  instrumental  errors  may 
be  eliminated  by  using  the  instnmient  alternately  in  opposite 
positions  of  the  rotation  axis,  reversing  it  either  between  the 
obsen'ations  on  two  different  stars  or  between  obsen-ations  of 
the  same  star,  or  using  it  in  one  position  on  one  night  and  in 
Tlie  reverse  {position  on  the  same  stars  on  another  night.  Dif- 
ferent metho<ls  of  reduction  ap[»ly  to  the«ie  several  methods  of 
observation,  which  will  be  hereafter  investigated.  AVe  must  first 
riiow  how  to  place  the  instrument  in  or  near  the  prime  vertical. 

17').  Approrlmaic  adjustment  in  the  prone  irrtical — The  middle 
thread  must  be  rarefully  adjusted  in  the  collimatitm  axis,  or  as 
nearly  so  as  possible.  Then  compute  the  sidereal  time  of  pass- 
ing the  prime  vertical  for  some  star  whoso  declination  is  small, 

•  Sm  alio  Vol.  I.  Arts.  192  and  193. 
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that  is,  a  star  which  passes  the  prime  vertical  at  a  low  altitode* 
If  t  =  the  liour  angle  in  the  prime  vertical^  3  ^  the  decliuation, 
and  f  =  the  assumed  latitude,  we  have 

COS  t  ^^  tan  3  cot  f 

and,  if  a  =  the  star's  right  ascenBioD,  ©  —  the  sidereal  time 
passing  the  prime  vertical, 


e^i 


t 


—  for  east  transit  i 
west     "      I 


At  this  time,  therefore,  by  the  clock  (allowing  for  the  correctiOQ 

of  the  clock),  bring  the  middle  thread  upon  the  star,  obaerving 

to  keep  the  rotation  axis  as  nearly  horizontal  as  possible.     The 

zenith  distance  at  which  the  star  will  be  observed  may  also  be 

previously  computed,  to  facilitate  the  finding.     For  this  purpose 

we  have 

sin  B 


COS  2  = 


smf 


which  gives  the  true  zenith  distance,  from  which  we  should  sab- 
tract  the  refraction  in  the  case  of  v^ry  low  stjars. 

After  the  instrument  has  thus  been  bi-ought  near  the  prime 
vertical  by  one  atjir,  the  rotation  axis*  should  be  carefully  levelled, 
and  the  adjustment  verified  l^y  another  star.  Li  the  first  aiyust- 
ment  the  frame  of  the  instrument  would  be  moved  ;  but  iu  the 
second  only  the  V  which  is  provided  with  a  small  motion  in 
azimuth.  When  the  instrnnient  m  provided  with  a  gi'aduated 
horiicontal  circle,  the  most  sati^sfatttory  method  is  to  adjust  it 
first  in  the  meridian  and  then  revolve  it  in  azimuth  90**. 

Li  preparing  for  an  observation  on  the  extreme  threads,  we 
must  know  the  inter\'al  required  by  the  star  to  pa^^s  trom  one  of 
these  to  the  middle  thread.  It  will  be  showni  hereafter  that  if 
I  =  the  equatorial  interval  of  the  sidereal  thread  from  the  middle, 
the  corresponding  star  interval  /,  near  the  prime  vertical)  will  be 
nearly 


■^ 


1  = 


sin  f  cos  S  sin  t       sin  f  sin  z 

and  it  is  easily  shown  that  when  the  hour  angle  t  becomes  I  ±  /J 
the  zenidi  distance  becomes  z  ±  15/coSf,  wliere  the  fiictor  15 

is  used  to  reduce  /from  time  to  arc.     The  first  obser\'Btion  an  i 
side  thread  at  the  east  transit  will,  therefore,  be  expected  about  j 
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seconds  before  the  time  of  transit  already  computed,  and  at  a 
greater  zenith  distance  by  about  15  /  cos  tp ;  while  the  first  ob- 
servation at  the  west  transit  will  also  be  expected  I  seconds 
before  the  time  of  transit  computed,  but  nearer  the  zenith  by 
about  15  /  cos  ip.  These  simple  calculations  are  accurate  enough 
for  the  purpose  of  preparing  for  the  observation.  Wlien  the 
intervals  of  threads  are  not  known  at  first,  they  will  be  obtained 
accurately  enough  from  the  early  observations  for  subsequent 
use  in  finding  stars. 

For  stars  whose  declination  is  very  nearly  equal  to  the  lati- 
tude, the  zenith  distance  and  hour  angle  on  the  prime  vertical 
may  be  more  accurately  computed  by  the  formulsd 


i/am  {ip  —  d)  sin  (9  +  d)  ,    ^       sin  z 

sm  z  =  4- — '• ^^—^ — ^  sm  t  = 

sin  ^  cos^ 

176.  Correction  for  inclmation  of  (he  axis. — ^When  the  rotation 
axis  is  in  the  meridian,  but  is  inclined  to  the  horizon,  the  great 
circle  described  by  the  collimation  axis  is  still  perpendicular  to 
the  meridian,  but  intersects  it  in  a  point  whose  angular  distance 
from  the  zenith  of  the  observer  is  precisely  equal  to  the  inclina- 
tion of  the  rotation  axis.  This  point  may  be  called  (he  zenith  of 
the  instrument;  and  the  great  circle  described  by  the  collimation 
axis,  the  prime  vertical  of  the  instrument.    If  we  put 

f '  =  latitude  of  the  zenith  of  the  instramont, 
^p  =       **  "      observer, 

b  =z  inclination  of  the  rotation  axis,  positive  when  north 
end  is  elevated, 
we  have 

f  =  9»'  +  * 

ind  the  only  consideration  of  the  level  correction  required  in 
tliis  case  is  to  apply  it  directly  to  the  latitude  found  from  the 
instrument  by  the  same  methods  that  are  used  when  tlie  axis  is 
truly  horizontal. 

But  if  the  rotation  axis  is  not  in  the  meridian,  nor  the  middle 
thread  in  the  collimation  axis,  the  simple  solution  given  in  Art. 
174  re<|uires  some  modification.  I  proceed  now  to  consider 
the  instrument  in  the  most  general  manner,  with  deviations  in 
Azimuth,  level,  and  collimation,  and  to  show  how  to  eliminate 
the  effects  of  Uiese  deviations. 

Vql.  II.— !• 


the  great  circle  APZ'' 


laiUude  from  th 

en  thread  east  and  west  of  the  meridian^  the  rota- 
tion axis  being  in  the  mme  position  at  both 
observations, — Let  the  rotation  axia  lie 
in  the  vertical  circle  ZA^  Fig,  46,  mid 
suppose  the  north  end  elevated,  bo 
that  the  great  circle  of  the  luBtrumeQt 
is  E'Z'^W\  and  a  thread  at  the  did- 
tauce  a  south  of  the  collimation  axis 
descTibes  the  small  circle  SS\  Let  A 
be  the  point  in  which  tlie  rotation  axis 
produced  meets  the  celestial  sphere^ 
and  through  A  and  the  {xile  Pdraw 
This  great  circle  is  perpendicular  to 
E'Z'*  W\  and  the  observations  of  the  star  on  the  thread  at  i^and 
iS"  are  equally  distant  from  it.  We  may  call  P2"  the  meridiaii, 
E^Z*^  If  the  prime  vertical,  and  Z^'  the  zenith  of  the  imtntmmL 
Now,  the  equations  (78)  and  (79)  of  Art.  123,  being  entirely 
general,  apply  to  the  instrnment  in  this  position,  but  it  is  con- 
venient to  make  some  modifications  of  the  notation.  The  point  A 
being  now  near  the  north  point  of  the  horizon,  its  azimutli  ia 
nearly  zero  and  its  hour  angle  nearly  180^.     If  we  put 

the  azimulb  of  A  =  90^  +  (a)  ^  ^  a,  or  (a)  ^  —  (00**  +  a) 
the  bour  angle  of  .1  —  90°  —  m  =  180**  -(-  ;i,  or  m  =  —  (90**  +  X) 

where  we  distinguish  the  a  of  the  equations  (78)  by  enclosing  it 
in  brackets;  then  a  is  the  small  azimuth  of  the  rotation  axia 
reckoned  from  the  north  towards  the  east,  and  i  is  the  hour  angle 
of  tlie  meridian  of  the  instrument  (or,  as  we  might  call  it,  the 
west  longitntlc  of  the  instrument);  and  the  suhstitution  of  these 
quantities  in  equations  (78)  gives 


cos  n  cos  I  -= —  sin  b  cos  ^  -|-  cos  t  cos  a  sin  ^ 
cos  n  sin  X  =       cos  b  sin  a 

sin  n  =:      sin  b  sin  ip  -f-  cos  b  cos  a  cos 


;} 


(185) 


and  as  r  in  (7r*)  is  the  bour  angle  east  of  the  meridian,  while  it 
is  here  more  convenient  to  reckon  it,  in  the  usual  manner, 
towards  the  we§t,  we  shall  change  its  sign,  so  that  the  factor 
sin  (r  —  m)  v%'iU  become 

fiin  (— r  +  OO**  +  i)=  C06(r  —  A) 
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and  the  equation  (79)  will  become 

sin  c  =  —  Bin  n  bId  ^  -f  cos  n  cos  ^  cos  (r  —  X)  (166) 

For  the  convenience  of  future  reference',  I  shall  here  recapitulate 
the  notation  used  in  these  our  fundamental  equations :  namely, 

f  =  the  latitude  of  the  place  of  observation,  positive  when 

north; 
i  =  the  declination  of  the  star,  positive  when  north; 
T  =  the  hour  angle  of  the  star; 
a  i=  the  azimuth  of  the  rotation  axis,  positive  when  east  of 

north  ; 
b  =  the  inclination  of  the  rotation  i^xis^ positive  when  the  north 

end  is  elevated; 
c  =  the  coUimation  constant  of  a  thread,  positive  when  the 

thread  is  north*  of  the  coUimation  axis; 
X  =:  the  longitude  of  the  meridian  of  the  instrument,  positive 

when  tcest; 
n  =:  the  declination  of  the  north  end  of  the  axis. 

Itf  further,  when  the  star  is  observed  at  both  the  east  and  west 
transits,  we  put 

r,  t'  =  the  hour  angles  of  the  east  and  west  observations^ 
respectively ; 
7\  T'  =  the  clock  times  of  observation ; 
aTjAT"  =1^  the  corresponding  clock  corrections; 
a  =  the  right  ascension  of  the  star; 
2^=  the  elapHcd  sidereal  time  between  the  east  and 
west  observations  on  the  same  thread; 

-^e  have 

X  =  i(r  +  ^r  +  T  +  nT)  ^a 

whence      d  =  T^— i  =  i  —  r 

ITe  Hoe  that  t?  will  be  well  detcnniued  when  the  clock  rate,  or 
aT'  ~  aT',  if«  known  ;  but  to  find  X  we  must  also  know  the  clock 
correction  and  the  star's  right  ascension. 


*  Wbea  the  thread  ii  north  of  the  prime  Tertical,  the  umall  circle  of  the  sphere 
vhich  eorretpoDdi  to  it  it  «o«/A  of  the  prime  Tertical,  and  vice  vtrta. 


COS  n  cos  i  =  A  Bin  (^  —  ^ 
COB  n  sin  l  ^=  cos  6  Bin  a 

sin  n  ==  A  cos  (^  —  p) 

Siibfitituting  in  (16G)  the  values  of  cos  n,  sinw,  giren  by.  these 
equatioDs,  and  also  cos  (r  —  ^)  —  cos  {X  —  r')  =  coe «?,  we  have 


sin  c  =  —  h  cos (^  —  /9)  sin  ^  +  A  sin  (^  —  ^i)  coe  d 


cos  d 
cos  it 


to  reduce  which  we  assume  //  and  f*  to  saikfy  the  couditiooi 
N  sin  {p'  =  sin  ^ 


A'  cos  /  :=  COB  d 


cos^ 

COB  X 


(168) 


which  transform  the  preceding  equation  into 
sin  e  =  A  A'  sin  {9  —  f'  —  f^ 


whence 


But^  as  €  is  never  more  than  15'.  and  A'  =  -r    ,  will  never  be  less 

Bin  / 

that!  J,  while  h  differs  from  unity  only  by  a  quantity  depending 
upon  mira,  the  angle  f  —  ip^  —  ^  will  never  exceed  80' :  so  that 

we  may  write,  without  seuisible  error. 


f-ff-P  = 


c  sin  9 

sin  d 


To  find  ^,  we  have 


tan  ^f  ==  tan  h  sec  a 
or,  since  ft  is  only  a  few  seconds  aud  a  but  a  few  minnteSy 

and  if'  is  determined  by  (168),  which  give 

tan  /  =  tan  3  see  ^  cos  X  (IV) 
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and  then  we  have 

f  =  s^  +  ^  H — 7-^  (170) 

Bin  d 

It  18  evident  that  the  factor  cos  >l  in  (169)  corrects  for  azimuth 
deviation,  the  term  b  in  (170)  for  inclination  of  ^the  rotation  axis, 

and  the  term  — 7-^  for  the  distance  of  the  thread  from  the  col- 
iimation  axis. 

In  these  equations,  t?  and  i  are  obtained  from  the  observed 
times  on  the  same  thread,  the  rotation  axis  being  in  the  same 
position  at  the  two  observations.  The  constant  e  has  then  the 
same  sign  at  both  observations,  +  for  north  threads,—  for  south 
threads;  and  its  value  must  be  known  for  each  thread.  We 
deduce  then,  by  (169)  and  (170),  from  each  thread  separately,  a 
value  of  the  latitude,  and  take  the  mean  of  all  the  results  as  the 
latitude  given  by  the  instrum^t  in  this  position  of  the  axis.  But 
if  the  pivots  are  unequal  the  striding  level  does  not  give  the 
true  ^Tilue  of  b  directly.  (See  Art.  187.)  Moreover,  the  constant 
r  is  composed  of  the  equatorial  interval  of  the  given  thread  from 
the  middle  thread  combined  with  the  coUimation  constant  of  the 
middle  thread,  and  will,  therefore,  involve  both  the  error  in  the 
determination  of  the  interval  and  in  the  ac^ustment  for  colli- 
mat  ion. 

Now,  to  eliminate  all  these  instrumental  errors,  repeat  the 
observations  on  the  same  star  on  a  subsequent  night  in  the 
reverse  position  of  the  axis.  Let  p  be  the  (unknown)  correction 
for  inequality  of  pivots,  q  the  (unknown)  correction  of  (?  for  error 
in  the  interval  of  thread  and  coUimation  adjustment;  let  f\  y>" 
be  the  latitudes  given  by  (169)  for  the  same  star  on  different 
nights  and  in  reverse  positions  of  the  axis ;  6,  6'  the  inclinations 
of  the  rotation  axis  given  by  the  spirit  level.  The  true  inclina- 
tionj*  are  b  +  p  and  b'  —  p,  and  the  true  value  of  the  coUimation 
constant  for  the  given  thread  is  c  +  q:  so  tliat  in  the  first  posi- 
tion of  the  axis  we  have 

r-  /+^+l>  +  (c  +  ^)-'.~ 

sm  o 
aii<l  in  the  second  position, 

and  the  mean  of  these  is 


S46 
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P 


2      L         6itt  ^         i 

BO  that  the  inequality  of  pivots  is  wholly  eliminated,  and  the 
error  of  thread  and  colli  ma  tion  is  reduced  to  the  ternx 

} pin  y  —  Bin  f'^l  ^  gmn(/— y^Qeosy  f ^^^^j  x 
2L         Bind        J   •  2  Bind  ^         ^ 

which  for  q  =^  1",  f'  —  y"  —  1^,  is  0".008  cos  f  cosee  5,  and  that 
part  of  this  araall  quantity  which  depends  on  the  collimation  of 
the  middle  thread  will  liave  different  eigne  for  north  and  »outh 
threads,  and  will  ako  wholly  diHUppear  from  the  mean.  There 
will  remain^  therefore,  in  the  result  only  that  part  of  this  term 
which  dependB  on  the  errors  uf  the  tbread  intervals*  Ab  the 
thread  intervals  can  easily  be  determined  in  the  meridian  within 
1'',  thii*  remaining  error  in  the  hititude  will  he  insensible  iQ 
practice,  and  we  may  aiisume  the  mean  of  two  nights*  observa- 
tions to  be  wdiolly  free  from  the  instrumental  erroi-s. 

There  remahi  yet  the  errore  of  observation  and  of  the  clock* 
These  affect  botli  the  angles  d  and  X.  Ab  X  is  always  small ^  their 
effect  will  not  generally  be  appreciable  in  cos  A,  and  their  effect 
in  see  #  will  be  less  the  nearer  the  star  is  to  the  zenith ;  for  the 
clock  errors  that  appear  in  i>  are  only  the  variations  of  raie^  and 
the  less  the  interval  the  less  the  effect  of  these  upon  iJ,  and,  at 
the  same  time,  the  less  the  angle  &  the  less  effect  will  any  chango 
in  &  produce  in  seci?. 

The  expression  for  the  error  in  f  resulting  from  an  error  in  i> 
is  found  by  differentiating  (169) ;  whence 

d^  sec"/  ^  d^  tan  ^  sec  ^  tan  ^  coa  i  =r  cf#  tauf  tan  ^  008  I 

or  nearly 

a^  =  —  em  2  ^  tan  ^ 

and  sin  2f  is  greatest  for  f  =^  45°,  in  which  case  we  have 
rfp  =  Y  *^^>  ^^  ^^r  <?  =  1\  rfp  =  rf*  X  0*13 ;  or  an  error  in  #  of 
1'=  15"  produces  an  error  in  f  of  less  than  2".  If  we  aasnme^ 
then,  that  1?  can  alway.s  be  obtained  within  1*,  we  ought  to  expect 
the  mean  of  the  latitudes  obtained  in  two  nights  from  the  same 
thread  and  with  the  same  star  to  agree  with  that  found  m  the 
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same  way  from  any  other  thread,  within  2",  when  the  observa- 
tions are  taken  within  one  hour  of  tlie  meridian.  This,  in  fact, 
is  the  experience  of  observers  in  the  use  of  this  metliod. 

Finally,  the  latitude  is  affected  by  an  error  in  the  tabulated 
declination  of  the  star.  When  ip  <  45°,  the  error  in  the  latitude 
is  always  greater  than  the  error  of  the  declination ;  but  when 
f?  >  45®,  the  error  in  the  latitude  will  be  less  than  tlie  error  in 
the  declination,  if  we  use  stars  whose  declinations  fall  between 
the  limits  90°  and  90°  —  y,  as  will  be  seen  at  once  by  examining 
the  equation 

^  sin  2d 

which  is  found  by  differentiating  (169)  with  reference  to  ip  and  d. 
It  is  evident,  tlierefore,  that  this  method  is  better  suited  to  high 
latitudes  than  to  low  ones,  although  satisfactory^  results  may  be 
obtained  by  it  even  in  latitudes  not  greater  than  80°. 

178.  Instead  of  deducing  a  value  of  the  latitude  from  each 
thread,  it  is  usually  more  convenient  to  reduce  the  observations 
on  the  several  threads  to  the  middle  thread,  and  then  to  find  the 
value  of  the  latitude  from  the  mean.  This  value  will,  of  course, 
be  the  same  as  the  mean  of  the  several  values  found  from  the 
threads  individually.  I  proceed,  therefore,  to  investigate  the 
formula  fur  reducing  the  observations  on  the  side  threads  to  the 
middle  thread. 

Let 

I  =  the  equatorial  interval  of  any  given  thread  north  of  the 
middle  thread, 

1  --  the  corresponding  star  interval, 

then,  r  l>eing  the  hour  angle  of  the  star  when  on  the  middle 
thread,  r  —  /is  its  hour  angle  when  on  the  given  thread :  so  that 
c  now  denoting  the  coUimation  constant  of  the  middle  thread, 
and,  eonsecjuently,  c  +  i  being  now  put  for  c  in  (1G6),  we  have 

sin  (i  -f  f )  =  —  sin  n  sin  ^  -f  cos  n  cos  d  cos  (r  —  X  —  /) 

while  for  the  middle  thread  we  liave 

sin  c  =  —  sin  n  sin  ^  +  cos  n  cos  d  cos  (r  —  i) 

The  <lifference  of  these  equations  gives 

2  cos  (1  i  -f  Cj  sin  1 «  =  2  cos  n  cos  ^  sin  (r  —  I  —  J  /;  sin  k  I 
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In  the  first  member,  since  i  and  c  aro  both  email,  we  may  put 
2  cos  I  i  sia  I  i^  or  sin  t,  aiid  hence 


2sin  J/  = 


em  I 


cos  n  C09  <J  Bin  (r  —  i  —  J  /) 

If  the  azimuth  a  of  the  instrnment  5a  even  as  great  as  20'  (and 
it  will  iihvays  be  much  less),  it  is  caBily  shown  that  log  h  in  (107) 
will  not  he  leBS  than  9,999903,  that  is,  it  will  not  change  the 
fifth  decinial  place  by  a  unit  in  tlie  eoinpotation  of  log;  cos  it; 
and,  a.s  thin  degree  of  aeetiracy  m  evidently  even  more  than  suf- 
ficient in  computing  J,  we  shall  here  take  cos  n  =^  sin  (y  —  6),  and 
hence 

2  sm  i  J  =:  —^ ^^^^ —^ (ITI) 

ein  (9?  —  ft)  cos  J  sin  (r  —  k  —  J  /) 

This  very  exact  formnla  will  be  required,  however,  only  where 
the  star  is  very  near  tlie  zenith.  In  most  cases  we  can  emploj 
sin  f  for  sin  {f  —  b)  and  put  i/ instead  of  its  sine. 

"ftHicn  the  star  has  been  observed  on  the  middle  thready  both 
east  and  west  of  the  meridian,  we  may  find  r  —  2  =  d  with 
sufficient  accuracy  for  computing  the  reductions  of  the  threads^ 
by  taking  the  half  ditfereiiee  of  the  obi^erved  timen  ou  thiB 
thread ;  and  hence  the  formula  will  be 


2sia  \I  = 


Bin  t 


siti  (f  —  h)  cos  t  sin  (*  —  J  J) 


or,  in  most  cases, 


7  = 


SID  9?  cos  ^  sin  (**-}/) 


In  applying  these  formula?,  the  signs  of  i,  J,  and  «?  must  be 
carefully  obnervcd,  Tims,  i  will  be  positive  for  north  and 
negative  for  south  threads ;  <>  positive  for  a  star  west,  and 
negative  for  a  star  east  of  the  meridian.  The  value  of  /  re- 
quired in  the  second  member  may  be  found  witli  sufficient 
accuracy  from  the  observations  themselves;  and,  in  order  to 
obtain  it  with  tlie  proper  sign,  it  is  to  he  ob8er^•ed  that  the  oV 
served  time  on  the  given  thread  is  always  to  be  subtracted  fioni 
that  on  the  midtUe  thread. 

Having  reduced  the  several  observations  to  the  middle  tliretd 
by  adding  the  values  of  /  thus  found,  the  means  of  the  resolta 
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for  the  east  and  west  transits,  rospectivel  j,  will  now  be  denoted 
bj  T  and  T\  after  which  f>  and  X  will  be  accurately  found,  and 
the  latitude  computed  precisely  as  in  the  preceding  article.  The 
quantity  c  in  equation  (170)  will  now  denote  the  collimation  con- 
Btant  of  the  middle  thread. 

The  level  constant  should  be  determined  both  before  and  after 
each  transit  east  and  west,  and  the  mean  of  the  four  values 
employed  for  6,  particular  care  being  required  in  the  determina- 
tion of  this  quantity,  since  any  error  in  it  affects  the  resulting 
latitude  by  its  whole  amount. 

Example. — The  following  observations  were  taken  by  Hansen 
in  Heligoland  with  a  transit  instrument  in  the  prime  vertical.* 
TTic  hours  are  given  only  for  the  middle  thread,  and  the  observa- 
tions on  threads  VH.,  VI.,  and  V.  are  placed  immediately  below 
those  on  I.,  U.,  and  HI.,  respectively. 

1824,  July  81.— Cfrc^  North. 


y  Draconit. 


I.  and  VII.    II.  and  VI.    III.  and  V. 


14-  28'.8 

9   26. 

27   35. 

32   37.5 


13-  3G*.8 
10    13. 
28   26.8 
31    50. 


East  transit 
West     « 
Hock  correction  (sidereal)  at  14»22«=-f- 1"»47'.40.    Daily  rate,  4-4M2 


12-  46*. 
11       3.8 
29    17.5 
31      0. 


rv. 


16*  11-  54*. 
19  30     9.8 


LeTeL 


f  —  0'.40 


1824,  August  S.^CircU  South. 


Y  Dracfmit. 


East  transit 


I.  knd  VII. 

II.  snd  VI. 

III.  MdV. 

8-  67'. 

■  13  59 . 

^32  15. 

27  14. 

9-47'. 
13   9.5 

31  26. 
28   8. 

10-  36'. 
12  17.5 
30  36.5 

28  55. 

IV. 


LeTeL 


16*  11-  27*.5 


19  29   44. 


The  threads  are  numbered  from  the  circle  end  of  the  axis,  so 
that  for  '*eirrle  north'*  stars  at  the  east  transit  are  obsen-ed  first 
on  thread  VII.  Their  ecjuatorial  intervals,  as  found  by  observa- 
tions in  the  meridian,  were — 


I  II 

(Circle  north)  I,  -f  82*. 382     -|- 21*. 567 


III  v  VI  vn 

10-.%8    —  10«.C52    —21'.  426    —  81».«71 


•  Attron.  AtfcA.,  VoL  VI.  p.  117.. 
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The  value  of  one  division  of  the  level  was  2".5  (of  arc)* 

The  collimation  constant  was  e  ^=  +  2'M8  (in  arc),  circle  north. 

Tlie  assumed  latitude  wujb  f  =  54°  lO'.S. 

For  tlie  given  dates,  the  apparent  places  of  the  star  were — 

1824,  July  31,  17*  52-  34'.42  +  5P  30'  57".ft4 

«      Aug.  3,  **     <*     34 ,37  «      "  58  .04 

We  sliall  first  reduce  tbc  observations  of  July  31<  To  compute 
the  tlircad  intL-rvals,  we  find  an  approximate  value  of  d  from  tlie 
observed  times  on  the  middle  tliread,  the  difterence  of  which  is 
8*  IS**  15*.8,  and,  mnce  in  this  time  the  clock  rate  is  +  O'^B,  we 
take  2(J  =  3*  18-  16\4,  and  henee 

(Approx.)  *  =  1*  39-  8'.2 
Taking  tlie  differences  between  the  observed  times  on  each  side 
thread  and  that  on  tlic  middle  thread  for  both  the  east  and  west 
transits,  the  mean  of  the  two  valucti  for  each  thread  may  be  tued 
as  a  ftiiffieiently  exact  value  of  /to  be  used  in  the  second  member 
of  (172),  namely : 

I  n  ni  V  VI  Til 

(Approi.)  A-f  2«^'*8  +  l-42'.O   -f  0"52».2  —  0-50'.2  —1-40*,©  —2*27^ 

^j_  J/,  1*37  50,4,    1*38  16,7     1*0842.1    1*39  83,3    1*8068.6    l*40ad 

whence  the  reductions  to  the  middle  thread  are,  for  the  west 

transit, 

/,  4-  2«  34'.07  +  !■"  42*74  -f  0«  52'.04  —  O"  SO-.M  —  1-  40'.  49  —  2-».0l 
and  the  same  values,  with  their  signs  changed,  arc  used  for  the 
east  transit  These  being  ajiplied  to  the  observed  times^  we  hav< 


East. 

Wc«. 

I 

16' 

'  11-  53'.83 

19*  30-  9:97 

II 

54.06 

9.M 

III 

53.96 

9.54 

IV 

54  .00 

9.80 

T 

68.96 

9.84 

VI 

53.49 

9 .51 

vn 

54.01 

9.49 

T  = 

16 

11    53.90 

T 

=  19  30   9  .67 

Ar  = 

+ 

1    47.71 

&T' 

=  +     1  48  .28 

T  +  Ar  = 

16 

13   41 .61 

T'-^xT 

^  19  31  57  .95 

19 

31    57  .95 

16   13  41.61 

}  Bum  = 

n 

52    49.79 

{ 

idiff. 

=    1   39    8.17 

>  = 

17 

52    34.42 

=  * 

=  24''47'2".55 

l^ 

15.37 

0° 

3'  51" 
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Hence,  by  (169)  and  (170), 

log  tan  a   0.0996440 

log  sec  d  0.0419648  ^  -   r  2"  1ft 

log  cos  i    9.9999997  l7gT    0.3885 

log  tan  /  0.1416085  i^g  sin  ^ '    9.9089 

/  =  540  lO'  47".41  log  eosec  d   0.1064 
csinf/ 


f  =  54    10  47  .46 

For  the  observations  of  August  8,  we  find,  from  the  observed 
times  on  the  middle  thread, 

(Approx.)  d  =  1»  89-  8v5 

and  from  the  observed  times  on  the  side  threads  compared  with 

the  middle  thread, 

I  n  m  v  VI  vn 

(Approx.)/, —2- 80».8  —  1-4K2   —  O-52'.O  -f  a«49».6  -f  1-4K5  -f  2«  SO-.S 
d— J/.  1*40  23.9  1*89  69.1    1*89  84.6    1*88  48.7    1*88  17.7    1*87  68.1 

with  which  we  find  the  true  values  of  /to  be  as  follows : 

/,  —  2*  8K28— 1"»41M0  — 0«61'.61  -f  0-»60'.66  -f-  1-»42M0  -f  2-»8K62 

Applying  these  to  the  observed  times,  and  taking  tbi  means,  we 

have- 
East.  West. 
T  =  16*  11-  27*.61  T  =  19*  29-  44*.81 
Ar=+     2      0.85  Ar=+     2      0.94 

T  +  Ar=16   18    27.96  r'+Ar=19  81    45.75 

X=    0""  (y  87".  *=  24*^47'  18".6 

With  these  we  find,  taking  now  c  =  —  2'M8, 

f'  =  64*>  lO'  50".25 

^^!L^=        «    2.26 
sin  d 

h=         —    1  .91 


f  =  54    10  46  .08 


The  mean  of  the  results  in  the  two  positions  of  the  instrument 
is,  therefore,  ip  =  54°  10'  46". 77.  From  numerous  observations 
of  the  same  kind,  IIansen  found  f  ==  54°  10'  46".53. 
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(178) 


179*  Tojiiid  the  laiihide  token  the  instntment  is  reversed  between  the 
east  and  west  imnsif3  of  the  same  star  on  fhc  sanie  night, — Reduce  the 
obsen^ations  to  the  middle  thread,  and  let  T  and  7"'  be  the  meaa 
of  the  resulting  clock  times  at  the  east  and  west  tmuBits,  reapec^ 
ively.  If  the  middle  thread  was  north  of  the  collimation  axis  at 
the  east  trannit^  it  will  be  south  of  that  axis  at  tlie  west  transit, 
and  the  interval  T'—  Twill  he  sensibly  the  same  as  the  interval 
between  the  two  transits  over  the  collimation  axis  itself.  We 
may,  therefoi-e,  compute  the  latitude  preeisiehMi8  in  tlie  preceding 
metlioJ,  and  regard  c  m  zero.     Thus,  our  formuUe  will  be 

^  ^  ii{T'  +  £^T)^iT ^  aT)} 
;  =  J[  T'+  aT'  +    T+ aT]  — a 
tan  f '  ^  tan  B  soc  d  cob  A 
SP  —  s?'  +  ^ 

in  which  6  is  the  mean  of  the  level  determinations  in  the  two 
positions  of  the  axis,  and  is,  therefore,  free  from  the  error  erf 
inequality  of  pivots.  This  method,  then,  enables  ns  to  obtain 
from  the  oh8er\'ation9  of  a  single  night  a  value  of  the  latitude 
free  from  all  the  instrumental  errors,*  We  may  remark  heretliai 
the  result  by  this  method,  as  well  as  tlie  mean  of  the  results  of 
two  observations  in  reverse  positions  of  the  axis  by  the  preceding 
method,  is  free  from  errors  arising  from  flexure  of  the  rotation 
axis. 

ExAMPLE^-The  following  observations  were  taken  at  Cron- 
stadt  wth  a  transit  instrument  in  the  prime  vertical,  the  axis  of 
which  was  reversed  between  the  ea«t  and  west  transits. 


I 


1843,  Auguit  %t  Cronstftdt.     Afffuiiied  f  := 

59»  59'.5. 

atcW  South.  1 

I 

n 

to 

IV 

T 

I«f«l 

£. 

Y  Cattiopue 

20    82 . 

17«  46^ 
28      6. 

0*  24"*  0*. 
0  26   21  . 

29    19. 

82«44', 

-f  5-.86 
+  5.56 

W. 

ClrctoKfittlL 
yCmHopob^ 

67-86*. 

1-  2; 
0    45. 

P9-65». 
2    4    11. 

15*26'. 
7     0. 

20-21*. 
9    60. 

/— 2-.ia 

i^I  .10 

*  There  is  a  Iheoretiea]  m&ccumcjr  in  finding  X,  siuoe  thtft  qtiihntilj  will  be^c^ttd 
bj  Ibe  coUiniation  error:  but  the  error  wiU  hiiT«  no  tentible  effect  upoa  Um  eosiiiAof 
ftO  BmAll  &  f|Ui.iititj,  unlesg  c  in  unii«u»1Ij  titrge.  It  will,  Indeed,  be  ih1w»3-«  tOAfpr*- 
ciftble  when  the  obserTer  bai  bestowed  ordinarj  cftre  upon  the  ^t^ustjiiejit  of  tbe 
miildle  tbreftd. 


IN  THE  B&IMS  VERTICAL  253 

The  lerel  was  observed  before  the  east  transit  of  y  Cassiop.  and 
after  that  of  d  Cassiop. :  so  that  the  mean  b  =  +  5'\46  will  be 
iiBed  for  both  stars  at  the  east  transit  But  at  the  west  transit 
the  level  was  observed  before  and  after  each  star :  so  that  for 
f  Cassiop.  at  this  transit  we  shall  use  6  =  —  2''.09,  and  for 
aOwwp.,  6  =  —  r '.30. 

The  threads  are  numbered  from  the  circle  end  of  the  axis, 
and  thread  L  was  first  observed  at  both  the  east  and  west 
transits.  The  equatorial  intervals  from  the  middle  thread  were— 

I  II  IV  V 

(Circle  North)    i,  +  34*.40  +  18*.74  —  16M4  —  83-.33 

The  coUimation  constant,  as  found  from  observations  in  the 
meridian,  was  c  ==■  +  4".50  (in  arc)  for  "circle  south.** 

The  chronometer  correction  (sidereal)  was  +  80'.20  at  0*  24" ; 
its  daily  rate,  +  O-.OO. 

The  apparent  places  of  the  stars  for  this  date  were^ 

a  S 

r  Cassiopea,  0*  47-  21*.49  +  69*>  62'  2''.8 
a  Cassiopeas,  1   15    40 .38  +  59*»  25  6  .2 

To  reduce  the  observations  of  yCassiopecey  we  first  find  the 
approximate  value  of  t^  from  the  difference  of  the  observed  times 
on  the  middle  thread  to  be 

*  =  0*  22-  54'.5 

from  which  we  find,  by  (172),  the  reductions  of  the  side  threads 
to  the  middle  thread  to  be  as  follows : 

I  II  rv  V 

r  Cassiop.  E,     +10-48«.2    +  6^  ID-J    —  7- 28*.9  

"       W.  +8    55.6    —6   82.2    — 10- 26-.4 

Applying  these,  and  proceeding  by  (178),  we  find,— 
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East. 

Wert. 

I      0*  24-  0'.2 

_»_-_» 

II                 5.7 

1    0  57.6 

ni                  6.0 

55.0 

IV                 8 .1 

53.8 

V 

64.6 

T=0  24   6.5 

7"=1    9  55.8 

i^T—      +80.2 

42"=     +30.2 

+  A  T  =  0  24  36  .7 

r'+ aT'=1  10  25.5 

1  10  25.5 

0  24  86 .7 

1  Bam  =  0  47  31 .1 

f  §  diff.  =  0  22  54  .4 
\    =tf  =  5'»43'36". 

a  =  0  47  21 .5 

A=            9.6 

—  0»  2'  24". 

log 

tan  9 

0.2362409 

log 

sec  » 

0.0021729 

log 

cos^ 

9.9999999 

log 

tan  / 

0.2384137 

?»'  = 

=  59°  59'  29".78 

6  =  ^  C5".46  — 

2".09)  = 

+    1  .69 

f  :=:r  59    59  31  Al 

The  observations  of  yCmsiopew,  reduced  in  the  same  manner^ 
give  f  =  59^  59'  30",98,  and  the  mean  is  p  =  59*=*  59'  31".23. 

The  preceding  methods  of  reduction  leave  nothing  to  be 
desired  when  the  intervuk  of  the  threads  are  known.  When, 
however,  these  are  nnknown,  we  may  recoil  to  oue  or  the  other 
of  the  following  methods,  according  to  the  nature  of  the  obser- 
vation. 

180.  To  find  the  latUude  from  the  observed  iramits  of  a  star  over  the 
prime  veriical,  east  mid  itxi^i  of  ike  meridian,  when  the  uistrument  ii 
retersed  rml*/  between  the  observations  of  di^'creni  nights^  the  inter&Ua 
of  the  threads  being  unknown. 

Put 

c  =i  the  diatanco  of  any  thread  fVora  the  colli mation  axU, 
6^=1  tho  olapMc*d  sidereal  time  between   the   east   and 
west  transits  over  the  same  thread  when  the  circle 
or  tinder  is  north, 
S^  ==  ditto  for  the  same  star  when  the  axis  is  r^TorMd, 
J^,  b^  =  the  level  constants  in  the  two  positions; 

then,  by  (169)  and  (ITO),  we  ehuU  have 


u 
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tan  f  ^  =  tan  ^  sec  *^  cos  X 
tan  f  ^  :=  tan  i  soc  ^^  cos  X 
csinjP 

9  =  9n  +  K+      .     / 
Bin  o 

sm  0 

The  last  two  equations  involve  but  two  unknown  quantities, 
f  and  c,  both  of  which  may,  therefore,  be  determined.    Put 

9.  =  H9.  +  K  +  9.  +  b:) 

r  =  i  (f  •  +  ^  —  f .  —  ^) 

then  our  equations  become 

I  <?8in^^ 
f  —  f  0  =      r  H — r-T^ 
sm  o 

c  sin  «p. 

f  —  f  0  =  —  r r— r* 

smd 

Multiplying  the  first  by  sin  ^,,  the  second  by  sin  y>^,  and  adding 
them  together,  we  find 

f  —  f.  =  —  rr!"^"7^'°  ~   =  —  r  tan  1  (f.  —  f,)  cot }  (f.  +  f  J 
Um  f^  +  sm  f  J 

Since  y  is  very  nearly  equal  to  J  (f, —  y,),  the  second  member  of 
this  equation  involves  the  square  of  y^  and  is,  consequently,  an 
exceedingly  small  quantity,  in  computing  which  we  may,  evi- 
dently, put  y*  =  J(y^  —  ^J  and  substitute  y>  for  }  (y^  +  ^,),  whereby 

we  obtain 

f  =  f ,  —  i  /^  sin  1"  cot  f 

This  method  may,  therefore,  be  expressed  by  the  following 
equations : 

tan  f  ^  =  tan  ^  soc  \  cos  X 

tan  f  ^  =  tan  d  sec  d,  cos  i 

To  =  i(9.-\-K  +  9.+  b.)  )    (174) 

Af  =  I  (f ^  —  f  J*  sin  1"  cot  f 

in  which  the  assumed  value  of  ^  may  be  used  in  computing  Af . 

181.  In  this  form  of  the  method,  only  pairs  of  observations 
of  the  Bame  star  made  on  different  nights  in  reverse  positions  of 
the  axis  can  be  reduced.  But  it  often  happens  that  the  observa- 
tion on  a  thread  is  lost,  and  the  corresponding  observation  on 
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the  same  thread  in  the  reverse  position  of  the  axis  becomes  ageless* 
In  order  to  avail  ourselveg  of  every  observation,  we  may,  after  a 
guffieient  nmuber  of  oUserxations  have  been  made  on  the  same 
Btar,  determine  for  this  gtai*  the  mean  difference  between  f  and 
if^  +  b^  and  between  ip  and  ^%  +  i,,  and  these  differences  may  be 
used  to  reduce  the  observations  on  the  several  nigliUs  independ- 
ently of  each  other*     ThtB,  if  wc  put 

A,f.s=  9  ^(f^  +  6,)=  -  4(f.  —  f.+  K—  ^>—  Af 
\9  —  f  ^(fp. +  ^)=  +  K*^«  — f.+  ^«— ^)— -^^ 

each  complete  pair  of  obeerv^ations  on  two  nights  fiimishefl  a 
value  of  ^^^  and  a^^,  and,  the  mean  of  all  being  taken,  any  indi- 
vidual obHcrvatiou  may  be  reduced  by  the  furmulaj 


or, 


tan  ^p^=  tan  «5  sec  i^^cos  I 
tan  9^  =  tiiu  ^  &CC  t^^  cos  X 


9=9^+K+\9 

9^9.+  ^.+  \9 


This  method  of  reduction  ia  given  by  Professor  PKiacE,* 

182.  The  quantity  ji,  which  is  the  difference  between  the  right 
aseenrtioii  of  the  star  and  tlie  mean  of  the  sidereal  times  of  obser- 
vation on  the  same  thread  east  and  west  of  the  meridian,  should 
have  the  same  or  nearly  tbe  same  value  tbroughout  the  series  of 
observatiuus,  since  any  change  of  suflBcient  magnitude  to  afTect 
the  value  of  eosJl  sensibly  will  give  different  values  of  f^  or  ^,, 
and,  consefjuently  also  of  A^y  or  A^f^  which  are  here  supposed  to 
be  eon??tant.  To  secure  this  cejndition,  the  stability  of  the  instra- 
ment  in  azimuth  must  be  secured,  or  it  must  be  verified  and 
corrected  from  time  to  time  by  means  of  a  terrestrial  mark  to 
which  the  middle  thread  is  referred. 


183*  Tlie  factor  cos  jl  may  be  omitted  (not  only  in  this,  but  in 
all  other  methods)  tliroughout  the  reduction  of  a  series  of  obser- 
vations where  it  can  he  regarded  as  constant,  and  a  small  cor- 
rection for  the  azimuth  of  the  instrument  can  be  applied  to  the 
final  mean  latitude.  If  we  denote  this  mean  by  (f ),  found  by 
neglceting  the  factor  cosji,  the  true  lutilude  will  be  found  by  the 
formula 

tan  9  =  tan  (9)  cos  X 

*  In  ft  meBoir  <m  tbo  Utitude  of  C&tDbridg«,  Mai*.,  Mim^in  0/  Am,  Aimhm§  ^ 
Smmut,  Vol  11.  p,  188 
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or 

^  =  (^)  —  ^  jt«  Bin  1"  sin  2  ^  (175) 

If  the  azimnth  deviation  a  is  required,  it  may  be  found  by  the 
second  equation  of  (167),  which  gives,  very  nearly, 

sin  a  =  Hiu  X  sin  f  (176) 

If  the  azimuth  of  the  instrument  is  known  independently  of 
the  observations  for  latitude,  we  have,  by  substituting  a  for  X  sin  y, 

^  =  (^)  —  ^  a«  sin  1"  cot  ^  (176*) 

184.  The  thread  intervals  may  also  be  found ;  for  the  diflference 
of  the  equations  for  ^,  Art.  180,  gives 

2  sin  i  (^^  +  f ,)  cos  i  (sP^  —  f;) 

for  which  we  may  take 

c  =  (^»s^  +  ^9)  81"  ^ 
sin  f  cos  \^ 
or,  in  most  cases,  "  •  )    (1"7) 

^^  (A^y  +  Ay)  sin  a 
sin  y 

This  will  prive  the  distance  of  each  thread  (the  middle  thread 
included)  from  the  coUimation  axis,  whence  we  can  deduce  the 
dbtauce  of  each  from  the  middle  thread. 

Example. — ^Let  us  apply  this  method  to  the  reduction  of  the 
observations  taken  at  Heligoland  by  Hansen,  given  on  p.  249. 

Beginning  with  the  observations  of  July  31,  "  circle  north,**  we 
find  tf.  for  each  thread  by  taking  half  the  difference  of  the 
observed  times  on  this  thread,  east  and  west,  and  correcting  for 
the  clock  rate  in  the  inter\'al,  which  is  here  +  0*.28.  The  value 
of  i  may  be  found  accurately  enough  from  the  middle  thread 
alone.     Thus  we  have 

Mean  of  times  on  middle  thread  =  17^  51-"   1«.9 
Clock  corr.  =    +    1    48  .0 

Sid.  time  =  17   52    49.9 
Star's  a  =  17   52    34.4 
i  =  '   15  .5  =  0°  3'  52". 


Hence  we  tev  W**«^cosi  =  0.0996437,  which  will  be  u.^ed 
for  all  the  ■  r  of  log  cos  &^  for  each  thread  being 

*«ubtrii<'t^  tan  f  ^,  as  follows : 
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Thr«>d. 

*. 

log  cot  tf. 

logtwfi. 

^ 

I 

1»  86-  83'.88 

0.9C02592 

0.1893845 

54»  2'  25".7e 

n 

1  87   26.28 

9.9595210 

0.1401227 

5  12  .86 

m 

1  88    16.08 

9.9587918 

0.1408510    > 

7  56  .84 

IT 

1  39     8.18 

9.9580351 

0.1416086 

10  47  .43 

V 

1  39    58.88 

9.9572996 

0.1423441 

13  33  .16 

VI 

1   40    48.78 

9.9565540 

0.1430897 

16  21  .07 

VII 

1  41    36.03 

9.9558485 

0.1437952 

18  59  ^8 

From  the  obsen^atione  of  August  8,  "  circle  south/*  we  find 

Mcao  of  times  on  middle  thread 

Clock  eorr* 

Sid.  time 


=  +    2     0 ,6 


17   52   36.8 
=  17  52    34  4 


log  tftn  a  cos  A  ^  0.0&9&457 


X^ 


1 ,9  ^  (y  80" 


Thread. 

*. 

log  00«  A, 

I 

lMl-89'.29 

9.9557990 

II 

40    49.79 

9.9565389 

ni 

40     0 .54 

9,9572678 

IV 

89     8.54 

9.9580299 

V 

38    19.04 

9.9587488 

VI 

37    27.04 

9.9594958 

VII 

86    87.79 

9.9601968 

log  tAH  f^ 


0.1438461 
0,1431068 
0.1423770 

0.1416158 
0J408974 
0  1401400 
0J31I4489 


54*^  lO'  ir.32 

16  24  ,m 

13  40  .80 

10  40  ,07 

8    7  .11 

5  18  .60 

2  40  .80 


With  the  assumed  latitude  f  =  69^  lO'.S,  we  find  log  J  sin  1" 
cot  f  —  3.9419,  and  the  computation  of  Af  for  each  thread  b  as 
follows : 


ThiMd. 

♦.-^ 

iogl^-f.)* 

log  &f 

A# 

I 

—  16'  45".56 

6.0046 

9.9465 

0".88 

u 

-11  12  .67 

5.6556 

9.5975 

0  .40 

m 

—   5  43  .96 

5.0716 

9.0135 

0  .10 

IV 

—  0    1  .64 

0.4296 

4.3715 

0  .00 

V 

+    5  26  .04 

6.0264    j 

8.9688 

0  .00 

VI 

+  U    2  .57 

5.6426 

9.5845 

0  .88 

vn 

+ 16  19  .08 

6.9816 

9.9385 

0  .84 
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We  have  6.=  -  2''.21,  6.=  -  1".91,  \{b^+  fc.)  =  -  2''.06; 
and  hence  the  several  values  of  the  latitude  given  by  the  different 
threads  are  found  as  follows : 


ThrMMl. 

i(^+*.) 

^ 

♦ 

I 

64»  W  48".54 

46".48 

45.60 

II 

48  .65 

46  .59 

46.19 

ni 

48  .82 

46  .76 

46.66 

IV 

48  .25 

46  .19 

46.19 

V 

60.14 

48  .08 

47.99 

VI 

49  .79 

47  .73 

47.85 

VII 

49  .84 

47  .78 

46.94 

Mean  =  46.70 

Hence  f  =  54^  10'  46''.70;  which  agrees  within  0".07  with  the 
result  found  on  p.  261.  The  slight  difference  is  perhaps  due  to 
small  errors  in  the  thread  intervals  employed  in  the  former 
method. 

The  values  of  \f  and  \^  for  each  thread  may  be  found  as 
follows : 


ThrMd. 

J(f.-f.) 

i(f.-l».+».-».) 

A^ 

A> 

I 

—  8'  22".78 

—  8'  22".93 

+  8'  22".05 

—  8'  28".81 

II 

—  5  36  .29 

—  5  36  .44 

+  5  36  .04 

—  6  36  .84 

III 

—  2  51  .98 

—  2  52  .13 

+  2  52  .03 

—  2  52  .23 

IV 

—  0    0  .82 

—  0    0  .97 

+  0    0  .97 

—  0    0.97 

V 

+  2  43  .02 

+  2  42  .87 

—  2  42  .96 

+  2  42  .78 

VI 

+  5  31  .29 

+  5  31  .14 

—  5  31  .52 

+  6  30  .76 

VII 

+  8     9  .54 

+  8    9  .39 

—  8  10  .23 

+  8    8  .55 

THien  \ip  and  \f  have  been  thus  determined  from  a  consider- 
able number  of  obser\*ation8,  their  mean  values  may  be  used  to 
reduce  the  observations  of  each  night  separately. 

We  may  now  also  find  the  thread  intervals  themselves  by  the 
formula  (177),  which  gives 

I  II  III  IV  V  VI  VII 

c,  +32V37    +2K65    +  llvOS    +0*.06    — 10-.48   —21-.31   —  31-.50 

which  are  the  distances  from  the  collimation  axis.    The  equa- 
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torial  iutervals  of  the  side  tlireads  from  the  taiddlo  thread  are, 

therefore, 

I  n  HI  T  VI  vn 

I,    +  32*.31      +  21V50      +  11  •02      —  10',54     —  21',37     —  SK56 

which  agree  with  those  given  on  p.  249  as  well  as  can  be  expected 
when  but  four  observations  on  each  thread  have  been  taken. 

185.  Thfind  the  latitude  from  the  obserred  transits  of  a  star  over  the 
prime  vertical  when  the  instrumait  is  reversed  between  the  east  and  west 
transits^  the  intervals  of  the  threads  being  unknown,— het 

7|  r^  =  the  hour  angles  of  the  dtar  an  the  Bamo  tbread  at  the 
cast  and  we^t  trausitfi; 

then,  c  denoting  the  distance  of  the  thread  from  the  coUimation 
axis,  we  have 

—  sin  c  =r  sin  ft  sin  ^  —  cos  n  cos  ^  cos  (r  —  X) 
sin  c  =  Bin  n  &in  ^  —  cos  n  cos  d  cos  (f —  I) 

the  sum  of  which  ^ves 

cot  a  =  tan  ^  sec  J  (t'  —  t)  [sec  i  (^  +  ^)  "^  ^1 

But  by  (167)  we  have 

cot  a  cos  i  =  tan  (^  —  ^ 
and  tliereforo 

tan  {^  —  fi)  =  tan  a  sec  ^  (r'  —  T)8ec  [^  (f'  +  r)  —1]  cos  X 

in  wliieh  /?  —  inclination  of  the  rotation  axis;  and  in  this  caae^ 
if  b  and  b'  are  the  inclinations  in  the  two  po^itiona^  we  take 

If  now,  to  avoid  all  further  conBideration  of  the  clock  rate,  we 
sup]H>!i$e  all  the  obser\*€d  times  to  be  reduced  to  some  assumed 
epucli  {T)  at  which  tlie  clock  correction  is  aT*,  and  put 

Tf  T*  =  tho  clock  times  on  I  ho  given  tUroad  at  the  cast  and 
west  transit rt,  rospeclivt'lyi  rtsduced  fur  rutc  to  the 
assumed  epoch  ( T), 

T^  Ti=  the  same  for  the  middle  thready 


we 


have 


=  r+  aT  — 


t'=  r+ aT- 
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and,  since  -tke  middle  thread  is  very  near  the  coUimation  axis, 
i  (t'  —  r)  =  I  (  T'  —  T  )  =  i  elapsed  sid.  time. 

Hence,  if  we  adopt  the  following  more  simple  notation, 

2d  =  the  elapsed  sidereal  time  between  the  east  and  west 
observations  on  the  same  thread  =  T'  —  T, 
t  =  the  mean    of  the  observed   times   on   that   thread 

t^  =  the  mean  of  the  observed  times  on  the  middle  thread 

and  put 

we  shall  have 

tan  f'  =  tan  d  sec  d  sec  y  cos  X  \    /i7q 

f^Z+K^  +  ft')  /  ^^^ 

This  method  of  observation  and  reduction  has  the  same 
advantage  as  that  of  Professor  Peirce,  in  not  requiring  a  know- 
ledge of  the  thread  inten^als ;  and  it  further  enables  the  observer 
to  reduce  each  observation  independently  of  all  others,  and  thus 
to  obtain  a  definite  result  from  one  night*s  work. 

Example. — ^Let  us  apply  this  method  to  the  observations  taken 
at  Cronstadt,  given  on  p.  252. 

For  the  star  y  Cassiopece  we  have  but  three  threads  to  reduce, 
since  thread  L  was  omitted  at  the  west  and  thread  Y.  at  the  east 
transit    For  the  others,  we  proceed  as  follows : 

^^z=  0*  47-   0*.5  log  tan  d  0.2862409 

A  r= +_30  ^2  log  cos  X  9.9999999 

Sid.  time  =  0~47~"80 .7  log  tan  a  cos  i  0.2862408 

a  =  0^7    21 .5 
i  ==  0     0      9 .2  =  2^  19" 

Neglecting  the  chronometer  rate,  which  is  insensible  in  these 
iutcr\*als,  we  have 
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II 
III 
IV 


AT: 


0*  24»  &.2 
6.7 
6.0 
81 


Wwt. 


1    9  67.e 
55.0 

54.6 


0  24    6,5 

+  80  .2 


r=l    9  55,8 


AT' 


+  30.2 


T+i^T=Q  2486.7 
1   10  25.5 


}  sum  =  0  47  ai  .1 
a  —  0  47  21 ,5 


r'+ Ar'=l  10  25.5 

0  24  36  7 

f  i  diir.  =  0  22  54  .4 

1     =tf  =  5*43'36". 


9.6 


0'  2'  24" 


log  tan  d       0.2362409 


log 


sec 


0.0021729 


log  cos  X        9.9999999 
log  tan  f'      0.2384137 


i  (5".46 


^'  =  59^  59'  29"  J8 


*?" 


09) 


+    1  .69 


^  =  59    59  31  .47 
The  obaervationa  of  7- Oi^^/opc^r,  reduced  in  the  same  manner, 
give  f  =  59°  59'  30"J8,  and  the  mean  is  f  =-  59^^  59'  31".23. 

The  preceding  methods  of  redaction  leave  nothing  to  be 
def^ired  when  the  inter\^al3  of  the  threads  are  knowii.  When, 
however,  these  are  unknown,  we  may  resort  to  one  or  the  other 
of  the  follo%ving  method;^,  according  to  the  nature  of  the  obser- 
vation. 

180.   Th  fold  the  latitude  from  the  observed  trasnBlU  of  a  star  over  the 
prime  verlkaly  east  mul  west  of  the  meridian^  when  the  mstrunterU  i$ 
reversed  onljt  between  the  ohsermtions  of  differmi  nights,  the  mtermU 
of  the  threads  fmnff  unknown* 
Put 

€  ^  the  distance  of  any  thread  from  the  collmmtioD  axis, 
^^=  j  iUi}  elAp»«ed  sidereat  time  botweon   the  eaat  aod 
weat  tninnits  over  the  same  thread  when  the  circk 
or  6ndcr  b  north, 
0^  c=  ditto  for  the  same  star  when  the  nxia  Is  reversed, 
6^,  6^  =  the  level  constants  in  the  two  positions; 

then,  by  (169)  and  (170),  we  shall  have 
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tan  f  ^  =  tan  ^  sec  *^  C08  X 
tan  ^^  =  tan  i  see  ^^  cos  X 

f  =  f .  +  ^  +      .    ^"^ 
Bin  o 

I   A        csin^ 

*^       ^'^   '         Bin^ 

The  last  two  equations  involve  but  two  unknown  quantities, 
f  and  c,  both  of  which  may,  therefore,  be  determined.    Put 

T.  =  H9n  +  K  +  T.  +  ^) 
r  =  Kf  •  +  ^  —  f .  —  ^) 

then  our  equations  become 

I   <?8in^^ 
sm  ^ 
c  sin  0 
sm  d 

Multiplying  the  first  by  sin  y>,,  the  second  by  sin  ^^,  and  adding 
them  together,  we  find 


) 


9  —  9.  =  — r  r!'^^"  ,  ^!°--1  =  —  r  tan  1  (f ^  —  f .)  cot  }  (^^  +  f .; 
Lsm  f^  +  sm  f  J 

Since  y  is  very  nearly  equal  to  I  {<p^ —  y,),  the  second  member  of 
this  equation  involves  the  square  of  Xy  and  is,  consequently,  an 
exceedingly  small  quantity,  in  computing  which  we  may,  evi- 
dently, put r  =  i(^ii ""  ft)  ^^d  substitute  (p  for  \  {y^  +  ^J,  whereby 
we  obtain 

9  =  9^  —  j  /^  sin  1"  cot  f 

This  method  may,  therefore,  be   expressed  by  the  following 

equations : 

tan  f  ^  =  tan  d  sec  \  cos  X 
tan  ^^  =  tan  i  see  d^  cos  X 

9o  =  H9.  +  K  +  9.+  K)  )    (174) 

A^  =r  I  (9>^  —  ^J«  sin  1"  cot  f 
f  =  f ,  —  A^ 

in  which  the  assumed  value  of  f  may  be  used  in  computing  nf. 

181.  In  this  form  of  the  method,  only  pairs  of  observations 
of  the  same  star  made  on  different  niglits  in  reverse  ])ositions  of 
the  axis  can  be  reduced.  But  it  often  happens  that  the  observa- 
tion on  a  thread  is  lost,  and  the  corresponding  observation  on 
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the  same  thread  in  the  reverse  position  of  the  axis  becomes  Q^eleas. 
In  order  to  avail  ourselvefl  of  everj-  obscn-ation,  we  may,  after  a 
Buffioieiit  number  of  obfiervatioiis  have  been  made  on  the  same 
star,  detenniiie  for  thia  star  the  mean  difference  between  f  and 
f«  +  ''«  and  between  ip  and  ip^r\-  ^^  and  thege  diiferences  may  be 
used  to  rt^duce  the  obsiervations  on  the  several  uiglitis  independ- 
ently of  each  other.    Thus,  if  wo  put 

A«r  «=  f  —  (f ,  +  *J=  —  i(f.  —  f.  +  ft,—  ft)  —  ^9 
^,9^9  — (n  +  *•)=  +  Kf*  —  9.^  ft,  —  ftj  —  Af 

each  complete  pair  of  ohserx^ations  on  two  night*?  furnishes  a 

value  of  4„f  and  a,^,  and,  the  mean  of  all  being  taken,  any  indi^ 

vidiial  observation  may  be  reduced  by  the  foruiiilaj 


or. 


tan  f^=  tan  H  sec  A^cos  I 
Ian  y^.  =  tan  d  sec  ^^  cos  I 


9  =  9n+K+  \9 
1P  =  f.+  ft.+  \9 


This  method  of  reduction  is  given  by  Professor  Pkirce.* 

182.  The  quantify  X^  wliich  is  the  difference  between  the  right 
ascension  of  the  star  and  the  mean  of  the  sidereal  limes  of  obser- 
vation on  the  same  thread  east  and  west  of  the  meridian^  shonld 
have  the  same  or  nearly  the  same  value  throughout  the  series  of 
observations,  since  any  change  of  sufficient  magnitude  to  affect 
the  value  of  eosil  sensibly  will  give  ditlerent  values  of  f^  or  f^ 
and,  consequently  also  of  \<p  or  a,^,  which  are  here  supposed  ta 
be  constant.  To  secure  this  condition,  the  stabilitv  of  the  instra- 
ment  in  azimuth  must  be  secured,  or  it  must  be  verified  and 
corrected  from  time  to  time  by  means  of  a  terrestrial  mark  to 
which  the  middle  thread  is  referred. 

188,  Tlie  factor  eosi  may  he  omitted  (not  only  in  this,  but  in 
all  other  iTH'thods)  timuighout  the  reduction  of  a  series  of  obser- 
vations where  it  can  be  reganled  as  uunstant,  and  a  small  cor- 
rection for  the  azimuth  of  the  instrument  can  be  applied  to  the 
final  mean  latitude.  If  we  denutc  this  mean  by  (^),  found  by 
neglecting  the  factor  cosi,  the  true  latitude  will  be  found  by  the 
formula 

tan  f  ^  tan  (f)  cos  X 

^  Uk  m  raetDotr  <m  Uit  latitude  of  Cmmbncig*,  MMa.»  Mtmmn  nf  Am^  dfdtmf  ^f 
Smmmt,  Vol.  tl.  p.  1S8 
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or 

^  =  (9?)  ^  J  jl«  Bin  1"  Bin  2  f  (175) 

If  the  azimath  deviation  a  is  required,  it  may  be  found  by  the 
second  equation  of  (167),  which  gives,  very  nearly, 

Bin  a  =  sin  A  sin  f  (176) 

If  the  azimuth  of  the  instrument  is  known  independently  of 
the  observations  for  latitude,  we  have,  by  substituting  a  for  k  sin  f , 

^  =  (^)  —  ^  a'  sin  r  cot  f>  (176*) 

184.  The  thread  intervals  may  also  be  found ;  for  the  difference 
of  the  equations  for  y,  Art.  180,  gives 

2  sin  i  (sP^  +  ^;)  cos  i  (sP.  —  ^J 
for  which  we  may  take 

c  =  (f^»?_"Lf f }-?!!L?  \ 

sin  ^  cos  A^f  jf 

or,  in  most  cases,  \   (177) 

sin  ^  J 

This  will  give  the  distance  of  each  thread  (the  middle  thread 
included)  from  the  collimation  axis,  whence  we  can  deduce  the 
distance  of  each  from  the  middle  thread. 

Example. — Let  us  apply  this  method  to  the  reduction  of  the 
observations  taken  at  Heligoland  by  Hansen,  given  on  p.  249. 

Beginning  with  the  observations  of  July  31,  "  circle  north,"  we 
find  d^  for  each  thread  by  taking  half  the  difference  of  the 
observed  times  on  this  thread,  east  and  west,  and  correcting  for 
the  clock  rate  in  the  inter\'al,  which  is  here  +  0'.28.  The  value 
of  X  may  be  found  accurately  enough  from  the  middle  thread 
alone.     Thus  we  have 

Mean  of  times  on  middle  thread  =  17*  61*    1'.9 

Clock  corr.  =    +    1    48  .0 

Si<l.  time  =  r7   52    49  J 

SUr'sa  =  17   52    34.4 

X=  15  .5  ^  0°  3' 52". 

Uence  we  have  log  tan^cos>l  =  0.0996437,  which  will  be  used 
for  all  the  threads,  the  value  of  log  cos  i?^  for  each  thread  being 
subtracted  from  it  to  find  log  tan  f ,,  as  follows : 

Vol.  IL— 17 
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TIucmL 

♦. 

log  OM  #, 

lOftM^ 

f» 

I 

1»  86»  83'.88 

9.9602r>92     ' 

0.1893845 

54°  2'  25".76 

n 

1  87    25.28 

9.n596210     1 

0.1401227 

5  12  .86 

m 

1  88    16.03 

9.9587918 

0.1408619 

7  68.84 

rv 

1  89     8.18 

9,9580351 

0.141G086 

10  47  .48 

V 

1  39    58.88 

9.9572996 

0.1423441 

13  33  .10 

VI 

1  40    48.78 

9.9505540 

0.1430897 

16  21  .07 

vn 

1  41    86.03 

9.9558485 

0.1437952 

18  59  .88 

From  the  obsennitions  of  August  3,  "circle  south,"  we  find 

Ueao  of  timefl  on  middle  thread 

Clock  corr. 

Sid.  time 


17*  50-  35*7 

^  +    2     QM 


=  17   52    36, a 
=  17   62    34.4 


log  tan  ^  COB  ;i  =  0.0996457 


1 .9  =  0'  sr 


Tbnad. 

*. 

log  CO*  #, 

log  tUI  ^, 

«. 

I 

1M1-S9*.29 

9,9557996 

0.1438461 

54°  19'  ir.32 

II 

40    49.79 

9.9565389 

0.1431068 

16  24  .93 

m 

40      0 .54 

9.9672678 

0.1423779 

13  40  .80 

IV 

39      8.54 

9.9580299 

0.1416158 

10  49  .07 

V 

88    19.04 

9.9587488 

0.1408974 

8    7  .11 

VI 

37    27.04 

9.9594958 

0.1401499 

5  18  .50 

vn 

86    87.79 

9.9601968 

0.1394489 

240.30 

With  the  assuDied  latitude  f  =  59*^  10^8,  we  find  log  \  sinl'' 
cot  f  ^  3.9419,  and  the  computation  of  ^f  for  each  thread  ia  aa 
follows : 


ThiMd. 

♦.-f. 

l«K(f.-#.)' 

logiVf 

A* 

I 

—  16'  45".66 

6.0O46 

9.9465 

r.88 

n 

—  11  12  .57 

5.6556 

9.5975 

0  .40 

m 

-   5  43  .96 

5.0716 

9.0185 

0  .10 

rv 

—  0    1  .64 

0.4296 

4.8715 

0  .00 

T 

+   6  26  .04 

5.0264 

8.9688 

0  .09 

VI 

+  11    2  .67 

5.6426 

9.5845 

0  .88 

Tn 

+  16  19  .08 

5.9816 

9.9285 

0  .84 
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Ve  have  6.=  -  2".21,  6,=  -  1".91,  J(^+  K)  =  -  2".06; 
and  hence  the  several  values  of  the  latitude  given  by  the  different 
threads  are  found  as  follows : 


ThrMd. 

Hf.+f.) 

^ 

♦ 

I 

bi"  IV  48".64 

46".48 

45.60 

II 

48  .65 

46  .59 

46.19 

ni 

48  .82 

46  .76 

46.66 

IV 

48  .25 

46  .19 

46.19 

V 

60.14 

48  .08 

47.99 

VI 

49  .79 

47  .73 

47.35 

vn 

49  .84 

47  .78 

46.94 

Mean  =  46.70 

Hence  y  =  54°  10'  46".70;  which  agrees  within  0".07  with  the 
result  found  on  p.  251.  The  slight  difference  is  perhaps  due  to 
small  errors  in  the  thread  intervals  employed  in  the  former 
method. 

The  values  of  A,y  and  A,f  for  each  thread  may  be  found  as 
follows : 


Tliread. 

H^-*.) 

J(^-^.+*.-ft.) 

A^ 

A> 

I 

—  8'  22".78 

—  8'  22".93 

+  8'  22".05 

—  8'  23".81 

II 

—  5  36  .29 

—  5  36  .44 

+  5  36  .04 

—  5  36  .84 

III 

—  2  51  .98 

—  2  52  .13 

+  2  52  .03 

—  2  52  .23 

IV 

—  0    0  .82 

—  0    0  .97 

+  0    0  .97 

—  0    0.97 

V 

+  2  43  .02 

+  2  42  .87 

—  2  42  .96 

H-  2  42  .78 

VI 

+  5  31  .29 

+  5  31  .14 

—  5  31  .52 

+  5  30  .76 

VII 

+  8     9  .54 

+  8    9  .39 

—  8  10  .23 

+  8    8  .55 

Wlien  A,^  and  \<p  have  been  thus  determined  from  a  consider- 
able number  of  observations,  their  mean  values  may  be  used  to 
reduce  the  observations  of  each  night  separately. 

We  may  now  also  find  the  thread  intervals  themselves  by  the 
formula  (177),  which  gives 

I  II  III  IV  V  VI  VII 

c,  +32V37    4-2KG5    +ll'M    +  O'.OG    — 10-.48   —  21'.31    —  31-.50 

which  are  the  distances  from  the  collimation  axis.     The  equa- 
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torial  iaterrak  of  the  side  threadi^  from  the  middle  thread  are, 

therefore, 

I  n  IH  7  VI  VII 

t,    +  H2'M      +  2K59      +  IVM     —  I0-.54      —  21'.87      —  ai'.56 

which  agree  with  those  given  on  p.  249  as  well  as  can  be  expected 
when  but  four  observationa  on  each  thread  have  been  taken* 

185-  To  find  the  latitude  from  the  observed  transits  of  a  star  aver  ths 
primt  verti(*al  when  the  insfrumefit  is  reversed  between  the  east  and  Wisi 
iremsitSf  the  interveUs  of  the  thremis  being  unknown, —het 

r,  t'  ^  the  hour  angles  of  the  star  on  the  same  thread  at  the 
east  and  west  tratisils; 

then,  c  denoting  the  distance  of  the  thread  fix>m  the  collimation 
axis^  we  have 

^  sin  c  =  sin  n  sin  4  —  cos  n  cos  ^  cos  (r  —  A} 
am  c  ^^  sin  w  sin  ^  —  cos  n  cos  H  cos  (t' —  X) 

the  Biim  of  which  gives 

cot  11  =  tan  d  sec  i (t'  —  r)  [sec  l{'^+  r)^  i] 

But  by  (167)  we  have 

cot  n  cos  1  =  tan  {^  —  /f) 
and  therefore 

tan  {^^fi)  =  Und  sec  i  (t^—  r)86C  [J  (/  +  r)  ^1}  eos  X 

in  which  fi  =  inclination  of  the  rotation  axis;  and  in  this  caaai 
if  6  and  6'  are  the  incrmationa  in  the  two  positions,  we  tftk# 

^=  j(6  +  //). 

If  now,  to  avoid  all  further  consideration  of  the  clock  rate,  we 
suppose  all  the  observed  times  to  be  reduced  to  some  assumed 
epoch  (T)  at  which  the  clock  correction  is  ^7",  and  put 

r,  T'  =  the  clock  times  on  the  given  thread  at  the  cast  and 
west  transit H,  respectively,  reduced  for  rale  to  the 
assumed  epoch  (7*), 

T^  T/=  the  same  for  the  middle  thread. 


we  have 


T=  T+  aT 


^^  T'+AT~a 
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and,  since  "tke  middle  thread  is  very  near  the  collimation  axis, 
J  (t'  —  r)  =  i  (  T'  —  r  )  =  i  elapsed  sid.  time^ 

Hence,  if  we  adopt  the  following  more  simple  notation, 

2^  =  the  elapsed  sidereal  time  between  the  east  and  west 
observations  on  the  same  thread  =  T'  —  T, 
t  =  the  mean    of  the  observed   times   on   that   thread 

t^  =  the  mean  of  the  observed  times  on  the  middle  thread 
and  put 


we  shall  have 


tan  f '  =  tan  d  sec  *  sec  ^  cos  X 


}    (178) 


This  method  of  observation  and  reduction  has  the  same 
advantage  as  that  of  Professor  Peirce,  in  not  requiring  a  know- 
ledge of  the  thread  intervals ;  and  it  further  enables  the  observer 
to  reduce  each  observation  independently  of  all  others,  and  thus 
to  obtain  a  definite  result  from  one  night's  work. 

Example. — ^Let  us  apply  this  method  to  the  observations  taken 
at  Cronstadt,  given  on  p.  252. 

For  the  star  y  Cassiopece  we  have  but  three  threads  to  reduce, 
since  thread  I.  was  omitted  at  the  west  and  thread  V.  at  the  east 
transit    For  the  others,  we  proceed  as  follows : 

r^=  0»  47-   0*.5  log  tan  d  0.2862409 

A  T= +_  80 ,2  log  cos  X  9.9999999 

Sid.  time  =  0  47    80 .7  log  tan  d  cos  A  0.2862408 

a  =  0  47    21 .6 
jl  =  0     0      9.2  =  2' 19" 

Neglecting  the  chronometer  rate,  which  is  insensible  in  these 
iuti.'r\'als,  we  have 
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iBAifsiT  isaiunmn- 


H 

m 

IV 

t 

0*  89-  24*. 

0*47-   O'.S 

0*  63-  29', 

i^t.^r 

0     T    30.5 

0     0      0, 

0     6    28.5 

^ 

0   21    38, 

0  22    54  .S 

0  21    57. 

log  sec  f 

0.0002393 

0.00€0000 

0.0001738 

log  sec  d 

0.0019377 

0.0021732 

0,001£>949 

log  tan  ^ 

0.2384178 

0.2384  UO 

0.2884090 

f' 

69°  b^  W\% 

59^  50' 29^8 

59*'59'28^8 

Moaii  f'  =  59*'  59*  29''.73 

'«      b=        -(-1  m 

f  ==  59    59  31  .42 

For  8  Otsmptm  we  find,  in  like  manner,  l  —  V  27'%  log  tan  8  cos i 
=  0/2284881;  aud  from  the  several  threads, 


t 

r  0*  0-  12'. 

^0    48    32 . 

n                         m                        IV 
D*    3-20'.5         0*    0-    0*.            0*    2-63'.6 
0    48    19.6          0    48    65.             0    48    60 .5 
W  W  Wr.l         5^  69^  28  ^8        h^  69'  2^'.  1 

Mean  ^'  =  59*  59'  29".06 
«      &  =        +2  .08 

0   48    S8. 

f  =  59    59  31  .14 

The  mean  result  by  the  two  stars  is,  then,  tp  —  59°  59'  31"-28^ 
which  differs  only  0''.05  from  the  result  found  on  p.  254,  where 
the  thread  intervals  were  utjed, 

186.  Tojifid  the  latitude  from  the  observed  tramits  of  a  star  over  (he 
prime  vertical^  east  and  west  of  the  meridian^  whai  the  instrument  is 
rasersedf  at  each  transit^  between  the  obsermtions  of  the  star  an  apposke 
sides  of  the  prime  vcrticai.     (SxRrvE's  method.) 

When  the  star  passes  near  the  zenitli,  the  intervals  between 
ita  transits  over  the  threads  become  snffieiently  great  to  allow 
the  uliserver  to  reverse  the  iiit*trnnie!it  between  the  observationB 
on  two  threads.  He  may  tlwiujirst^  ohtterve  the  i^^tiir  at  tlie  ea^t 
transit  on  all  the  threads  oji  one  side  of  the  middle  thread  or 
prime  vertical,  and,  rever^in^  the  axis,  secondhf^  observe  the  star 
on  the  same  threads  on  the  opposite  side  of  the  prime  vertical  ^ 
then,  allowing  tlie  axis  to  remain  in  tlie  last  position,  fAtn%, 
observe  tlie  star  at  the  west  transit  on  the  same  threads,  and  tiien, 
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reversing  the  axis,  fourthly ^  observe  the  star  on  the  same  threads 
on  the  same  side  of  the  prime  vertical  as  at  first.  By  this  mode 
of  observation  the  same  thread  is  alternately  a  north  and  a  south 
thread  at  precisely  tlie  same  distance  from  the  coUimation  axis 
at  each  of  the  four  observations  made  upon  it.  Now,  in  the 
equation  (160)  we  have  r  —  ^  =  J  elapsed  sidereal  time  between 
the  east  and  west  transits  over  the  same  thread  in  the  same 
position  of  the  axis :  so  that,  if  we  put 

t  =  i  elapsed  time  between  the  two  observations  on  a  thread 

in  one  position  of  the  axis, 
V  =z  ditto  for  the  same  thread  in  the  reverse  position  of  the 

axis, 

we  have,  c  being  the  distance  of  this  thread  from  the  axis, 

—  sin  {?  =  sin  n  sin  ^  —  cos  n  cos  3  cos  t 
sin  c  =  sin  n  sin  3  —  cos  n  cos  3  cosi' 

the  sum  of  which  gives 

cot  n  =  tan  d  sec  i(t  +  V)  sec  }  (e  —  t') 

But  by  (167)  we  have 

cot  n  cos  I  =  tan  (f  —  fi) 

in  which  for  /i  we  must  here  employ  the  mean  of  the  level 
determinations  in  the  two  positions,  or /9  =  J(6  +  6').  Hence, 
denoting  <p  —  /?  by  y',  we  find 

tan  f>'  =  tan  3  sec  i  (t  +  f )  sec  i(t  —  t')  cos  X      1     /1-Q^ 

where  /  will  be  the  same  for  all  the  threads,  and  may  be  found 
with  sufficient  accuracy  from  any  single  thread  by  taking  the 
difterenoe  between  the  right  ascension  of  the  star  and  the  mean 
of  the  two  sidereal  times  of  observation  on  that  thread.* 

Each  thread  thus  gives  a  value  of  the  latitude  from  all  the 
instrumental  errors.  The  clock  errors,  however,  have  nearly  the 
same  effect  as  in  all  the  other  methods :  error  in  the  clock  rate 
affects  t  and  /' ;  error  in  the  clock  correction  affects  L 

AVlien  there  is  time,  the  middle  thread  may  also  be  observed, 


*  Or  we  may  neglect  the  factor  cos  >.,  and  apply  a  correction  to  the  final  mean 
latitude,  as  in  Art.  183. 
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once  as  a  north  thread  and  once  as  a  Bouth  thread,  and  the  latW 
tudi>  will  be  found  from  it,  according  to  the  method  of  the  pre* 
ceding  article,  by  the  formnla 

tan  f '  ^=  tan  3  sec  t  cos  X 

where  t  vnW  be  one-half  the  elapsed  sidereal  time  between  the 
obgervationa  on  the  mifldlc  tbread.  In  tnking  the  mean,  the 
value  of  the  latitude  found  from  tlie  middle  thread  nhould  have 
but  one-half  tlie  weight  of  the  value  on  any  otlier  thread,  since 
it  dependis  on  two  o1lser^*ation8  in.stead  of  four. 

This  method  ia  not  much  u^ed  in  the  field,  m  portable  instru- 
ments, usually  not  very  firmly  mounted,  and  never  provided  with 
reversing  apparatus,  cannot  be  quickly  reversed  without  risk  of 
disturbing  the  azimuth. 

ExAMi'LE.* — In  the  following  observation,  the  axis  was  re- 
versed immediately  aJlcr  the  star  had  crossed  the  middle  threiMl 
at  the  east  transit,  and  was  then  left  in  the  same  position  until 
after  the  star  had  crossed  the  middle  thread  at  the  west  tnmsit^ 
when  it  was  again  reversed,  and,  consei[uently,  restored  to  ita 
6sst  position. 

CroDfUdt,  Angiut  16,  1843. 


Eaattiuuit. 

West  traoeiv 

4  =  +  1-.7 

»  =  +  1".2 

Circles.- 
Circle  N] 

Thread. 

Chronometer. 

Chronometer. 

I 

II 
III 

HI 
II 

I 

0»20-lR'.5 
0    22    5«. 
0   26     9. 

2»  g-scco 

2     7    16. 

2     4     0. 
2     0    82. 
1   57    24. 

0   29    38. 
0  82   4S. 

6  =  — 2".7 

6  =  —  !".« 

The  chronometer  correction  at  1*  15*  was  +  4(K.l ;  lt«  daily  rate, 
+  1*.74  on  sidereal  time*     The  star  s  place  was 


•  =  1»  16-  40*7 1 


a  ^  69*»  2^  7".75 


•  Sawiticv,  PtueL  AMtf^.,  Vol.  h  p.  877. 
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We  fiBd  from  the  middle  thread  X  =  S'-O,  cosil  =  1-    The  com- 
putation for  the  several  threads  may  be  arranged  as  follows: 


Bift  obs'd.  times  S. 

Chron.  Bate 
Difll  obs'd.  times  N. 

Chron.  Bate 
2t 

Ht  +  n 

logsec}(f  +  f) 

log  seci(^  — '') 

log  tan  ^  cos  >l 

log  tan  ^' 

9' 

9 

Giving  the  value  foundfrom  the  middle  thread  but  one-half  the 
weight  of  either  of  the  other  two,  the  mean  is  y  =  59°  59'  30".55. 

187.  To  find  the  latitude  from  stars  observed  at  only  one  of  their 
transits  over  the  prime  vertical, — Notwithstanding  the  simplicity  of 
the  preceding  methods,  it  is  not  always  possible  to  apply  them 
in  the  field.  If  the  observer  has  but  a  short  time  to  remain  at 
a  station,  he  may  fail  to  find  a  suflicient  number  of  bright  stars 
which  pass  near  his  zenith,  and,  if  he  uses  those  which  pass  at 
greater  zenith  distances,  much  time  is  lost  in  waiting.  But  if 
he  can  use  stars  observed  at  only  one  of  their  transits,  he  may  in 
two  or  three  hours  obtain  sufficient  data  for  a  very  accurate 
determination  of  his  latitude.  The  following  method  is  based 
upon  that  originally  given  by  Bessel,*  with  some  modifications, 
which  appear  to  me  to  facilitate  its  application. 

K  in  the  general  equation  (166),  where  c  denotes  the  distance 
of  a  thread  from  the  coUimation  axis,  we  substitute  i  +  c  for  this 
distance,  denoting  now  by  i  the  distance  of  the  thread  from  the 


I 

II 

III 

1»  49-  32'.0 

1» 

44-  20'.0 

1»  37-  51'.0 

H-  0.1 

+  0.1 

+  0.1 

1  24  89.0 

1 

80  54.0 

+  0.1 

+  0.1 

1  49  82.1 

1 

44  20.1 

1  87  51.1 

1  24  39.1 

1 

80  54.1 

0  48  82.8 

0 

48  48.55 

0  48  55.55 

0  6  13.3 

0 

8  21.5 

0.0098171 

9243 

9724 

0.0001600 

0466 

0.2284455 

4455 

4455 

0.2384226 

4164 

4179 

69»  59*  31".61 

80".83 

30".63 

—  0  .35 

—  0  .85 

-0  .35 

59  59  31  .26 

29  .98 

30  .28 

•  Aitron.  JVaeA.,  VoL  VI.  Nos.  181  and  182. 
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mean  thread,  and  by  c  tlie  distance  of  the  mean  thread  from  the 
asds,  we  have 

<  +  c  :^  —  Bin  n  sin  ^  -f  cos  n  cos  H  cos  (r  —  X) 

in  which  r  is  the  hour  angle  of  the  star,  and  n  and  X  are  deter- 
mined by  the  conditions  (lt>7). 

Each  thread  gives  an  equation  of  this  form.  The  mean  of 
these  equations  may  be  found  by  the  aid  of  our  Tables  VIII*  and 
^T^II.A.,  aceonling  to  the  method  already  explained  in  Art.  178. 
Thus,  T  being  the  mean  of  the  observed  timea  on  the  several 
threadtj,  /the  interval  obtained  by  subtracting  each  observed  time 
from  tills  mean,  and  log  k  tlie  mean  of  tlie  several  values  of 
these  quantities  taken  from  Table  Vill.  with  the  ai'gument  /, 
we  have 

T^=  T+  k 

and,  since  here  r  is  the  west  hour  angle, 

Then,  i^  denoting  tlie  mean  of  the  equatorial  distances  of  the 
threads  from  the  mean  thread,  we  have 

.     ^    .    cos  n  cos  S  cos  f  r  —  X) 
c  4- 1,=  —  sm  n  am  ^  H 7 — ^^-* 

or,  putting  ^•'^ 

Y  ttm  ^,  =^  -  cos  d 


the  mean  equation  is 


Y  sin  Jj  ^  sin  ^ 
=  —  «in  It  sin  B^  •]-  cos  n  cos  d^  cos  (r^  —  X) 


Developing  eos(ri— J),  and   substitutiixg  the  values  of  sin  n, 
cos  n  cos  Xt  cos  it  sin  jl,  from  (167), 


i!+t; 


= — h  co6(f — ^^wn  ^j+ A  si  n(^p— ,f  )co«  \  cos  r^  -f-sin  a  cos  h  cos  \  ain  r, 


ill  which  A  and  ^  are  determined  by  the  conditions 


h  sin  if  —  sin  h 

A  000  ^  =  cos  b  cos  a 


But,  since  we  can  always  put  cos  6  =  1,  these  conditions  give 
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b  =  fi  COS  a,  and  h  =  cos  a;  and  even  if  a  were  as  great  as  1°  and 
6  =z=  20",  we  should  have  i  =  ^  —  0".003 :  so  that  we  may  always 
put  b  =  fi. 

We  shall  here  assume  that  the  instrument  can  he  readily 
hrought  within  20'  of  the  prime  vertical,  and  then  we  may  safely 
take  h  =  cos  a  =  1,  and  substitute  a  for  its  sine.  Hence  we  have 


i±i=. 


•  cos  (f  — 6)  sin  J,  +  sin  (f  —  b)  cos  ^^  cos  r^  +  a  cos  d^  sin  r^ 


r 

Let  f  I  and  z  be  determined  by  the  conditions 
coszr  sin  fj=  sin  d^ 

cos  2  cos  f  J  =  cos  d^  cos  Tj 

sin  z  =  cos  d^  sin  r, 
then 

— ^— « =  sm  (f  —  fi  —  6)co8  J?  +  a  sm  2r 

where  f  —  f  i "~  ^  must  be  of  the  same  order  as  a  and  c  +  i^  and 
therefore  may  be  substituted  for  its  sine.  Again,  since  in  tliis 
method  of  finding  the  latitude  no  observation  will  be  regarded 
as  having  any  value  unless  some  threads  on  each  side  of  the 
mean  thread  have  been  observed,  i^  will  always  be  so  small  that 
no  error  will  arise  in  practice  by  putting  ;^  =  1.*  Our  equation 
is,  therefore, 

c  + 1^  =  (f  —  f  J  —  b)  cos  2  +  a  sin  z 
Now  let 

9>^  =  the  assumed  latitude, 

^0=  the  assumed  azimuth  of  the  instrument, 
Af,  Aa  =  the  required  corrections  of  these  quantities; 

then,  substituting  f  „  +  Af  and  a^  +  Aa  for  f  and  a,  dividing  the 
equation  by  cos  z,  and  denoting  the  known  terms  by/,  Le.  putting 

/  =  ^^  4-  6  —  ^^—  a^tan  z  +  i^sec  z  (180) 

we  have 

c  sec  z  —  Aa  tan  z  —  a^  +  /  =  0  (181) 

which  is  the  equation  of  condition  furnished  by  each  star.  From 
all  the  equations  thus  formed,  the  most  probable  values  of  e,  Aa, 
and  Af  will  be  found  by  the  method  of  least  squares. 

*  Should  an  extreme  case  occur  where  the  true  value  of  y  was  required,  it  could 
readily  be  found  by  the  equations  y  cos  ^i=  -  cos  d,  y  sin  S^  =  sin  d. 
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The  values  of  f^  and  z  will  be  most  readily  found  by  the 
formulffi 

tan  f^  —  tan  3^  aoc  Tj  =  A  tan  d  sec  r,  1    /ift«\ 

tan  z  =  tan  r^  cos  f^  J     '  ^^'^ 

and  it  must  be  observed  that  tan  z  will  be  negative  when  tan  t^ 
is  negative,  that  is,  when  the  star  is  east  of  the  meridian.  The 
sign  of  the  term  csecz  must  also  be  changed  when  the  axis  of 
the  instrument  is  reversed. 

Example. — The  following  observations  (among  others)  were 
taken  by  Bessel  witli  a  very  small  jjortable  transit  instrument, 
for  the  express  purpo^ie  of  demonstrating  the  advantages  of  this 
method.* 

Mftnieh*  1S27,  Jane  27. 


Circle  North. 


w  Lyrm  E. 
uHerculisW, 
r  Cggni      E. 


Circle  South, 
fHereuUsW.U   47.2 


48"   6\4 

9   36.4 

29   88.0 


II 


46-54V4 
U  88.4 
28   47.2 


in 


43    10.2 


mCifgni    E.I48   40.8|50     6.0 


ll*45-43'.2 
12  13  30.8 
12  27  55.2 


IV 


15    34.8 
27     2  .e 


44-31'248-16\8 


17   35,6 
20     8.0 


12  41  49.240    17.2  38   87.6 
12  51  81,2  52    59.6  54    32.8 


L«f«L 


+4-.876 
+  0.403 
+  0.117 


— 1.W6 
-1.876 


Thei^o  observations  were  taken  in  the  garden  of  Dr.  Steinbeil'6 
house,  where  the  ii^Humed  hititnde  was  48°  8'  40'\ 

The  chronometer  wna  a  poeket  mmn  time  chronometer  of 
£b85BL.  IU  correction  to  sidereal  time  at  12*  (liy  chron.)  wa^ 
aT=  +  5*  1-  8'.31»t  and  iU  rate  on  sidereal  time  was  +  »',19 
per  hour. 

The  equatorial  inter\'aU  of  tlie  thread?)  from  the  mean  of  all, 
expressed  in  seeondj*  of  aiv,  were  as  follows,  for  circle  north; 


+  608*'.O8 


ri 

+  303",09 


III 

+  r.i9 


IV 
—  294".91 


V 

-  eir.4« 


The  value  of  one  division  of  the  level  wan  4"-49.  The  pilots 
were  of  unequal  thieknosft,  the  correction  for  which  had  beeo 
pFCTiously  found  to  be  —  1".89  for  circle  north. 


«  Atlr<m,  ^'ack,,  VoL  IX  p.  41&. 
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The  apparent  places  of  the  stars  on  the  given  date  were  as 
follows : 


xLyrce 
u  Herculis 
r  Cygni 
^Herculis 
66  Cygni 

Wq  shall  illustrate  the  use  of  our  formulee  by  giving  the 
reduction  of  the  observations  of  k  Lyrce  in  full.  We  have,  em- 
ploying the  mean  time  columns  of  Table  VHI., 


a 

i 

18»50-    7'.74 

43»  43'  27".72 

15  57    27.55 

46   31  23  .21 

20  16     4.59 

89    42  32  .96 

16     3    21.85 

45    28  40  .08 

19  85    33.81 

45     7  14  .89 

ir  Lyrm 

T 

/ 

X 

logk 

I 

11»48-    6'.4 

—  2-  24'.0 

—  0'.04 

0.0000239 

II 

46    54.4 

—  1    12.0 

0.00 

60 

III 

45    43.2 

.  —         0.8 

0.00 

0 

IV 

44    31.2 

+  1    11.2 

0.00 

59 

V 

43    16.8 
11  45    42.40 

+  2    25 .6 

-1-0.04 

244 

Means 

0.00 

0.0000120 

Hence  we  have 


11»  45-  42'.40 

5     1      1 .12 

16  46    43.52 

18   50      7.74 


r.  =  —  2     3    24 .22  ==  -  80^  51'  3".8 


T,    0.0662574 


log  sec 

log  tan  d  9.9806553 

log  k  0^00120 

log  tan  f  J  0.0469247 


log  tan  T,  n9.77621 

log  cos  f  J  9.82476 

log  tan  z  n9.60097 

log  sec  z  0.03208 


We  shall  assume  fo=  **^°  ^'  '*0">  ^o—  '^'  ^2",  as  in  the  compu- 
tation given  by  Bessel  ;*  and  hence  we  have 


*  These  quantities  are,  of  course,  arbitrary ;  but  it  simplifies  the  equations  of 
condition  to  make  them  as  nearly  correct  as  possible.  An  approximate  value  of  the 
aiimuth  may  be  found  from  any  star  by  the  formula  a^=  (^ —  ^)  cotz. 


In  the  aame  matiner,  the  equations  for  the  other  stars  are  found 
to  be 

1.0260  <?  —  0.2336  £,a  —  a^  +  WM  ^  0 
1.1G45<?  4-  OMiu  Art  —  Afp  +  16  .93  =  0 

—  1.0468  c  —  0,30U4  ^a  —  Af  —  17  .01  ^  0 

—  L0504  c  +  0.3214  Aa  —  Ay>  ~  12  .62  ^  0 

Vwm  these  five  equations  we  find  the  normal  equations, 

5  J688  €  +  0.8708  Aa  —  1.1700  a^  +  71^46  =^  0 

0.8708  c  +  0.7688  Ad  —  0.7741  Af  -f  12  .16  =  0 

—  1.1700  e  —  0.7741  Aa  +  5.0000  Af  ^    7  ,10  =  0 


e  =  —  12'M0  Aa  =  ^  4".09 

Af  =  —    2".06  with  the  weight  4.203 

Subi^titiiting  these  values  in  the  equatloiiH  of  condition,  we 

find  the  r^jsiduala  a^  follows : 


9 

m 

—  2".72 

7.40 

+  1  .88 

1.77 

+  1  .86 

1.85 

—  0  .92 

0.8$ 

+  0,94 

0.85 

[pu]  =  12.72 

The  number  of  obaervations  being  m  =  5,  and  the  number  of 
unknown  quantities  /i  =  S,  the  mean  error  t  of  a  single  obiiennu 
tion  is 


v(   t^i=2".52 
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mnd  the  mean  error  of  ^f  is 

^"•^^        1".23 


•       v^4.203 
Hence  we  have,  finally, 

f  =  48«  8'  87".94  with  mean  error  ±  1".23 

The  true  latitude,  found  by  referring  the  position  of  the  in- 
gtrument  to  the  Observatory  of  Miinich,  was  48°  8'  39".50.  Thus, 
five  observations,  taken  within  about  one  hour  with  a  very  small 
instrument,  sufficed  to  determine  the  latitude  within  1".5.  From 
the  observations  of  two  other  evenings  combined  with  the  above, 
tlie  latitude  found  by  Bbssbl  was  48°  8'  40".08,  which  was  only 
0".68  in  error. 

DETERMINATION   OF  THE   DECLINATIONS   OP   STARS   BY   THEIR 
TRANSITS   OVER  THE   PRIME   VERTICAL. 

188.  The  transit  of  a  star  over  the  prime  vertical  has  been 
used  in  the  preceding  articles  to  determine  the  latitude  of  the 
place  of  observation  when  the  star's  declination  is  known. 
Conversely,  if  tlie  latitude  is  otherwise  known,  the  observation 
may  be  used  to  determine  the  star's  declination.  The  modifica- 
tions of  the  formuhe  given  in  Arts.  177,  &c.,  necessary  for  this 
purpose,  are  obvious. 

"Wlien  tlie  star  passes  very  near  to  the  zenith,  the  errors  in  the 
time  of  transit  have  comparatively  small  effect  upon  the  com- 
puted decliuatiou ;  for,  by  differentiating  the  equation 

tan  d  =  tan  f  cos  t 
we  find 

dd  =  —  lH\n2dtant  .dt 

so  that  the  effect  of  a  given  error  dt  in  the  hour  angle  upon  the 
computed  declination  diminishes  with  the  hour  angle  itself. 

But  an  error  in  the  assumed  latitude  ^  is  not  eliminated, 
though  in  certain  cases  it  will  have  less  effect  than  in  others ; 
for  we  have 

sin  2^ 

The  several  values  of  the  declination  of  the  same  star  deter- 
mined on  different  dates  will,  therefore,  be  affected  by  the  con- 
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stant  error  depending  upon  the  error  in  the  latihide,  but  the 
differences  in  thej^^c  vnluus  will  nevtTtheless  be  accurately  found. 
Hence,  the  most  importamt  nt^Q  of  such  observations  is  not  eo 
much  to  dottinuine  the  absolute  declination  of  a  star  as  tlie 
changcH  of  its  declination  resulting  from  aberration,  uutatkiiiy 
and  parallax. 

189.  In  order  to  eliminate  the  ingtrumentul  errors  in  the  mo«t 
complete  niiuiner,  Struve  pni[*uscd  the  system  of  observation 
given  in  Art.  186;  and,  in  order  to  facilitate  the  applicaition  of 
this  HVHteni,  he  gave  a  new  fonn  to  the  instrmnent  conj^tructe*! 
under  liis  dircctiiJU  for  tht^  Fnlkowa  Observatory, — a  fona  which 
has  since  beeii  adopted  in  other  observatories. 

Phite  VL  exhibits  the  principal  features  of  the  Pulkowa  prime 
vertical  transit  instriinient,*  made  by  liBrsoLD*  The  telesco|K» 
TTis  at  tlie  end  of  the  horizontal  axis  i)J?,  which  rests  in  Vs  at 
VV.  The  pier  PP  is  of  a  sinnrle  piece  of  stone.  The  apparatua 
for  revers^ing  the  instnnnent  is  pennunently  secured  wirhin  the 
pier,  as  shown  in  the  plate,  the  vertical  rod  R  and  its  amis  cul 
being  i*aised  by  the  crank /by  means  of  the  bevelled  wheels  ^ 
and  thus  lifting  the  telescope  out  of  the  Vs.  When  the  telescope 
is  lifted  sutficiently  to  chnxr  the  Vs,  it  is  revolved  180^  (the  exAct 
iemi*revolution  being  tb^termined  by  a  stop  rf),  and  is  then  again 
lowered  into  the  Vs,  The  time  required  in  this  operation  is  but 
16  seconds ;  and  if  the  astronomer  has  commenced  an  observa- 
tion with  the  tube  north,  he  can  continue  the  observation  with 
the  instrument  reversed,  tube  ^outli,  atlter  1  minute  and  20 
seconds,  this  time  heing  sutHcient  for  the  observer  to  riae, 
unelump  the  instrument,  reverse  it,  and  resume  his  position  for 
the  observation.  Thus,  even  with  an  instrument  of  large  dimen> 
eions,  the  system  of  obser\*ation  given  in  Art.  186  is  easily  carried 
out. 

The  jtressure  on  tlu>  Vs  is  in  part  removed  by  the  counter- 
poises II' tr  acting  at  AW, 

Tlie  pressure  on  the  two  Vs  is  equalized  by  placing  at  i>  a 
weight  cfpial  to  that  of  the  telescope. 

The  level  LL  may  remain  u|itju  the  axis  during  reversal. 

The  tinder  /^is  simihir  to  that  described  in  Art.  12i>, 

The  reticule  at  tlie  foeus  in  coutains  15  vertical  threads  and 
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two  horizontal  threads,  as  shown  in  Fig.  2.  All  the  transits  over 
the  vertical  threads  should  be  made  to  occur  exactly  midway 
between  these  two  horizontal  threads,  the  telescope  being  made 
to  follow  the  star's  change  of  altitude  by  a  fine  motion  screw 
(not  shown  in  the  plate),  the  handle  of  which  is  within  reach  of 
the  obserN'er  s  hand.  The  equatorial  interval  between  the  ex- 
treme vertical  threads  is  15'  15"  or  61*  of  time. 

There  is  also  a  movable  micrometer  thread  parallel  to  the 
transit  threads. 

The  field  is  illuminated  by  light  thrown  through  the  horizontal 
axis  and  reflected  by  a  mirror  at  E  towards  the  reticule. 

190.  Example. — The  following  observation  was  taken  by 
Stbuve  with  the  instrument  above  described.* 

1S42.  January  15.     oDraconit. 


Ewt  Vertical — 5».6R. 

West  Vertical — b'AV.. 

Tubes. 

Tubes. 

Level.  +  40'.35    —  35f  8 

+  40.5      —  35.35 

40.4 

35.8 

40.55         35.35 

40.4 

35.8 

40.5           35.4 

40.4 

35.8 

40.45         35.4 

TkrtaJ*. 

I     17» 

54-  30'.7 

19»  42-  51'.4 

II 

55     8 .65 

42    13.65 

III 

55   44.4 

41    3X.0 

IV 

56    22.25 

40    59.85 

V 

57     0.6 

40    21.7 

VI 

57    40.9 

39    41.4 

VII    17 

58    19.5 

19  39      2.7 

Tube  X. 

Tube  S. 

VII    18» 

1-    4'.0 

19»  36-  17'.85 

VI 

1    45.5 

35    37.0 

V 

2    29.8 

34    52.35 

IV 

8    12.7 

84      9.3 

III 

3    57.6 

33    24.7 

II 

4    39.8 

32    42.1 

I    18 

5    26.35 

19  31    55.6 

Level.  +  37*2 

-39^.0 

+  87' 

'.25    —  3H'.7 

37.2 

39.0 

37 

.25         3K  .7 

87  .2 

39  .0 

87 

.3           3H  .7 

37  .1.' 

■)         39  .1 

37 

.25         3H  7 

♦  Attronomitehe  Xachriehttn,  Vol.  XX.  p.  209. 
Vol.  IL-18 


274 


T&ANSri   nrSTBUMENT 


The  value  of  one  division  of  the  level  was  1".002.  The  lati- 
tude, if  ==  59*^  46'  18".00.  The  eorrectioxi  of  the  interval  between 
the  east  and  west  transits  for  the  rate  of  the  ch>ck  wiis  -f  O'Jil*. 
The  temperature  of  tlie  air  is  recorded  at  the  time  of  the  obeer- 
vation  (in  degrees  of  Reaumur),  as  the  value  of  a  division  of  the 
level  depends  in  some  degree  upon  it. 

According  to  formula  (179),  tlie  declination  will  be  found 
from  these  observations  by  the  formula 

tan  ^  =  tan  / cos  \{t  +  Ocos  J(^  —  O 

wherCj^  being  the  mean  inclination  of  the  axis,  we  have  y'==5p — ^, 
^=1  elapsed  time  between  the  observations  on  the  same  thread 
for  "tube  south/'  i^  —  the  same  for  *'  tube  north,**  We  omit  the 
factor  cos  ^,  because  a  fixed  instrument  can  always  be  adjusted 
80  accurately  that  we  can  put  cos  ^  —  1. 

But,  instead  of  computing  5  Jircctly  by  this  formula,  we  may 
find  an  approximate  value  by  usiug  the  constant  value  of  if  in 
the  second  member,  and  then  apply  a  correction  for  the  inell- 
nation  /9.     Thus^  we  find* 


1 


tan  ^'  =  tan  ^  cos  )  (f  +  f)  cos  )  (f  —  V) 

*       ,sin2^' 
A^=^ 

Bin  2f 


(188) 


in  which  we  make  ^d  additive  by  supposing  ^9  to  be  positive 
when  the  south  end  of  the  axis  is  too  high, 

Tiic  distance  c  of  any  tliread  from  the  eollimation  axis  may  be 
found  from  the  two  equations 

—  sin  e  =  008  ^  sin  ^  —  sin  ^  cos  d  cost 
ein  c  =^  cos  f  sin  ^  —  sin  ^  cos  d  cost' 

the  difference  of  which  gives 

ijn  c  =:  —  sin  |p  0O6  d  sin  i(t  +  t')  sin  i(i  —  f) 

♦  W«  hmrt £  ^  —  X.  wlienee  wt  readily  dedooa 

wbicli  fiTM  Ui«  fomitilA  for  Ai  uB«d  in  th«  text,  wb«u  ita  tifn  b  elMiifvd  t^  th^ 
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The  computation  of  the  preceding  observation  may  be  arranged 
in  the  following  form : 


I 

II 

III 

IV 

V 

VI 

VII 

w^i:/;; 

1*  48«  ao».79  1  47-  6'M 

46"63'.60 

44«37«.60|43«21M0 

42-  0«.60 

4O-43-J20 

1    26   »M 

28     2^ 

2»  27.10 

30  66  .00    32  22  .04 

33  61.60 

36   13.04 

*(«  +  0 

0   48   42^ 

4S  40.87 

48  60.23 

48   63 .60  1  48  66  .90 

48   68.06 

48  60.31 

»t«-0 

0     6   XM 

4  46.07 

4     0.03 

3   26  .26      2  44  .04 

3     2i2S 

1   22.34 

lofcoi^f +0 

ftj»01187 

0S71 

0043 

0411 

0240 

0100 

0020 

ll^OW*(f-f) 

9.W067Q6 

0063 

0301 

0610 

0080 

0828 

0922 

lacUn# 

0.2345728 

6728 

6728 

6728 

6728 

6728 

6728 

loCtua' 

0^2216600 

6602 

6071 

6066 

6600 

6002 

6670 

1' 

MP  11'  a^joo 

9i^M 

30".23 

88".00 

ao^.u 

30^J>4 

30".21 

/9  =  +  0".806 


Moan  ^'=59°  11' 89".077 

aJ  =         +0  .815 

a  =  59    11  39  .892 


By  comparing  the  mean  value  of  d'  with  the  several  values 
found  from  the  different  threads,  we  find  the  probable  error  of  a 
single  detern)ination  by  one  thread  in  the  four  positions  is  in 
this  case  only  0".08.  This  observation,  however,  was  taken 
when  the  atmosphere  was  unusually  steady.  From  a  discussion 
of  the  obser\'ation8  of  29  days  on  this  star,  Struve  finds  the 
probable  error  of  a  single  determination  by  one  thread  to  be 
0'M2o,  and  that  of  the  mean  of  seven  threads,  consequently,  only 
0".047.  To  this  is  to  be  added  the  probable  error  of  the  level 
detennination,  which,  from  the  above  example,  is  evidently  ex- 
cee<lingly  small.  Struve  concludes  that,  under  the  most  favorable 
conditit>ns  of  the  atmosphere,  the  declination  is  determined  by 
this  method  with  a  probable  error  of  not  more  than  0".05,  and  in 
average  (circumstances  with  a  probable  error  under  0".l. 

191.  If  we  wish  to  compute  the  time  of  the  transit  of  the  star 
over  the  meridian  of  the  instrument  from  these  observations 
with  the  utmost  rigor,  we  must  take  into  account  the  difference 
of  level  at  the  east  and  west  transits*  over  the  prime  vertical. 
The  effect  of  a  difference  of  level  is  the  same  as  that  of  a  differ- 
ence of  latitude:  hence,  differentiating  the  equation 

cos  T  =  tan  S  cot  f 

in  which  r  is  the  hour  angle  at  the  west  transit,  we  have 
Av  tan  «J  Av  sin  ti 


15  AT  =r 


sin*  ^  sin  t       sin  f  ],/[sin  (^  -f  d)  sin  (^  —  ^)] 


2T6 
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The  mean  of  the  times  of  ti-ansit  over  the  east  and  we»t  vertical, 
or  Tfj,  will  be  increased  by  J^^r.  Piittint^  then  ,?'  —  ^  for  Af,  the 
correction  of  the  time  7^^  will  be  expressed  by  the  formula 


Ar.= 


(,9  — ^')6>n* 


(186) 


30  sm  f  |/  [sin  {f  -\-  ^)  sin  ($?  —  ^}] 

Thus,  in  the  preceding  observations,  we  have  at  the  east  transmit 
^  =  -f-  0''.689,  and  at  tlie  west  transit  ^  =  +  0".924,  and 


p  —  ff=  —  0".235 


(TJ  =  18*48-4KO0 
Corroctod  r  =  18  48    41.01 


We  can  now"  find  the  exact  azimuth  of  the  instrument  The 
tlotk  correction  at  18*  48*  was  -f  8\31,  and  the  apparent  right 
ascension  of  e  Ih-eiconis  w^as  18*  48*  oO'Al :  hence 

Sid.  time  ^  18*  48*  49*,82 
»  =  18  48    50,17 


0.86  =  — 12"  Jo  in  aw, 


where  X  is  the  an^le  which  the  meridian  of  the  instrument  makes 
with  the  true  meridian.  Hcnrt»,  a  hving  the  azimuth  of  the 
rotation  axis,  we  have,  by  the  formula  a  =  X  sin  y, 

a^  —  11".0 

Finally,  if  we  wish  to  determine  the  eflect  of  the  azimuth  upon 
the  observed  declination,  we  have  the  fumiula 

•      tan  -?, 

tan  ^  =  ' ^ 

cos  I 

in  w*hich  3^  is  the  declination  dednee<l  by  aflfltiming  co«  i  =  1, 
and  <J  is  the  true  declination.     From  this  we  readily  deduce 

a  —  a,  =(lylj*h^in  r'sin  2^  (186) 

and  hence,  in  the  above  example, 

i^^^^  O^'.OOOIT 

which  is  altogether  insignificant. 

li>2.  The  extreme  precision  of  the  method  is  evident  fmra  tbf 
above  example.     Nevertheless,  there  rcnuiins  yet  a  doubt  aa  to 


IK  THE  PRIME  VERTICAL. 


277 


A©  perfect  accuracy  of  the  declination  deduced,  arising  from  the 
poasibility  of  a  change  of  azimuth  between  the  east  and  west 
transita.    It  is  evident  from  the  formula 

Bin  c  =  —  sin  n  sin  d  -f  cos  n  cos  d  cos  (r  —  X) 

that  an  Increase  of  X  by  the  quantity  ^  has  the  same  eflTect  as  an 
equal  decrease  of  the  hour  angle  r,  and  a  change  of  —  a^  in  r 
produces  a  change  of  —  Ja^  in  the  hour  angles  used  in  com- 
puting d.  To  find  the  eflTect  of  this  upon  the  computed  5,  we 
have,  by  diflerentiating  the  equation 

cos  T  =  tan  d  cot  ^ 

with  reference  to  r  and  dj 

^d  =  —  Ar  cos*  d  tan  f  sin  r 

or,  putting  J  a^  for  —  Ar,  and  eliminating  r, 

^s^^^x,  ^^^  ^  ^1^^'"  ^^  "^  ^^  ^'"  ^^  ""  ^^^ 
cos  ^ 


cos  d  |/[8in  (^  +  d)  sin  (f 


«)] 


sin  2f 


(187) 


The  following  table,  computed  by  this  formula,  is  given  by 
Struve  to  exhibit  the  eflTect  of  a  change  of  azimuth  Aa  =  1",  for 
different  values  of  f  —  d. 


^-i 

Ai 

0"  (y 

0".000 

0    20 

0  .042 

0    40 

0  .060 

1      0 

0  .074 

2      0 

0  .108 

3      0 

0  .136 

4      0 

0  .162     ) 

The  values  of  nd  here  increase  very  nearly  as  Vf  —  3.  For 
o  DraSynis^  the  correction  would  be  a<?  =  0".055.  Struve  inves- 
tigated the  probability  of  a  change  of  azimuth  occurring  in  his 
inrttniment.    lie  found  that  the  fluctuations  of  the  azimuth  during 
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a  whole  year  had  not  probably  exceeded  one  eecond  of  arc  on 
either  side  of  iU  nieun  value,  and  tbat  even  the  extreme  chntigi^tf 
of  temperature  from  Avinter  to  summer  bad  not  produced  any 
sensible  effect  upon  it  Ilenee  he  concludes  tbat  since  the  tcni- 
peratureH  at  the  east  ai^d  west  trannitH  of  a  star  on  the  same  day 
never  dittercd  by  more  than  2°  K.  or  4^*^  Fahr<,  and  generally  but 
a  fraction  of  a  degree,  the  variationd  of  the  aj^imuth  could  not 
have  i»rodiiced  any  error  wbieli  amounted  to  even  0".OL  It  la 
important  to  obi*erve  tliat,  during  the  period  referred  to,  tlio 
screws  for  adjasting  the  azimuth  were  not  touched. 


198*  Jlicrometcr  observations  m  the  prune  vcrticaL — Wlien  a  star 
paasea  within  a  few  minutes  uf  the  zenith,  its  lakral  motiou 
(aero8S  the  threads)  becomes  ^^t  slow  that  the  observation  of  the 
trauftit  over  the  side  tbreadi^  woukl  occupy  too  much  time*  Tlic 
star  may  indeed  be  within  the  limits  of  the  extreme  threads 
during  the  whole  time  from  it**  eaM  to  its  west  ti-annit.  In  such 
casket*,  tbe  movabk^  micrometer  thread  takcB  the  place  of  the 
fixed  threads.  This  may  be  uned  in  two  ways  :  either  by  setting 
the  micrometer  euceesmvely  upon  round  numher8,  identical 
before  and  after  reversing^  in  which  ca«e  the  ob8er\'ation8  are 
reduced  preciiiely  as^  those  nmde  on  fixed  tlireack;  or  by  setting 
at  pleasure  and  a8  often  as  the  time  permits,  in  which  case  the 
observations  are  reduced  as  follows. 

The  micrometer  reading  for  the  case  when  tbe  movable  thread 
is  in  tlie  ct>llimation  axis  is  known  approximately:  let  its  asj5ume<l 
value  be  denoted  by  J/>  and  its  true  value  by  J/  +  r.  Let  ua  sup- 
pose that  for  '*  tube  south*'  tbe  micrometer  readings  inereaae  aa 
the  thread  is  moved  towanls  the  north;  then,  if  m  is  the  roading 
at  an  observed  transit,  the  thread  is  at  the  distance  m  —  {M  +  c) 
north  of  tlie  coltimation  axis,  and  this  distance  is  to  be  substituti*d 
for  c  in  our  fundamental  eqmition  (16G).  In  this  equation,  we 
ftluill  also  i>ut  A  =  0,  n  ==  90°  —  ip,  on  the  supposition  Uiat  the 
azimuth  and  inclination  of  the  axis  are  each  zero,  since  the 
resulting  deelinution  may  be  corrected  by  the  methodjs  above 
explained.    We  have  tlien 

Bin  (m  —  M  —  c)  =^  --  co«  ^  sin  ^  -f  ®i^  f  ^^^  ^  *'^**  ^ 

=  sin  (f  —  S)  —  2  sin  ^  co«  <J  sin*  i  r  ' 


n 

n 


or,  since  in  the  caae  here  considered  f  —  i\s  but  a  few  minute!i« 
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, -.  .2  sin  ip  COS  b  sin*  \  r 

^  sin  I" 

For  convenience  in  computation,  let  us  put 

e   =  M —  m 

z  =  f  —  ^ 

-,       2  8in«  Jr. 
B,  =  — : — — -  sin  cp  cos  ^ 
sm  1" 

in  which  sin  ^  cos  i  will  be  constant,  and  log  — : — ^r  ^^7  ^^ 
taken  directly  from  our  Table  VL  ;  then  the  equation  becomes 

z  +  c  =  i2  —  «  (188) 

in  which  t  is  given  by  the  observation  for  each  thread,  and  -R  is 
to  be  computed  for  the  several  values  of  r  found  from  the  ob- 
served sidereal  times  and  the  star's  right  ascension. 

Tliis  equation  applies  to  the  case  of  "tube  south.*'  When  we 
have  "tube  north,"  the  equation  becomes 

.    - -.  .                     ^       2  sin  cp  cos  <?  sin*  \  r 
_m  +  ilf+c  =  ^-.» -^^, 

SO  that,  puttmg  in  this  case 

we  have 

z^c  =  R-'e  (189) 

The  instrument  is  reversed  but  once.  The  first  series  of  ob- 
sensations  is  taken  before  the  meridian  passage,  and  the  second 
after  it.  We  thus  find  from  the  means  of  the  observations  the 
values  oi  z-\-  c  and  z  — -  c,  whence  both  z  and  c.  The  uncorrected 
declination  is  then 

d  =.  ip  —  z 

to  which  we  apply  the  correction  for  the  level,  as  in  Art.  190, 
and,  if  iieeessar}^  also  the  correction  for  the  azimuth  according 
to  (186). 

It  is  evident  that  this  method  may  be  applied  even  to  stars 
whose  declinations  are  somewhat  greater  than  the  latitude. 

Example. — Tlie  following  observations  are  given  by  Struvb 
from  among  those  taken  with  the  Pulkowa  instrument:* 

♦  Attr,  Nock,,  Vol.  XX.  p.  217. 
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1642,  JiJiuArjr  1&.     v  Vnm  M^foria, 
Eftsi  T«rUc&L  (—  6^.5  B.)        West  Vertktl. 


TuhtS. 

Tube  If . 

Level.  +  40*.25 

-37^3 

+  38'.0 

—  39*7 

40.3 

37.36 

88.0 

89.7 

40.3 

37.35 

88.0 

89.7 

40.3 

87.85 

88  .0 

39.7 

Transits. 

MicTom. 

Tnniiti. 

Microm. 

9*  30"  2fl'. 

S'.ais 

9»  48-  42'.5 

14'.77l 

30    66.5 

9.550 

48    14 

14  .527 

81    24.5 

9,775 

47    46 

14  .276 

82     0 

10 .083 

47    17 

14  .008 

32    28 

10  .298 

46    44 

13  .825 

32    54 

10 .470 

46      9 

13  .597 

33    29 

10  .091 

45    35 

13  .361 

34      4 

10 .879 

A?>  n 

13  .282 

34    37 

11 .002 

44    40 

13  .077 

9  35    11 

H  .226 

9  44    12 

12.942 

Level.  +  40*.8 

-37^25 

+  S8'.0 

—  39^.7 

40.35 

37.3 

38.0 

89.7 

40  .35 

37.25 

88.0 

89.7 

40  .25 

37.8 

38.0 

39.7 

/? 

=  +  0^.323 

=  +  0".324 

In  thertc  observations,  in  order  to  avoid  any  possible  error  of 
lost  motion  in  the  uncronieter  eerew,  the  threa^l  id  always  aet  in 
advance  of  the  star  by  a  final  positive  motion  of  the  mttw^  that  10, 
by  that  niotion  which  increases  the  readings. 

The  value  of  a  revolution  of  the  micrometer  screw  was  found 
by  the  formula 

r  =  28",682  +  r ,000292  (9.6  —  T) 

in  which  Tm  the  temperature  indicated  by  the  R^anmnr  ther- 
mometer; and,  since  in  this  example  7'=  —  6°. 5,  we  employ 


r  =  28".ti867 


lag  r  =  1,45788 


The  apparent  position  of  the  fttar  on  January  15,  1842,  was, 
aceonling  to  Arqelaxder*s  Catalogue, 


a  =  9*  39- 46-.  1 


e  =  m^"  46'  24^ 


The  clock  was  slow  8*.8,  and  hence  the  clock  time  of  the  starts 
culmination  was  9*  89"  87'.8,  for  which  we  may,  for  simplicity, 
take  9^  89"  88%  since  a  small  error  in  this  cpiautity  will  not  aifeet 
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the  final  value  of  z  when  the  hour  angles  on  the  opposite  sides 
of  the  meridian  are  so  nearly  equal  as  in  the  present  ease. 

With  the  value  tp  =  59°  46'  18",  we  find  log  sin  ip  co8a=9.6S846. 
The  assumed  value  of  -Sf  =  12^.000 ;  and  hence  the  observations 
may  be  reduced  as  follows : 

TuhtS, 


r 

_9»   9* 

8 

41.5 

s 

18.5 

7 

88 

7 

10 

6 

44 

6 

9 

5 

84 

6 

1 

1     4 

27 

R 

m^M 

log(m-iO 

6 

£•<—«  +  « 

INff.fromm6ftn. 

2.21581 

71".49 

2^.685 

0.42894 

77^.02 

—  5".58 

—  O'.OO 

2.17118 

64  .51 

2.450 

0.88917 

70.28 

5  .77 

—  0  .88 

2.12825 

57  .77 

2.225 

0.84788 

68  .88 

6  .06 

—  0  .62 

2.05842      49  .76 

1.917 

0.28262 

54  .99 

5  .28 

4-0  .21 

2.00868 

48  .86 

1.702 

0.28096 

48  .82 

4  .96 

+  0  .48 

1.94946 

88  .72 

1.580 

0.18469 

48  .89 

5  .17 

-f  0  .27 

1.87076 

82  .80 

1.809 

0.11694 

87  .55 

5  .25 

-f  0  .19 

1.78420 

26  .46 

1.121 

0.04961 

82  .16 

5  .70 

—  0  .26 

1.69885 

21  .49 

0.988 

9.97220 

26  .91 

5  .42 

4-0  .02 

1.58974 

16.91 

0.774 

9.88874 

22  .20 

5  .29 

-f  0  .15 

Mean  —  5  .488 
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4-84'. 


2 
38 
57 


6  81 

7  6 


7  89 

8  8 

8  86 

9  4.5 


1.61222 
1.69678 
1.78160 
1.84204 
1.92105 
1.99551 
2.06081 
2.11852 
2.16198 
2.20867 


17".81 
21  .64 
26  .81 
80  .23 
86  .27 

48  .05 

49  .98 
56  .49 
68  .16 
70  .88 


if— m 


0^.942 
1.077 
1.282 
1  .861 
i  1  .597 

1  .825 
I  2  .0«W 

2  .276 
!  2  .527 
12.771 


9.97405 

27".02 

0.08222 

80  .90 

0.09061 

85  .84 

0.18886 

89  .04 

0.20880 

45  .81 

0.26126 

52  .86 

0.81555 

59  .82 

0.85717 

65  .29 

0.40201 

72  .49 

0.44264 

79  .49 

—  9".21 

—  0".03 

9  .26 

—  0  .08 

9  .(^ 

-f  0  .15 

8  .81 

-h  0  .37 

9  .54 

—  0  .86 

9  .80 

—  0  .12 

9  .84 

—  0  .16 

8  .80 

-f  0  .38 

9  .83 

—  0  .15 

9  .16 

4-0  .02 

Mean  —  9  .178 


Ilence  we  have 


Tubes.    r  +  c  =  — 5".488 

"     N.    z  —  c  =  —  9  .178 

z=.—l  .308 

f  =  59°  46'  18".000 

^  =  ^  —  z  =  59    46  25  .308 

Corr.  for  incl.  of  the  axis  =  4-0  .324 

^  =  59    46  25  .032 


c=  +  r'.870 


From  the  differences  in  the  last  column  of  this  computation, 
we  find  the  i>robable  error  of  a  single  observation  to  be  0'M94, 
produced  by  the  error  of  observation  and  the  error  of  the  micro- 
meter. This  agrees  well  with  the  probable  error  found  for 
o  DraconiSy  which  was  0".08  for  four  observations  on  one  thread. 
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The  probable  error  of  four  obfter^'ation8  of  t>  Ursm  3fajaris  it 
0'M94  -^  2  =  0",097,  whidi  i«  eoniewhat  greater  than  0".0e, 
apparently  because  it  involvas  the  additional  error  of  the  micro- 
meter. 

The  probable  error  of  the  mean  value  of  z  or  of  the  valae  ofjl 
found  Ity  the  preceding  niicrotneter  obt^ervations  is  0'M94  -^  y  20 
=  0".043.  The  results  obtained  by  the  micrometer  have»  there- 
fore,  very  nearly  the  same  degree  of  precision  as  those  obtoiiieii 
by  the  fixed  threads,  when  oacb  method  m  gkilfully  applied. 

The  extreme  precision  of  the  observations  with  this  instrument 
in  the  hands  of  Stklve  h  strikingly  exliibited  in  the  accordance 
of  the  values  of  the  abernitiou  constant  deteniiined  from  the 
changes  of  declination  of  seven  stars,  whkh  have  already  been 
cited  in  VuL  I,  Art  440. 


CHAPTER   VI. 


THE   MERIDIAN   CIRCLE. 

194,  TwE  Meridian  Grele^  or  Transit  Grcky  is  a  combination  of  » 
transit  inHtrument  and  a  gmduated  vertical  circle.  This  circle 
is  firmly  attached  at  right  angles  to  the  horizontal  axis,  and  id 
read  by  verniers  or  microscopes  (see  Aits*  18  and  21),  which  are 
in  some  eases  attached  to  the  piers,  and  iu  others  to  a  frame 
which  rcsti*  upon  the  axis  itself. 

By  means  of  this  combination,  the  instrument  serves  to  deter- 
mine both  co-ordinates  of  a  star  s  position, — the  right  ascension 
from  the  time  of  its  transit,  and  tbe  declination  from  the  zenith 
distance  measured  with  the  ciivle  ;  or,  if  tlie  star's  place  is  given, 
it  serves  to  determine  either  the  local  time  or  the  latitude  of  the 
place  of  observation. 

For  the  measurement  of  declinations,  it  takes  the  place  of  the 
Mural  Circle^  which  consists  of  a  citvle  mounted  upon  one  side 
of  a  pier,  the  circle  being  secured  to  the  end  of  a  horizontal  axi§ 
which  enters  tlie  pier.  As  tbe  latter  instrument  cannot  be  re^ 
versed,  and  its  axis  is  not  symnietrically  supported,  it  is  not  8Qitf*d 
to  tlie  accurate  detennination  of  right  ascensions^  and  in  to  be 
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regarded  as  designed  solely  for  the  measurement  of  declinations. 
Even  for  this  purpose  the  meridian  circle  is  preferable,  as  it 
admits  of  reversal ;  and  there  is  always  an  advantage  in  com- 
bining determinations  made  in  reverse  positions  of  an  instrument, 
whereby  unknown  errors  may  be  either  wholly  or  in  part  elimi- 
nated. I  shall,  tlierefore,  not  treat  specially  of  the  mural  circle. 
It  is  not  probable  that  any  more  instruments  of  that  form  will 
hereafter  be  constructed ;  and  the  method  of  using  those  that 
exist  will  readily  be  understood  by  any  one  who  has  mastered 
the  meridian  circle. 

195.  Plates  VTl.,  VllL,  and  IX.  represent  a  meridian  circle  of 
Repsold,  belonging  to  the  U.  S.  Naval  Academy,  and  mounted 
at  Annapolis  in  1852.  It  is  almost  identical  in  form  with  the 
meridian  circles  constructed  by  the  same  artist  for  Struve  and 
Bessel  at  the  Pulkowa  and  Konigsberg  Observatories. 

It  has  two  circles,  C'Cand  C'C,  of  the  same  size,  but  only  one 
of  these,  CC\  is  graduated  finely;  this  is  read  by  four  micro8ooi)e8, 
two  of  which  are  seen  at  Rli.  The  microscopes  are  carried  \\\)0\\ 
a  square  frame  which  is  centred  upon  the  rotation  axis  itself: 
the  form  of  this  frame  is  shown  in  Plate  IX.,  where  the  instru- 
ment is  represented  upon  the  reversing  car.  The  horizontal 
sides  of  the  frame  carry  two  spirit  levels  /,  /,  by  which  any  change 
of  inclination  of  the  frame  with  respect  to  the  horizon  may  bo 
detected. 

The  second  circle  C  C\  constructed  of  the  same  size  as  the  first 
for  the  sake  of  symmetry,  is  graduated  more  coarsely,  is  read  at 
either  of  two  points,  and  is  used  only  as  a  finder. 

The  counterpoises  iriKact  at  XX^  points  nearly  equidistant 
between  the  telescopes  and  the  Vs,  and  ver}'  near  to  the  circles; 
an  arrangement  which  jirevents  the  possibility  of  any  api)reciable 
flexure  in  the  horizontal  axis,  at  the  same  time  that  the  pressure 
on  the  Vs  is  reduced  to  a  very  small  quantity. 

The  inclination  of  the  rotation  axis  is  measured  with  a  hanging 
level  LL. 

An  arm  FG^  turning  upon  a  joint  at  F^  receives,  when  hori- 
zontal, an  arm  which  is  connected  with  a  collar  upon  the  rotation 
axis.  By  turning  a  screw,  the  head  of  which  is  at  fy,  the  tele- 
Bcope  is  clamped  in  the  collar,  and  then  a  screw  (not  seen  in  the 
drawing)  acting  horizontally  near  G  gives  fine  motion  to  the 
telescope  by  acting  upon  the  vertical  arm. 
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Another  arm^,  neftrly  similar  in  its  form  and  arrangoment  to 
FG^  receives  a  vertical  arm  attached  to  the  microscope  frame. 
Screws  acting  horizontally  at  g  upon  the  vertical  arm  sen^e  ta 
adjust  the  frame. 

These  arms  are  shown  in  Plate  VIH.  as  they  appear  when 
thrown  down  and  out  of  use  while  the  iuBtrument  is  bti./ 
reversed.  In  this  plate  is  aUo  seen  the  arrangement  of  ' 
^^ertical  arms  and  the  friction  rollers  by  which  the  coant<*r- 
poiBes  act  upon  the  horizontal  axis,  together  with  the  form  of 
the  Vs. 

The  tieltl  is  illuminated  by  light  thrown  into  the  interior  of  the 
telescope  through  tuljcs  at  A  A  and  reflected  towiird^  the  reticule 
by  a  mirror  in  the  central  cube.  The  qiiatitity  of  light  is  regu- 
lated by  revolving  dises  with  eccentric  apertures  at  the  extremi- 
ties of  the  tubes  nearest  to  the  Vs.  These  discs  are  revolved  by 
means  of  a  coni  to  which  hangs  a  small  weight  S. 

The  rcticnile  at  m  contains  seven  tmnsit  threads  and  three 
micrometer  threads  at  right  angles  to  the  transit  threads,  Theoe 
three  threads  have  a  conimou  motion,  their  distance  from  each 
other  being  constant*  Tliis  distance  being  known,  an  observ*a* 
tion  on  either  of  tlie  extreme  threads  can  be  reiluced  to  the 
middle  thread.  The  mieronieter  thus  arranged  is  intendc*d  for 
the  measurement  of  small  difibrences  of  declination,  and  also  for 
the  measurement  of  absolute  declinations  when  used  in  eon- 
jniHtion  with  the  graduated  circle,  as  will  be  fully  explained 
hereafter. 

The  graduated  circle  of  this  instrument  is  nearly  30  inches  in 
diameter,  and  reads  directly  to  2"  by  the  graduations  on  the 
micrometer  heads  of  the  reading  microscopes;  an*!  by  *:stiniating 
the  fraction  of  a  graduation  td' the  microineter  hciiil,  thr  rr:Hiing 
is  carried  down  to  0",2.  This  is  a  sufficiently  great  degree  of 
accuracy  of  reading  to  correspond  to  the  dimensions  and  optical 
power  of  this  instrumeut;  but  in  larger  instruments  the  reading 
is  sometimes  carried  down  to  0".05,  or  even  less. 

The  discussion  of  the  errors  of  the  circle  of  this  instrument  is 
given  in  Arts.  28,  32,  and  88.* 


*  The  erron  of  the  circle  mAv  nol  bci  eQii«t»nt,  tine<>  ihtj  tnfk.y  fluciiiAt«  witb  %hm 
te«per»ture  af  iU  T»noii9  p»ri*.  Wo  ni»y.  howcTer,  nveuiiKi  ib«i  Ibe  erroni  ti 
different  tempemtoree  wUl  be  the  Mnie.  proirided  the  e^ipft&sion  of  I  he  circle  for  ta 
iDcreMe  of  t«iiiperRture  b  uniform  tlirougbout  nil  tte  piirlii.  For  the  gr«ftte«l  pr*^ 
«!•!««•  Ite«f<ir«,  w«  ihoyM  tadMTor  to  mcuiy  tliia  ooaidltion  of  wnif^rm  itm^trmmn^ 
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A  mercury  collimator  should  be  placed  permanently  beneath 
the  floor  directly  under  the  centre  of  the  instrument,  covered  by 
a  movable  trap-door. 

I  proceed  to  consider  the  methods  of  observing  with  the  meri- 
dian circle.  Its  application  as  a  transit  instrument  will  be  sufli- 
ciently  clear  from  the  preceding  chapter.  It  is  necessary  to  treat 
here  only  of  the  use  of  the  circle  and  micrometer  in  the  mea- 
surement of  nadir  distance,  zenith  distance,  polar  distance,  or 
altitude  of  a  star,  from  which  either  the  declination  of  the  star 
or  the  latitude  is  found. 

196.  Nadir  point. — Tlie  first  of  the  methods  of  using  the  instru- 
ment which  I  shall  treat  of  is  that  in  which  all  observations  with 
the  circle  are  referred  to  the  nadir.  Let  us  first  suppose  the 
instrument  to  be  perfectly  adjusted  in  the  meridian,  and  the 
observation  of  a  star  to  be  made  at  the  instant  of  its  transit.  The 
nadir  point  is  obtained  by  directing  the  telescope  vertically 
towards  the  mercury  collimator.  To  take  the  simplest  case,  let 
us  suppose  the  sight  line  to  be  determined  by  a  fixed  horizontal 
thread  (at  right  angles  to  the  transit  threads).  Let  this  thread 
be  brought  into  coincidence  with  its  reflected  image.  The  sight 
hne  is  then  vertical,  and  the  reading  of  the  circle  (by  which  we 
always  understand  the  mean  of  all  the  microscopes  added  to  the 
degrees  and  minutes  under  the  first  microsc^ope,  or  microscope 
A)  represents  the  nadir  point  of  the  circle.  Let  this  reading  be 
denoted  by  Q.  The  telescojH?  being  then  directed  towards  a 
star,  ami  the  fixed  horizontal  thread  being  made  to  bisect  the 
star  at  the  instant  ot  the  transit  over  the  middle  vertical  thread, 
let  the  circle  reading  be  C.  Then  the  apparent  nadir  distance 
of  the  star,  which  I  shall  denote  by  N'y  will  be 

and.  for  thifl  purpose,  it  is  adTisable  to  make  the  piers  sufficiently  high  and  broad  to 
protect  the  whole  circle;  for,  since  the  temperature  of  the  piers  wiU  often  differ 
from  that  of  the  circle,  the  radiation  from  them  will  tend  to  produce  unc<|ual  tem- 
peratures in  the  different  parts  of  the  circle,  unless  the  latter  is  equally  ezpOHe<l  to 
this  radiation  throughout.  But  cTen  this  arrangement  will  fail  of  its  object  if  the 
temjieraiure  of  the  piers  is  not  uniform ;  and  therefore  they  munt  be  protected  against 
flurtuntions  of  temperature  as  much  as  possible;  for  example,  by  first  coating  them 
with  oil  or  some  other  preparation  to  exclude  moisture,  then  wrapping  them  in  cloth, 
an<l  finiiUy  encasing  them  in  wood,  as  proposed  by  Dr.  Guulu  for  the  meridian  circle 
of  the  Dudley  Obsenratory. 
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and  this  clietancc  is  tisually  reckoned  from  0**  to  860^  from  the 
nsuiir,  through  cither  tho  south  point  or  the  north  point,  flc«?or<I- 
ing  to  the  direction  in  which  the  gradtiations  increa^.  Thit 
direction  is  different  in  the  two  poaitionH  of  the  notation  axis* 
Supposing  the  position  of  the  axis  to  be  indicated  by  that  of 
the  einle  itjself,  let  ub  asHurae  that  tho  nadir  dii^tance  is  reckoned 
througli  the  soidh  [>oint  for  circle  tmi^  and  through  the  north 
point  for  circle  wesL  If  we  denote  the  apparent  zenith  distance 
of  the  star  south  of  the  zeuith  by  z\  we  ehall  then  have 


z'=±(180^^.V') 


-f-  for  circle  ea§t 
—  for  circle  west 


In  obtaining  the  circle  readings  Q  and  C\  the  correction  for 
error  ofruns^  when  8uch  error  exi8t^«^,  mii^t  be  applied  as  explained 
in  Art.  22.  But,  with  the  aid  of  the  telescope  micrometer,  we 
can  avoid  the  error  of  runs,  m  follows.  In  observing  the  nadir 
point,  set  the  circle  so  that  an  exact  division  is  under  or  nearly 
under  the  zero  of  one  of  the  reading  microscopes,  that  la,  so 
that  all  the  microscopes  will  read  nearly  0"  :  their  mean  will  not 
require  any  sensible  correction  for  runs.  But  the  fixed  thread 
will  then  not  be  In  coincidence  with  its  inuige.  Measure  the 
distance  of  the  fixed  thread  froni  its  image  by  the  micrometer. 
One-half  this  distance,  being  applied  to  the  circle  reading,  will 
give  the  reading  for  absolute  coincidence.  In  like  manner,  ia 
observing  the  star,  set  the  circle  again  upon  an  exact  di%ision, 
and  hisect  the  star  with  the  micrometer  thread ;  the  distance  of 
the  micrometer  thread  from  the  fixed  thread,  being  applied  to 
the  circle  reading,  will  give  the  required  reading  C\ 

But,  when  the  micrometer  is  employed,  it  is  altogether  prefer^ 
able  to  dispense  with  the  fixed  thread  and  to  depend  solely  upon 
the  movable  one.  Thus,  to  determine  tho  nadir  point,  having 
brouglit  the  circle  division  which  is  nearest  to  tlie  natlir  fH>int 
reading  under  microscoj*c  A,  let  the  mean  reading  4»V»t^ined 
from  all  the  microscopes  be  called  Cg*  Bring  tlie  micrometer 
thread  into  coiucidencc  with  its  inuige,  and  let  the  micrtmieter 
rciW-ling  be  J/^,  whicli  we  shall  suppose  to  be  converted  into  arc 
by  multiplying  by  the  value  of  a  revolution  found  according  to 
Art.  4*1  or  47,  It  is  now  evident  that  when  the  telest*ope  is 
directed  tipon  a  star,  if  the  micrometer  reading  remains  J/^  while 
the  thread  bidets  the  star  and  the  circle  reading  is  6*^  the  nadir 
dist4mi'e  is  C*  —  <^,  precisely  as  if  the  micrometer  thread  were 
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fixed.  But  the  reading  C  will,  in  general,  involve  an  error  of 
runa,  to  avoid  which,  set  the  circle  as  before  upon  a  neighboring 
exact  division,  and  let  the  reading  be  still  called  C ;  then  bisect 
the  star  with  the  micrometer  thread,  and  let  the  reading  be  -Jf ' ; 
the  nadir  distance  of  the  star  will  be 


i^=(C"-C,)  +  (^'-Jfo) 


(190) 


In  practice,  this  method  will  bo  found  much  simpler  than  it  at 
first  appears.  The  finder  should  ajways  be  adjusted  so  that 
whole  minutes  in  its  reading  correspond  to  whole  minutes  of  the 
principal  circle.  Then,  in  all  observations  of  the  nadir  point, 
we  set  the  finder  to  the  same  exact  division ;  and,  in  obscr\'ing 
the  star,  we  compute  its  approximate  nadir  distance  to  the  nearest 
minute,  and  set  the  finder  upon  this  minute. 

In  the  above  formula,  we  suppose  the  micrometer  readings  to 
increase  with  the  circle  readings. 


Example. — On  May  4,  1856,  the  telescope  of  the  Meridian 
Circle  of  the  Xaval  Academy  was  directed  to  the  nadir  by  setting 
tlie  finder  upon  0°  0',  and  the  mean  of  the  four  microscopes  gave 
the  circle  reading 

C;  =  359«  59^  54".70  (or  —  0«  (T  5".30) 

The  micrometer  thread  was  then  brought  alternately  north  and 
south  of  its  own  image  in  the  collimator,  so  as  to  form  each  time 
a  square  with  the  middle  transit  thread  and  its  image  (as  in  Art 
147),  and  the  micrometer  readings  were  as  follows  : 


Means. 


Image  .V. 

8. 

5'  33«'.4 

40'.8 

32.9 

40.4 

33.0 

40.3 

33.5 

40.5 

'   S'ST-.IO 

'       36 .65 

36  .65 

!        87  .00 

J/,  =  5'  30-.85~ 


Bo  that  31^  was  the  reading  when  the  micrometer  thread  was  in 
coiiici<leiice  with  its  image. 

The  tole8c()[)e  was  tlieu  directed  to  Polaris  at  its  upper  culmi- 
natiuii  by  setting  the  finder  at  229°  32'  (the  latitude  being  88®  59', 
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the  decimation  88**  32',  and  the  refraction  1',  approxiinately)» 
and  at  the  time  of  the  star's  transit,  the  micrometer  thread 
bisecting  the  star,  there  were  found 

Circle  reading  C  =  229*  S2'  r.47 

Microm.   "       Jf'=   5' 50''.0 

The  value  of  one  division  of  the  micrometer  was  0".927,   llence 

€"-.<T  =  229''32'12".77 

Jf '  —  ar,  =  +  13175  =  +12  .75 

(JVT')  =  229    32  25  .52 

Thia  ia  the  apparent  nadir  distance  upon  the  supposition  that  the 
position  of  the  rciuliiig  niicrosc<ipcs  (which  rest  on  the  axis  of 
the  telescope*)  rcnmined  ahsulutelj  lixed  while  the  instrument 
revolved  from  the  nadir  to  the  star.  To  determine  thia,  the 
spirit  level  was  applied  to  the  microscope  frame.  At  the  nadir 
reading,  the  inclination  of  the  frame  was  i^^^ —  1",23,  and  at  the 
observation  of  the  star  it  was  V  =  —  l"t54 ;  and  hence  w^e  have 

(iT)  =  229^  32^  25".52 
—  0  .31 


iV^'==^229    32  25  .21 

In  this  observation,  the  circle  was  east,  and  the  nadir  diBtanco 
was  reckoned  tljrt>ugh  the  south  puint. 

197.  Since  Q  and  J/y  will  he  aiiplied  in  n:»ducing  all  the  obser- 
vations made  on  the  siime  da>%  or  so  long  as  these  quantities  are 
reganled  as  constant,  it  will  be  convenient  to  eoml>ine  them  once 
for  all.  We  may  either  convert  the  micrometer  reading  into 
seconds  of  arc  and  add  it  to  the  circle  reading,  which  will  g-ive 
the  circle  reading  wlien  M^=Q\  or  convert  the  seconds  of  the 
circle  readitig  into  divisions  of  the  micrometer  and  add  it  to  the 
micrometer  reading,  which  will  give  the  micrometer  reading 
when  Q  -  0.  Thus,  if  we  take  the  latter  method  in  the  pr4>- 
ceding  example,  we  luive  (_\—  —  5'\30  —  —  5''.72  of  tlie  micro- 
meter.    We    then    take    (.tf)  =  C;+ itfe=  5' Se-'Jd  —  5^J2  = 

^  At  ihifi  eoaitraetloQ  ItiTolrei  the  neetssttjr  of  in  ftddltioiuil  otetrrmtlon,  wbA 
thus  itMroducckf  »noili«r  »ourc«  of  error,  it  tippe«r«  to  b«  pr«f«iiibU  to  ati»eli  Uli 
nading  inicro>€«>p#a  pcrmftnentljr  to  the  piers,  provided  ihe  pien  ftrc  weU  fttard^d 
•gaiiKi  oliMig«»  of  iempttrttttre  which  might  alter  the  relftUT*  poi&tkfti  of  tte 
mierotcopcs. 
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Sr  3K18,  which  we  may  call  the  micrometer  zero;  and  in  any 
observation  of  a  star  when  the  circle  reading  is  C  and  micro- 
meter reading  Jjf ',  the  nadir  distance  will  be  simply  {N')  =  C 
+  M'  —  {31).    In  this  example,  therefore,  we  should  have 

C'=  229^.32'    7".47 
M'  —  (Jlf)  =  +  19-.47  =  +18  .05 

(iVr')="229    32  25  .52 

198.  Instead  of  a  single  micrometer  thread,  Bessel  used  a 
double  one,  consisting  of  two  very  close  parallel  threads.  The 
sight  line  is  then  a  line  which  bisects  the  angle  between  the 
threads,  and  a  star  is  always  observed  when  it  is  estimated  to  be 
midway  between  them.  It  was  the  opinion  of  Bessel  that  even 
greater  accuracy  was  attainable  in  this  way  than  in  bisecting  a 
star  by  a  single  thread.  Although  there  may  be  some  doubt  of 
this  being  true  for  all  observers,  still  the  method  has  advantages 
in  determining  the  nadir  point.  The  sight  line  determined  by 
the  middle  point  between  the  threads  will  be  vertical  when  each 
thread  is  in  coincidence  with  the  image  of  the  other  thread.  But, 
as  we  cannot  depend  upon  such  directly  observed  coincidences, 
the  micrometer  reading  for  coincidence  is  found  by  taking  the 
mean  of  two  obser\'ation8,  at  one  of  which  the 
image  of  one  of  the  threads  is  placed  midway  « 


between  the  threads,  and  at  the  other  the  image  ■ 

of  the  other  thread  is  so  placed.     Thus,  at  one  ^ -±_- . 

obserx-ation  we  make  the  observation  a.  Fig.  47,  

and  at  the  other  the  observation  6,  and  take  the  mean  of  the 
corresponding  readings. 

199.  Seduction  to  the  meridian. — In  the  above  method  of  obser- 
vation, the  determination  of  the  nadir  point  is  made  verj-  precise 
by  relocating  the  readings  of  the  circle  and  micrometer,  but  the 
reading  for  the  star  depends  upon  a  single  observation.  In  order 
to  give  both  measures  at  least  equal  precision,  we  must  make 
several  bisections  of  the  star  by  the  micrometer  thread  during 
the  passage  of  the  star  across  the  field.  But,  since  the  star  in 
general  describes  a  small  circle  in  the  field,  all  the  measures  on 
either  side  of  the  meridian  will  require  a  correction.  In  inves- 
tigating this  correction,  I  shall  suppose  that  the  instrument  is  not 
precisely  in  the  meridian,  in  order  to  see  what  eftect  its  errors 
have  upon  the  obser\'ed  declination. 
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Tig.  48. 
N 


III  Fig.  48,  conatmctcd  aa  in  Art  123,  let  0  be  the  poftition  of 

the  star.  The  great  circle  described 
by  the  telescope  is  N'2\S\  and  Z'  is 
the  zenith  of  the  ioHtruinent.  The 
arc  A  0  drawn  from  the  pole  of  the 
great  circle  N'Z'JS'  to  the  star  inter- 
8ecta  this  circle  in  O',  and  00'  re- 
presents the  micrometer  thread  which 
bisects  the  star,  since  this  thread  id 
also  perpendicular  to  the  plane  of  the 
instrument^  and  0*0  =  c  is  the  dis- 
tance of  the  star  from  the  colHnuitioQ 
axis.  If  the  teleseope  were  directed  to  the  pole^  the  thread 
would  comcide  with  PP%  P*  being  the  point  in  which  the  great 
circ^le  AP  intersects  N*Z'S*.  Hence,  P'  is  the  apparent  pole  of 
the  instrument,  and  the  apparent  polar  distance  of  the  star,  ae 
given  by  the  instrument,  is  P'O'  ^  i^O^  —  S^  (denoting  the  ia- 
etrumental  declination  by  o').  But,  since  the  triangle  P'AO'  is 
right  angled  at  P'  and  0\  the  angle  P'AO^  is  measured  by 
P'O',  We  have,  therefore,  in  the  triangle  P^10(with  the  notiw 
tion  of  Art.  123),  the  sides  P^i  ^  90^  —  n,  AO  =  90<^  +  e,  PO 
=  90°  —  d,  with  the  angle  ^PO  =  90*^  +  r  —  m,  and  the  angle 
PAO  =  90°  —  <J'.    Hence,  by  Spk  Trig,, 


^1 


Bin  a  = 
OCM  t  idfi  (r  —  si)  = 

000  ^  eoa  (r  —  m)  = 


—  sin  n  sin  c  -|-  cos  n  cos  c  sin  ^' 
cos  n  sin  o  4^  sin  n  cos  c  sin  d 
cos  c  cos  6 


5} 


CIM) 


in  which  3  is  the  corrected  declination,*  r  is  the  east  hour  angle 
of  the  star,  and  m  and  n  are  the  instrumental  constants  as  deter- 
mined by  transit  observations  (Art.  151).  But,  since  n  is  exceed- 
ingly snnill  (seldom  more  than  0^,5  =  7".5)  and  e  not  more  than 
15'  even  when  the  star  is  observed  near  one  of  the  extreme 
transit  threads,  the  product  sine  sinn  will  be  insensible,  and  we 
may  always  pat  cosn  =  1.  The  fii-st  and  third  of  tlieae  equa^ 
tions,  therefore,  become 

sin  iJ  =  cos  <r  sin  d' 
COB  d  cofl  (r  —  m)  =  006  c  cos  ^ 


whence 


tan  9  ===  eos  (r  —  m)  tan  ^ 


(192) 


*  Thki  it.  6  b  lh«  appftrrnt  declinaltoii  («ffeeltd  hy  refrtction  ftn^l  p«mnftx)  m§  U 
would  b«  i^lten  by  mh  ob«ervAtioii  in  tkt  mtridUii  with  »  perfect  I ja4|u'*^  initnuofiit. 
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from  which  it  appears  tliat  the  only  correction  for  the  error  of 
the  instrument  with  respect  to  the  meridian  is  the  subtraction 
of  the  constant  m  from  the  hour  angle.  The  value  of  8  will  be 
found  more  conveniently  by  developing  it  in  series  by  PI.  Trig. 
Art  254 ;  we  find 


in  which 


^  sinr  ^  2  8iQr  ^ 


sin*  i(T  —  m)  ^     •  w 

g  = ^ ^ —  =  —  tan*  iCr-^m) 

^  l-_8in«J(r— m)  ^ 


As  it  is  more  convenient  to  employ  sin*  J  (^  —  ^)  instead  of 
tan*  i{T  —  w),  because  tables  of  the  former  quantity  are  in  com- 
mon use  (see  Tables  V.  and  VI.),  we  develop  q  in  tlie  form 

q  =i  —  sin*  i  (r  —  m)  [1  —  sin*  ^  (t  —  m)]  "  * 
=  —  siu*  i  (t  —  m)  —  sin*  ^  (t  —  m)  —  &o. 

and,  substituting  this  value,  we  find 

-      .,      sin*:UT  — m)    .    ^.,       2sin*J,  (t  — m)    .    o*^  •  **^      xinoN 

i=S' ^- sm  2d' •- ^  sm  2d'8m*d'     (193) 

sin  1"  sin  1"  ^       ^ 

where  tlie  last  term  is  usualh-  insensible,  and  the  term .---,, 

•^  '  sm  1" 

sin  2«'  is  called  the  reduction  to  the  meridian.*  In  computing 
this  tenn,  we  may  use  d  for  3\  The  correction  is  always  sub- 
tractive  from  the  instrumental  declination.  If,  however,  we  wish 
to  apply  it  to  the  observed  nadir  distance  N\  we  must  obseive 
the  «*iirn  of  ^V  in  (190).  For  circle  east,  the  reduction  will  be 
additive  to  X\  and  for  circle  west,  subtractive  from  N\ 

Example. — In  the  obsen-ation  of  Polaris  on  !May  4,  1856,  p. 
287,  the  star  was  not  only  observed  at  the  time  of  its  transit,  but 
it  was  bisected  by  the  micrometer  thread  a  number  of  times 
during  its  passage  over  the  field,  the  clock  being  noted  at  each 
bisection,  as  in  the  following  table,  which  contains  also  the  re- 
ducti<»n  of  the  observations: 


*  The  Uiit  term  of  the  serieit  becomes  a  maximum  for  a  giren  value  of  r  —  m 

when  H  --    ♦»<>**,  in  which  co»o  the  value  of  the  term  is -J  ^/^,  which 

Hin  1" 
amoaiifH  to  0".01   only  when   t  —  m  -    in»"  2.V.     This   term.  then,  may  be  safely 
npgIocte<l,  pruviilcd  the  obscrTations  are  all  taken  within  10*"  of  the  time  of  the 
meridian  passage. 
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T 

if' 

M'-Mk 

-if* 

M 

ir  +  JI 

nctan 

1»  1"6K 

5-50-6 

+  13-.  65  = 

■j-  12".65 

-{-2-»52'. 

-r.4i 

+  ir.24 

^(TM 

2    17 

50.9 

14.05 

13  .02 

2    m 

0  .80 

12  .72 

4-0  .id 

2    49 

50.8 

18.95 

12^93 
1/.C5 

1    54 

0  J8 

12  ,75 

-hO  M 

3     16 

60,5 

IS  .65 

1    27 

0  M. 

12  M 

+  0  .10 

a    85 

60.2 

Id  .85 

13  .38 

1      8 

0  M 

12  .32-0  .It 

4      0 

50.4 

18.56 

12  .m 

0    43 

0  .03 

12  .53J4-0  .Ot 

4    SO 

60.6 

13.96 

12  .93 

4-0    13 

0  .00 

12  .98 

-hO  .49 

4    67 

50.4 

13.55 

12  M 

^0    14 

0  .00 

12  .56 

+  0  :i2 

6    11 

49.4 

12.65 

1!  .68 

1    28 

0  M 

n  .52 

^0  .W 

C    87 

60.4 

13.65 

12  .56 

1    51 

0  .18 

12  .88 

^  0  .1)6 

7      0 

49.8 

12.96 

12  .00 

2    17 

0  .26 

11  .74 

-  0  .70 

7    24 

61.2 

14.35 

18  .80 

2    41 

0  .36 

12  .94 

^0  .60 

7    56 

60.9 

14.05 

13  ,02 

-8    12 

—  0  ,51 

-1-  12  .51 

i-0  .07 

Mmo  -I-  12  .44 

The  column  T contains  the  observed  clock  times;  J/'  the  micro* 
meter  reading  at  each  bisection  of  the  star ;  J/'  —  M^  is  found 
from  the  obaen^ation  of  the  nadir,  which  gave  J/^—  5'  36^85, 
and  J/"  19  the  value  of  M*  —  31^  in  arc,  the  value  of  a  divisioa 
being  0".927,  To  find  r  —  w,  we  observe  that  the  hour  angle  r 
h  found  by  the  formula 

a  being  the  right  aecension  of  the  star  and  ^Tthe  clock  correo- 
tion,  and  hence 

T  ^  m  =  a  —  aT  —  m  —  T 
or,  putting 


we  have 


In  the  present  example,  the  value  of  m  was  +  0',42,  and  6.T^ 
+  1*  2*.85.     The  apparent  place  of  the  star,  from  the  Aiuericiui 
Ephemeris,  was 


•  =  1*  5-  46'.2d 


a  =  ss**  a2'  20''.oo 


Hence,  a'==  1*  4"*  43*.0,  the  difference  between  which  and  eidi 
T\s^  given  in  the  column  r  —  nu 

The  reduction  to  the  meridian,  here  denoted  by  i?,  is  conve- 
niently computed  by  the  aid  of  Table  VI.,  under  the  form 


Sin  1 


(194) 


This  redactton  ia  bcre  to  be  applied  to  the  obMrv«d  oadir  du- 
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tance  wkh  the  same  sign  as  to  the  decimation,  for  the  finder  was 
west,  and  the  nadir  distance,  being  reckoned  through  the  south 
point  over  the  zenith,  increases  with  the  declination.  The  two 
quantities  M"  and  R  being  applied  to  the  difference  of  the  circle 
readings  for  the  nadir  point  and  the  star,  we  have  the  apparent 
nadir  distance  of  the  star  in  the  meridian.  The  sum  J/"  +  R 
should  then  be  the  same  for  each  observation,  and  we  have  here 
found  its  value  for  each  in  order  to  determine  the  probable  error 
of  observation.  From  the  "  differences  from  the  mean"  in  the 
last  column,  we  find  that  the  probable  error  of  a  single  observa- 
tion was  0".28,  which  includes  the  error  in  bisecting  the  star  by 
the  thread,  the  error  arising  from  unsteadiness  of  the  star,  and 
errors  of  the  micrometer. 

The  meridian  nadir  distance  of  the  star  from  the  mean  of  all 
the  observations  is  then  found  as  follows : 

(From  page  288)  C"  —  C,  =  229°  82^  12".77 

M''-\-R=  +12.44 

Corr.  for  incL  of  microscopes  =  t'  —  i^  =  —   0  .81 

J\r'=229    82  24  .90 

The  observation  was  taken  to  determine  the  latitude,  and,  in 
order  to  find  the  refraction,  the  barometer  and  thermometer 
were  observed  both  before  and  after  the  observation,  as  follows : 


Barometer 
Attached  Therm. 
External      " 


At  1*0*. 


80*'.176 
54  .9 


At  1*  12-. 


80*-.210 
66^.5 
54  .6 


Means. 


80M98 
56^8 
54  .75 


Hence,  using  Bessel's  Refraction  Table,  we  find 

—  /=  49^82' 24".90 
Eefraction  =  1     8  .05 

—  2  ==  49  38  32  .95 
^  =  88  32  26  .00 
f  =  38    58  53  .05 

200.  Horizontal  point. — Observation  of  a  star  by  reflection. — The 
second  method  of  using  the  instrument  is  that  in  which  the 
apparent  altitude  of  a  Htar  is  determined  by  tiiking  half  the 
angular  distance  between  tlie  star  and  its  image  reflected  in  a 
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baflin  of  mercury.  The  direct  obeeo-ation  of  tbo  star  U  usualtjr 
nuule  before  the  meridian  transit,  and  that  of  the  reflucttsj  uimg^a 
tttU«r  tho  tmnsit,  or  vice  versa^  and  each  m  reduced  to  tlie  mtTidian. 
The  difference  of  the  two  reduced  circle  readings  {phis  the  dif- 
ference of  the  micrometer  readings  if  tlie  obsen'ations  are  made 
on  the  movable  tliread)  is  twice  the  meridian  altitude.  The  half 
sum  of  tlic80  reading^l  ie  tho  reading  when  the  rfiglit  line  id  hori- 
zontal, and  repreaenta  the  horizontal  jmini  of  the  circle.* 

In  uh:?er%ijig  ef|natorial  stiirs  by  this  method^  the  circle  is  aei 
appn»ximately  for  the  direct  ohservation,  and  the  micrCMioopM 
read  off  before  tlie  star  comes  into  the  field.  Then  one  ar  more 
bir^ci'tions  of  the  star  are  made,  witli  the  micrometer  thread, 
before  the  star  arrivcjs  at  the  middle  transit  thread.  The  telee* 
cope  is  then  quickly  turned  towanls  the  mercury  and  clamped  at 
thtr  approximate  position  of  tlie  reflected  image,  several  biBec- 
tion.s  are  made  with  the  micrometer,  and  iinally  the  circle  is 
again  read  off.  That  no  time  may  be  loet  in  setting  the  circle 
upon  the  reflected  image,  a  spirit-level  finder  attached  to  tbe 
tube  of  the  telescope  is  previously  set  to  the  approximate  deprea- 
eion  of  the  image ;  the  teleecope  is  then  revolved  until  the  bubbla 
plays. 

In  the  case  of  etars  near  the  pole,  the  circle  may  lx>  read  off  a 
nnniber  of  times  during  tlie  transit,  as  in  the  following  example 
from  Bessel. 

Example. — ^The  following  observations  of  a  Urs€€  J/Tnomwere 
taken  by  Be^sel  with  the  Kepnold  meridian  circle  of  tho  Koniga- 
berg  Observatory  in  1S42,  April  22.  Tho  star,  or  its  reflected 
image,  was  brought  in  the  middle  between  the  two  close  throada 
of  the  micrometer  by  moving  the  telescope  by  the  tangent  acrew, 
the  micrometer  thread  being  used  as  fixed,  and  the  circle  waa 
read  off  after  each  observation.  Five  direct  observations  are 
preceded  and  followed  by  three  reflection  observatious, 


*  Th%  dtltmiiiiAlioii  of  the  boritonUl  poini  by  reflection  obMrr^eu  i^^mM  b« 
ti»«<L,  in  eoiyuncuoa  wilti  Ibe  other  methoils  giTen  In  the  text,  for  the  Mkt  of  wrM* 
cat  inn.  ]ii(i«MHl,  a  is  deHimblo  ibftt  ait  the  iii«truiiient&l  constaat*  iibouM  bo  fouod 
by  ft(  IcMt  two  Indep^nileiit  meihodi.  The  construction  of  the  instrumenl  bo  th«t 
IhU  nhAU  mlw%y*  bn  poMlble  pr«»«enl*tllfnen1(ie»,  ivhirh«  bofrever,  bftrt  1 
fully  Qiri^reotne  by  l>ii.  I).  A.  Qutxti  in  the  large  uieridiAO  circle  con 
hu  direction  for  the  Uudley  Ob»erTntory. 
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•  Urim  Jfmortf.— Upp«r  Culmination. 

Cloek. 

r  —  ai 

Circle. 

S 

Meridian. 

0»  45-  54* 

17-20* 

146»  15'  11".0 

+  15".8 

146"»  15*  26".8 

49      1 

14   13 

16  .9 

+  10  .6 

27  .5 

51     6 

12     8 

20  .2 

+    7  .7 

27  .9 

54     9 

9     5 

83   44  44  .0 

-   4  .3 

33    44  39  .7 

5»    53 

4   21 

41  .5 

-  1  .0 

40  .5 

1     2   54 

0   20 

40  .5 

0  .0 

40  .5 

7    28 

4   14 

42  .8 

—  0  .9 

41  .9 

12     6 

8   52 

45  .6 

—   4  .1 

41  .5 

18    25 

15   11 

146    15  15  .4 

+  12  .1 

146    15  27  .5 

21    27 

18   13 

10  .4 

+  17  .4 

27  .8 

23   46 

20  32 

5  .4 

+  22  .1 

27  .5 

Mean.  Direct     33    44  40  .82 
«     Reflect.  146    15  27  .50 


App.  merid.  zen.  dist. 
Bapom.  29*».808  Att.  Therm.  47^.1  F.  1      ^      . 

Ext.      "      49  .0"  /B«fra<^tion 

Correction  of  the  circle  graduation  -f  0".470 
Corr.  for  distance  of  mercury  +0  .018 
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44  36  .66 

+  38  .76 

+  0  .49 

31  53  .53 


Star's  polar  distance 

Complement  of  latitude    35    17     9  .44 

^=    54    42  50  .56 

In  computing  r  —  m  by  the  form  a'  —  Ty  we  have  assumed 
a'  =  1*  3"  14*.  The  circle  readings  are  the  means  obtained  from 
the  readings  of  four  microscopes. 

The  reduction  to  the  meridian  B  is  computed  for  the  reflection 
obser\'ations  by  the  same  formulffi  as  for  direct  ones,  only 
changing  its  sign. 

The  correction  of  the  circle  graduation  was  derived  by  Bessel 
from  a  special  investigation  of  the  errors  of  those  divisions  which 
come  into  use  in  the  observation  of  Polaris  by  direct  and  reflection 
observations  at  its  upper  culmination.  For  a  given  zenith  dis- 
tance Zy  the  four  divisions  that  come  into  use  in  the  direct  obser- 
vation by  the  use  of  tlie  four  microscopes  are  r,  90°  +  r, 
180°  -f  Zj  270°  +  z ;  and  in  the  reflection  observation,  360°  —  z, 
90°  —  ^,  180°  —  z,  and  270°  ~  z.  The  correction  0".470  is  here 
the  mean  of  the  corrections  of  these  eight  divisions  for  z  ■=  33°  44', 
tlie  si<ru  of  the  correction  for  the  reflection  observations  being 
changed.* 


*  See  Bbssil,  in  Attron.  Kach.^  Nos.  481  and  482. 
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The  correction  for  the  distance  of  the  mercnry  from  the 
instruraent  is  simply  the  diflerence  of  the  latitude  of  the  mercury 
basin  and  the  centre  of  the  telescope*  For  in  this  method  we 
really  measure  the  angle  between  the  direct  and  reflected  ray» 
which  is  formed  at  the  surface  of  the  mercury,  and,  consequently, 
the  latitude  determined  is  that  of  the  mercury.  The  basin  wbb 
here  north  of  the  instrument,  and  the  deduced  latitude  would 
require  a  subtractive  correction,  or  the  zenith  distance  an  additive 
one. 

To  find  the  horizontal  point  of  the  circle  corrected  for  the 
division  errors,  we  have,  according  to  Bessel,  for  z  =  SS**  44'  ill 
the  direct  obt^ervation,  the  correction  -F  0'M5t>,  and  for  the  »up- 
piemen t  of  this  the  correction  —  0".784,  the  half  diflerence  of 
which  is  the  correction  +  0'^470  used  above,  and  the  half  sum 
—  0".»314  is  the  correction  of  the  horizontal  point  found  by 
taking  the  mean  of  the  circle  readings  in  the  direct  and  reflected 
observations.     Thus,  we  have 

Mean  of  circle  readings  =  90°  (f  4'MG 
Corr.  of  graduations  ^=  ' —  0  ,81 
Horizontal  point  =90    0  3  .85 

The  zenith  pomt  of  the  circle  is,  therefore,  0*=*  0'  3'\85,  So  long 
as  the  state  of  the  instrument  is  unchanged,  this  is  the  constant 
correction  of  all  zenith  distances  observed,  additive  or  subtract- 
ive,  accoi'diug  sla  the  object  is  south  or  north  of  tlie  zenith. 

20L  The  nadir,  horizontal,  and  zenith  points  of  the  circle  are 
all  determined  %vhen  any  one  of  them  is  detLTUiined,*  and  there- 
fore we  ought  to  be  able  to  combine  the  results  obtained  by  the 
mercurv  collimator  and  bv  reflection  obBcrvmtions  of  etars. 
Neverthelesi?,  obserx'crs  have  sometimea  found  discrepancice 
botweeu  the  two  methods  which  appeared  to  be  greater  than 
con  hi  fairly  be  ai*cribed  to  errors  of  observation.  Among  the 
sources  of  error  which  may  produce  such  discrepancies,  we  may 
here  mention  the  persontd  equation  in  bisecting  a  star  by  a  micro- 
meter thread.  Prof.  J.  II.  C.  CoFFiNf  has  demonstrated  the 
existence  of  such  an  etimitirui,  more  or  less  constant,  between 
difterent  observers,  l)y  coni|iaring  tlie  declinations  of  the  same 

*  Frovldtd  the  erron  of  divt»ioa  snd  of  flexure  bftvf  b««ii  doljr  cliuiuiAUd. 
f  A*tr<mtmk^l  Jvurmol^  Vol  UL  {».  121. 
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•tar  obtained  by  the  different  observers  using  the  mural  circle  of 
the  Washington  Observatory  during  the  years  1845  to  1849 
inclusive,  the  declinations  having  all  been  reduced  to  the  same 
epoch.  He  also  found  a  constant  difference  between  the  decli- 
nations of  zenith  stars  observed  by  himself  when  they  were 
observed  as  southern  stars — Le.  with  the  body  fronting  south — 
and  when  they  were  observed  as  northern  stars,  and  this  under 
conditions  which  excluded  the  hypothesis  of  a  parallax  resulting 
jfipom  a  maladjustment  of  focus.  This  difference  amounted  to 
nearly  0".5. 

A  really  constant  error  in  bisecting  a  star  will  affect  the  zenith 
distances  of  all  stars  alike,  but  will  have  opposite  effects  upon 
the  deduced  declinations  of  stars  north  and  south  of  the  zenith. 
It  will  also  have  opposite  effects  upon  the  declination  of  the 
same  star  deduced  from  direct  observations  and  by  reflection ; 
and  hence  the  discordance  between  the  results  of  these  two 
kinds  of  observations  will  be  twice  that  error.  It  will  also  cause 
the  zenith  points  determined  from  north  and  south  stars  to  differ 
by  twice  the  error  of  bisection. 

Professor  Coffin  also  suggests  that  the  discrepancies  referred 
to  may  possibly  be  produced,  in  part  at  least,  by  a  habit  of 
making  tlie  bisection  constantly  before  or  constantly  after  the 
instant  for  which  it  is  recorded,  in  which  case  the  error  will  vary 
with  the  declination.  Thus,  if  the  observation  is  recorded  as 
made  at  the  time  the  star  passes  the  middle  thread,  and  the 
obsen'cr  always  makes  the  bisection  at  a  constant  time  before  or 
after  the  transit,  the  error  will  be  simply  the  reduction  to  the 
meridian  for  this  time,  and,  consequently,  proportional  to  sin  23; 
but  if  he  observes  at  the  constant  distance  c  from  the  middle 
thread,  the  error  in  the  time  being  esec^,  the  corresponding 
error  in  the  declination  will  be  proportional  to  c*sec^  Jsin2J, 
that  is,  proportional  to  tan  d. 

Incltftation  of  the  micrometer  thread  is  another  source  of  error, 
which  should  always  be  attended  to  and  removed  by  adjustment 
if  possible,  or  by  computing  the  correction  for  it.  It  is  evident 
that  the  error  in  the  observed  declination  will  be  proportional 
to  the  distance  of  the  point  at  which  the  obsenation  is  made 
from  the  middle  thread.  The  inclination  will  be  determined  by 
bisecting  a  star  at  two  extreme  points  on  the  right  and  left  of 
the  field.  The  difference  of  the  two  observations,  when  both 
have  been  reduced  to  the  meridian,  will  give  the  required  correc- 
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tion  for  inclination.  A  star  near  the  pole  will  bo  preferable  far 
thh  puj^)oae,  as  a  number  of  bisectiond  may  be  made  at  each 
exti'eiuity  of  the  field. 

202.  ExAMPLB.^ — Ab  an  example  involving  all  the  varioas  cor- 
reetious,  I  extract  the  following  from  the  Greenwich  Observi^ 
tionii : 

Zenith  dUtatioes  obterred  with  ibd  Trmnsit  Circle, — Orecnwlehp  April  16,  186S. 


OU)«>cL 

Pointer. 

jr. 

I 

T 

A 

E 

0    1 

D 

2 

V 

9  MtUU  (IttflMtpl) 

KiiUriNilttt 

i4r»aK 
tn  40 

M7a 

0J»43 

0.4!3D 

9J0i 

0  74S 

SIJM 

At  the  observation  of  ij  Bootis  there  were  also  observed 

Barom.  29'».86,  Att.  Therm.  a3*»,2,  Ext.  Therm.  30°  J. 

The  pointer,  which  U  used  in  settiny  the  circle  for  an  obeervar 
tion,  gives  the  degrees  and  next  preceding  6'  of  the  circle 
reading. 

One  revolution  of  a  circle  mieroaeope  is  called  a  **  nominal 
minute/*  and  the  mean  value  of  4^902  eorresponda  to  5',  so  that 
the  noniinul  niinntes  are  reduced  tu  true  minuter  of  arc  by  in- 
creasing them  by  their  ^\  part.  Since  the  mean  of  the  micro- 
acopes  18  to  be  found  by  dividing  their  sum  by  6,  and  the  deci- 
mal part  of  the  quotient  is  then  to  l>e  cotiverted  into  nominal 
aeconds  by  multiplying  by  00,  ttie  nominal  sccondf*  in  the  mean 
are  obtained  at  once  by  gimply  adding  the  decimals  of  the 
eeveral  tnicrortcope  readin^R  (making  the  integers  the  ftame  in 
all)  and  removing  the  decimal  point  one  place.  Thus,  in  the 
first  ol>sen'ation,  making  2  the  common  integer^  the  sum  of  die 
decimuN  is  .610,  and  hence  the  mean  U  2'  6'MO  (nominal), 
which  increased  by  its  ^  ^^  lU  V^^^  '^  2'  8"*62  of  arc.  Thii 
requires  a  further  correction  for  variation  of  the  vidue  x>T  a 
microscope  revolution  fmrn  its  mean  value,  that  is,  for  err«>r  of 
rmis  (Art,  22),  The  correction  for  ruuM  on  the  given  date  wa« 
+  0".o76  for  100  nominal  second**,  and,  thercfure^  the  correction 
of  the  first  obserration  is  +  0".576  X  1.261  =  +  0".78, 
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There  is  next  to  be  applied  the  correction  for  error  of  gradua- 
tion and  of  flexure.  These  are  combined  in  a  table  given  in 
the  introduction  to  the  observations,  from  which  their  values,  as 
used  in  the  following  reduction,  are  taken  with  the  argument 
"  Pointer  reading. ' ' 

The  value  of  one  revolution  of  the  telescope  micrometer  was 
29".626,  and  the  reading  multiplied  by  this  number  is  always 
additive  to  the  circle  reading. 

The  distance  of  the  star  from  the  meridian  is  expressed  by 
the  number  in  the  last  column  of  the  above  table,  here  denoted 
by  Ny  which  is  the  number  of  the  transit  thread  at  which  the 
bisection  is  made.  The  middle  thread  is  assumed  to  be  in  the 
meridian;*  and,  since  the  average  distance  of  two  adjacent 
threads  was  207".31,  the  number  of  the  middle  thread  being  4, 
the  distance  of  the  star  from  the  meridian  is  represented  by 

c  =  207".31(iVr  — 4) 

The  formula  for  reduction  to  the  meridian  is  put  under  the  ap- 
proximate form 

-R  =  J  T>  sin  1"  sin  2d  =  ^  t>  sin  1"  sin  d  cos  a 

and  r  is  also  found  approximately  by  the  formula  t  =  c  sec  d : 
hence,  according  to  tliis  (rather  inaccurate)  method,  we  have 

72  =  i  c»  sin  1"  tan  d 

which  for  the  Greenwich  instrument  gives 

B  =  0".1042  tan  d  X  (iV  —  4)« 

as  ^ven  in  the  explanations  of  the  observations. 

The  micrometer  thread  was  inclined  so  that  an  observation  at 
one  of  the  side  threads  required  the  correction  —  0".775  X 
(.V-4). 

The  complete  reduction  of  the  above  obsenmtions  is,  there- 
ft)ru,  as  follows.  In  computing  the  reduction  11  we  have  as- 
sumed J  =  1D°  8'. 

♦  I  iiin  here  stating  the  method  employed  at  the  Greenwich  Obnenratory,  not  re- 
commemling  it.  For  Htars  near  the  pole  it  is  not  tnufficiently  accurate,  as  will  be 
foun<i  hj  reducing  some  of  the  observations  of  a  and  >.  Urt«  Mtnoris  by  our  com- 
plete formula  (193).     A  difference  of  ()".2  or  (K'.S  occurs  in  some  cases. 
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Mottn  of  miorosoopei 

Eediieti(m  to  arc  =  ^ 

CorroctlOD  for  rune 

Diriaion  error 

Telescope  mierometeF 

Eeduoiton  to  meriditJi 

Corr.  for  incluuitloti  of  thread 

Poiiater 

Corrected  mcrid.  circle  reading 


Hence,  by  5  Bootis^  we  have 


^B>ot(tm 

,AM|if(I>) 

MrK 

+     2*   6M0 

4-  cerje 

4.  o^ir.« 

-h         2  M 

+         1  .04 

4-       0  .t2 

+         0  .78 

+       a  .ao 

4-         0  .24 

+         1  .61 

+         1  .24 

4-       om 

-h     9  26  .15 

4-    9  57  .86 

4-  10  82  .W 

^         0  M 

4-         0  .82 

+         2  M 

—         2  .88 

1470  20* 

32«    0* 

179*»40' 

147    31  89  M 

82    10  60  .06 

179    61  15  S7 

App.  zenith  dist  (R) 
ii  *i  «i     ^X)) 

McaB  app.  son.  diat. 
Eefraction 


82*>  28'  20  .98 

82    10  50  .08 

82    n  85  M 

+  88  >01 

z  :=:  32    20  13  .54 

^  ^  51    28  38  .20 

^  =  19     8  24  .66 

The  half  difference  of  the  apparent  zenith  distatiees  (R)  and 
(D)  18  evidently  the  zenith  point  corret'tion,  and  h  here  4-  8'  4r*".45 
additive  to  all  elrele  readings.  According  to  the  nadir  point 
observation,  it  is  +  8'  44".33.  The  praetiee  at  the  Green\%ieh 
Observatory,  however,  is  to  emph>y  for  a  number  of  consecutive 
days  a  mean  vakie  of  the  zenith  point  correction  obtained  from 
all  the  values  determined  during  the  period.  Thus,  the  mean 
Tahie  employed  from  April  12  to  April  24,  1852,  a  period  in* 
eluding  tlje  above  observations,  was  +  8'  45'M6.  Tlie  practice 
recommended  by  Bessel  of  employing  the  nadir  point  readings 
determined  at  the  time  of  the  obseiTutiou  is  preteruble* 


203.  The  zero  points  of  the  circle  may  also  be  determined  by 
reversing  the  axis,  if  the  microscopes  rest  011  the  axis  and,  con- 
sequently, are  reversed  with  it.  Let  a  colli  nutting  telescope  b^ 
placed  anywhere  in  the  meridian  with  its  axis  directed  towards 
the  rotation  axis  of  the  meridian  circle,  and  let  it  be  proviiled 
with  a  cross  thread  in  its  focus,  Birect  the  telescope  up<in  the 
coUituator,  and  bring  the  mienmieter  thread  upon  tlie  intersection 
of  the  cross  thread.     Let  6*  be  the  circle  reading  corrected  for 
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the  inclination  of  the  microscope  fitime,  micrometer  reading,  &c. 
li'ow  reverse  tlie  rotation  axis,  and  make  a  similar  observation 
upon  the  collimator.  Let  C"  be  the  corrected  reading.  Then  it 
is  evident  tliat  J  ( C  —  C")  is  the  true  zenith  distance  of  the  colli- 
mator (supposing  the  readings  to  commence  at  the  zenith),  while 
J  ( C  +  C)  is  the  true  reading  when  the  telescope  is  vertical,  and 
represents  the  zenith  point.  This  method  may  occasionally  be 
used  for  the  purpose  of  comparison  with  the  methods  already 
pven ;  but  it  is  too  troublesome  for  constant  use.  Moreover, 
observations  depending  on  the  spirit  level  are  not  so  reliable  as 
those  made  from  the  surface  of  mercury,  which,  when  at  rest, 
must  be  perfectly  horizontal. 

Another  method,  suggested  by  the  ever-inventive  Bessel 
(before  the  introduction  of  the  mercury  collimator,  however),  is 
also  dependent  on  the  spirit  level,  but  admits  of  greater  accuracy 
than  the  above,  because  a  level  of  larger  dimensions  may  be  used. 
The  level  is  applied  to  the  collimating  telescope,  which  is  placed 
in  the  horizontal  plane  of  the  axis  of  the  meridian  circle.  AVhen 
the  bul)ble  is  in  any  given  position,  the  sight  line  of  the  colli- 
mator makes  a  given  angle  with  the  vertical.  If,  then,  the  colli- 
mator with  its  level  is  first  placed  south  and  then  north  of  the 
circle,  and  the  bubble  of  the  level  brought  to  the  same  reading 
in  each  case,  the  zenith  distance  of  the  cross  thread  observed  by 
the  circle  must  be  the  same,  but  on  opposite  sides  of  the  zenith. 
The  mean  of  the  two  circle  readings  will  therefore  be  the  zenith 
point  reading.  Instead  of  bringing  the  level  of  the  collimator 
to  the  same  reading,  it  will  be  preferable  to  observe  the  inclina- 
tion in  each  position  north  and  south,  by  reversing  the  level  in 
the  usual  manner ;  then  the  difference  of  the  inclinations  will 
be  applied  as  a  correction  to  the  mean  of  the  circle  readings  to 
obtain  the  true  zenith  point.  This  method  has  the  advantage 
of  not  requiring  a  reversal  of  the  axis  of  the  meridian  circle. 
Plato  III.  Fig.  2  represents  a  collimator  with  its  spirit  level,  as 
required  in  this  method.  Two  piers,  one  north  and  one  south 
of  the  circle,  are  each  provided  with  Vs,  which  receive  the  col- 
limating telescope  alternately. 

Finally,  to  complete  the  enumeration  of  methods  depending 
on  the  spirit  level,  the  collimating  telescope  may  be  placed  ver- 
tically over  or  under  the  telescope  of  the  meridian  circle.  Tlie 
level  is  then  attached  to  the  collimator  at  right  angles  to  its 
optical  axis.     Two  observations  are  made  upon  the  cross  thread 
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of  the  collimator  ns  before,  die  collimating  telescope  being 
(between  tbo  two  observations)  revolved  180^  al>ont  tlie  vertical 
line.  The  rriean  of  tlie  circle  readings,  corrected  for  difference 
ill  the  inclination  of  tlie  coll  im  at  or  as  showu  by  the  level,  will 
be  the  zenith  or  nadir  point  reading. 


204.  Flexure, — ^Notv\nth^tanding  the  conical  form  which  in 
given  to  the  telescope  tubes  of  large  ingtmraont^,  tlicir  weight 
produecB  a  sensible  flexure,  which  may  change  the  position  of 
the  optical  axis  of  the  telescope  with  respect  to  the  zero  points 
of  the  circle*  It  is  important,  therefore,  to  investigate  the 
amonnt  of  this  flexure.  The  following  is  BEsgEL's  method- 
Two  collimators,  such  as  that  represented  in  Plate  IIL  Fig.  2, 
are  monnted  in  the  horizontal  plane  of  the  axis  of  the  ciri'le,  one 
north  and  the  other  sonth.  The  cross  threads  of  the  collituutoni 
admit  of  adj  nstment  (by  a  inierometer  screw,  for  exjimide),  jsn  that 
they  may  be  brought  to  eoineide  with  each  othei\  the  meridinn 
circle  being  raised  npon  the  reversing  apparatus  during  thii 
adjustment.  The  tw^o  intersections  of  the  cross  threads  of  the 
colliinatore  now  reiiresent  two  infinitely  distant  points  whose 
angular  distance  ia  exactly  180°.  The  meridian  circle  being 
peplaced,  observe  this  angular  distance  in  the  usual  manner.  It 
ifl  evident  that  the  errors  of  division  of  the  circle  will  not  enter, 
mnco  the  same  two  divisions  come  under  the  opposite  reading 
Microscopes  in  the  two  observations  in  nncrse  positions.  The 
difference  of  the  two  circle  readings  will,  therefore,  be  exactly 
180**  if  there  is  no  flexure.  But  if  the  difference  is  les«  than 
180*^  by  a  quantity  x,  then  Jz  is  the  correction  for  flexure  in  the 
liorizontiil  position  of  the  telescope,  lu  this  way.  Airy  luund 
that  when  the  Greeuwich  transit  circle  was  directed  upon  tVie 
south  collimator,  the  circle  reading  was  S9^  4G'  15". 52^  and 
when  upon  the  north  collimator,  20fP  40'  16".35;  tlie  difference 
180°  0'  0'',83  is  the  apparent  distance  of  the  two  opj>osite  points 
mejisnred  tlirough  the  nadir,  and  hence  one-half  of  0".88,  orO^'.il,  I 
is  the  effect  of  flexure  in  incrensing  apparent  nadir  diatancca  or 
in  dimtnishing  apparent  zenith  distances. 

In  different  positions  of  the  telescope,  the  mechanical  effect  of 
each  pniticle  of  mctaK  supposing  it  to  act  simply  as  a  weight 
attached  to  a  lever,  will  vary  as  the  sine  of  the  zenith  distance: 
so  that  if/ is  the  horizontid  flexure,  /sin  2  expresses  the  flexQTO 
in  general.    It  is  not  quite  certain,  however^  that  the  flexure 
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always  follows  this  simple  law ;  and  to  determine  the  law  experi- 
mentally, we  should  have  the  means  of  mounting  a  pair  of  col- 
limators in  a  line  making  any  angle  with  the  vertical. 

The  flexure  determined  by  the  above  method  is  properly 
called  the  astronomical  flexure,  as  it  gives  the  deviation  of  the 
optical  axis,  which  becomes  a  direct  correction  of  our  astro- 
nomical measures.  It  is  evident,  however,  that  it  does  not 
express  the  absolute  flexure  of  the  tube.  If  when  the  tube  is 
horizontal  both  ends  drop  the  same  distance,  the  optical  line 
determined  by  the  centre  of  the  objective  and  the  micrometer 
thread  will  merely  be  moved  parallel  to  itself,  and  no  flexure 
will  appear  from  the  circle  readings ;  for  the  collimators  do  not 
determine  merely  a  single  fixed  line  in  space,  but  rather  a 
system  of  parallel  lines,  or  simply  a  fixed  direction. 

The  effect  of  the  flexure  upon  an  observation  is,  then,  zero 
if  the  absolute  flexures  of  the  two  halves  of  the  telescope  are 
equal ;  and  when  these  are  unequal,  the  effect  is  proportional  to 
their  difterence.  This  leads  directly  to  the  method  of  elimi- 
nating flexure,  first  suggested  by  the  elder  Repsold  in  1823  or  *24, 
by  interchanging  the  objective  and  ocular  of  the  telescope.  Let 
us  suppose  that  at  any  given  zenith  distance  the  centre  of  the 
objective  drops  the  linear  distance  «,  and  the  horizontal  thread 
in  the  focus  drops  the  distance  ^',  so  that  a  and  a'  rei)resent  the 
absolute  flexures  of  the  two  halves  of  the  tube.     Then,  if  the 

whole  length  of  the  tu])e  is  denoted  by  2r,  tlie  angles  of  depres- 

a  ii* 

fiion  of  the  two  portions  may  be  expressed  by  —  and  —  respect- 
ively. If  then  X  i^  ^he  angle  which  the  sight  line  nov'  makes 
with  the  direction  it  would  have  had  if  no  flexure  had  taken 

place,  we  have  j  ■-=  —^^ — ;  that  is,  the  astronomical  flexure  is 

]»n)portional  to  the  absolute  flexure.  Now  let  the  objective  and 
Oi-ular  be  interchanged,  and  the  telescope  revolved  180°,  so  as  to 
be  again  directed  upon  a  point  at  the  same  zenith  distance  as 
before.  The  ahaolnte  JkxHrvs  being  (lie  same  as  In/orey  that  of  the 
object  end  is  now  a',  and  that  of  the  eye  end  is  a:  so  that  the 

astronomical  flexure  is  now  — ;^ =  —  r.     Hence  the  mean  of 

2r  ' 

two  obser\ations  of  the  same  star  made  with  the  objective  and 
ocular  reversed  will  bo  free  from  the  oftect  of  flexure.  More- 
over, the  half  difterence  of  the  measured  zenith  distances  will 
be  the  astronomical  flexure.     It  is  here  assumed  that  the  abso- 


?8  remain 
jective  and  ocular  arc  intorchaiigecU  For  a  diseusgion  l»y  IIamskv 
of  the  eonditioiis  necessary  in  tlie  construction  of  the  teleneope  ia 
order  to  satisfy  this  condition  (if  possible),  see  Asir.  IS^ach.^  VoL 
XVIL  p.  70.* 

As  to  the  effect  of  gravity  upon  the  form  of  the  circle, 
Bessel's  paper,  Astr.NacLy  Vol,  XXV- 


205,  Oltsercadons  of  (he  declumCion  of  (he  moon  with  (he  meridian 
circle, — In  these  observations,  the  micrometer  thread  is  usually 
brought  into  contact  with  the  full  limb,  and  a  correction  is 
applied  to  the  deduced  declination  of  the  lindi  for  the  moou's 
parulhix  and  semidiameter.  When  the  ol»scrvutioi»  is  not  made 
in  the  meridian,  the  reduction  to  the  meridian  (194)  is  also  to  \m 
aiiplied,  together  with  a  correction  for  the  moon's  proper  motion. 
The  ni«Kst  precise  formula  for  nuikiiig  these  reductions  is  that 
given  by  JU:tf.SEL,  which  is  deduced  as  follows. 

In  Fig.  4^>,  p.  290,  let  0  now  represent  the  apparent  position 
of  the  moon's  centre,  and  suppose  the  observed  point  of  tho 
moon*e^  limb  to  be  designated  by  J/ {not  given  in  the  figtire). 
Conceive  an  arc  to  l>e  drawn  from  A  tangent  to  the  moon's  limb. 
The  point  of  contiict  J/,  and  die  points  A  and  0,  form  a  triangle, 
right  angled  at  J/,  of  which  the  side  MO  is  the  moon's  apparent 
eemidiameter  =  V,  the  side  A0  =  90^  +  Cy  and  the  angle  at  A 
may  be  denoted  by  d*     We  have  then 


Bin  2^  =  sin  d  cos  c 


Let 


^1  =  tlio  observed  declination  of  the  limb,  corrected  for  ro- 

fraction, 
d^=^  the  apparent  declination  of  tbe  moon's  centre ; 


then  in  the  triangle  AOP  we  have  the  sides  ^0=90**  +  c, 
P^  =  90°  -  n,  PO  =  90^  -  3\  and  the  angles  PAO^d^^d^ 
APO  =  90**  +  (r  —  m);  whence,  us  in  Art,  199 


sin  y=^ 
cos  ^'«in  (t  —  m)  ^ 
cos  ^'  OOB  (t  —  m)  =; 


—  sin  n  sin  c  -f  cos  n  cos  c  sin  (S^  T  d) 

cos  n  sin  c  -f  sin  n  cos  c  nin  (^j  ^  4} 

cos  €  cos  (^,  qp  d) 


*  8e«  ftlio  Dr.  GorLD't  remarki  oo  tbe  meridliui  drcl«  of  tbe  Dudley  Obstrtmtotj, 
Proceedingv  of  tb«  Am.  AaiiociAUoii  for  Ibe  Adv.  of  Seience,  10th  tDcetm|[,  p*  11^ 
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Bat,  as  before,  we  shall  neglect  the  insensible  term  sin  n  sin  c, 
and  put  cos  n  =  1,  and  tlien  the  first  and  third  of  these  equa- 
tions will  suffice  to  determine  d'.  Moreover,  since  in  the  case 
of  the  moon  r  will  not  exceed  1*,  the  neglect  of  m  will  cause 
no  sensible  error  in  cos  (r  —  m).     Hence  we  take 

sin  d'  =  cos  c  sin  (d^  qp  d) 
cos  d'  cos  T  =  cos  c  cos  (^j  q:  d) 

or,  developing  the  second  members, 

sin  d'  =  cos  c  cos  d  sin  d^  qp  sin  ^  cos  d^ 
cos  a'  cos  T  =  cos  c  cos  d  cos  d^  ±,  sin  ff  sin  ^^ 

whence,  by  eliminating  cos  c  cos  (;?,  we  find 

:^  sin  d'  =  sin  ^'  cos  d^  —  cos  d'  sin  ^^  cos  r  0^^) 

If  now  we  put 

d  =  the  moon's  geocentric  declination, 

« =         "  "  somidiamcter, 

» =         "  eq.  hor.  parallax, 

^  ==  the  geocentric  or  reduced  latitude  of  the  place  of 
observation, 

p  =  the  earth's  radius  for  the  latitude  f , 
J,  J'  =  the  moon's  distance  fVom  the  centre  of  the  earth 
and  from  the  place  of  observation,  respectively,  the 
equatorial  radius  of  the  earth  being  unity, 

we  have,  by  the  formul®  of  Art.  98,  Vol.  L, 

A'$\n  d*  =J  BATiS  —  p  sin  / 

J'  cos  d'  =  J  cos  ^  —  />  cos  /  cos  r 

this  last  being  equivalent  to  the  more  rigorous  one  in  (133)  of 
Vol.  L,  when  the  moon  is  near  the  meridian;  and  by  Art  128, 
Vol.  L,  we  also  liave 

J'  sin  «*  =  J  sin  a 

Substituting  these  expressions  in  (195),  after  multiplying  it  by 
J',  we  find 

=p  J  sin  «  =  J  sin  (!i  —  a,)  +  2  J  cos  ^  sin  \  sin'  }  r 
—  P  sin  j^f>'  —  d^)  —  2p  cos  jp'  sin  d^  sin*  \  r 
Vol.  II.-20 
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Dividing  by  J  =  - — >  this  becomes 


811]  n 


:^  Bins  =z  fin  (J  -*  <J^)  +  2  cos  ^  sin  ^^  rin*  )  r 

—  fi  Bin  IT  sin  (/  —  «Jj)  —  2/>  siit  jt  cos  (p'sih  3^  sia*  )  r 

where  the  last  term  is  evidently  insensible.    If  then  wo  put 

sin  j)  =  />  Bin  It  sin  (f '  —  ^,)  0^) 

we  have 

sm  (d  —  <Jj)  =  sin  |)  ^  sin  «  —  2  cos  ^  sin  ^j  sin* )  r 

The   last  term  (which   is   the  reduction  to  the  TJieridian)  will 

seldom  exceed  1"^  and  may  be  put  under  the  form 


8ini2=/^j'8in*r,ftin2a.T« 


The  qnantity  r  is  here  the  true  hour  angle  of  the  moon,  to 
find  whieli,  let 

ft^  =  the  sidereal  time  of  the  observation, 

fi  =  '*  **  moon's  transit, 

X  =  the   increase   of   the    moon's  right  ascension  in   one 
sidereal  second; 


then 
and  hence 


=  (1  -;)(/«-  fsj 


225 


R  =  — -  sin  1"  sin  2  5  (1  —  ly  (/i  —  p^y 


(IW) 


The  first  two  terms  of  the  valne  of  sin  (i  —  d^)  differ  but  little 
from  sin  {p  z^:  s).     To  find  their  exact  value,  we  have 

ain  j»  7  diij  ^=r  sin  (p  ^  «)  +  sin  ;?  (1  —  cos  «)  qr  sin  «  (1  —  cos  f) 
=  sin  (p  ^  ^)  -^  2Bmp  sin*  1 9  qi  2  sin  «  sin' )  p 

Tlie  la^t  two  terms  of  this  will  seldom  amount  to  a  tenth  of  a 
second,  and  tlierefoi'e  the  formula  may  be  rcgartled  as  perfectly 
accurate  under  the  form 

sin  p  :;:  sin  ^  =  sin  (p  ^  s)  ^  i(p  zf  $)  sin  1'^  sin  p  sin  f 

Now,  since  i  —  ^^  and  p  ^  s  ditfer  by  so  small  a  quantity,  tht 
ratio  of  the  sine  to  the  arc  will  he  the  same  for  both  of  them: 
hence  we  shall  have,  with  the  utmost  precision, 


^  =  ^j  -|-  j>  :F  #  qp  i  yi  ^  «)  sin  />  sin  *  —  B 


aw) 
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as  given  by  Bessel.*  The  upper  or  lower  sign  is  to  be  used 
according  as  the  north  or  the  south  limb  is  observed. 

The  declination  thus  found  is  reduced  to  the  time  /i^^  of  the 
observation.  But  if  we  wish  its  value  at  the  time  of  the  meri- 
dian passage,  we  must  add  to  it  the  correction  {ji  —  fi^  X\  in 
which  3i'  is  the  increase  of  the  declination  in  one  sidereal 
second,  or 

60.1643 

where  a^  =  the  increase  of  declination  in  one  minute  of  mean 
time,  as  now  given  in  the  American  Ephemeris.  The  value  of 
1  —  >l  is  found  as  in  Art  154:  namely,  taking  Aa  =  the  increase 
of  the  moon*s  right  ascension  in  one  minute  of  mean  time,  we 
have 

Aa 


X=: 


BO  that,  putting 


we  shall  have 


60.1643 


-^ 


log  (1  —  ;i)  =  ar.  CO.  log  B 


and  log  B  may  be  taken  from  the  table  on  page  179. 

In  j)ractice,  it  will  generally  be  most  convenient  to  apply  the 
several  reductions  directly  to  the  observed  zenith  distance,  as  in 
the  following  example. 

Example.— The  declination  of  the  moon  was  observed  with  the 
meridian  circle  of  the  Washington  Observatory,  1850,  September 
17.     The  nadir  point  was  first  observed  as  follows: 


Circle  Microscopes. 


I 


Nadir  point 

at  20^.5     l^'-»   ^"^^ 
0  .7     1  .4 


2".  2 
2  .0 


Means. 


r.4   ll".60 

1  .6   U  .42  38^934 


Micrometer  thread  in  co- 
incidence with  its  image: 
mean  of  10  readings  = 


I  Moans  0.80  1^6.5  2^10  1  -^Oll^  .Slj 


The  valne  of  one  revolution  of  the  micrometer  =  34". 356,  or 


*  Tabulst  Reyiomontanx,  Introd.  p.  LV. 
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1''  =  (K.0291 ;  and  hence,  by  the  method  of  Art,  197,  the  micro* 
meter  zero  (or  reading  of  the  micrometer  when  the  circle  reading 
was  0°  0'  0")  was 

(M)  =  38'.934  4-  0'.0291  x  151  —  88'.978 

The  observatjou  of  the  moon  wa»  as  follows,  S.L.  denotiiig 
south  limb: 


Moon,  S.  L. 


Circle  Miorosoo|)«t. 


B 


Me«A< 


65*^  52'  45"  J  -i2".8  45",2  WA    44".95 

Barom.  30^.11 4  Ait,Tlicnii*e4*'.  Ext.  Thcrm.C2*.8 


aock=^ 


21*17»2l*' 
82 


mi««r 


39^.090 

89  .875 


The  eircle  was  wesi^  in  which  position  the  readings  are  zemth 
distances  towards  the  nouth.  The  correction  for  runs  wm 
—  0",75  for  3',  and  since  the  excess  of  the  reading  over  a  multiple 
of  8'  IS  1'  44",95,  the  proportional  connection  for  runs  is  — CK',43, 

The  clock  time  of  transit  of  the  maon*s  centre  over  the  meridiiui 
was  ;i  -=  21*  17*  IG'.BO. 

The  latitude  of  the  observatory  is  j?  =  38*»  53'  39",25,  and 
therefore  ^  —  ^'  -- 1  ri4"..>4,  log  p  =  9.9994S02,  The  longitude 
is  5*  8"  12*  w^est  of  Grcemvich. 

For  the  date  of  the  observation^  we  take  from  the  Nautical 
Almanae 


a  =  —  W  VJ 
lS  =  +  6".377     in  1 

Aa  ==         2*.0150    *'     **        " 

whence  log(l  —  ^)  =  9.98521  and  a' 


mean  time,        tt  =  54'    9".64 
**  a  =  14'  45",49 

+  r.1060 


The  correction  for  the  micrometer,  or  jTf  —  (3f),  converted  into 
seconds,  is  additive  to  the  circle  reading.  The  reduction  to  the 
meridian,  or  7^,  found  by  (1**7),  is  also  algcbniically  additive  to 
the  circle  reading,  attention  being  paid  to  the  ©ign  of  d;  and  the 
correction  for  change  of  dt»eHnati(m  to  be  added  to  the  circle  read- 
ing will  be  —  ifi  —  /ij)  X',  8ince  the  sum  of  tliese  three  eorreetions 
sbiMild  be  the  same  for  each  micrometer  obsen^ation,  the  precisioa 
of  the  observations  will  be  shown  by  computing  thb  sum  for 
each.     Thus,  we  find 
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I'  —  fl 

M-(M) 

R 

-if -fin' 

Sums. 

—  4'.2 

—  15.2 

—  26.2 

88".60 
31  .82 
80.82 

-0".00 

—  .03 

-  .09 

+  r.44 

+  1  .61 
+  2  .78 

84".04 
38  .40 
83  .51 

Mean  =  33  .65 


Hence  we  have 


=  55°  43'  29" 
lBy(196),|>=44'4r.75 


Circle  reading  = 

Corr.  for  runs  = 

Mean  corr.  for  niicrom.,&c.  = 

Apparent  zenith  distance  = 

By  Table  II.  Refraction  = 

(f  — fOl  9  —  ^1  = 

-(;>  +  «)  = 

— JCP+«)8in/>Bin5  = 
f  —  d  = 


55" 

52*44" 

.95 

—  0 

.43 

+  33 

.65 

55 

53  18 

.17 

+ 

1  25 

.60 

55 

54  43 

.77 

— 

59  27 

.24 

— 

0 

.10 

54 

55  16 

.43 

38 

53  39 

.25 

a=  — 16     137.18 


206.  Observations  of  the  declination  of  a  planety  or  the  sun. — The 
larger  planets  are  observed  in  the  same  manner  as  the  moon, 
that  is,  by  making  the  micrometer  thread  tangent  to  the  limb, 
and  when  the  planet  is  treated  as  a  spherical  body  the  ob8er\'a- 
tion  is  also  reduced  in  the  same  manner. 

In  the  case  of  the  sun,  both  limbs  may  be  observed.  The 
reduction  to  the  meridian  may  be  facilitated  by  a  table  giving 
the  logarithm  of  the  factor 


6  = 
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8inr(l— ^)«8in2a 


for  each  day  of  the  fictitious  year  (Vol.  I.  Art.  406),  such  as 
Bessel's  Table  XII.  of  the  Tabula;  Regiomontance.  Tlxis  table 
also  gives  for  each  day  of  the  year  the  value  of 

a  =  increase  of  the  sun's  declination  in  100  sidereal  seconds, 

so  that  the  reduction  of  the  observed  declination  to  the  meridian, 
including  the  correction  for  the  change  of  declination  in  the 
interv'al  r,  is 

100^ 
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The  correction  for  parallax  may  be  put  under  the  form 

8".571ia 


P^ 


^eui(/— J) 


in  which  r  =  sun's  distance  from  the  earth,  the  mean  distaDCi 
being  unity,  and  in  each  observatory  this  quantity  may  be  com- 
puted for  the  latitude,  and  fuv  each  day  of  the  year,  and  also 
inserted  in  the  table.  In  order  to  embraee  e%^ery  thing  necaswiry 
for  the  complete  reduction  of  tlio  observed  declination,  the  table 
contains  aUo  the  sun'a  semidiameter  for  each  day  of  the  fictitiooA 
year, 

207.  Chrrection  of  the  observed  decimation  of  a  ftaneCs  or  the  moon*s 

limb  for  spheroidal  Jhjtire  and  dtfedire  illttminatian, — ^Let  us  con* 

ftider   the   most   general  ease  of  a   spheroidal   planet  partially 

ilhiminated.     The  correction  to  reduce  the  observ^ed  declinatiott 

of  the  limb  to  that  of  the  centre  is  Ci^nal  to  the  perpendicular 

distance  from  the  centre   to  the  micrcmieter  thread,  which  i« 

tangent  to  the  limb  and  perpendicular  to  the  meridian.     The 

formulae  for  computing  this  perpendicular  in  general  are  (Vol.  L 

p.  580) 

-,       tan  1^  ,  '    ^f  *     w^ 

tan  ^  = am  y  =;  Bin  ^  am  r 

c  ^ 

„ 8  sin  d  COS  X 

""       ein  ^ 

in  which  5"  is  the  required  peqieiidicular^  d  the  angle  which  it 
makes  with  the  axis  of  the  planet  (reckoTiing  fmm  the  north 
point  of  the  disc  towainJs  the  east),  e  is  a  constant  depending  upon 
the  eccentricity  of  the  planet's  meridian,  V  the  angular  distance 
of  the  earth  and  sun  as  seen  from  the  planet,  and  s  is  the  equa^ 
torial  nidius  of  the  disc,  or  greatest  aj^parent  semidiameter  at  the 
time  of  the  observation.  The  perpendicular  here  coincides 
with  the  declination  circle,  and  consequently  we  have  at  one* 
^  =  —  p,  or  180**  —  Pi  according  as  the  north  or  the  sontli  limb 
iaobeerved;  />  denoting,  as  in  the  article  referred  to,  the  position 
angle  of  the  axis  of  the  planet.  From  the  discussion  in  Vol  L 
Art.  854,  it  follows  that  (putting  —  p  for  t?)  the  north  limb  will 
be  full  (and,  consequently,  the  south  limb  gibbous)  when  sin  p 
and  sin  V  have  the  same  sign.  We  shally  therefore,  here  ehangti 
the  sign  of  sin  jr,  and  take 
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tan  p'  = ^  8m  x  =  sm  p'  8m  F 

^  '    (199) 


..         8^    8m  2) 

r'  8m  p'       ^ 


in  which  5^=  the  greatest  apparent  semidiameter  at  the  mean 
distance  of  the  sun  from  the  earth,  and  r'  =  the  planet's  geocen- 
tric distance.  We  then  have  the  rule :  the  north  or  the  south  limb 
is  the  full  limb  according  as  sin  jf  is  ])ositive  or  negative.  The  fommlee 
for  computing  pj  V,  and  c  are  given  in  Vol.  I.  Arts.  848  et  seq., 
and  s^  is  given  on  p.  678. 

The  gibbosity  of  Saturn,  however,  is  wholly  insensible,  and 
even  that  of  Jupiter  at  the  north  and  south  points  of  the  limb 
cannot  exceed  0".05,  which  is  so  much  less  than  the  usual  errors 
of  declination  observations  that  it  may  be  disregarded.  Hence, 
for  Satuni  and  Jupiter  the  correction  will  depend  only  upon  the 
figure  of  the  planet,  and  will  be  computed  by  the  equations 

.        ,      tan»  ^/      «• 

tan  p'  = ^  ^  =  -7 


c  r'    sinj/        r'    cos// 

in  which   for  Jupiter  we  take  log  c  =  9.9672,  and  for  Saturn 

c=:.^  {l  —ce  cos* [)  =  1(1  —  [9. 2706]  cos'  Q,  I  and  p  being  taken 

directly  from  the  tables  for  Saturn's  Ring  given  in  the  Ephemeris. 

A  further  simplification   may  be   permitted   in   the  case  of 

cos  D 

Satuni ;  for,  on  account  of  the  small  values  of  p.  the  ratio  — -. 

cs         ^^f 
will   be   very   nearly  unity,  and   if  we   take  5"  =  —f  we  shall 

have  the  tnie  value  of  s'^  within  less  than  0".05. 

It  U  hardly  necessary  to  remark  that  when  we  neglect  the 
gibbosity  of  Jupiter  or  Saturn,  the  mean  of  the  observed  decli- 
nations of  the  north  and  south  limbs  gives  at  once  the  declination 
of  the  centre. 

For  Mars,  Venus,  and  Mercury  the  correction  will  be  only  for 
defective  illumination;  but  in  this  case  we  can  avoid  the  separate 
computation  of  p  and  V,  as  follows.  Substituting  in  the  equa- 
tion for  sin;f  (1*^^)  ^l^c  values  of  sin/)  and  sin  V  given  in  Vol.  L 
p.  /)77,  and  moreover  obser\'ing  that,  since  these  bodies  are 
regarded  as  spherical,  we  have  c  =  1,  and,  consequently,  //  =  p, 
there  results 

Bin  /  =  -     [cos  8'  sin  D  —  sin  d'  cos  D  cos  (a'  —  -4)]      (200) 
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in  which 

&',  d'  ^  the  piano t*s  right  aaceriBioTi  and  declinatiani 

A^D—  the  8un*»  '*  *'  *' 

R^  R ^=z  the  earth*9  and  tho  planet's  distanceB  from  the  sun; 

and  a  poBitive  value  of  sin  ^  will  here  also  indicate  that  the  north 
limb  is  full  and  the  eonth  limb  gibbous^  and  a  negative  value 
the  reverse.  Adapting  this  formula  for  logarithma,  we  have, 
therefore, 

tan  F  s=  tan  D  see  (o'  —  A) 

Ji   mn(F—r)BmI}  (201) 

am  y  =  — . 5^ 

^         le  BmF 

or,  more  conveaiently,  perhaps, 

tan  ^  —  tan  ^'  cos  (a  —  A) 

E    Bin  (I)^E)QOBy  )  (201«) 

sin  y   ^-=^* ^ :d ' 


E  being  taken  less  than  90°,  mth  the  sign  of  its  tangent 
Then  we  find  the  reduction  to  the  centre  of  the  phiuet  bj  the 
formula 

j^'^^cofl/  (202) 

If  the  declination  of  a  cuj^p  of  Venus  or  Mercury  has  been 
ohserved,  we  must  find  p  by  the  formula  (Vol.  I.  p.  577) 


tan  j?  =  cot  (a  —  A)  sin  {F  —  a')  sec  F 


(208) 


in  which  JF'has  the  same  value  as  above,  and  then  the  redaction 
to  the  centre  of  the  planet  will  be 

^'=Jcoep 

For  the  moon,  when  the  gibbons  limb  lias  been  observed,  the 
formulfe  (201)  may  be  ujulhI  for  computing  y;  but  on  account  of 
the  small  ditteretiee  of  i?  and  /?',  we  may  put  their  quotient  =  1. 
Since  the  declination  of  the  gibbous  limb  will  not  be  observed 
except  when  the  moon  is  nearly  full,  it  will  be  best  to  reduce 
the  observations  iis  if  tin*  observed  limb  were  full,  according  to 
Art  205,  and  then  to  apply  a  small  correction  for  gihbo^t^. 
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This  correction  will  be  a5  =  ^  —  5  cos  ;|r  =  5  versin  x*    Hence  the 
formulse  for  the  moon  will  be 

tanjE=:  tan  d'co8(a'  —  A) 

Biny  = ^ -f >    (204) 

A5       =3  versin  X 

Example  1. — The  apparent  declination  of  the  sonthem  cnsp 
of  Venus,  at  its  transit  over  the  meridian  of  Greemvich,  July  16, 
1852,  observed  with  the  transit  circle,  was 

d'=16^0'46".60 

From  the  Nautical  Almanac,  we  have 

a' =8*  11-    1*.46  log  r'=  9.4675 

A=7  43    42.75  D      =21^19' 9" 


and  from  Vol.  I.  p.  678, 


8^  =  8".55 


Hence,  by  (203),  we  find  log  tan  p  =  0.0029,  and,  consequently, 
«"=f2cosp  =  20".54 

and  the  apparent  declination  of  the  planet's  centre  was,  there- 
fore, 

d  =  15^  r  0'M4 

Example  2. — The  apparent  declinations  of  Jupiter's  north  and 
south  limbs,  obser\'ed  at  Greenwich,  March  18,  1852,  were — 

N.L.  ^' =  —  17^  21' 57".36 
S.L.   d'=  — 17    22  37  .61 

To  illustrate  the  complete  formulae,  let  us  take  the  gibbosity 
of  the  planet  into  account.  For  this  purpose,  we  take  from  the 
Xautieal  Almanac 

a'  =       230°  ;W.4  A  ^.  224°  25'.0 

^'——    17    22.2  c  =:=    23    27.5  log  r'=  0.6783 

and  from  Vol.  I.  p.  574, 

n  ^  357°  56'.5  t  =  25°  25'.8 


314 


MEEI0IAN   CIRCLE. 


Hence,  by  the  formulse  (619),  Vol.  L, 

F  =  20P  56' J  X  =  233°  r.2 

y=A  —  A  =  —  8-*  36'.2 

1^=  —  20''  47',5  log  tan  p  ^  0.4281 

Then,  hy  (199),  taking  log  c  =  9.9672,  we  have 

log  sin  X  =  n8.6184 

from  which  it  follows  that  the  south  limb  was  full    Hence, 
taking  s^=  99" JO,  we  find 

For  full  Umb       («")  =  ^  *  ?i^  =  19".50 
r  sin  p 

For  gibbous  limb  ^^  =  (^*)  qob  x    =19  46 

The   declination  of  the   centre  was,  therefore,  according  to 
these  obaei^vatious, 


FromN.L      a  = 
«     S.L. 


—  17^  22'  10".83 
'*     "    18  .11 


Considering  the  difference  of  these  results,  which  is  by  no 
means  a^  great  as  ofton  occurs  in  the  Greeinvich  observations  of 
Jupiter^  it  iii>pear3  that  the  unietice  there  fuUowed  of  alwayt 
applying  the  ^?o/ar  seniidianieter  (which  is  the  one  given  in  the 
Nautical  Ahiianac)  h  quite  aeonmte  enough /or  (fuse  ohserveUiaMm 
Our  more  exact  method  will  not  be  withont  application,  however, 
in  euses  where  greater  refinement  both  in  obser\^ation  and 
reduction  are  attained.  * 

Example  3. — At  Greenwich,  Feb.  6,  1852,  tlie  declination  of 

the  moon's  centre  deduced  from  an  ohscr\^ution  of  the  north 
limb,  on  the  antiumption  that  this  limb  waa  full,  wa:3 

r=  +  n^  ir  r.58 

For  the  time  of  the  moon's  transit  on  this  date,  w©  have 


•^=158*»  18\0 


A  ^       819**  56M 
i>  =  —    16    86.3 


whence,  by  (204), 


7  =  —  2<»  58' 
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which  shows  that  the  north  limb  was  gibbous.    The  correction 
was 

A8  =  «  versin  /  ==  1".33 

and  the  trae  declination  was,  therefore, 

d  =  +  l^o  IT  r'.91 


CHAPTER  Vn. 

THE  ALTTTUDE  AND  AZIMUTH  INSTRUMENT. 

208.  This  instrument  may  be  regarded  as  a  transit  instrument 
com1)ined  with  both  a  vertical  and  a  horizontal  circle,  by  means 
of  wliich  both  tlie  altitude  and  the  azimuth  of  a  star  may 
be  obserN'ed  at  tlie  instant  of  its  transit  through  the  vertical 
plane  described  by  the  telescope.  This  combination  is  not  often 
used  for  the  higher  purposes  of  astronomical  research,  as  every 
additional  movement  introduced  into  an  instniment  diminishes 
its  stability  and  increases  the  risk  of  error.  However,  at  Green- 
wich, a  rt»gular  series  of  extra-meridian  observations  of  the  moon 
is  carried  on  with  such  an  instrument,  for  the  sake  of  comparison 
with  meridian  observations.  The  instniment  has  there  received 
the  name  of  the  altazimuth.  In  other  places,  it  has  been  called 
the  astronomical  theodolite;  and,  in  fact,  the  general  theory  of  the 
instrument,  which  will  be  given  hereafter,  will  be  found  to  bo 
directly  applicable  to  the  common  theodolite  employed  in  geo- 
detic measurement. 

Still  another  name  is  the  universal  instrument^  so  called  on 
ac<'ount  of  its  numerous  applications;  but  this  name  is  usually 
given  only  to  the  portable  instruments  of  this  class.  The  small 
universal  instruments  of  Ertel  are  well  known. 

200.  Sometimes  the  horizontal  circle  is  reduced  to  small 
dimensions,  and  designed  simply  as  a  finder,  or  to  set  the  iustru- 
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meat  approximately  at  a  given  azimuth ;  while  the  vertical  circle 
is  made  of  unusually  largo  dimensions,  and  is  intended  for  the 
most  refined  astronomical  measurement  The  inatniment  U 
then  known  simply  as  a  verikal  circle,  Sueh  is  the  Ertel  Vertical 
Circle  of  the  Pulkowa  Obsen^atorj^  the  telescope  of  which  htm 
a  focal  length  of  77  inches,  and  ita  vertical  circle  a  diameter  of 
43  inches.* 

This  instrument  is  permanently  mounted  upon  a  solid  granite 
pier  G^  Plates  X.  and  XI.,  which  is  insulated  from  the  walls  and 
floor  of  the  building.  It  stands  upon  a  tripod  which  is  adjusted 
by  foot  screws.  The  three  feet  are  so  placed  that  two  of  them  are 
in  the  east  and  west  line ;  hence,  hut  one  of  these  two  is  seen  in 
Plate  X.^  which  is  a  projection  of  the  instrument  upon  the  plane 
of  the  meridian,  while  all  three  are  seen  in  Plate  XL,  which  lA 
a  projection  upon  the  plane  of  the  prime  verticah  The  meridional 
foot  screw  m  carries  a  small  circle  7- graduated  into  360^,  the  index 
of  which  is  attached  to  the  foot.  One  revolution  of  thii*  circle 
changes  the  inclination  of  the  inBti-ument  in  the  plane  of  the 
meridian  318":  consequently,  one  division  eorresponda  to  0".88, 

The  centre  of  the  instrument  is  held  in  place  by  the  support 
a  attached  to  the  pier. 

The  vertical  stand  consists  of  a  hollow  cone  of  brass,  in  which 
turns  the  steel  axis  L  The  lower  extremity"  of  this  axis  is  convex 
and  smoothly  finished,  and  is  supported  by  a  system  of  three 
counterpoises  r,  suspended  upon  levers  which  relieve  the  presanre 
upon  the  bearing  points  of  the  vertical  axis,  and  thus  diminish 
the  friction.  At  the  top  of  the  conical  stand  is  a  13  inch  a^imnth 
circle,  the  verniers  of  which  arc  attached  to  the  axis.  This  k 
provided  with  a  clamp  and  tangent  screw  which  is  moved  by  the 
rod  d  in  giving  the  upper  portion  of  the  instrument  a  small 
motion  in  azimuth. 

The  upper  extremity  of  the  vertical  steel  axis  carries  the  strong 
oblong  bar  e^  which  miiy  be  called  the  bed  of  the  instrument 
On  this  bed  rests  the  adjustable  frame  vfgr^  which  supports  the 
horizontal  axis  /  in  the  Vs  at  ct\  This  axis  shnuld  be  jkcrjien- 
dicular  to  the  vertical  axis,  and  its  adjustment  in  this  respect  is 
effected  by  moans  of  two  opposing  screws  at  L 

The  axis  1  has  two  e*pial  cjliiidrical  pivots  of  steel  at  n\  It  is 
hollow,  to  admit  light  from  the  lamp  x,  which  is  reflected  ui>oii 


*  Sm  Dt$criptiQn  dt  CohHr.  eenf.,  ^e.,  p.  I8O1 
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the  threads  of  the  reticule  of  the  telescope  by  a  mirror  in  the 
interior  of  the  tube  at  u.  The  telescope  and  principal  vertical 
circle  o  are  firmly  and  invariably  attached  to  one  extremity  of 
this  axis.  At  the  opposite  end  of  the  axis  is  a  smaller  vertical 
circle  w,  which  serves  as  a  finder.  From  the  centre  of  this 
finding  circle  radiate  four  conical  arms  terminating  in  ivory 
balls  ?i.  The  telescope  is  swept  in  the  vertical  plane  solely  by 
means  of  these  balls,  never  by  touching  the  telescope  or  prin- 
cipal vertical  circle.  When  the  telescope  is  approximately 
pointed  and  clamped,  fine  vertical  motion  is  given  to  the  tangent 
screw  by  the  rod  k.  The  instrument  is  swept  in  azimuth  by 
means  of  an  ivory  ball  at  /,  the  fine  azimuthal  motion  being 
given  by  the  rod  d. 

The  circle  is  read  off  by  four  microscopes  attached  to  a  square 
frame  a,  which  is  fixed  to  the  frame  vfgv.  The  level  ^9  attached 
to  this  frame  indicates  its  inclination  with  respect  to  the  horizon. 
The  circle  is  divided  to  2',  and  the  microscopes  read  directly  to 
single  seconds,  and  by  estimation  to  0".l,  or  even  less.  The 
probable  error  of  reading  of  a  single  microscope  is  given  by 
Peters  as  only  0".OyO  in  obsen-ations  by  day,  and  0".098  in 
obser\'ation8  by  night. 

The  friction  of  the  horizontal  axis  in  the  Ys  is  diminished  by 
the  single  counteq)oise  ;>,  which,  by  means  of  a  lever,  the  fulcrum 
of  which  is  at  y,  supports  the  principal  part  of  the  weight  of  the 
telertcoi)e,  vertical  circles,  and  horizontal  axis,  by  exerting  an 
upward  pressure  at  r.  The  point  r  being  at  suitable  distances 
from  the  two  Vs  respectively  (nearer  to  the  principal  circle  than 
to  the  finder),  the  friction  in  both  Vs  is  equally  relieved ;  while 
the  whole  weight  of  the  movable  portion  of  the  instrument  is 
transferred  to  a  point  q,  very  near  to  the  vertical  axis  of  rotation. 

The  striding  level  s  rests  upon  the  pivots  of  the  horizontal 
axis,  and,  by  reversal  in  the  usual  manner,  serves  to  measure  the 
inclination  of  this  axis  to  the  horizon. 

The  reticule  at  t  is  comi)osed  of  three  horizontal  threads,  two 
of  which  are  close  parallel  threads  (the  clear  space  between  them 
being  only  6"),  which  serve  for  the  obsers-ation  of  objects  which 
present  sensilile  discs,  or  of  those  which  are  too  faint  to  be 
observed  by  bisection  (see  Art.  198).  The  third  thread  is  18" 
from  the  others,  and  is  used  in  obser\'ing  stars  by  bisection. 
The  unequal  distances  prevent  mistakes  in  the  choice  of  threads. 
These  horizontal  tlireads  are  crossed  by  two  vertical  ones,  the 
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distance  of  which  is  1'  of  arc.  The  middle  point  between  thfllt 
deterijiinea  the  optical  centre  of  the  iustrnmeat,  and  all  obttr^ 
rations  are  made  as  nearly  as  possible  at  this  point* 

The  extreme  aceuraev  attainahh^  in  the  obserration  of  jsenith 
distances  with  this  histrnment  may  be  inferred  from  the  follow- 
ing  values  of  the  zenifh  point  ^  (s^ee  Art.  219)  of  the  circle,  m 
cited  by  Struve,  from  observations  by  Peters  upon  Polaris  at  Its 
upper  and  lower  calm i nations : 


1848. 


April  13 
14 
17 
Id 
20 
22 
U 
25 
26 
27 


tJpptr  iraoBit. 


0°  CK  SB'MS 
3a  .26 
33  M 
33  ,27 
83  J5 
S3  J7 
33  .45 
33  .68 
33  .29 


Dfff.  from 
meAD. 


—  0".32 

^  0  .19 
+  0  .37 
^0  .18 
+  0  .30 

—  0  .28 
0  .00 

+  0  .23 
^0  .16 


33  .68  1+  0  ^3 


Mean  0  0  33  .45 


April  14 
16 
20 
21 
22 
24 
25 
26 
27 
28 
Mean 


Lower  traniii* 

Diff.  ttvm 

^ 

mmm. 

0"  V  88".M 

—  (r.08 

S3  .32 

—  0  .40 

83  .45 

—  0  .27 

33  .94 

+  0  .22 

33  .48 

-0  .24 

83  .50 

—  0  .22 

83  .94 

+  0  .22 

38  .98 

+  0  .26 

83  .82 

+  0  ,M 

34  .12 

-f-0  .40 

0    a  33  .72 


Henee,  assuming  that  the  zenith  point  of  the  circle  was  constant, 
the  probahle  error  of  an  observed  value  of  Z  was,  for  either 
Berie8,  —  0".22,  This  ermr,  however,  m  the  combined  effect  of 
error  of  observation  and  varial»ility  of  Z.  But  the  pn>bable 
error  of  observation  was  obtained  from  the  discrepancies  between 
the  several  values  of  the  latitude  deduced  from  these  «ame  obser- 
vatioris,  and  was  ^0". 17:  so  that  the  probable  error  of  Z 
arising  from  variation  in  the  instrument  was  =  |'[(0'',22)« 
—  (0'M7f]  --  0'M4.  The  means  (or  the  two  transits  differ  by 
0".27,  which  results  from  the  use  of  different  divisions  of  the 
circle  and  different  parts  of  the  micrometers.  To  compare  them 
justly,  it  would  be  necessary  tirst  to  cliniinate  especially  the  J 
division  errors. 

In  tirder  to  eliminate  the  effects  of  flexure^  the  objective  and 
ocular  are  made  interchangeable  (see  Art.  204). 

The  dimensions  of  tlie  various  parts  of  the  instrument  may  h^ 
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taken  from  the  plates,  which  are  accurately  drawu  upon  a  scale 
of  A.* 

210.  The  portable  universal  instruments  are  usually  so  arranged 
that  the  vertical  circle  may  be  removed  altogether  from  the 
instrument  when  horizontal  angles  only  are  to  bo  measured. 
One  of  these  instruments  is  represented  in  Plate  All.  In  Fig.  1, 
the  instrument  is  arranged  for  measuring  horizontal  angles 
exclusively.  In  Fig.  2,  the  telescope  of  Fig.  1  is  replaced  by 
another  which  is  connected  with  a  vertical  circle  and  (unlike  the 
azimuth  telescope)  is  at  the  end  of  the  horizontal  axis.  The 
weight  of  the  telescope  and  vertical  circle  is  counterpoised  by  a 
weight  at  the  opposite  end  of  the  axis.  The  focal  length  of  tlie 
telescope  in  instruments  of  this  kind  seldom  exceeds  24  inches. 

The  following  discussion  of  the  theory  of  these  instruments 
will  apply  to  any  of  the  forms  above  mentioned,  as  I  shall  con- 
sider their  two  applications^ — to  azimuths  and  to  altitudes — 
independently  of  each  other. 

211.  Azimuths. — ^Let  AJI^  Fig.  49,  represent  the  true  horizon, 
Z  the  zenith.     Let  us  suppose  the  vertical  p,    ^^ 

axis  of  the  instrument  to  be  inclined  to  the 
true  vertical  line,  so  that  when  produced  it 
meets  the  celestial  sphere  in  Z'.  JjctA^II' 
be  the  great  circle  of  which  Z'  is  the  pole. 
The  plane  of  this  circle  is  that  of  the  gra- 
duated horizontiil  circle  of  the  instrument. 
Let  us  8Upi>ose,  further,  that  the  horizontal 
rotation   axis,   whic'li    should  be   at  right  ^^^ 

angles  to  the  vertical  axis,  and,  consequently,  parallel  to  the 
horizontal  circle,  makes  a  small  angle  with  this  circle.  As  the 
iiirttninient  revolves  about  its  vertical  axis,  this  rotation  axis  will 
dcficribc  a  coni<*al  surface,  and  the  prolongation  of  this  axis  to 
the  celestial  sphere  will  describe  a  small  circle  AA'  panillel  to 
A^fir.  Let  -^l  be  the  point  in  which  this  axis  produced  through 
the  ein'le  en<l  meets  the  sphere  at  the  time  of  an  observation, 
and  O  the  jjosition  of  a  star  observed  on  any  given  vertical  thread 

*  For  all  the  particulars  of  the  use  of  this  instrument  in  the  determination  of  the 
declination  of  a  circiimpolar  »«tar,  consult  the  memoir  of  Dr.  C  A.  F.  Petbbs, 
Aifron.  Xarh.,  Vol.  XXII.,  Rrnultate  aut  Deobachtungen  det  Polarttern't  am  ErteltcKen 
Vertical kreite  der  Pulkovaer  Stern  war te. 
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iu  the  field.  As  the  telescope  revolves  upon  the  horizoutnl  asda, 
its  axis  of  colliniation  describes  a  great  circle  of  which  A  is  the 
pole,  and  the  given  thread  describes  a  small  circle  paruUcl  to 
this  great  cii-cle.    Let 

c  ^=  the  distance  of  the  thread  fVom  the  cotlimntion  arts, 

positive  when  the  threud  is  on  the  same  side  of  the 

colli  mat  ion  axis  as  the  vortical  circle, 
b  =  the  elevation  of  A  above  the  horizon  as  given  by  iho 

spirit  level  applied  to  tho  horij^ontal  axis,  positive  when 

the  circle  end  of  this  axis  is  too  high, 
t   ^  the  inclination  of  the  vertical  axis  to  the  tme  vertical 

line, 
f  =  the  inelinatiou  of  the  horia&ontal  axis  to  the  ajumuth 

circle, 
a  =  AZH, 
a*  =  AZ*H, 
A  —  the  azimuth  of  the  star  0,  reckoned  from  A^  as  the 

origin, 
z  =  the  zenith  distance  of  the  star; 

then,  in  the  triangle  AZZ%  we  have  ^^—90**— 6,  ZZ'  =  i^ 
AZ*  =  90^  —  i',  AZZ'  =  180^  —  a,  AZ*Z  =  a%  and  hence,  by 
Sph.  Trig., 

sin  h  ^=  cos  a'  cos  t'  sin  i  -f  sm  f  cob  i 

cos  it  cos  a  =  cos  a'  cos  T  cos  t  —  sin  C  sin  i 

cos  b  mn  a  =  sin  a'  cos  t' 

But,  iy  i\  and  6  being  always  sa  small  that  we  can  neglect  their 
squares,  these  equations  uiay  be  reduced  to  the  following 


h  ^  I  cos  a'  +  r  =  i  cos  a  -\-  i 


J    (205) 


In  the  triangle  AZO,  we  have  the  angle  AZO  =  A^O  +  A^A 
=  A^  90°  —  rt,  and  UiO  sides  AO  =^  OO''  +  c,  AZ  ^  90**  —  k^ 
ZO  =  2 ;  and  hence 

—  Bin  c  =  sin  ft  cos  r  —  cos  b  sin  2  sin  (A  —  a) 


Of|  since  c  and  b  are  small, 

■tnC^  — a)  = 

tan  2       sin  z 

Hence  sin  {A  —  a)  is  also  a  small  quantity,  and  the  angle  ^  — « 


'  + ' 
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IB  either  nearly  0°  op  nearly  180°.  When  the  vertical  circle  at 
the  extremity  of  the  horizontal  axis  is  to  the  left  of  the  ob8er\'er, 
as  supposed  in  the  above  diagram,  it  is  evident  that  A  and  a  are 
nearly  equal,  and  A  —  a  is  nearly  0°.  But  if  the  instrument  be 
revolved  about  its  vertical  axis,  the  azimuth  circle  remaining 
fixed,  and  the  telescope  be  again  directed  to  the  same  point  0, 
the  vertical  circle  will  be  on  the  right  of  the  ob8er\'er,  and  the 
angle  a  will  be  increased  by  180°.  In  this  case,  therefore,  180° 
—  {A  —a)  will  be  a  small  quantity.  Putting,  then,  A  —  a  or 
180^  —  {A  —  a)  for  sin  {A  —  a),  we  have 

A  =  a  +  b  cot  z  +  c  cosec  z  [Circle  L.] 

A  =  a  +  180®  —  b  cot  z  —  c  cosec  z    [Circle  R.] 

Xow,  o  is  not  read  directly  from  the  azimuth  circle ;  but  if  we 
put  A' —  the  actual  reading  and  Aq=  the  reading  when  the 
j)oint  -1  in  the  diagram  is  at  A'  (in  which  case  the  telescope, 
when  horizontal,  is  directed  towards  the  point  -4^),  we  have 

a=:a'  =  A'  —  A^    [Circle  L.] 
a  +  180°  =  ^'  —  ^    [Circle  R] 

and,  therefore, 

A  =A'  —  -^0  —  ^  ^^^  -?  ih  c  cosec  z 

We  have  supposed  the  azimuths  to  be  reckoned  from  the  point 

A^;  but  it  is  indifferent  what  i)oint  of  the  circle  is  taken  as  the 

origin  when  the  instrument  is  used  only  to  determine  liiffcrmces 

of  azimuth,  since  the  constant  A^  of  the  above  equation  will 

disappear  in  taking  the  difference  of  two  values  of  A.    For 

ahsoltitr  azimuths,  let  us  denote  the  azimuth  of  the  point  A^^  from 

the  south  point  of  the  horizon  by  Ai;  then  the  azimuth  of  the 

star,  also  reckoned  from  the  south  point,  will  be  equal  to  the 

above  value  increased  by  A^.     If,  therefore,  we  aicld  A^  to  the 

8econ«l  member,  and  then  write  ^A  for  the  constant  A^  —  A^,  we 

nhall  have 

i/  .       A        I      .  r+  Circle  L.l        ^^^ 

A  =  A'  +  ^A  ±  b  cot  z  zt  c  cosec  -2^      __  r*   •!    R         (-^^) 

where  -I  now  denotes  the  absolute  azimuth  of  the  star,  and  a-^1 
is  the  index  correction  of  the  circle,  or  reduction  of  the  readings 
to  absolute  azimuths.  The  readings  for  circle  right  differing  by 
180^  fn»m  those  for  circle  left,  we  shall  always  assume  that  the 
fonner  have  been  increased  or  diminished  by  180°,  when  two 
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obaervationa  in  different  positions  of  the  instrtiment  nro  cora- 
pared.    We  must  now  determine  the  quantities  <?,  6,  and  ajI, 

212,  To  find  c  and  k — The  most  convenient  method  of  finding 

e  with  H  fixed  instrnment  is  to  employ  a  collimating  telescope 
placed  on  a  level  with  the  horizontal  axis,  such  a»  that  of  Plate 
ni.  Fig,  2.  The  cross  thread  of  the  collimator  ia  observed  a»  an 
infinitely  distant  point  or  etar,  whose  zenith  distance  i»  90^ ;  and 
hence  cot 2^  =  0,  cosoc^  ^=  1,  Observing  it  both  wtli  circle  left 
and  circle  right,  let  ^'  and  ^4"  bo  the  readings  of  the  azimuth 
circle  (the  latter  reading  being  changed  180°) ;  then  we  have 


whence 


A  =  A'  +  aA  +  c 
e  =  l(A"  —  A') 


(207) 


which  will  give  e  with  its  proper  sign  for  circk  left. 

If,  however,  the  collimator  is  below  the  level  of  the  horizontal 
axist,  so  tliat  the  telescope  must  be  depressed  to  observe  it,  we 
shall  have 

A  ^  A*   *{-   AA  -^  h  cot  Z  -\-  C  C08€C  2 

A  :^  A*'  +  aA  —  h  cot  z  —  c  cosec  z 

in  which  z  =  the  zenith  distance  of  the  collimator  —  90**  +  de- 
pression of  the  telescope,  as  given  by  the  vertical  circle;  and 

then 

c  =  I  iA'  —  A'*)  sin  z  -^  ft  cofl  z  (2W) 

and  b  must  be  observed  with  the  striding  level  applied  to  the 
axis,  as  in  the  ease  of  the  transit  instrument 

A^Hien  the  telescope  is  furnished  with  a  micrometer,  the  raliie 
of  r  can  be  found  witli  still  greater  accuracy,  by  means  of  two 
collimators,  a^  in  Art,  145. 

213.  In  some  cases  the  spirit  level  cannot  be  reversed  upon 
the  axis,  but  is  permanently  attached  to  it  or  to  the  frame  which 
supports  it.  It  is  then  reversed  only  when  the  instrument  is 
re  vermeil,  and  it  becomes  neccsHary  to  know  the  level  zen3,  or 
that  reading  of  the  level  wdiich  corresponds  to  a  truly  horizontal 
poi^ition  of  the  axis.  Let  this  reading  be  denoted  by  l^  and  let 
I  be  the  reading  at  any  observation  ;  then  we  have 
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where  I  is  the  mean  of  the  readings  of  the  two  ends  of  the 
bubble,  the  readings  towards  the  circle  end  being  always 
reckoned  as  positive.  Then  to  find  l^  we  have  recourse  to  the 
observation  of  two  stars,  one  near  the  zenith  and  the  other  near 
the  horizon,  or  of  the  same  star  at  difterent  times.  Let  -4'  and 
A"  be  the  circle  readings,  ^'  and  2"  the  zenith  distances  of  the 
high  star  for  circle  left  and  circle  right,  respectively ;  V,  V  the 
level  readings ;  then,  A^  and  -4,  being  the  true  azimuths,  we  have 

il,  =^'  +  Ail  +  {V  —  i;)  cot  /  +  c  cosec  2f 
^=-A"+ Ail  +  (/"— gcot/'+cco8ec2" 

The  difference  between  A^  and  A^  may  be  accurately  computed 
from  the  known  place  of  the  star,  and  a  small  error  in  its 
assumed  place  will  not  sensibly  affect  this  difference.  If  the  star 
is  near  the  meridian  (which  will  be  advisable),  the  change  in 
azimuth  will  be  sensibly  proi>ortiondl  to  the  interval  of  time 
between  the  two  ob8er\'ation8 :  so  that  if  T'  and  T"  are  the 
Bi<lereal  clock  times,  and  dA  the  change  of  azimuth  in  one 
second,  we  shall  have 

A^-^A^  =  dA{  T"  —  T')  (209) 

in  which  T'  —  7""  is  in  seconds ;  and  bA  may  be  found  by  the 

dlffcroutiul  formula 

^.       dA        W  cos  d  cos  a 

dA  =  ——  = 

dT  sin  2 

where  5  ~  the  star  s  declination,  and  the  parallactic  angle  q  is 
found  by  Art.  lo  of  Vol.  1.  The  difference  of  the  above  equa- 
tions will  then  give  us  the  equation 

—  m/^  +  n<r=p  (210) 

where,  to  abbreviate,  we  denote  the  known  quantities  as  follows : 

m  —  cot  z*  +  cot  y  n  =  cosoc  :f  +  cosec  r"    1     royw 

J,  ,..,  A"  -  A'  —  (.1,  —  .i,)  —  V  cot  y  —  /"  cot  y'        /    ^^  ^ 

In  like  manner,  the  low  star  gives  a  similar  equation, 

—  m'  l^  4-  n'c  =  /  (212) 

and  from  the  two  equations  the  unknown  quantities  I^  and  r  are 
found  by  the  usual  inctho<l  of  elimination.    If  a  greater  number 
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(»f  fitars  have  been  obsen^ed,  the  oquationB  may  be  eomhiiied  by 
the  method  of  least  squares.  Where  there  is  a  coUimiitor,  it 
!iiay  always  be  used  as  the  low  star  of  this  method. 

214.  To  determine  the  index  correction  ajI,  observe  aiiy 
known  star  in  either  position  of  the  iuntniment ;  then,  having 
computed  its  true  azimuth  A  (VoL  I.  Art.  14),  we  have 


aA  z^  A  —  (A'  ±  b  cot  z  ±  c  cosec  z) 


(213) 


215,  With  a  portable  instrument,  such  as  is  described  in  Art 
210^  the  use  of  a  collimator  is  impracticable,  since  the  teleacope 
is  at  the  extremity  of  the  axis,  and,  therefore,  cannot  be  directed 
towards  the  collimutor  in  both  |>ositions.  We  must  then  employ 
htars,  as  in  tlte  i»receding  article  ;  but,  as  in  portiible  instruments 
the  inclination  6  is  usually  found  directly  by  the  striding  level, 
a  single  star  obfler\ed  in  both  positions  of  the  instrument  will 
suffice.  If  we  take  the  pole  star  when  near  the  meridian,  wo 
can  supfjose  z  to  have  the  same  value  for  both  observ^ations,  and 
we  shall  have  the  two  equations 


Jl^  ^  ^'  +  ^*^  +  ^'  cot  2  +  <^  cosec  z 
A^  =:  A"  4*  A  A  —  b**  cot  z  —  c  cosec  z 


whence 


e  =  I  [,4"  -A'  —  (A,  —  a;)]  sin  j  ^  J  (^  +  6")  eos  z      (214) 

and  it  will  then  be  expedient  to  determine  avI  at  the  same  time 
from  either  A^  or  A^. 

21<i  If  instead  of  a  single  vertical  thread  there  are  several 
such  threads^,  tlie  horizontal  troiwit  t»f  the  star  is  observed  over 
each  by  the  clock,  as  in  ordinarj^  transit  obser\^ation8,  the  reading 
of  the  horizontal  circle  rcnmining  constiint.  If  the  star  is  not 
too  fur  from  the  eqinitor,  the  intervals  of  time  between  the 
transits  over  the  threads  may  be  a^^sumed  to  be  proportional  to 
the  distances  of  tlie  threads,  and  then  the  nxean  of  the  times 
will  be  the  time  of  the  star's  transit  over  the  meau  thread.  The 
collimation  constant  r,  determined  from  stars  as  in  the  preceding 
articles,  will  then  he  that  of  the  mean  thread. 

If  some  of  the  threads  have  failed  to  be  observed,  let/j,/^ic. 
be  the  distanced  of  the  threads  from  the  mean  thread,  positire 
for  threads  on  the  satue  side  of  the  mean  as  the  vertical  circle ; 


AZIMUTHS.  825 

ftnd  let/,  be  the  mean  of  the  distances  of  the  threads  observed, 
and  7^  the  mean  of  the  ob8er\'ed  times.  Then  /©  +  c  is  the  dis- 
tance of  the  mean  of  the  observed  threads  from  the  coUimation 
axis ;  and  the  azimuth  at  the  time  Tq  is  found  by  the  formula 
(206),  substituting/,  +  c  for  c. 

217.  If,  however,  we  wish  to  proceed  rigorously,  we  can 
reduce  each  thread  to  the  mean  thread  by  the  complete  formula 
(138), 

sin  I  = ^'"•^- h  2  tan  t  sin*  J I 

cos  d  COS  n  cos  t 

where  /  is  the  interval  of  time  in  which  the  star  describes  the 
distance  /,  and  ^  =  r  —  ?w,  r  being  the  east  hour  angle  of  the 
star,  and  m  and  n  being  determined  by  (78).  But  we  can  sim- 
plify tliis  formula  for  our  present  purpose  as  follows.  Let  -4, 
Fig.  60,  be  the  point  in  which  the  horizontal  axis  of  the 
instrument  meets  the  sphere  when  produced  through 
the  circle  end  (as  in  Fig.  49) ;  Z  the  zenith ;  P  the  pole ; 
0  the  rttar  when  in  the  coUimation  axis  of  the  telescope. 
Since  the  small  inclination  of  the  horizontal  and  verti- 
cal axcH  will  not  sensibly  affect  the  thread  intervals,  wo 
can  here  regard  A  as  the  pole  of  the  vertical  circle  ZOj 
and  the  triangle  OPD  may  be  regarded  as  right  angled 
at  D.  In  this  triangle  we  have,  according  to  the  de- 
finitions of  m,  «,  and  r  in  Art.  123,  the  angle  OPD  =  OPZ 
-APZ  =  -T  —  (1>0°  -  T/i)  =  -  90°  -  t,  and  the  side  PI) 
-r  AP  -  90°  =  (90°  -  71)  -  90°  =  -  71.  We  have  also  OP 
-=-  90°  —  3y  and  the  parallactic  angle  POD  —  q.     Hence 

cos  n  cos  t  =  —  cos  q 

tan  t  =       tan  q  sin  d 

and  our  formula  becomes 

sin  /  = 1-  2  Bin  d  tan  q  sin* }  I 

cos  J  C08  q 

Thi»*  api»lioH  for  circle  left.  For  circle  right  it  is  only  necessary 
to  change  the  sign  of  the  first  term,  so  that  the  complete  for- 
mula is 

Bin/— =;:-  -  - -f- 2  sin  ^  tan  grain*}  7  (215) 

cos  o  cos  q 
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in  which  we  take    .  ^^J  j  sign  for  I   /  ,    .^'  L  and  /  will  bo  the 

correction  algebraiially  additive  to  the  observed  time  on  a  thread 
to  reduce  it  to  the  mean  thread.  The  angle  q  is  foimd  by  tha 
formula 

sin  A  con  ^  ^ft**^ 

filD  q  =  ^  (216) 

COS  a 
wiiere  q  will  have  a  negative  value  for  a  negative  value  of  sin  ^ 
that  is,  for  a  star  east  of  the  meridian. 

It  18  evident  that,  except  for  Btars  of  considerable  declination, 
the  last  term  of  (215)  will  be  inappreciable,  and  that  we  majr 
usually  take 

J=^ L—  (217) 

cos  J  COS  jf 

which  amounts  to  asfiumiog  that  /  is  proportional  to/,  as  in  the 
preceding  article, 

218,  To  find  the  equatorial  values  /  of  the  thread  intervak, 
we  observe  the  transit  of  a  slow  moving  star  near  the  meridiaii, 
and  from  the  observed  iuter^^als  /  we  deduce 

sin  /  =  ::p  sin  /  co«  iJ  cos  q 

219.  Zenith  dwfanccs,— Let  Z,  Fig.  51,  be  the  zenith;  Z'  and  A 
the  points  in  which  the  veitieal  and  horizontal  axes  meet  the 

celestial  sphere;  SB' 0' the  great  circle  of 
whirh  A  irt  the  pole,  and,  consequently,  the 
circle  which  reprcHents  the  vertical  circle  of 
the  instrument.  This  circle  is  also  that  which 
is  de8cnl>ed  by  the  collimation  axis  of  the 
telescope.  Let  the  star  0  be  obsened  on  a 
horizontal  thread  00',  which  is  perpendicular 
to  the  great  circle  BO*  and  coincides  with 
the  arc  AO*  produced.  The  point  B\  in 
which  AZ*  produced  meets  the  circle  BB\  represents  the  ex* 
trcniity  of  that  diameter  of  the  alidade  circle  which  is  in  the 
plane  of  the  vertical  axis  of  the  instrument.  The  arc  B'(y^ot 
the  angle  B'AO'  which  it  measures,  is  tlien  the  zenith  distance, 
as  given  directly  by  the  circ^le  when  the  circle  readings  for  i? 
and  <y  are  given.  Let  the  reading  of  the  circle,  when  the  thread 
is  at  B\  be  denoted  by  ^^^,  and  tlie  rea^ling  on  the  etar  by  f,  ind 
put  B'(y  or  B'A(y=  z^  j  then,  for  circle  left, 

*-   —  »■    r 


Fig.  61. 
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the  gradaations  of  the  circle  being  supposed  to  increase  from 
riglit  to  left.  Now,  for  different  azimuths  the  relative  position 
of  Ji  and  B'  is  different ;  and  they  coincide  only  when  the  point 
A  is  in  the  plane  of  the  circle  ZZ'.  Their  relative  position  at 
any  time  is  given  by  the  level  attached  to  tlie  alidade  circle ;  for 
let  l^  be  the  reading  of  the  level  when  B  and  i?'  coincide,  and 
/  the  reading  in  any  other  case ;  then,  denoting  BB^  by  a^j,  we 
have 

where  we  take  the  left-hand  end  of  the  level  as  the  positive  end, 
the  observer  facing  the  circle,  and  I  is  half  the  algebraic  sum  of 
tlie  readings  of  the  ends  of  the  bubble. 
Let  us  now  denote  the  arc  BO'  by  z';  then  we  have 

and  in  the  triangle  AOZwe  have  the  required  true  zenith  dis- 
tance ZO  =  Zj  the  angle  OAZ  =  z'\  and,  in  accordance  with 
the  notation  before  employed,  ^0  =  90°  -f  OCy  =  90°  +  c, 
AZ  =•  90°  —  b.     Hence 

cos  z  =  —  sin  c  sin  6  4-  cos  c  cos  h  cos  / 

Substituting  cos  z'  =  cos'  J^'  —  sin'  |z',  we  obtain 

cos  z  =  —  sin  c  sin  b  (cos*  i  /  +  sin'  J  /) 
+  cos  c  cos  b  (cos'  i  /  —  sin*  i  /) 
=  cos  (c  4-  b)  cos*  i  /  —  cos  (c  —  6)  sin*  J  nf 
cosy  —  C082  =  28in  i(z  +  /)8in  \(z  ^  2f) 

=  2  8in*  \  (c  +  6) cos*  J  zf  —  2 sin* }  (c  —  b^%\u}  \  / 

The  second  member  involving  only  the  squares  of  the  small 
quantities  c  and  6,  the  correction  ^  —  ^'  is  very  small,  so  that  for 
the  factor  sin  J(e  +  z')  we  may  take  sin  z'=2  sin  Jr'cos  \z'. 
Hence,  substituting  the  arcs  for  the  sines  of  the  quantities  \{z  —  z'\ 
W  -^  *)i  i(^~*)j  wefind 

z_y^/^Jj8inrcotJ/— /^=^j*sinrtani/  =  f       (218) 

and  t  will  denote  the  correction  for  collimation  and  the  inclina- 
tion of  the  horizontal  axis.  Substituting  the  value  of  z'  above 
given,  we  find  as  the  value  of  the  zenith  distance  given  by  the 
observation  circle  lefty 
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111  this  equation  tlie  constiints  J'q  and/g  fire  imknowii ;  but  if  we 
now  revolve  the  instrument  180°  in  azimuth,  and  observe  the 
zenith  distance  of  the  same  point,  we  8hall  have 


^i=C-C, 


A^i^-C^'O 


where  ^'  and  P  denote  the  new  readings  of  circle  and  level ;  and 
hence,  for  circle  rhjht^ 

in  which  t'  is  computed  by  the  formula 

c' and  6' being  the  coUimation  and  the  incliuation  of  the  hori* 
zontal  axis  in  this  second  observation.  The  mean  of  the  two 
values  of  z  is 

z=^i{Z-  n  +  h  {f-  I)  +  i  (*'+  0  (219) 

Their  difference  gives  the  constant  quantity 

Co+^.-Kf'4-C)+i(''+0+l(*'-0  (2M) 

If  the  ol>H(erved  poiut  is  moving,  a.^  iu  the  case  of  a  star,  the  value 
of  ^  obtained  by  (219)  is  tlie  zenith  distance  at  the  mean  time 
between  the  two  obrtervaticrnti;  and,  in  general,  if  a  series  ofzenitli 
distances  is  taken,  one  half  in  each  position  of  the  circle,  and  If 
f  denotes  tlie  mean  of  all  the  readings  of  the  circle  in  the  fimt 
position,  J' the  moan  of  all  the  readings  in  the  second  positian, 
I  and  f '  the  corresi»ouding  means  of  the  readings  of  the  circle 
level,  the  value  of  z  given  In*  (219)  will  be  the  zenith  dlstanee  it 
the  mean  of  all  the  observed  times,  provided  always  that  the  serie* 
is  not  extended  so  far  as  to  introduce  second  ditTereuces  of  th€ 
change  of  zenith  distance.  The  correction  for  second  diilerenc^ 
when  neeessarv,  mav  be  found  bv  VoL  L  Art*  151. 

The  corrections  e  and  e'  are,  however,  usually  rendered  insen- 
sible in  practice  by  observing  the  star  only  in  the  middle  of  the 
field,  or  as  near  the  middle  vertical  thread  »«  possible,  wldfh  is 
eftected  by  giving  the  instxnunent  a  s1*jw  motion  in  aramuth  while 
tlie  star  paases  obliquely  across  the  fielih  and  thus  keeping  the 
midflle  thread  constantly  upon  the  star  until  it  is  bisected  by  ike 
horizontal  thread* 
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220.  The  equation  (220)  gives  the  constant  f^  +  I„  only  when 
the  observed  point  is  fixed.  The  cross  thread  of  a  collimating 
telescope,  or  a  distant  terrestrial  object,  may  be  used  as  such  a 
fixed  point ;  and,  making  the  observations  in  the  two  positions  of 
the  circle  only  in  the  middle  of  the  field,  we  shall  have  t'  —  «  =  0: 
so  that  if  we  denote  this  constant  by  Z  we  shall  have 

^=KC  +  0  +  i(^  +  0  (221) 

With  this  constant  thus  determined,  a  single  observation  of  a  star, 
in  either  position  of  the  instrument,  will  sufEice  to  determine  its 
zenith  distance,  since  we  shall  then  have 

^  =  Z-(C  +  0    for  circle  L.  l 

z  =  (:'  +  r)  — z«    "    R  J   ^^-"^ 

The  constant  Z  expresses  the  zenith  point  of  the  instrument^  since 
in  any  position  of  the  instrument  it  is  equal  to  the  corrected  circle 
reading  when  the  ob8er\'ed  object  is  in  the  zenith. 

If  we  wish  to  deduce  Z  from  the  two  observations  of  a  star,  at 
the  times  7"  and  T\  we  must  compute  the  difterence  between  the 
zenith  distances  for  the  inter\'al  T'  —  JT,  which,  when  the  interval 
is  small,  may  be  done  by  the  differential  formula 

Aj  =  (r—  T)-.  =  {T'^T)QOSfBmA 

in  which  T'  —  T  is  supposed  to  be  reduced  to  seconds  of  arc ; 
and  then  we  shall  have 

^=  i  (:  +  :')+ i(^  +  0-i  A- 

It  should  be  remarked  that  when  {^'is  numerically  less  than 
Z  we  should  increase  it  by  800°,  both  in  finding  z  and  Z. 

A\1ien  the  two  observations,  in  oiqwsite  positions  of  the  axis, 
are  made  very  near  to  the  meridian,  it  will  be  advisable  to  reduce 
each  to  the  meridian  by  applying  the  correction  for  circum- 
meridian  altitudes.  Vol  I.  equation  (289)  or  (290). 

Example. — To  detennine  the  zenith  point  of  an  Ertel  uni- 
versal instrument,  the  telescope  was  directed  towards  a  distant 
terrestrial  object,  and  the  horizontal  thread  was  brought  into 
coincidence  with  a  shaq^ly  defined  point  in  the  object,  twice  in 
each  position  of  the  vertical  circle.     The  readings  of  the  circle 
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and  level  were  as  below.  The  graduations  of  the  level  proceed 
continuously  from  the  riglit  to  the  left  end  of  the  tube,  so  Uiat 
tlie  vahie8  of  i  are  siiuply  the  aritlmietieal  means  of  the  readings 
of  the  two  ends  of  the  bubble.     The  value  of  one  division  =  2"»0. 


Circle  L.  | 
Circle  R.  | 


Clrele  rMtdingt. 

Level  readings. 

/ 

180"    2'8r. 

40.2     14.6 

27.4 

180      2  35 

40.4     14.5 

27.45 

359    5G  20 

38.2     12.8 

25.5 

359    5G  30 

38.5    12.9 

25.7 

Hence,  taking  the  means,  we  have 

C  =  180''    2'  82".6 
C'=  359    56  25  . 


t  =  27.43 
r:=  25.60 


/^=  20.52  ^53^04 


C»=269    69  28  .75 
l^=  +53  ,04 

Z^  270     0  21  .79 

A  series  of  zenith  dietancea  of  the  sun's  lower  limb  near  the 
meridian  was  then  taken,  as  follows; 


Circle 

re&ding. 

Urol 
Tekdmg. 

Circle  reading  cor- 
rected for  level. 

Obeenred  teaitk 
di*(Mi<«. 

/ 

229° 

50*  50" 

38.4 

12.7 

229" 

51'  41".l 

40« 

8'40".7 

229 

57  15 

38. 

12.3 

229 

58    6  .3 

40 

2  16  A 

Circle  L,( 

230 

2     5 

37. 

11.6 

230 

2  53  .5 

80 

57  28  .8 

230 

5  15 

37.6 

12. 

230 

6    4  .0 

39 

54  17  .2 

\ 

230 

7     0 

87. 

11.4 

230 

7  48  .8 

39 

52  88  .0 

1 

809 

52  15 

33.4 

7.9 

309 

52  56  .3 

39 

62  84  .5 

1 

809 

54  10 

38. 

7.4 

309 

54  50  .4 

39 

54  28  .6 

Circle  R,  / 

809 

67  50 

33.6 

8.0 

309 

58  81  .6 

89 

58    9  .8 

/ 

310 

2  40 

33.8 

8.3 

310 

3  22  .1 

40 

8    0  .S 

\ 

310 

9  15 

34. 

8.8 

310 

9  57  .8 

40 

9  36  .0 

Hare  we  have,  at  the  first  observation, 


diT. 


C  =  220^  50*  50"  l^  +  25,55  =  +  Sr.l 

and  hence  the  corrected  circle  reading  is 
C  +  f  ;=  229**  51'  4rM 
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The  correction  c  being  neglected,  as  all  the  observations  were 
made  near  the  middle  vertical  thread,  we  obtain  the  observed 
senith  distance  by  subtracting  this  number  from  the  above  read- 
ing Z  of  the  zenith  point,  whence  z  =  40°  8'  40".7. 

In  like  manner,  the  fifth  observation  gives  ^'  +  T  =  809°  52' 
56".8,  from  which  Z  is  subtracted  to  obtain  the  observed  zenith 
distance.     The  results  are  given  in  the  last  column. 

These  observations  have  been  employed  in  Vol.  I.  Art  171,  as 
circummeridian  zenith  distances  for  determining  the  latitude. 

221.  In  the  methods  of  observation  above  adopted,  a  know- 
ledge of  the  deviations  i  and  i'  of  the  horizontal  and  vertical  axes 
from  their  normal  positions  is  not  required :  it  is  only  necessary 
that  they  should  be  small.  Their  values,  however,  can  be  readily 
investigated.  In  the  triangle  AZZ'j  Fig.  51,  we  have  the  angle 
ZAZ'  =  BB'  =  AZj  —  /^ — ;,  as  given  by  the  level  of  the  vertical 
circle ;  and  this  triangle  gives,  with  the  notation  of  Art.  211, 

sin  X  sin  a' 

Bin  A^i  = 

cos  6 

or,  taking  a  for  a\ 

i  sin  a  =  l^ —  { 
At  the  same  time,  we  have,  from  the  level  h  of  the  horizontal  axis, 

t  cos  a  -f-  r  =  6 

Xow,  revolving  the  instniment  180°,  the  angle  a  becomes 
a  +  180°,  and  if  the  level  reading  of  the  vertical  circle  alidade  is 
now  Vy  and  the  inclination  of  the  horizontal  axis  is  6',  we  have 

—  t  sin  a  =  l^ —  V 
—  I  cos  a  +  i'=  6' 

Hence,  combining  these  equations  with  the  former  ones,  we  find 

isina  =  -i(r-0  ) 

ico8a  =  i(6  — </)  J    ^^^"^^ 

which  determine  i  and  a;  and  for  V  w^e  have 

f=«(6  +  6')  (224) 

We  can,  also,  find  i  and  i'  from  the  inclinations  of  the  horizontal 
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aOBls  alone.    Let  the  alidade  of  the  azimuth  circle  be  set  at  any 
assumed  reading  A\  and  then  aLao  at  A^  +  120°  and  A'  +  240^, 

and  let  i,  b\  i",  be  the  inclinations  of  the  horizontal  axia  givea 
by  the  epirit  level  in  the  thi'ee  positions.    Then  we  have 

i  COB  a  +  t'  =6 

I  008  (a  +  120°)  +  i'=V 
i  C08  (a  +  240**)  +  i'  =:  I/' 

the  sum  of  which,  since  cos  (a  +  120*^  +  cos  (a  +  340**)  —  —  cos  «, 
gives 

<'=i(5  +  y  +  t")  (225) 

This,  subtracted  from  the  Ist  equation,  gives 

2b  —  b'~b'' 


t  cos  a  ^ 


(226) 


and  the  difference  of  the  2d  and  3d  equations  gives 


t  Bin  a  = 


(227) 


which  determine  i  and  a.  This  method  may  be  nsed  for  in^trn- 
mentis  intended  only  for  the  measurement  of  horizontal  angles. 
In  other  instruments,  both  methods  may  be  used^  and  th^ 
accordance  of  the  results  will  indicate  tlie  degree  of  perfection 
in  the  workmanship  of  the  vertical  pivots  of  the  instrumenL 

222,  If  there  are  several  horizontal  threads,  the  vertical  transU 
of  the  star  over  each  may  be  observed,  revolving  the  instrument 
slowly  in  azimutli,  so  as  to  make  tlie  transit  occnr  in  the  middle 
of  the  fiehh  The  level  of  the  alidade  should  be  read  both 
before  and  after  the  observation,  and  the  mean  taken  as  the 
value  of  f  at  the  mean  of  the  times  of  observation.  When  the 
star  is  not  near  tlie  meridian,  tliii  zenith  distance  represented  by 
Hie  mean  of  the  thi-eads  may  be  assumed  to  con'espond  to  the 
mean  of  the  observed  clot*k  times;  l»ut  when  near  the  meridhm 
a  correction  for  second  differences  will  be  necessary. 

Li  Vol.  I.  Art,  151,  we  have  found  that  if  T^  T^  7^,  4c,  iP6 
the  several  clock  times,  and  T  their  mean,  the  corrected  time 
corresponding  to  the  mean  of  the  zenith  distances  h 
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which,  t  being  the  hour  angle,  A  the  azimuth,  and  q  the  par- 
allactic angle  of  the  star, 

COS  ^  cos  fir 

k  = . ^ 

Bint 

cftud  J»Q  is  the  mean  of  the  quantities 

2sin«Ky,— y)  2  8in«Ky,  —  T)  . 

sin  1  sin  1" 

'^I'hicli  can  be  taken  from  Table  V. 
For  the  moon,  the  correction  will  be 

log  B  being  found  as  in  Art.  154. 

If  the  transit  is  defective,  that  is,  if  only  a  portion  of  the 
threa<lrt  have  been  used,  it  will  be  necessary  to  apply  to  the  circle 
reailing  a  correction  which  will  be  the  difference  between  the 
moan  of  the  threads  observed  and  tlie  mean  of  all  the  threads. 
Thus,  /  denoting  the  distance  of  any  thread  from  the  mean  of 
all,  an<l  7i  the  number  of -threads  observed,  the  correction  of  the 

circle  reading  will  be  -  £f.     The  value  of /for  each  thread  will 

be  most  readily  found  from  complete  vertical  transits  of  stars 
which  are  not  so  near  to  the  meridian  as  to  require  a  correction 
for  second  differences,  since  we  can  then  use  the  differential 
fonuula 

dz 
/  =  15  /  X  —  =  15  /cos  fp  sin  A 
dt 

in  which  /  is  the  inten-al  between  the  observed  time  on  a  thread 
and  the  mean  of  all  the  tunes. 

To  com[»ute/with  regard  to  second  differences,  see  Vol.  I. 
Art.  loU. 

223.  Cnrrccdon  of  (he  observed  azimuth  and  zenith  distance  of  the 
Vtinh  if  thi:  moon  or  a  planet  for  defective  illumination, — I  shall  here 
consider  only  the  ease  where  the  defective  limb  of  a  H[»herical 
body  has  been  observed.  The  fonnuhe  for  the  more  general 
casi»  of  a  splieroidal  planet  may  easily  be  deduced  from  those 
^ivcii  in  Vol.  I.  (occnltations  of  a  i)lanet) ;  but  they  are  rarely 
if  ever  required.     AVe  can  obtain  the  formuhe  necessary  for  our 
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present  purpose  from  those  given  in  Arts.  157  and  207  of  the 
present  volume.  It  is  evident  that  in  computing  the  ftpparesl 
outline  of  the  disc  of  a  planet  as  illuminated  bj  the  sun,  any 
system  of  co-ordimites  may  he  used,  provided  the  places  of  the 
sun  and  planet  are  exprerfaed  in  the  same  system.  If,  then,  we 
here  sulj^titute  the  zenith  for  the  pole,  and,  eonsequently,  the 
horizon  tor  the  equator,  we  have  only  to  suht^ititute  zenith  di^ 
tance  for  polar  distance  and  azimuth  for  right  ascent^ioiit  or 
rather  the  negative  of  the  azimuth,  einee  the  azimuth  is  reckoned 
from  left  to  riglit,  while  right  ascension  k  reckoned  fit>m  right 
to  left.     Putting,  therefore, 

d  =  the  sun's  zenith  distance, 
a  =        "         azimuth, 
A  ^  the  planet's  azimuth, 
8  =  the  planet's  apparent  semidiamoter, 
SjBf===:ihe  geocentric  diBtaneca  of  the  earth  and  planet, 
respect  ivcly, 

we  have,  by  (124),  for  computing  the  horizontal  perpendicular 
from  the  centre  of  a  planet  upr*n  the  vertical  thread  in  contact 
with  the  defective  limb,  the  formuhc 


SLU  y  :=  —  smci  am  (a 


A) 


(229) 


The  value  of  sin  jf  will  be  positive  or  negative  according  as  the 
2d  or  the  Ist  limb  is  defective.  The  value  of  s  may  be  found 
from  its  mean  value  given  in  Voh  I*  p.  578. 

For  the  moon  we  can  put  li  —  Ji\ 

Bince  we  wish  to  deduce  from  the  observed  azimuth  of  the 
defective  limb  that  of  the  true  limb,  the  correction  of  the  circle 
reading  will  c^ndently  he 


s  —  s        sremmr 

dA  ^^ ^= =^ 

sin  z  sin  z 


(230) 


Again,  for  computing  the  vertical  |RTi»endieular  from  the  centre 
of  u  planet  upon  the  horizontal  thread  in  contact  vniii  the 
defective  limb,  we  deduce  from  (200),  by  changing  the  coordi- 
nates, 

Bin  X  =  ^i  [*'"  ^  ^'^®  d  ^  oob:  m\  d  cos  {a  —  A)1       (2$I) 
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or,  by  introducing  an  auxiliary, 

tan  E  =  tan  (i  cob  (a  —  A) 

B    sin  (z  —  E)  cos  d 
siny    =-- ^^ :^ 


335 


(231*) 


and  the  correction  to  reduce  the   observed  zenith  distance  to 
tliat  of  the  true  limb  will  be 


dz  =  8  vcrsin  x 


(232) 


A  negative  value  of  sin  jr  will  indicate  that  the  upper  limb  b 
defective. 

Example  1. — Tlie  following  observations  of  the  azimuths  of 
Rcgtdns  and  of  the  moon's  1st  limb  were  made  at  Greenwich 
with  the  "Alt-azimuth,"  May  3,  1852. 


Vertical 
circle. 

Clock  time  of 
transit. 

Circle  reading 

Left 

11»  26-  12'.95 

140<»  39'  39".71 

Right 

12     8    11.30 

328    45  10  .76 

Ri^rht 

12  31    55.37 

02    54  43  .04 

Left 

12  45    26.33 

246    34  47  .08 

LcTel 

Clock 

=  / 

corr. 

—  19".79 

+  11'.46 

—  20  .14 

11.51 

—  21  .49 

11 .55 

-  19  .28 

11.57 

:>iL. 

DIL. 

Rajulus. 

The  clock  time  is  the  mean  of  the  transits  over  six  vertical 
threads.  The  clock  correction  is  the  reduction  to  sidereal  time. 
The  circle  readings  are  the  means  of  four  microscopes.  The 
level  rca<ling  is  the  mean  of  the  indications  of  six  levels,  per- 
manently attached  to  the  instrument,  parallel  to  the  horizontal 
axis.     The  level  zero,  found  by  the  method  of  Art.  213,  was 

l^^  —  30'M6 

The  collimation  constant  for  the  mean  of  the  threads  was,  for 

tirc-le  left, 

c  =  +  2".68 

The  o])servations  being  taken  for  the  purpose  of  determining 
the  moon's  aziniutli,  wt*  shall  first  find  the  index  correction  of 
tli<»  <irele  from  the  known  star  Rcfjuhis,  From  the  Nautical 
Almanac,  we  take 

Jinjulus,  R.  A.  =^       10*  0-  29'.32 

DCCI.   r:^   +   12°  41'   IC'.O 
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The  hour  angles  of  the  star  at  the  two  obscn^atioaa  are,  tliert- 

fore, 

Circle  Jt     <  ^  2*  31"  37-.60 
Circle  L.    t  =  2  ib     8  .58 

with  which  and  the  latitude  f  =  51  «*  28'  37'^84  we  find,  bj  VoL 
L  Art  14^  the  stare's  true  azimutli  and  approximate  zenith  didtanoe^ 

Circle  R    A  =  ^Z''  10  13'MO  e  ^  49**  21' 

Circle  L.     J^  =  55    50  39  .25  ^  =  51      3 

The  zenith  distances  are  apparent,  Le.  affected  by  refractian. 
The  instrumental  corrections  for  the  star  are  then  as  follows: 


»  =  »-/. 

±i«Otl 

^  eeoMot 

Circle  H. 
Circle  L. 

+    8".67 
+  10  .88 

—  7".45 

+  8  .79 

—  8".5S 
+  8  .45  . 

The  corrected  circle  readings  arc,  therefore  (adding  180^  to 
the  reading  tor  Circle  R*), 


Circle  R 
Circle  L. 


Corrected  A* 


242**  54'  32".0«5 
246    34  59  .32 


which,  compared  with  the  true  azimuths  A  above  found,  givU 
the  index  correction 


A^ 


169"  ly  41".04 
160    15  39  .93 


Circle  R 
Circle  L. 
Mean  aA  =  169    15  40  .48 


In  the  next  place,  to  reduce  tlie  obi?erv'ations  of  the  mooa 
there  were  given  the  moon's  apparent  zenith  distances  (affected 
by  parallax  and  refraction). 


Circle  L.   3z^77'll' 
Circle  R.   :5  J  ^  73    17 


whtiioo  we  find  the  instrumental  corrections  to  be  a0  foUoiWI 
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887- 


b  =  t-l. 

^  J  cot « 

^  e  cosee  t 

+  10".37 
+  10  .02 

+  2".36 
—  8  .01 

+  2".75 
—  2  .80 

Circle  L. 
«     R. 

Applying  these  and  the  above  found  index  correction,  the  true 
azimuths  of  the  limb,  as  observed,  were    ,^ 

Circle  L.  At  11*  26-  24'.41    Sid.  time,     A  =  809<»  65'  25".30 
«     R    "   12     8    22 .81      '•      «  A=  818     0  45  .48 

But  the  moon's  limb  was  slightly  gibbous ;  and  we  must  yet 
apply  the  correction  given  by  our  formulae  (229)  and  (230).  As  the 
correction  will  not  be  sensibly  different  for  the  two  obsen-ations, 
we  may  compute  it  for  the  middle  instant  between  them,  which 
corresponds  to  the  mean  solar  time  8*  57*  16*.    For  this  time,  we 

find 

Sun's  a  =  2*  44-  15'.74 
•*      d  =  +  15°  54'.6 

from  which  we  deduce  the  sun*8  azimuth  and  zenith  distance 

a  =  186°  4'.9  d  =  102°  8M 

and  hence,  taking  A  =  318°  68M  (the  mean  value),  we  find 

log  sin  X  =  n8.5570 

Since  sin  jf  is  negative,  the  first  limb  is  defective.    Then,  since 
M  =  W  8ti".5,  and  the  mean  value  o{  z  =  75°  14', 

dA  =  i^^^  =.0'\Q7 

sin  z 

which  is  to  be  added  to  the  above  values  of  A  to  obtain  the 
azimuths  of  the  true  limb. 

Example  2. — The  following  observations  of  the  zenith  dis- 
tances of  the  collimator  and  of  the  moon's  lower  limb  were 
made  at  Greenwich  with  the  "Alt-azimuth,"  Sept.  21,  1852. 


Circle  reading 


Collimator.    Circle  L.  |  315°  47'  57".53 
«      K.|  IGO    23  30  .34 

Vol.  IL— 22 


Lerel  reading 


74".63 
82  .46 


C  +  ' 


315°  49'  12".16 
100    24  52  .80 


Z=    58      7    2  .48 


TLe  vertical  transit  of  the  moon  was  obeenred  on  six  horizontal 
tlircade,  as  follows : 


Thr«»d. 

Clock. 

r.-r 

Srin'Hr, 

-n 

tin  r 

J  LX,  Circle  L. 

I 

19*38-llv5 

—  3-  48*.2 

28".40 

11' 

89    47.0 

—  2    12.7 

9  .60 

III 

41    16,0 

—  0    48,7 

1  .04 

lY 

42    42.5 

+  0   42.8 

1  .00 

V 

44      5.5 

+  2     5.8 

8  .63 

TI 

45    27.0 

+  3    27.3 

28  .44 

r--19  41    59  JO 
Clock  corr.  ^        +      7 .90 

m^  ^  12  .02 

Sid.  time     ==  19  42      7 .60 

Circle  reading  :  =  341°  27'  12".55 

Lcvol       «*        I  =  +m  M 

C  +  /=^34l    28  83  .45 

^  —   58      7     2  .48 

2  =    76    38  29  .03 

This  zenith  distance  does  not  correspond  precisely  to  the  mean 
time  r,  on  account  of  the  moon's  proxhnity  to  the  meridian.  To 
obtain  the  correction  for  second  ditierences  by  our  formula  (228), 
we  have  found  above  the  differences  between  the  several  clock 
times  and  T,  and  also  the  mean  {m^j  of  the  correapondiiig  values 
of  m.  Then,  to  compute  the  coefficient  it,  we  have  the  approxi- 
mate azimuth  of  the  moon  at  the  time  of  observation, 

A  =  +  S^  68'.8 
and  the  moon's  declination, 

a  =^  -^  23"  34'.5 
Hence,  with  f  =  51^  28'.6,  by  the  formul® 


we  find 


and  then 


Bin  A 

sm  q  = cos  ^ 

cos  ^ 


log  sin  q  =  9.0257, 


.    ^       sm  j4    . 

sm  I  = sin  g 

cos  d 


log  fiin  t  =  9.2194 


log  k  =^  0.7727 
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The  change  of  the  moon's  right  ascension  in  one  minute  of 
mean  time  was  2^.40;  and  hence,  by  the  table  in  Art  154, 

ar.  CO.  log  B  =  log  (1  —  ;)  =  9.9828 

We  have,  therefore,  the  correction 

which,  being  added  to  the  sidereal  time  above  found,  gives 
19*  42*  11*.98  as  the  sidereal  time  corresponding  to  the  apparent 
zenith  distance  76^  38'  29".03. 

It  should  be  observed  that  in  the  observation  of  the  collimator 
one  of  the  horizontal  threads  is  made  to  bisect  the  cross  tliread 
of  the  collimator,  and,  therefore,  in  order  to  make  the  circle 
readings  correspond  to  the  mean  of  the  threads,  they  must  be 
increased  by  the  distance  of  the  horizontal  thread  employed 
from  the  mean.  In  the  above  observations  the  4th  thread  was 
employed,  the  distance  of  which  from  the  mean  of  the  six 
threads  was  1'  0".46.  This  quantity  is  included  in  the  circle 
readings  above  given,  so  that  they  represent  the  readings  that 
would  have  been  obtained  if  the  fictitious  thread  called  the  mean 
thread  had  actually  been  observed  in  coincidence  with  the 
threads  of  the  collimator. 

In  conclusion,  it  is  to  be  remarked  that  stars  may  be  observed 
both  directly  and  by  reflection  in  a  mercury  horizon,  in  which 
case  the  difference  of  the  readings  of  the  vertical  circle  (corrected 
for  any  change  in  the  alidade  levels,  &c.)  will  be  twice  the  alti- 
tude. The  combination  of  the  reflected  observations  in  both 
positions  of  the  axis  gives  the  nadir  point  of  the  instrument, 
precisely  as  the  zenith  point  is  obtained  from  the  direct  obser- 
vations. The  method  of  conducting  such  observations  will  be 
readily  inferred  from  what  has  already  been  said  under  Meridian 
Circle,  Art  200. 

[For  an  example  of  the  use  of  a  portable  instrument  in  de- 
termining the  longitude  of  a  place  by  the  moon's  azimuth,  see 
VoL  L  p.  380.] 


THE  ZENITH   TELESCOPE. 

224,  The  zenith  telescope  \s  a  portable  iostruraent  specialljr 
•adapted  for  the  measurement  of  small  dijferences  of  zenith  din- 
tiuii-e.  It  18  estieirtially  the  invention  of  Capt.  Andrew  Talcutt, 
of  the  IL  S.  Corps  of  Engineci^  (in  1834) ;  but,  having  been  exelu- 
eively  adopted  m  the  U. S,  Coast  Suney  for  the  determinatiuu 
of  lutihideti,  it  lia^  there  received  several  iniprovemeutii,  which 
have  given  it  a  niore  general  cliaracter  than  it  p04a8efl«*ed  at  fiitsC 
Ah  now  conBtroeted,  it  can  he  u^ed  at  all  zenith  di^tanco^  aod 
may  be  regarded  a8  designed  for  the  comparison  of  any  two  ueariy 
equal  zenith  distances  in  any  azinuitliHt.  The  method  of  findii 
the  latitude  hy  thi^  instrument,  now  icnowu  as  Talet}(Cs  Mtthai^ 
u  one  of  the  most  valuable  im proven lentii  in  practical  a^nniowy 
of  recent  years,  surpasj^intr  all  previously  known  methods  (nc 
excepting  tliat  of  Uessel  by  prime  vtiitical  transits)  both  iu  sin] 
plieity  and  lu  accuracy. 

Plate   XriL  represents   one  of  the  zenith  telescopea  of  the 
V.  8.  Coa-st  Survey.     Tlie  telescope  is  attached  to  one  end  of  *j 
horizontal  axis  Q,  and  id  conuterpoiscd  by  a  weight  O  at  thi 
other  eiul,  which  is  so   connected  witli   the    telesoope  by 
curved  lever  P,  P,  P  m  to  tend  not  only  to  erpmlize  tlie  pr^senii 
of  the  axis  Q  upon  the  two  V^,  but  to  j>revcut  the  flexuixj  of  tl 
axis.     The  Ve  of  the  horizontal  axis,  one  of  which  ia  seen  at  NA 
are   connected  with  each  other  by  the   horizontal   bar  M^  andll 
thereby  to  the  vertical  eohinm  (\     This  column  revolves  abouM 
a  vertical  axis  and  carrier  a  vernier  and  clamp  e^  by  meam)  of 
which  it  may  be  set  at  any  reading  of  the  horizontal  circle  B&. 
The  vertical  axis  arut  horizontal  einle  are  secured  to  a  tri|jcH^' 
the  feet  of  which,  A^  A^  A,  are  levelling  screws  for  adjunting  the 
vcrticality  of  the  axis*     The  striding  level  S  is  applied  to  ikfj 
horizontal  axis,  ad  in  the  case  of  the  transit  instrument. 

We  now  come  to  the  distinctive  features  of  the  tnstrameiil, 
the  spirit  level  L  and  the  micrometer  E.     The  level  1. 1^  at  right 
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angles  to  the  horizontal  axis,  and,  consequently,  in  the  plane  of 
motion  of  the  telescope,  and  is  firmly  connected  with  the  bar  Hj 
which  revolves  upon  a  centre  secured  to  the  telescope :  so  that 
it  may  be  placed  at  any  angle  with  the  optical  axis  of  the  tele- 
scope. In  order  to  set  the  level  at  any  given  angle  approximately, 
the  bar  JST  carries  a  vernier,  which  by  the  clamp  /  can  be  fixed 
at  any  reading  of  the  vertical  circle  if,  and  this  circle  is  perma- 
nently connected  with  the  telescope.  This  circle,  being  graduated 
from  0°  at  its  middle  point  to  90°  in  each  direction,  will,  when 
properly  adjusted,  give  the  zenith  distance  of  a  star  towards 
which  the  telescope  is  directed  when  the  bubble  of  the  level  is 
in  the  middle  of  the  tube ;  and  it  therefore  serves  as  a  finder  by 
setting  the  vernier  upon  the  given  zenith  distance  of  a  star  and 
then  revolving  the  teles<upe  until  the  bubble  plays.  When  the 
telescope  is  thus  approximately  set,  it  is  clamped  by  the  screw 
G^  which  acts  upon  a  circular  collar  around  the  horizontal  axis, 
and  then  a  fine  motion  in  zenith  distance  can  be  given  to  the 
telescope  by  the  tangent  screw  F.  This  fine  motion  is  required 
only  in  bringing  the  bubble  of  the  level  nearly  to  the  middle  of 
the  tube. 

-&  is  a  filar  micrometer  with  one  or  more  movable  threads 
carried  by  a  single  micrometer  screw  with  a  graduated  head 
reading  directly  to  hundredths  of  a  revolution,  and  by  estima- 
tion to  thousandths.  In  tlie  instruments  in  use,  one  revolution 
is  UHually  less  than  5(K',  and  hence  each  observation  is  read  oflT, 
by  estimation,  within  less  than  0".05.  There  are  usually  added 
several  fixed  vertical  threads,  so  that  the  instrument  can  be  used 
as  a  transit  instrument  when  required. 

In  the  preliminary  adjustment,  when  setting  up  the  instni- 
ment,  the  test  of  the  verticality  of  the  axis  Cis  that  the  reading 
of  the  striding  level  S  is  not  changed  while  the  instrument  makes 
a  complete  revolution  in  azimuth.  The  perpendicularity  of  the 
horizontal  and  vertical  axes  Q  and  C  is  proved  when,  after 
having  made  C  vertical,  Q  is  horizontal ;  and  the  latter  is  proved 
by  reversing  the  level  S  upon  the  axis. 

The  middle  transit  thread  can  be  approximately  adjusted  by 
causing  it  to  coincide  with  a  very  distant  terrestrial  point  in  two 
portitlonrt  of  the  telescope  for  which  the  readings  of  the  hori- 
zontal circle  difllT  exactly  180°.  This,  however,  is  but  an 
approximation :  for  there  will  be  a  parallax  in  the  apparent 
poi^ition  of  any  terrestrial  point  as  obser\'ed  in  the  two  positions, 
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Bince  the  absolute  position  of  the  centre  of  the  telescope  ii 
changed  by  twice  iti3  constant  distanee  from  the  vertical  axia. 
We  can  easily  compute  the  amonnt  of  tliiJ*  parallax  in  a  pi%'eii 
case  ami  allow  for  it ;  for  if  d  —  the  distanoc  of  the  centre  of  tlie 
telescope  from  the  vertical  axis,  D  ^  the  distance  of  the  object^ 
and  p  =  the  parullax,  we  have 

_        d 
^  ~  D  sin  1" 

but,  aa  the  horizontal  circle  is  not  designed  for  very  aoenrate 
meaeureB,  it  will  not  usually  be  worth  while  to  u»e  this  method 
further  than  to  make  a  lirnt  adjustment.  A  perfect  adjuj^tment 
can  l>e  directly  effected  by  the  use  of  two  colli  mating  telci^copes 
(Transit  Inst,  Art.  145),  for  which  we  can  tempi mrily  uae  the 
telescopes  of  two  theodolites  or  other  field  lUrtti-umeutF  at  hand. 
^\Tien  the  in8trument  ih  used  as  a  transit,  the  eollimation  eon* 
stant  can  he  determined  from  a  number  of  stars  obeierved  in  th# 
two  posittoufl  of  the  axis  by  the  method  of  least  s<pinre«,  sup- 
posing  two  different  azimuths  hut  the  name  eollimation  in  the 
two  seta  of  equations  of  condition,  as  in  the  exam[ile,  p.  202. 

The  verticality  of  the  transit  threads  is  proved  by  the  methoda 
useil  for  the  transit  instrument. 

In  finding  the  latitude  l>y  meridian  observations,  the  instru- 
ment is  frequently  revolved  in  azimuth  180°  for  the  alternate 
oljservation  of  north  and  8«iuth  stars,  and,  to  save  timo  in  thii 
npenition,  two  stopt*,  6,  b,  are  provided,  \vhich  can  be  clamped 
at  any  points  of  the  limb  of  the  horizontal  circle,  and,  cotuM^ 
quently,  at  such  point-^  that  the  telescope  shall  he  in  the  meri* 
dian  when  the  clamp  e  bears  against  either  stop. 


225.  Talcotts  mvfhxl  of  Jindinff  the  latltmk, — Two  stars  are 
selected  which  culminate  at  nearly  equal  zenith  distanees,  one 
north  ami  the  other  south  of  tlie  zenith.  The  ditFerence  of  their 
zenith  distiinces  tnust  be  less  than  tlie  breadth  of  the  tield  of  the 
telescope,  unci  it  is  better  tu  have  it  less  than  half  this  breadtli^to 
avoid  oliservatiuns  near  tlie  edge  of  the  field*  Tlieir  right  a^M^en*- 
mon^  should  be  nearly  equal,  so  that  their  transits  may  occur 
within  so  short  a  period  that  the  state  of  the  instrument  may  be 
aaaumed  to  have  rciuuiucd  unchanged;  but  a  sulficient  internal 
Bhould  be  allowed  for  making  the  neceisaiy  ob»er\'ation  of  the 
level  and  micrometer  aud  fur  revensiug  in  azuuuth*     The  stope 


ZSNITH  TELESCOPE.  84& 

having  been  previously  set  (by  means  of  some  known  star)  so  as 
to  murk  the  meridian,  the  finding  circle  K  is  set  to  the  mean 
zenith  distance  of  the  t^^o  stars,  and  the  telescope  is  pointed  so 
as  to  make  the  reading  of  the  level  L  nearly  zero.  The  tele- 
scope can  now  be  directed  upon  either  star  by  revolving  the 
instrument  about  the  vertical  axis,  and  this  axis  is  supposed  to 
be  so  nearly  vertical  that  the  reading  of  the  level  will  not 
be  greatly  changed,  since  for  accurate  determinations  with  a 
spirit  level  it  is  always  important  to  make  the  inclinations  which 
it  is  to  measure  as  small  as  possible,  and  not  to  use  the  extreme 
divisions.  The  chronometer  times  of  the  transits  of  the  stars 
have  been  previously  computed  from  their  right  ascensions  and 
the  chronometer  correction.  The  instrument  being  set  for  the 
star  which  culminates  first,  when  tlie  star  comes  into  the  field 
an  assistant  calls  the  seconds  of  the  chronometer,  and  the 
observer  bisects  the  star  by  tlie  micrometer  thread  as  nearly  as 
possible  at  the  computed  time  of  transit ;  or,  failing  in  doing 
.  this  satisfactorily,  he  bisects  it  soon  after,  and  records  the  actual 
time  of  the  observation.  He  then  reads  the  level  and  micro- 
meter, revolves  the  instrument  180°,  and  observes  the  second 
star  in  tlie  same  manner. 

Several  bisections  of  the  star  might  be  made  while  it  is  passing 
through  tlie  field,  and  each  could  be  reduced  to  the  meridian ; 
but  in  the  Coast  Survey  a  single  deliberate  meridian  observa- 
tion is  regarded  as  preferable  to  several  circummeridian  obser- 
vationrt. 

AVe  must  not  fail  to  remark  that,  since  the  excellence  of  this 
method  depends  upon  the  invariability  of  the  angle  which  the 
telescope  and  level  make  with  each  other,  the  observer  must  not 
touch  the  tangent  screw  I  after  having  set  for  the  proper  zenith 
distance,  until  the  observation  of  the  two  stars  is  completed. 
The  same  restriction  does  not  apply  to  the  tangent  screw  Fy 
whidi  moves  the  telescope  and  level  together ;  and,  in  case  the 
vertical  axis  is  not  very  well  adjusted,  it  may  be  necessarj'  to 

*  The  single  obserration  is  preferable  on  the  score  of  simplicity  in  the  subsequent 
reductions,  but  it  cannot  be  regarded  as  more  accurate  than  the  mean  of  sereral 
properly  taken  obserrations.  The  best  reason  for  preferring  the  single  obsenration 
is  found  in  the  present  state  of  the  Htar  catalogues,  for  eren  the  single  obserTation 
with  the  zenith  telescope  is  subject  to  a  less  probable  error  than  the  place  of  the  star 
in  most  of  the  catalogues  that  have  to  be  used.  It  is,  therefore,  preferable  to 
simplify  the  indiridual  obaenrations  and  to  multiply  obserrations  by  taking  different 
pairs  of  stars. 
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asc  this  screw,  after  turning  to  the  second  atar^  in  order  to  brings 
the  hubble  of  the  level  near  the  middle  of  the  iw^ale* 

Now  let  m  be  the  micrometer  reading  (reduced  to  arc)  for  thm^* 
southern  st^n  Let  wio  be  the  micrometer  reading  for  any  point 
of  the  field  arbitrarily  assumed  as  the  micrometer  zero;  and  let 
Tu  be  tlie  apparent  zenith  distimce  represented  by  w^  when  the 
level  readiujL^  is  zero.  Let  us  alno  suppose  that  the  micrometer 
readings  increase  as  the  zenith  distances  decrease.  Then,  if  the 
level  reading  were  zero,  the  ajiparent  zenith  distance  of  the  star 
would  be 

Let  I  be  the  equivalent  in  arc  of  the  level  readings  positive  whea 
the  reading  of  tlie  north  end  of  the  level  is  tlie  greater;  let  r  be 
the  refraction.  Thcu  the  true  zenith  distance  of  the  southern 
star  is 

j?  =  z^  +  in„  —  m  +  f  4-  r 

The  quantity  z^  +  m«  is  constant  so  long  as  the  relation  of  the 
level  and  telescope  is  not  changed.     We  shall,  therefore,  have 

for  the  northern  star 


Hence  we  have 


y  =^  z.  +  m,  —  m'  —  r  +  K 


z  —  a:'^  m'—  m  -f  r  +  /  +  r  —  r' 


But,  if  I?  and  S'  are  the  declinations  of  the  south  and  north  stars, 
respectively,  and  f  the  latitude,  we  have 


and,  therefore, 


-  {  {^*  +  ^)  +  1  ("»'-  m)  +  1  y'+  0  +  i(r  -  O  J    ^       [ 

Thus,  to  the  mean  of  the  derlinations  we  have  to  add  three  cor- 
rections, wbich  1  shall  consider  se])arately. 

226.   The  correction  for   rcfraetmu — The    observations  being^ 
usually  restricted  to  zenith  distances  less  than  25°,  and  the  differ- 
ence of  zenith  distance  being  necessarily  less  than  tlie  brvadtli 
of  the  field  of  the  telescope,  tlie  difference  of  the  refractioua  li 


U91TH  TSLB8C0PB. 


^5 


M  muBll  that  the  variations  depending  on  the  state  of  the  barom- 
eter and  thermometer  are  not  sensible,  and  we  may  employ  the 
eq[aation 

in  which,  if  z —-  z'  is  expressed  in  minntes,  the  differential 
quotient  —  will  denote  the  change  of  the  mean  refraction  cor- 
responding to  a  change  of  one  minute  of  zenith  distance.  K 
we  take  Bessbl's  formula  for  the  refraction, 

r  =  o  tan  z 

in  which  a  may  be  regarded  as  constant  for  small  variations  of 
z,  we  have 

dr a  sin  1' 

dz         cos'jzr 

by  which  we  readily  form  the  following  table : 


t 

dr 

0' 

0".0168 

5 

.0169 

10 

.0173 

15 

.0180 

20 

.0190 

25 

.0205 

Tlie  principal  term  in  the  value  of  z  —  ^'  is  m'  —  m,  and  we 
may  in  practice  take  (m'  —  m  being  expressed  in  mihutes) 


az 


(284) 


The  correction  for  refraction  then  has  the  same  sign  as  the  cor- 
rection for  the  micrometer.* 


*  If  we  wish  to  consider  the  actual  state  of  the  air  aa  giren  by  the  barometer  and 
thenBometer,  we  baVe  only  to  multiply  the  Talnes  of  —  by  ^  and  y^  whote  log*- 


rithms  are  giren  in  Table  II. 
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227.  The  correction  for  leveL — If  we  denote  the  readings  of  the 

north  and  south  ends  of  the  buhl>le  by  n  and  s,  the  hiclinutionii 
observed  at  the  oljaervation^  of  the  80ut)i  and  north  8tiir^  re- 
spectively, expressed  in  divi^ious  of  the  level,  or,  aa  I  shall  call 
them,  the  level  readingSy  will  be 

- n  —  s  -^  _  n'—s^ 

~     2  ""^~ 

and,  putting  D  =  the  value  of  a  division  of  the  level  in  seconds 
of  arc,  we  shall  have 

l  =  LD  l'=L'I> 

and  the  correction  for  the  level  will  be 


iiV^l)=K^'  +  L)D: 


un'  +  n)^(i^  +  s)\^ 


(2Z^) 


Thus  the  correction  for  the  level  ia  found  with  its  proper  eign  bjr 
subtracting  the  sum  of  the  south  end  readings  from  the  sum  of 

the  north  end  r endings,  and  multiplying  one-fourth  the  remainder 
by  the  value  of  a  divii?iou, 

228.  The  correction  for  the  micrometer, — If  we  denote  tlie  actual 
micrometer  readings  for  the  .south  and  nortli  stars  by  M  and  M\ 
expressed  in  revolutions  of  the  screw,  and  put  R  =  the  value  of 
a  revohuion  in  seeondB,  we  have 

^  (m'  -m)  =  l  {M'  -  M)  R  (238) 

We  have  supposed  the  readings  to  increase  a»  the  zenith  di^ 
tances  decrease,  or,  which  is  the  same  thing,  that  the  readingift 
Increase  fn>ni  the  ui*pcr  part  of  the  field  towards  the  lower  part* 
This  is  desirable  only  on  account  of  the  symmetry'  it  gives  to  th© 
reductions,  the  proper  sign  of  the  correction  being  determined,  aa 
in  the  case  of  the  level,  Tiy  always  subtracting  soutli  readings 
from  north  readings.  But  it  is  well  to  reverse  the  instrument 
occasionally,  using  the  telescope  sometimes  on  the  right  and 
sometiiaes  on  the  left  of  the  vertical  axis,  in  order  to  eliminate 
any  unknown  peculiar  error  of  the  instrument,  and  in  conformity 
with  the  general  prijiciide  of  varying  the  circumstances  under 
which  ditferent  determinations  of  the  same  quantity  are  made. 
This  revi»r-ial,  of  course,  reverses  the  sign  of  the  i*eading!i^  and 
therefore  wlien  the  readings  are  tlie  reverse  of  those  above  «a|>* 
posed  it  will  he  sufficient  to  mark  them  all  with  the  negative 
sign,  and  then  to  proceed  by  the  same  formulte  as  before. 
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229.  Seduction  to  the  meridian. — ^When  from  any  cause  the 
observer  fails  to  obtain  tlie  meridian  obserx-ation,  a  single  extra- 
meridian  observation  is  usually  substituted.  This  observation 
may  be  taken  in  either  of  two  ways. 

I^rsf.  The  instrument  is  left  clamped  in  the  meridian,  and  the 
star  irt  observed  at  a  certain  distance  from  the  middle  vertical 
tliread,  the  time  being  noted.  The  reduction  to  the  meridian  is 
tlien  the  same  as  for  the  meridian  circle  (Art  199),  namely,  r 
being  the  hour  angle  of  the  star  in  seconds  of  time, 

J(15r)«8inr8in2d 

Tliis  is  to  be  added  to  the  observed  zenith  distance  of  a  southern 
star,  or  subtracted  from  that  of  a  northern  star,  and  in  either  case 
one-half  of  it  is  to  be  added  to  the  latitude.  The  correction  to 
the  latitude  is,  therefore, 

x  =  i  (15r)«8in  r  sin  2^  =  [6.1847]  r^sin  2d  (237) 

when  ojie  of  the  stars  of  a  pair  is  observed  out  of  the  meridian. 
If  l>oth  are  so  obser\'ed,  two  such  corrections,  separately  com- 
puted for  each,  must  be  added.  If  the  star  is  south  of  the 
equator,  the  essential  sign  of  the  correction  is  negative. 

Secondly.  We  may  follow  the  star  oiF  the  meridian  by  revolving 
the  instniment  in  azimuth,  keeping  the  star  near  the  middle 
vertical  thread.  The  reduction  is  then  the  same  as  that  of 
circummeridian  altitudes  (Vol.  I.  Art.  170),  namely, 

(15T)*8in  1"  cos  ip  cos  d 
2  h\i\z 

whicli  is  always  subtractive  from  the  obser\'ed  zenith  distance, 
and  therefore  the  correction  to  the  latitude  in  this  case  will  be 

4  sin  z 

the  upper  sign  for  a  northern  and  the  lower  for  a  southern  star. 

230.  Selerdon  of  stars. — Tlie  fundamental  stars  whose  declina- 
tions are  detennined  with  the  highest  degree  of  precision  are  too 
few  to  afford  suitable  i)airs  for  this  method,  and  hence  we  must 
liave  recourse  to  the  smaller  stars.  Those  of  the  6th  or  7th 
magnitude  are  the  smallest  that  can  be  easily  observed  with  a 
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portiible  inatriiment*  But,  as  the  declinations  of  tliese  stars  are 
not  very  jirecmely  determined,  we  are  obliged  to  employ  a  large 
number  of  pairs  in  order  to  eliminate  their  errors  as  far  as  pCMai- 
ble  by  taking  the  mean  of  all  the  results*  The  British  AsdoctS- 
tion  Catalogue  will  geneniHy  furuieh  from  fifteen  to  thirty  pairs 
for  any  given  latitude  on  almost  any  night  in  the  year,  hnt,  ns 
the  declinations  of  the  ntam  selected  will  often  be  found  to  rei^ 
upon  a  single  obsei'vation,  or  upon  a  single  authority,  these  onght 
to  be  rejected  unlest^  they  can  be  found  alao  in  more  recent 
catiilogueg.  In  order  to  secure  every  available  jiair,  the  catalogue 
should  be  consulted  from  the  earliest  rig!*f  ascension  which  the 
daylight  at  the  time  of  tiie  beginning  of  the  series  of  abeerr&- 
tions  permits,  to  the  latest  hour  at  which  it  is  desirable  to  observe* 
►  It  is  found  expedient  to  prepare  a  table  in  which  all  the  stars 
which  culminate  within  25°  of  the  zenith,  both  north  and  Bouth^ 
are  arranged  in  the  order  of  their  right  ascensions.  From  this 
table  suitable  pair:^  arc  selected  to  satisfy  as  nearly  as  possible  the 
following  conditions:  1st,  The  difference  of  the  zenith  distuncea 
in  a  pair  shauld  not  he  more  than  10';  in  order  not  to  have  to 
obsen^e  either  star  near  the  edge  of  the  field,  and  also  in  onler 
to  lessen  the  effect  of  an  error  in  the  determination  of  the  Talae 
of  the  micrometer  screw.  2d,  Tlie  difference  of  the  right  ascen- 
sions of  a  pair  should  not  be  less  than  one  minute,  so  as  to  givu 
time  to  read  the  micrometer,  and  to  revolve  the  instrument  to 
be  prepared  for  the  second  star;  and  not  greater  tlian  about 
twenty  minutes,  to  avoid  changes  in  the  state  of  the  insti'ument. 
3d,  The  interval  between  pairs  should  afftu-d  time  for  reatling 
the  micrometer  and  level,  and  for  setting  the  instrument  for  the 
next  pair.  4tli,  The  greater  zenith  distance  should  be  as  often 
that  of  the  northern  as  tliat  of  the  southern  star,  as  an  error  in 
the  value  of  the  mieroioeter  screw  will  thereby  be  rendered  less 
Benftilrle.  The  effect  of  such  an  error  would  e^idently  be  wholly 
msensible  in  the  case  of  a  pair  whose  zenith  distances  were 
exactly  equal :  and,  in  general,  for  any  number  of  pairs  the  effect 
of  such  an  error  upon  the  final  result  will  l>e  the  more  nearly 
insensible  the  more  nearly  wc  approach  to  the  condition 

231,  Example. — ^To  illustrate  the  preceding  method,  I  extract 
from  the  records  of  tliC  I",  S,  Coast  SurviV,  by  the  kind  pcrmis' 
eion  of  the  Superintendent,  a  portion  of  the  observations  taken 
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at  the  Rodyn  BUiiion^  Virginia,  in  July,  1852,  and  shall  give  them 
very  nearly  in  the  form  in  which  they  are  recorded  and  reduced 
upon  the  survey.  After  selecting  the  most  suitable  pairs  of  stars 
by  the  process  above  described,  a  list  is  made  out  for  the  use  of 
.the  observer  in  preparing  for  each  observation,  as  follows : 

Programme  for  Zenith  Telescope. 
U.  S.  C.  8.  Roslyn  Station,  Va.  Approx.  lat.  =  87®  14' 


Star. 

M»g. 

AR. 

Dm. 

Zen.  DiBt. 

8«Jling. 

B.AC.  4843 
<•       4902 

6 
6 

14*  33- 
14  43 

21- 
37 

+  45»    3' 
29    14 

7"  49' 
8      0 

S. 

7°  55' 

"       4902 

6 

14  43 

37 

29    14 

8      0 

S. 

1 

'•       4965 

5J 

14  57 

55 

45    14 

8      0 

N. 

8     0 

«       4991 

6 

15     2 

2 

26    52 

10    22 

S. 

'•       5092 

7 

15  20 

21 

47    85 

10    21 

N. 

10    21 

"       5092 

7 

15  20 

21 

47    35 

10    21 

N. 

"      6192 

5 

15  36 

83 

20    46 

10    28 

S. 

10    24 

4c. 

Ac. 

The  following  are  some  of  the  observations  taken  by  Mr.  Dean: 


Date, 
lSo2. 

Star. 

Micrometer. 

LCTCI. 

Merid. 
dirt. 

No.    1    N. 
B..\.C.      8. 

1 

Reading. 

Diff.  Z.  Diit. 

N. 

8. 

N  — 8. 

JulyO 

4843     N. 
4902;    S. 

II.T. 

29.590 
12.340 

Kn. 

+  17.250 

32.4 
34.0 
34.0 
33.8 

35.0 
35.3 
35.3 
37.0 

—  8.9 

- 

"     9 

4902 1    S. 
4905     N. 

12.340 
13.990 

+    1.650 

—  4.5 

"     0    4001,     S. 
5002-   N. 

23.810 
25.525 

+    1.715 

31.2 
39.2 

30.5 
33.0 

-2.1 

"     0 

1 

5U92.    N. 
5192      S. 

25.525 
14.800 

+  10.725 

39.2 
32.8 

33.0 
41.0 

-2.0 
-1.1 

10'.9 

;    '•  19 

1 

5911      N. 
5922      S. 
<)45:l      S. 
6530     N. 

14.805 

26.075 

8.225 

5.300 

—  11.870 

48.5  1  48.6 
43.0  i  49.0 

'     "  20 

1  44.4  ■  49.4 
—    2.865  1  50.2    43.5 

+  1.7 

20.5 

350 
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The  stars  5911  and  6453  were  obaervcd  out  of  the  meridian  at 
the  hour  angles  10'.9  and  20**5,  respectively,  the  iBBtmment 
remaining  in  the  meridian. 

The  next  step  is  to  deduce  the  apparent  declinations  for  the 
dates  of  the  ohservations  from  the  catalogues,  using  for  this  pur* 
pose  not  only  the  B,  A.  C,  but  eIbo  any  later  catalogues  in  which 
the  stars  can  he  found. 

The  value  of  a  revolution  of  the  micrometer  was  B  —  41" .40, 
and  that  of  one  division  of  the  level  was  D  =  1".65p  Thu  com* 
putatiou  of  the  latitude  is  then  as  follows; 


SUr. 

tanda' 

*(«  +  r) 

CoTTMllaua, 

Utlt«4i^ 

Mkrott. 

Lmntl. 

«<fr. 

MtfW. 

mm 

4002 

-|-46'>   Tm"M 
4^29   14     1  .S5 

87« 

8'  20".21 

-f5'57^0S 

-r.oi 

+r.io 

37*  14'  24M« 

49b2 
4965 

4991 
5093 

29  14    1  .m 
45    18  43  .64 

37 

13  52  .75 

-HO  34  ,15 

-1  .86 

-fO  .01 

25  .06 

26    52  24  JsL 
47   85  10  .Zir 

18  50  .55 

+0  36  .60 

— 0  .87 

+0  .01 

25  J1» 

5092 

6192 

47    as  16  .37 
26   4ti  13  .62 

37 

10  44  .95 

H^S  42  .01 

-^0  .83 

+0  .06 

211  .19 

5911 
5922. 

48   23  22  .47 
26    13  41  .36 

37 

IS  31  .92 

-^4    5  .71 

-0  .46 

-4>.07 

+0.02 

26  M 

645a 
65S0 

22   27  47  .31 
52     8    0  .31 

37 

15  28  .SI 

— 0  59  .31 

+0.70 

— 0  .02 

+0.04 

25  .n 

&I 

[M]I  = 

87  14  25  .8§ 

232*  Discussion  of  the  residfs, — In  eombining  the  results  ob- 
tained by  this  method,  we  should  have  regard  to  their  respective 
weights.  The  weight  of  any  result  from  a  pair  is  a  function  of 
the  probable  error  of  the  declinations  of  the  stars  and  of  the 
probable  error  of  observation, 

The  probable  error  of  an  observation  of  a  single  pair,  which 
may  be  denoted  by  f,  is  foiuid  by  comparing  all  the  observations 
on  the  same  pair  with  their  mean,  where  a  sufficient  nuniber  of 
observations  have  been  taken.  Assuming  that  the  probable 
error  of  observation  is  the  same  for  every  pair  of  stars,  we  can 
find  its  mean  value  from  all  the  pairs,  as  follows.  If  i\  denotes 
the  residuals  obtained  by  comparing  the  mean  of  the  result*  by 
the  first  pair  with  ii^  individual  results  from  that  pair,  r,  tlit 
residuals  obtained  in  like  manner  from  a  second  pair  on  which 
there  are  r?,  obser\'ations,  and  so  on,  to  m  pairs,  we  have,  accord- 
ing to  the  theory  of  least  squares, 
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(n,  —  1)  e€  =  ^*  [i;,vj 
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where  [9|rJ  &c.  denote  the  sums  of  the  squares  of  the  values 
of  Tp  &c.,  and  q  is  the  factor  for  reducing  mean  errors  to  pro- 
bable errors.  (See  Appendix,  Art  15.)  The  sum  of  these  equa- 
tions gives 

^  (n  —  m)ee  =  j«[rr] 

where  n  denotes  the  whole  number  of  individual  results,  or  n 

=  n,  +  n,  + +  w^>  and  [vv]  the  sum  of  the  squares  of  all 

the  residuals,  or  [rr]  =  [i?ii? J  +  [tii?J  + +  [^■.i' J-    Hence 

we  have 


/[ri;] 
^  n  —  m 


q  =  0.6746 


(240) 


Example. — The  individual  results  of  the  whole  series  of  ob- 
servations at  Roslyn  in  July,  1852,  from  which  the  above  are 
extracted,  were  as  stated  in  the  following  table,  in  which  only 
the  aeconds  of  latitude  are  given. 


Ta  find  the 

No.  of 
pair. 

L*t. 

MMna. 

• 

W 

1 

24".78 

^ 

2 

25  .05 

sf 

25  .19 
24  .47 

24".83 

.86 
.36 

.1296 
.1296 

•1 

26  .19 

25  .94 

26  .47 

26  .20 

.01 
.26 
.27 

.0001 
.0676 
.0729 

•I 

25  .52 

26  .08 
26  .14 

26  .91 

.89 
.17 
.23 

.1521 
.0289 
.0529 

6J 

22  .95 
22  .50 

22  .73 

.22 
.23 

.0484 
.0529 

^B 
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To  find  fA«  MTor  o/  o6««rvariofL — Cotitliiu«d. 

No.  of 

Lm. 

Mcnna. 

1? 

vv 

f 

26",26 

.33  - 

.1089 

25  .42 

A\ 

.2601 

7h 

25  .96 

25".93 

.08 

.0009 

26  .01 

.08 

•0064 

25  M 

.06 

•0025 

^ 

25  M 

.03 

.0000 

^^^H 

r 

25  .47 
24  .97 

.29 
,21 

.0841 
,0441 

' 

^^H 

8. 

24  .95 

25  .18 

.23 

,0529 

25  .30 

.12 

.0144 

24  ,99 

.19 

.0361 

_^ 

h 

25  .88 

.20 

.0400 

i- 

26  .17 

.72 

.5184 

25  .64 

.25 

.0625 

9^ 

26  .00 
26  .45 

25  .89 

.11 

.56 

,0121 
,3136 

w 

26  .IT      1 

1     .28 

.0784 

f 

25  .92 

.13 

.0169 

10- 

25  .46 

25  .79 

.33 

.1089 

25  .70 

.09 

.0081 

' 

26  .09 
25  .15 

.80 
.62 

.0900 
.S844 

L 

n. 

24  .24 

24  ,43 

24  .53 

.29 
.10 

.0841 

,0100 

\ 

24  ,29 

.24 

.0576 

^P 

f 

26  .18 

1.01 

1.0201 

1     1 

.{ 

< 

24  .17 

25  ,10 

25  .73 

25  .15 

.08 
.05 

.51 

.9604 
.0025  . 

.2601 

^m 

18- 

25  .78 

24  .12 

25  .23 

25  .22 

.60 

1.10 

.01 

.8130 

1.2100 

.0001 

^ 

^^^^1 

|C 

24  .86 

.02 

.0004 

14 

24  .55 

25  .16 

24  .84 

.29 
.82 

.0841 
.1024 

■ 

^^m 

w 

24  .80 

.04 

.ooie 

■ 

F 

25  .91 

.55 

.8026 

■ 

15 

25  .00 
25  .18 

25  .86 

.80 
.18 

.1296 

.0324 

I 

1. 

25  .35 

.01 

,0001 

J 
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Xo.  of 
pair. 


16-^ 


Lat. 


18 


19 


20  ^ 


25".94 

26  .74 

26  .28 

25  .18 

25  .82 

26  .01 
24  .99 

24  .86 

26  .37 

25  .94 

25  .84 

26  .16 

25  .97 

25  .92 

25  .(50 

25  .37 

26  .02 
25  .67 
25  .89 
25  .20 


Means. 


26".02 


25  .42 


26  .08 


25  .72 


25  .70 


.08 

.0064 

.72 

.6184 

.21 

.0441 

.84 

.7056 

.40 

.1600 

.59 

.3481 

.43 

.1849 

.56 

.8186 

.29 

.0841 

.14 

.0196 

.24 

.0576 

.08 

.0064 

.25 

.0625 

.20 

.0400 

.12 

.0144 

.35 

.1226 

.32 

.1024  1 

.03 

.0009 

.19 

.0361  1 

.50 

.2600 

.89 

.1521 

.44 

.1936 

.04 

.0016  ; 

["']  = 

10.9761 

26  .32 
'        21^  I     25  .49  25  .93 

I  U     25  .97 

n  =  -  73 

m  --.  13 

n  —  m^.  60 

'10  9761 
:^e,  e  -  0.6745  x/     ,  '      ^-  0".29 

lirt  small  probable  error  is  a  ])roof  ])Oth  of  the  great  pupe- 

[y  of  tbis  metliod  over  all  previously  known  metbodrt  of 

nir  tbe  latitude,  and  of  tbe  skill  of  tbe  obser\*er.     Possildy 

nu-ually  favorable  state  of  tbe  atinospbero  may  bave  eon- 

d  Xn  ^rivt»  tliis  scries  an  unusual  degree  of  precision,  as  tbe 

ige  i-xiKTit'iiee  of  tlie  observers  of  tbe  Coast  Survey  gives 

value  of  I'  somewbat  gn^ater.     Xot  to  as.sume  too  bigb  a 

er  of  precision  for  tlie  observations,  tbe  adopted  value  upon 

Mirvev  is 

e  =  0".bO 

Vol.  II.-23 
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and  even  this  value  justifies  us  in  asBerting  that  the  results  bjr 
this  method  compare  favf>rably  with  those  obtained  by  first  cUas 
fixed  instruments  of  the  observatory,  where  the  meaaurea  depend 
upon  graduated  eircles. 

But  the  preeision  of  the  results  is  impaired  by  the  defectire 
state  of  the  catalogues  of  the  smaller  stars,  and  the  necessity  for 
using  such  stars  iu  order  to  find  euitahle  pairs  is  tlie  only  **weak 
point  of  the  method,"  The  facility  of  multiplying  tlie  nnmber 
of  pairs,  on  account  of  the  extreme  simplicity  of  the  observatiotis, 
in  a  great  degree  compensates  for  this  defect. 

If  now  we  denote  the  probable  error  of  an  observed  zenith 
distance  by  e^^  we  have  the  probable  error  of  the  observed  differ^ 
enee  z  —  z'  =  i/2e/,  and  the  above  value  of  e  is  the  probftbltt 
error  of  J  (z  —  z*),    llence  we  have  the  relation 

and,  taking  e  =  0'',50, 

which  represepts  the  eombiued  effect  of  the  error  in  bisectijig 
the  star,  the  culmination  error^  or  error  peculiar  to  a  culmtaa- 
tiou  arisiug  from  an  anomalous  variation  in  the  refraction  and 
afteetiug  diflerently  the  two  stars  of  a  pair,  the  errors  in  tha 
valoea  of  the  micrometer  and  level  divisions,  and  errore  arimng 
from  clianges  in  the  instrumeut  (resulting  chiefiy  from  change 
of  temperature)  between  the  two  observations  of  a  pair.  Of 
these,  the  most  important  is  the  error  in  bisecting  the  star, 
which  is  strictly  the  error  of  observation. 

283.  Having  found  the  probable  error  of  observation,  we  can 
determine  that  of  the  declinations  employed.  For  if  %  is  the 
probable  error  of  observation  of  the  mean  value  of  f  deduced 
from  all  the  observations  of  a  jiair,  E^  the  proliable  error  of  the 
mean  of  two  declinations,  E^  the  probable  error  of  the  latitnde^ 
composed  of  the  errora  of  observation  and  declination,  we  hmve 


whence 


(241) 


The  mean  value  of  E^  for  the  stars  employed  (or  for  ft  given 
catalogue  when  all  the  declinations  arc  taken  from  the  same 
Ciitalogue)  will  be  obtained  from  this  effuution  by  employtJig  in 
the  second  member  mean  values  of  E^  and  «*•    A  mean  \iilue 
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of  E^  will  be  obtained  from  the  several  means  obtained  from 
the  several  pairs  (without  here  attempting  to  assign  different 
weights  to  tlie  observations)  by  the  usual  method  from  the 
residuals.  The  value  of  e  may  be  obtained  for  each  pair  from 
the  single  observations,  when  they  are  sufficiently  numerous ; 
but,  as  we  wish  in  the  present  investigation  to  use  all  the  obser- 
vations even  where  a  pair  has  been  observed  but  once,  it  will  be 
expedient  to  compute  t  by  the  formula 


n 


in  which  e  is  the  probable  error  of  a  single  observation  of  a  pair 
already  found,  and  n  is  the  number  of  observations  of  that  pair. 
Then  the  mean  of  all  these  values  of  «*  is  to  be  used  in  (241), 
and  this  mean  is,  for  m  pairs. 


m  — l[nj 


(242) 


From  the  ohflcrvations  at  Roslyn  above  given,  we  form  the 
following  table : 

To  find  the  probable  error  of  declination. 


No.  of 

Ut. 

V 

t» 

No.  of 

1 

pair. 

obs.  =  n 

n 

1 

24".78 

.57 

.8249 

1 

1. 

2 

25  .05 

.30 

.0900 

1 

1. 

3 

24  .83 

.52 

.2704 

2 

0.500 

4 

20  .20 

.85 

.7225 

8 

0.333 

f) 

25  .91 

.50 

.3130 

8 

0.338 

C 

22  .73 

2.02 

6.8044 

2 

0.500 

7 

25  .93 

.58 

.3304 

6 

0.107 

8 

25  .18 

.17 

.0289 

6 

0.107 

9 

25  .89 

.54 

.2910 

5 

0.200 

10 

25  .79 

.44 

.1936 

0.250 

11 

24  .53 

.82 

.0724 

0.250 

12 

25  .15 

.20 

.0400 

0.333 

13 

25  .22 

.13 

.0109 

0.250 

1  14 

24  !84 

.51 

.2001 

0.250 

15 

25  .30 

.01 

.0001 

0.250 

10 

20  .02 

.07 

.4489 

0.250 

17 

25  .42 

.07 

.0049 

0.250 

18 

20  .08 

.73 

.5329 

0.250 

1» 

25  .72 

.37 

.1309 

0.250 

20 

25  .70 

.35 

.1225 

0.250 

21 

25  .93 

.58 

.33r>4 

8 

0.333 

Moan  =  25  .35  [vv]  =  12.0083 


a= 


.366 


m 
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^V  =  0.455x1^  =  0.278 
£/  =  0.242 


E,  =  0".49 


The  result  is  the  probable  orror  of  the  quantitj-  i  (5  +  d').     That 
of  a  single  tleeliimtion  m,  theretbre,  0".40  X  v  -  ^  0"S9, 

If  all  the  declinations  had  been  taken  from  the  same  authority^ 
the  probable  error  thus  found  would  have  detenained  the  weight 
of  tliat  authority,  and  could  afterwards  be  used  in  a*wigniiig 
weights  to  dittereiit  observations*  For  this  purpose,  the  proba- 
Ide  errors  of  the  diiferent  antliorities  have  been  determined  from 
the  numerous  observations  of  the  Coa»t  Survey  by  discusstonft 
e»eientiaUy  the  same  a**  the  above  (of  course,  confining  each  di«- 
eivt!irfiou  to  stars  taken  from  the  same  source),  with  the  following 
results:  it  denothig  the  probable  error  of  a  single  declination. 


Authority. 


Cr 

tf 

1".5 

2.2S 

1  .0 

1.00 

0  .85 

0.72 

0  .6 

0.36 

0  .5 

0.25 

Groombridge  alone... ........>. 

B.  A.  C»  on   authority   of  Bradley,   Piazzi,  and 

Taylor...... 

The  same  with  additional  modern  authority 

Twelve  Year  (Gr.)  Catalogue,  with  less  than  six 

observations , • 

Nautical  Almanac,  or  Twelve  Year  Catalogue, 

with  BIX  or  more  observations 

2S4.  Combmadon  of  the  obserrations  bt/  icdghts, — ^Let  i,  and  Cr 
denote  the  probal>le  erroi*;^  of  the  deelinutioiis  of  tlie  stars  of  a 
pair  on  which  there  are  ?i  obser\^ations ;  tlieu  the  probable  error 
of  lid  +  8')\B 

E,  =  \  i/(V  +  €/) 

and  that  of  the  latitude  is 


^♦=V^^'+? 


Till'  weight  ^  of  an  oLserviition  iis  reclppocally  proportiouul  to 
E^\  or,  smce  llie  scale  of  wuiglita  ia  arbitrary,  we  may  take 


?  = 


AB^ 


(213) 
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Adopting  the  Coast  Survey  value  e  =  0".50,  we  Lave,  therefore, 

1 


2>  = 


•/+c.'+- 


(244) 


By  this  formula,  the  weight  unibj  would  be  assigned  to  a  value 
of  the  latitude  found  by  a  singh  observation  of  a  pair  of  stars  when 
the  declinations  were  perfectly  exact,  or  to  a  value  found  by 
two  {^serrations  on  a  pair  of  Nautical  Almanac  stars. 

The  stars  observed  at  Roslyn  were  really  taken  from  various 
authorities,  although,  for  the  sake  of  illustration,  we  have  dis- 
cussed the  probable  error  of  their  declinations  as  we  should  have 
done  if  but  a  single  authority  had  been  used.  Let  us  now  find 
the  final  value  of  the  latitude  from  all  the  observations,  having 
regard  to  their  weights  as  determined  by  this  formula.  In  the 
following  table  the  values  of  e^*  are  given  according  to  the 
authorities  from  which  their  declinations  are  taken,  as  stated 
in  the  table  at  the  end  of  the  preceding  article. 


No.  of 

r  = 

pair. 

re* 

f**' 

n 

P 

4 

\ 

P^ 

^^^ 

/>pr 

1 

1.00 

0.25 

1 

0.44 

24" 

.78 

10".90 

0".76 

0.26 

2 

0.25 

0.25 

1 

0.67 

25 

.05 

16  .78 

0  .49 

0.16 

1   8 

0.36 

0.86 

2 

0.82 

24 

.83 

20  .86 

0  .71 

0.41 

4 

0.36 

1.00 

8 

0.59 

26 

.20 

16  .46 

0  .66 

0.26 

5 

1.00 

1.00 

3 

0.43 

25 

.91 

11  .14 

0  .87 

0.06 

[6]* 

1.00 

1.00 

2 

[22 

.78] 

7 

1.00 

0.25 

6 

0.70 

25 

.93 

18  .15 

0  .89 

0.11 

S 

0.36 

1.00 

6 

0.66 

26 

.17 

16  .86 

0  .87 

0.09 

9 

0.36 

0.36 

5 

1.09 

25 

.89 

28  .22 

0  .86 

0.18 

10 

0.25 

0.25 

1.33 

26 

.79 

84  .80 

0  .26 

0.08 

11 

1.00 

2.25 

0.29 

24 

.58 

7  .11 

1  .01 

0.30 

12 

0.30 

1.00 

0.59 

25 

.16 

14  .84 

0  .89 

0.09 

13 

1.00 

0.25 

0.67 

25 

.22 

16  .90 

0  .82 

0.07 

14 

1.00 

0.25 

0.07 

24 

.84 

16  .64 

0  .70 

0.83 

15 

1.00 

0.25 

0.67 

25 

.86 

16  .98 

0  .19 

0.02 

16 

1.00 

0.36 

0.02 

26 

.02 

16  .13 

0  .48 

0.14 

17 

1.00 

1.00 

0.44 

25 

.42 

11  .18 

0  .12 

0.01 

18 

1.00 

1.00 

0.44 

26 

.07 

11  .47 

0  .68 

0.12 

VJ 

1.00 

0.25 

0.67 

26 

.71 

17  .28 

0  .17 

0.02 

20 

0.25 

0.25 

1.33 

25 

.70 

84  .18 

0  .16 

0.03 

1  21 

0.25 

0.25 

3 

1.20 

26 

.93 

81  .12 

0  .39 

0.18 

a  =  21 


Ip]  =  14.81  [p^^  =  806  .45      [pvv]  =  2.81 


f* 


=-  25".54 


E.  =  0.0745 


\(m -!)'[;>] 


lpvv-\ 


=  0".07 


Th«  result  by  the  6th  pair  of  stars  is  rejeoied  hy  Peiree's  Criterion  (•••  .\ppendiz). 
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Hence,  the  final  result  from  these  obsenrationa  ia 
Lat.  of  Eofilyn  ^  87**  U'  26".64  ±-  0".O7 

235.  To  determine  the  value  of  a  division  of  the  le^d. — It  will 
generally  be  most  convenient  to  find  the  value  of  the  dtviBioiiA 
of  the  level  by  the  aid  of  the  micrometer.  It  wouhl  aeein^ 
therefore,  most  natural  to  begin  by  determining  the  value  of  tbe 
micrometer  screw;  but  it  will  be  seen  in  the  next  article  that  In 
the  investigation  of  the  screw  we  must  know  the  value  of  a 
division  of  the  level  in  jHiris  of  a  revohition  of  the  stTcw.  This 
vahie,  then,  wc  arc  here  to  find,  and  afterwards,  when  the  micro- 
meter value  has  been  determined,  we  can  convert  it  into  arc 

Let  the  telescope  be  directed  towardf*  a  well-defined  terrestrial 
mark,  or,  which  is  better,  to  the  cross^thread  of  a  collimaUlig 
telescope.  Let  the  level  be  set  to  an  extreme  reading  L.  Bisect 
the  mark  by  the  micrometer,  and  let  the  reading  be  3/*  Xow 
move  the  telescope  and  level  together  [by  the  tangent  screw  -F, 
Plate  XIII.]  until  the  bubble  give«  a  reading  L'  near  the  otljer 
extreme.  Bisect  tlie  mark  again  liy  the  micTonieter,  and  let  the 
reading  he  3£\  Tiien  the  value  d  of  a  division  of  the  level  in 
terms  of  the  micrometer  will  be 


d^ 


(815) 


and  if  R  \b  the  value  (in  seconds  of  are)  of  a  revolution  of  the 
micrometer,  we  shall  afterwards  find  the  value  D  of  a  division 

of  the  level  in  seconds  of  arc,  by  the  fonnula 


D  =  Bd 


(2«) 


Instead  of  a  terrestrial  mark  we  may  Mm  a  circumpolar  «tar 
at  its  culmination ;  for  wc  can  apply  to  each  observation  the  re- 
duction \o  the  meridiau  (237),  so  that  each  will  be  referred  to 
the  fixed  point  in  which  the  star  culminates.  In  this  method, 
however,  wc  are  exposed  to  erroi*g  arising  from  transient  irregu- 
larities in  the  refraction,  and  also  to  any  error  arising  from  in* 
clination  of  the  micrometer  thread.  The  latter  error,  however, 
may  be  avoided  by  revolving  tlie  instrument  in  azimuth,  so  aa 
to  observe  the  star  always  in  the  middle  of  the  field,  and  then 
we  should  use  the  reduction  to  the  meridian  for  eircummeridian 
altitudes  (238)^ 
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Example. — The  following  are  some  of  the  observations  for 
determining  the  value  of  a  division  of  the  level  of  a  zenith  tele- 
scope, taken  by  Mr.  G.  W.  Dean,  of  the  U.  S.  Coast  Sur\'ey,  at 
the  Roslyn  Station,  Virginia,  June  30,  1852,  the  telescope  being 
directed  upon  a  fixed  terrestrial  point. 


T«p. 

No.  of 
ob*. 

Readings 

of 

Difference. 

d 

« 

r> 

L«TeI. 

Hior. 

Mier. 

LeveL 

N. 

S. 

0.176 

90» 

1 

dlT. 

1941 
2106 

iUt. 

54.0 
11.2 

UlT. 

11.4 
53.9 

165 

42.65 

3.869 

.0310 

2 

2111156.1 
2290   10.5 

8.2 
54.0 

185 

45.70 

4.048 

.003 

.0000 

3 

2305   55.5 
25001    5.2 

8.8 
59.0 

201 

50.25 

4.000 

.046 

.0020 

4 

2517 
2704 

55.0 

8.8 

9.1 
55.2 

187 

46.15 

4.051 

.006 

.0000 

5 

2709 
2915 

59.0 
9.0 

4.8 
54.7 

206 

49.95 

4.125 

.080 

.0064 

6 

2919 
3115 

56.0 
9.2 

7.8 
54.4 

196 

46.70 

4.197 

.152 

.0231 

7 

1176 
1390 

58.2 
5.5 

5.8 
58.5 

214 

52.70 

4.061 

.016 

.0003 

8 

1396 
1607 

59.6 
4.5 

5.0 
60.1 

221 

55.10 

4.011 

.034 

.0012 

Moan  d  =  4.045    Sura  =  .0040 

The  column  of  v  gives  the  difference  between  each  observed 
value  of  d  and  the  mean.  From  the  sum  of  the  squares  of  v  we 
find  the  probable  error  of  the  mean  to  be 

The  value  of  d  is  here  expressed  in  divisions  of  the  micrometer 
thread  which  represent  hundredths  of  a  revolution.  Hence  we 
have,  in  partes  of  a  revolution  iZ  of  the  micrometer,  the  value  of 
a  division  of  the  level, 

D  =  0.04045  B  ±  0.00023  R 
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From  twenty-one  obBervatioas  of  the  same  kiod,  the  value  fotuid 
was 

D  =  0.03985  B  ±  0,00013  S 

286.  To  find  the  value  of  a  revolution  of  the  micrometer, — The  mo«t 
convenient  method  with  this  instrument,  as  it  avoidi*  displacing 
the  micrometer,  w  hj  transits  of  a  cireumpolar  star  near  it« 
eastern  or  western  elongation  {Art  45).  We  first  find  the  hour 
angle  and  zenith  distance  of  the  star  at  the  elongation  b^'  tba 
formulte 

COS  t^  ==  cot  d  tan  y  cos  z,  =  cosec  8  Bin  ^ 

and  tlion,  a  I^eing  the  star's  right  ascension*  ATthe  correction 
of  the  thrononiett^r,  we  find  the  chronometer  time  of  the  elong^ 
tion  by 

r.  =  .±f.-^r    r+ w«tern  elong.-. 
*"  "  L—  eastern      "■      J 

Set  the  telescope  for  the  zenith  distance  z^  direct  it  npon  the 
star  some  20*  or  30**  before  the  time  of  elongation,  bringing  the 
star  near  the  middle  vertical  thread,  and  ehunp  the  instrument. 
Set  the  micrometer  thread  at  any  reading  a  little  in  advance  of 
the  star,  and  note  tlic  tnmsit  by  the  chronometer.  Then  advance 
the  thread  to  a  new  reading,  and  again  obser^'e  the  transit^  and 
80  on  until  the  star  has  been  observed  through  the  whole  field 
or  throiigli  the  wliole  mnge  of  the  micrometer  screw*  The 
repeated  manipulation  of  the  screw  may  slightly  disturb  the 
direction  of  the  telescope,  Init  the  only  change  which  can  affect 
the  determination  of  E  will  be  shown  by  the  level,  which,  there- 
fore,  must  also  be  frequently  observed  during  the  transits.  Of 
course,  the  relation  of  the  level  to  the  telescope  must  not  be 
changed  during  the  observations.  5^ow,  z^  denoting  as  above 
the  zenith  distance  of  the  star  at  the  time  T^,  and  3f^  the  corre- 
sponding reading  of  tlie  mierometer  when  the  level  reading  is 
zero,  z  tlie  zenith  distance  at  the  time  J^of  an  observed  transit 
when  the  micrometer  nniding  is  J/ and  the  level  reading  ia  X, 
we  have  (neglecting  for  the  present  the  refraction) 

or,  since  we  as  yet  know  the  value  of  a  level  dinsion  only  in 
parts  of  Ry 
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In  like  manner^  for  another  observation^ 


whence 


The  quantity  z  —  z^  may  be  computed  (as  we  have  shown  in 
Art  45)  by  the  formula 

sin  (z  —z^)=±Bm(T—  7^)  cos  S 

where  the  lower  sign  is  to  be  used  for  the  eastern  elongation;  or 

r-r.=  ±siD(r-r^^  (248) 

The  value  of  B  thus  found  is  corrected  for  refraction  by  sub- 
tracting from  it  the  quantity  B^Vy  in  which  Ar  =  the  change  of 
refraction  at  the  zenith  distance  Zq  for  1'  of  zenith  distance,  and 
B  is  expressed  in  minutes.* 

Example. — Observations  of  Polaris  at  its  eastern  elongation 
were  taken  June  80,  1852,  at  the  Roslyn  Station  (Va.)  of  the 
U.S.  Coast  Survey,  to  determine  the  value  of  the  micrometer  of 
the  same  zenith  telescope  as  was  used  in  the  example  of  the 
preceding  articles. 

To  prepare  for  the  observation,  we  have 

f  =  87°  14'  25" 

^=88°  30' 56"  o=    1*    S-Se-.S 

Hence,  z.  =  52°  44'  42"  t  =   5  55    29.1 

Sid.  time  of  elongation  =  19   10      7 .7 

Cbronomotor  fast,  24    46.8 

2;  =  19  84    54.5 

Tlie  micrometer  thread  was  set  at  every  half  revolution,  and 

*  The  Talucs  of  both  /?  and  I)  might  be  found  at  the  same  time  from  these  obter- 
Tationt.  For  by  rarjing  the  lerel  reading  at  the  diiTerent  obeerYationi  (by  meant 
of  the  tangent  ncrew  /*),  we  shall  hare  from  the  obsenrations,  taken  suitablj  in  pain, 
equations  of  condition  of  the  form 

2-2'={M'  —  M)B-\^{L'  —  L)D 

fVom  which  both  R  and  D  may  be  found.     In  this  method  z  —  jr'must  be  the  appit* 
rent  difference  of  lenith  distance  affected  bj  the  differential  refraction. 
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69  transits  were  observed.     I  extract  only  those  taken  on  the 
even  whole  revoIutioiiB,  to  illustrate  the  method* 


Lovel. 

Temp. 

No.  or 

Mior. 
If 

L 

T 

r_r. 

t  —  *t 

N. 

S. 
djv. 

H. 

dl*. 

div. 

77' 

1 

6 

42.2 

44.8 

—  1.30 

l9»Il-39'.0 

—  28- 15'.5  -f-  Mvaa 

2 

8 

tt 

a 

M 

15  14.2 

19  40.3   458  .10 

S 

10 

U 

n 

M 

in  40.8 

16  7.7   375  .78 

4 

12 

H 

a 

it 

22  28.4 

12  31.1   291  .71 

5 

14 

42.5 

44.2 

—  0.85 

25  68.8 

8  56.7 

208  .12 

9 

16 

It 

41 

<« 

29  29.4 

6  26.1 

126  .30 

7 

18 

tt 

a 

4f 

33  4.4 

—  1  60.1 

+   42  .77 

8 

20 

42.6 

44.2 

-0.80 

36  36.4 

+  1  41.9 

—  89  .61 

9 

22 

"   " 

ti 

40  11.6 

8  17.1 

128  .20 

10 

24 

42.7 

44.2 

—  0,75 

43  43 .3 

8  48.8 

205  .48 

U 

26 

II 

U 

It 

47  15.0 

12  20.5 

287  Jd£ 

12 

28 

41.9 

45.1 

—  1.60 

50  40.7 

15  52.2 

se»  .72 

la 

30 

lit 

ii 

W 

54  19.3 

19  24.8 

462  .08 

76 

14 

82 

U 

"* 

11 

57  52 .8 

22  58.3 

634  .70 

We  compare  the  Ist  observation  with  the  8tlu  the  2d  with  the 
9th,  &c.,  and  in  each  cane  we  liave  31'  —  M  —  14  Rev.,  or,  taking 
d  =  0,04,  us  found  on  p,  85i\  we  have  for  the  1st  and  8th  oh* 
servation  (i'  —  i)€i  ==  +  0.020  revolutions  of  the  micrometer  j  and 
hence,  denoting  the  divisor  in  (247)  by  a,  we  obtain 

a  =  M'  —  M  -\^  (IJ  —  L)d  =  14.020 

Proceeding  thus  for  each  pair  of  transitd,  w^e  have — 


Ob». 

a 

i—^ 

a 

» 

H 

land  8 

14.020 

58r.94 

4l".508 

-f  0".l08 

0.010« 

2  "  9 

14.020 

581  .30 

.462 

-f  0  .067 

.0082 

8  «  10 

14.022 

681  ,16 

.446 

+  0  .041 

.0017 

4  "  11 

14.022 

579  .33 

.816 

-0  M9 

.0079 

5  "    12 

13.970 

577  .84 

.363 

—  0  .042 

.0018 

C  "  13 

13.970 

578  .88 

.402 

—  0  .008 

.0000 

7  «*  14 

18.970 

677  .47 

.886 

—  0  .069 

.0048 

Mean  ^ 


Prob.  error 


41  .405 

2  i.0300 

3  \6XT 


Sum  =    MOO 
=  0",018 
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The  cliange  of  refraction  for  1'  of  zenith  distance  is,  for  z^  = 
52°  45',  Ar  =  0".047,  and  hence  the  correction  of  the  above  mean 

is  —  0".047  X  ^  =  —  0".032.    These  observations,  therefore, 

give  us  the  result 

B  =  41".873  ±  0".018 

The  final  value,  as  found  from  all  the  observations  on  several 
nights,  was 

B  =  41".400  ±  0".011 

and  from  this  we  find  the  value  of  a  division  of  the  level  of  this 
instrument  to  be 

D  =  1".65  ±  0".005 

which  are  the  values  employed  above  in  reducing  the  observations 
for  latitude  at  Roslyn. 

237.  A  more  thorough  method  of  treating  the  preceding  obser- 
vations is  the  following.     We  have  for  each  observed  transit 

z  —  z^  =  (M^^  3f)  B  •--  LBd 

where  J/j,  is  the  unknown  reading  corresponding  to  z^.  Let  us 
assume  an  approximate  value  for  M^,  denoting  it  by  JSfp  and  put 
J/p  =  J/,  +  z.  Also  let  Uj  be  an  assumed  approximate  value  of 
i?,  and  put  R  =  R^  +  y.     Then 

z  —  z^={M^  ^M+x){B,  +  y)—LB,d 

where,  on  account  of  the  small  values  of  i,  we  can  use  i?;  instead 
of  R  in  the  last  term.  Then,  neglecting  the  product  xy  as  insen- 
sible when  il/j  and  R^  are  properly  assumed,  and  putting 

n  =  z  —  z^—  (M^  ^M)B^  +  LRjd  (249) 

we  have  from  each  observation  the  equation  of  condition 

B,x  +  (3f,  -^M)y  =  n  (260) 

and  from  all  these  equations  x  and  y  can  be  found  by  the  method 
of  least  squares. 
Thus,  in  the  above  example,  if  we  assume  3/^  =  19.0, 1?|=41".4, 
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which  are  eafiilj  seen  from  tho  observations  to  be  near  appitnd* 
inationBy  we  liave  the  following  equations: 


41.4a: +  18y  =  +  0".98 

41.4  X—      y  =  +  0".47 

41.4z  +  lly  =  +  0  .55 

41.4x—    3y  — —  0  .33 

41.4Z+    9y  =  +  0  .98 

41.4j;—    5y  =  -|-0  -Sa 

41.4X+    7y  =  — 0  .24 

41.4x—    7y=  +0  .94 

41.4X+    5y  =  — 0  .29 

41.4x—    9y  =  -j-  0  .28 

41.4  xH-   8y  =  +  0  .69 

41.4.r— lly  =  +  0  .67 

41.4«-J-      y  =  — 0  .04 

41.4x  — 13y  =  -}-0  .85 

from  wliich  we  form  the  normal  equations 


lvb«no6 


23995.44  ar  =  + 240,14 

9iay  =  _    1J2 


a:  =  +  0.01 
K  =     19.01 


y  =  _  0.002 
.8  =     41.398 


If  we  Bnbatitute  the  values  of  x  and  y  in  the  equations  of 
condition,  we  shall  find  the  sum  of  the  squares  of  the  residuaU 
to  be  :=^  2,956j  and  hence  the  mean  error  of  a  siugle  obaen'ation  18 


=>/ 


2.956 
14—2 


=  0",496 


and  consequently  the  probable  error  of  y^  the  weight  of  which 
18  ita  coefficient  (=  910)  in  the  final  equation,  will  be 


2  0".496 


3  V  910 


=  0",011 


Applying  to  the  above  value  of  B  the  correction  for  refraction 
as  before,  we  have  the  final  result  by  this  method, 

II  =-.  4r',366  ±:  0  "Oil 

The  smaller  probal>!e  error  here  found  sbnwe  that  the  obgervft- 
tioos  are  better  satisfied  liy  the  vuhie  of  li  found  by  the  method 
of  leaat  squares. 

BXTRA-MEliinUN  0BSERVATT0H9   FOR    LATITUnB   WITH   THE   EKIHTII 

TELESCOPE. 

238.  It  has  been  seen  above  that,  although  the  probable  error 
of  observation  with  the  zenith  telescoi>e  is  very  email,  the  greater 
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probable  error  of  the  declinations  employed,  when  the  observa- 
tions are  restricted  to  the  meridian,  renders  it  necessary  to  greatly 
multiply  the  number  of  pairs  of  stars  observed.  But  if  we  are 
willing  to  observe  one  of  the  stars  at  some  distance  from  the 
meridian,  we  can  generally  find  a  pair  of  fundamental  stars,  or 
stars  from  the  most  reliable  catalogues,  which  can  be  observed 
at  the  same  zenith  distance  within  a  sufficiently  brief  interval  of 
time  to  exclude  the  probability  of  sensible  changes  in  the  state 
of  the  instrument ;  and  by  moderate  attention  to  the  determina- 
tion of  the  time  the  probable  error  of  observation  will  be  very 
little  increased,  while  the  number  of  observations  necessary  to 
attain  to  the  desired  degree  of  precision  will  be  greatly  reduced. 
It  may  not  be  superfluous,  therefore,  to  deduce  here  the  necessary 
formuhe  for  this  purpose. 

Let  8  and  8'  be  the  declinations  of  two  stars,  the  first  of  which 
is  observed  out  of  the  meridian  at  the  zenith  distance  z  and  hour 
angle  t,  and  the  second  on  the  meridian  at  the  zenith  distance  ^', 
which  is  very  nearly  equal  to  z.    We  have 

cos  z  =  cos  (y>  —  d)  —  2  cos  y  cos  d  sin*  i  t 
The  second  equation  gives 

which,  substituted  in  the  first  equation,  gives 

sin  [v-— Ki5  +  a')  —  }  (y—^)]  sin  } (^— ^'+z— y)  =  coSf  cos^sin*  1  ^ 
Putting  then 

cos  «P  cos  r)  sin'  }  t  x^c^x 

sm  Y  =    -        ^-      ~-     -    --  (251) 

sin  J(^  — ^+-5  —  0 
we  shall  have 

9  =  H^  +  n+\i^-:)+7  (252) 

The  quantity  z'  —  z  will  be  given  by  the  micrometer  and  level, 
precisely  as  in  the  case  of  meridian  observations.  The  value  of 
if  will  always  be  known  with  sufficient  accuracy  for  the  compu- 
tation of;-. 

The  eftect  of  an  error  in  t  upon  ;*,  and  consequently  upon  ^, 
may  be  computed  by  the  formula 

sm  \t 
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To  prepare  for  the  observation,  put  f  =  ^j  —  d\  (or  #'  —  f ,), 
f^  being  an  aBBumed  approximate  value  of  tp,  and  set  the  inatni* 
inent  at  the  zenitli  dii*tunce  ^  for  the  observation  of  both  sture. 
The  hour  angle  at  which  the  star  out  of  the  meridian  is  to  be 
observed  will  be  fonnd  by  the  formula 


or  rather^ 


\  \  cos  f  COS  d  j 


sin  it 


f  sin  [i{r  +  d)  —  fj  Bin  j  (^V—  ^) ] 


i  \  cos  f  cos  ^  / 

Then  the  sidereal  time  of  the  observation  of  thi8  Btar  maj  be 
either  a  +  f  or  a  —  t,  a  being  the  right  ascension ;  and  it  niay 
often  be  convenient  to  obsei'\^o  the  star  at  each  of  these  timee. 

It  will  probably  be  most  expedient  to  observe  one  of  the  stara 
in  the  meridian ;  but^  if  both  are  observed  out  of  the  meridian, 
we  can  find  the  latitude  by  tlie  method  of  Vol.  I.  Art  186. 

239.  The  zenith  telescope  may  be  used  with  advantage  in 

measuring  any  small  <lifference  of  zenith  diBtanee.  Its  application 
in  finding  the  longitude  from  equal  zenith  distances  of  the  moon*d 
limb  and  a  neigliboring  star  is  given  in  Vol.  L  Art.  245.  The 
eorreetiou  of  the  method  there  given  for  a  small  difference  of 
the  zenith  distances  of  the  moon  and  star,  as  found  bv  tlie 
niicrometer,  is  obvious* 

240.  We  may  determine  both  time  and  latitude  with  the  zenith 
telescope,  by  observing  a  number  of  stars  at  the  same  altitude, 
and  combining  them  by  the  method  of  Ica^t  squares*  See  Vol. 
I.  Art  189. 


ADAPTATION    OF   THE    POETABLE    TRAXSIT    IXSTKUHEKT    AS    A    ZB^TITX 

TELESCOFE, 

24L  Prof  C,  S,  Ltmak,  of  Yale  C'nllege,  has  shown*  that  the 
transit  instrument  may  be  euoccMi^fully  used  as  a  gulHtitute  for 
the  zenith  telct^eope  in  the  application  of  TALroTr'n^  inetbiHl  of 
finding  the  latitude  by  meridian  observations.  Indeed,  it  it 
evidt*nt  that,  if  the  level  Ui^nully  attaidied  to  the  finding  circle  ui 
made  of  the  same  delicacy  as  that  applied  to  zenith  telescopes,  and 
a  micrometer  is  added  to  the  telestcope,  that  method  maybe  carried 
out  precisely  in   rln-  sanu-   nuiniHr  :is  with  tlie  zenith  tel6ACCl|ie. 


*  Am.  Jourcitl  of  Seiesce  %nd  ArU,  VoL  XXX.  pu  fiS, 
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The  different  method  of  reversing  the  instrument  by  lifting  it 
from  its  Vs  instead  of  revolving  directly  about  a  vertical  axis, 
does  not  in  any  way  affect  the  principle,  the  essential  condition 
of  Talcott's  method  being  always  observed,  namely,  that  the 
relation  of  the  level  and  the  telescope  is  to  be  absolutely  the 
same  at  the  observations  of  both  stars  of  the  pair. 


CHAPTER  IX. 

THE  EQUATORIAL  TELESCX)PE. 


242.  The  equatorial  telescope  is  mounted  with  two  axes  of 
motion  at  right  angles  to  each  other,  one  of  which  is  parallel  to 
the  axis  of  the  earth.  Of  the  various  modes  which  have  been 
employed  for  mounting  the  instrument  according  to  these  con- 
ditions, that  which  is  now  universally  adopted  is  the  one  con- 
trived by  Fraunhofer  and  known  by  his  name. 

Plate  XIA".*  is  a  representation  of  the  great  Fraunhofer 
equatorial  of  the  Pulkowa  Observ^atory,  constructed  by  Merz 
and  Mahler.  The  Iciih  has  a  clear  aperture  of  15  inches,  with 
a  focal  length  of  22.55  feet.  The  pier  P  is  of  stone  (in  smaller 
instruniontri  a  wooden  stand  is  frequently  used,  resting  on  three 
feet).  The  upper  face  of  the  pier  makes  an  angle  with  the  hori- 
zon equal  to  the  latitude  of  the  place ;  secured  to  this  face  is  a 
nieUiHic  bed,  which  supports  at  two  points  the  jwlar  or  hour  axis 
11  of  the  instrument.  This  axis,  being  in  the  plane  of  the 
meridian,  and  making  an  angle  with  the  horizon  equal  to  the 
latitu<le  of  the  place,  is  parallel  to  the  earth's  axis,  and,  conse- 
s(»quently,  is  directe<l  towards  the  poles  of  the  heavens.  Perma- 
nently attached  to  the  hour  axis,  and  at  right  angles  to  it,  is  a 
metallic  tube,  />/),  in  which  the  declination  axis  revolves.  The 
telescope  is  finnly  attached  to  one  extremity  of  this  declination 
axis,  antl  at  right  angles  to  it,  the  point  of  the  tube  at  which  it  is 
atta(lie<l  beini^  somewhat  nearer  to  the  eve  end  than  to  the 
object  ciul. 


♦  Reduced  from  the  drawing  in  the  Description  df  F observatoirt  centra/ of  Stectb. 
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It  18  evident  that  as  the  instrument  revolves  upon  the  hour 
axis  the  dedination  axis  remains  in  the  phme  of  the  cele9tial 
equator,  and,  consequently,  the  telescope,  as  it  revolves  upon 
the  declination  axis,  always  describes  secoiidarica  %o  the  cidcstial 
equator,  or  declination  circles.  The  declination  of  the  point  of 
the  heavens  towards  which  the  telescope  is  at  any  time  directed 
may,  therefore^  he  indicated  by  the  graduated  ihrlinatian  circle  My 
which  is  read  by  t^^o  opposite  verniers.  The  hour  angle  of  thiii 
point  is  at  the  same  time  shown  by  the  graduated  hour  circle  <, 
which  is  also  read  by  tw^o  opposite  verniei-s. 

The  great  advantage  of  this  mode  of  mounting  the  telescope 
is  that  we  can  follow  a  star  in  its  diurnal  motion  by  revolving^ 
the  instriinicnt  upon  the  hour  axis  alone,  the  declination  circle 
being  clamped  at  the  reading  corresponding  to  the  star's  declina* 
tion.  Further,  the  star's  motion  Ijcing  uniform,  we  can  cause 
the  instrument  to  follow  it  automatically  by  means  of  a  clock/^ 
which,  by  a  train,  turns  an  endless  screw  acting  upon  the  circum- 
ference of  the  hour  circle.  The  obsen^er  is  thus  left  free  either 
to  make  a  careful  examination  of  the  physical  appearance  of  the 
objects  in  the  field,  or  to  measure  their  relative  positions  with 
the  niierome*tcr  ?n  of  the  telescope. 

It  is  important  that  all  the  parts  of  the  instniment  he  go  coon* 
terpoised  that  the  telescope  will  be  in  equilibrium  in  all  pc>sitionji| 
and  possess  the  greatest  freedom  of  movement  upon  either  axifl. 
This  is  effected  in  the  Fraunuofer  arrangement  in  the  most 
perfect  manner.  The  equilibrium  of  the  telescope  with  rc^jied 
to  the  hour  axis  is  produced  by  the  countei-poises  W,  W^  A\  and 
F,  of  which  Tr,  IF  are  fixed  eylindrical  masses,  but  Fisaidyust* 
able,  80  that  the  equilibrium  may  lie  finally  regulated  with  tho 
utmost  nicety.  The  weights  ^r(of  which  there  are  two,  one  on 
each  side  of  the  declination  axis)  are  attached  to  the  extremities 
of  levers  whose  fulcrunis  are  at  x.  The  opjiosite  extremities  of 
the  levers  seize  upon  a  circular  collar  at  AT,  in  which  there  are 
fcTur  friction  rollers.  The  weights  Jl  thus  not  only  contribute  ta 
the  equilibrium,  but  also  reduce  the  friction  of  the  declination 
axis.  The  centre  of  gravitj'  of  the  telescope  tube  is  not  in  the 
prolongation  of  the  declination  axis,  but  nearer  to  tho  abject 
glass ;  it^  equilibrium  with  respect  to  the  declination  axis  is 
produced  by  counterpoises  a  (one  on  each  side  of  the  tube)  at  tlie 
end  of  levers  abc.  Each  of  these  levers  consists  of  two  eanical 
tubes  attached  to  a  cube  at  b,  which  moves  upon  two  axes;  and 


EQUATORIAL   TELESCOPE.  869 

their  extremities  c  seize  upon  a  collar  around  the  tube.  The 
extremity  a,  at  which  the  weight  is  placed,  is  free,  and  the  weiglit 
can  be  adjusted  by  sliding  upon  the  lever.  In  consequence  of 
the  double  axis  of  each  lever  at  6,  the  counterpoises  act  in  all 
positions  of  the  telescope,  and  not  only  balance  the  tube,  but  pre- 
vent in  a  degree  the  flexure  of  the  object  end  which  would  result 
from  its  weiglit,  increased  as  it  is  by  the  great  weight  of  the 
object  glass  itself.  The  centre  of  gravity  of  the  telescope  and 
all  its  c<)unterj)oi8e8  is  now  in  the  hour  axis  at  a  j)oint  a  little 
above  its  upper  journal ;  the  result  is  a  downward  pressure  upon 
tliis  journal,  and  an  upward  pressure  upon  the  lower  journal. 
The  weight  ai  at  one  extremity  of  a  bent  lever  reduces  the  fric- 
tion upon  the  upper  journal  by  producing  an  opposite  pressure 
at  c  at  riglit  angles  to  the  axis,  two  friction  rollers  upon  the 
extremity  c  being  thus  pressed  against  the  axis.  The  remaining 
small  upward  pressure  of  the  inferior  extremity  of  the  axis  is 
rediK'cd  l>y  a  spring  which  presses  two  friction  rollers  against  the 
axis  at  ff. 

The  weight  of  the  Pulkowa  telescope  (including  all  the  parts 
which  move,  namely,  the  axes  and  tube  with  its  counterpoises) 
is*  very  nearly  7000  pounds;  and  yet,  with  this  adminible  system 
of  cotinterpoises,  it  moves  upon  either  axis  with  almost  as  much 
eaj»e  as  a  small  portable  instrument.  Without  this  perfect  ecpii- 
libriuin  and  reduced  friction,  it  would  have  been  very  diflicult  to 
j»rodu<e  a  regular  automatic  movement  of  the  instrument  by  the 
driving  clock.  As  this  clock  is  required  to  produce  a  continuous 
regular  movement,  it  is  not  regulated  by  an  oscillating  pendulum, 
but  by  the  friction  of  centrifugal  balls  against  the  interior  of  a 
conical  box  <l.  The  rate  of  movement  is  regulated  by  raising  or 
depressing  the  pivot  of  this  conical  pendulum,  which,  in  conse- 
quence of  the  conical  form  of  the  box,  changes  the  degree  of 
friction  of  the  balls  against  its  interior  surface.  The  rate  may 
thus  be  adapted  not  only  to  the  motion  of  a  fixed  star,  but  to  that 
<»f  the  moon,  or  sun,  or  any  planet,  all  of  which  liave  difterent 
rates  of  motion.  In  our  own  countrj'.  Bond's  Sprwy  Govimor 
has  btvn  successfully  applied  to  produce  the  equable  motion  of 
equatorial  telese(q>es. 
\  nmhr  F  is  attache<l  to  the  principal  telescope  (Art.  !♦)). 
The  field  of  the  telescope  is  illuminated  by  a  lamp  7,  the  light 
of  whirh  is  reflecte<l  towards  the  reticule  by  a  snudl  mirror 
within  the  tube.     The  direct  illumimition  of  the  threads,  which 
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is  required  when  very  faint  objects  are  to  be  obsenreH,  in  effected 
by  two  Biuall  lamps  suBpeuded  at  n  and  n.  (See  Tranait  Instru* 
meiit,  p.  134). 

The  micrometer  is  provided  with  a  position  circle  (Art  49)» 

243.  Any  point  of  the  bcavens  may  be  observed  with  the 
equatorial  iiistniment  in  two  diiferent  positions  of  it8  declinft- 
tion  axis*  For  example,  if  the  declination  axis  is  at  right  angles 
to  the  plane  of  the  meridian, — that  i^,  horizonta!, — the  telescope 
will  describe  the  plane  of  the  meridian ;  and  this,  whether  the 
circk  atd  of  the  declination  axis  is  east  or  west;  and,  in  generali 
the  same  declination  circle  of  the  lieavens  may  be  described  by  the 
telescope  with  thi^  circle  end  of  the  axis  on  either  side.  These 
two  positionri  are  to  be  dii^tingni?^lied  in  the  use  of  the  int?trnmenL 
Let  US  suppose  the  declination  axis  to  be  pirodueed  through  the 
eirelr  end  to  the  celestial  sphere.  The  point  in  which  it  meets 
the  sphere  may  be  called  the  pole  of  the  declination  circle.  If 
the  hour  angle  of  this  pole  is  90*^  greater  than  the  hour  angle  of 
a  star  observed  in  the  telescope,  the  circle  is  said  to  precede  the 
telescope ;  if  the  hour  angle  of  this  pole  is  90°  less  than  that  of 
the  star,  the  circle  is  said  to  follow  the  telescope.  Thus,  for  a 
star  on  the  meridian  (at  its  upper  culmination)  the  circle  preeedu 
when  it  is  west  mid  follows  when  it  is  east  of  the  meridian. 
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244*  Let  us  fii'st  consider  the  instrument  in  the  most  general 
manner,  that  is^  without  suppoi^ing  its  hour  axis  to  bo  even 
approximately  adjusted  to  the  pole  of  the  heavens.  That  point 
of  the  celestial  sphere  towards  which  the  hour  axis  is  actually 
directed  will  l)e  calleil  the  jmle  of  the  instrumenty  or  the  pole  of  it* 
hour  axis,  and  that  point  in  which  the  declination  axis  produced 
on  the  !*ide  of  the  declination  circle  meets  the  sphere  will  he 
calleil  the  pole  of  this  axis  or  circle. 

Tlie  instrument  is  designed  to  give,  by  means  of  its  two  cireleSi 
the  hour  angle  and  declination  of  a  star  observed  in  the  right 
line  of  the  ttdescope.  ]f  the  sight  line  were  perpendicnhir 
to  the  declination  axis,  and  if  this  axis  w^ere  pcrpcndienlar  to 
the  hour  axis,  the  readings  of  the  circles  would  gii'e  at  onc«  (hy 
merely  correcting  them  for  any  index  error)  the  hour  angle  and 
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declination  referred  to  the  meridian  and  pole  of  the  instrument.  Tho 
deviations  from  perpendicularity  being  always  very  small  in  a 
well  constructed  instrument,  approximate  formulie  will  fully 
suflSce  to  reduce  given  readings  to  the  proper  values  referred  to 
the  pole  of  the  instrument.  But  an  equatorial  instrument  may 
sometimes  be  used  in  a  place  for  which  it  waa  not  intended,  and, 
haying  no  adjustment  by  which  the  angle  which  its  hour  axis 
makes  with  the  horizon  can  be  greatly  changed,  the  pole  of  the 
instrument  may  be  so  far  from  the  celestial  pole  that  the  reduc- 
tion of  the  hour  angles  and  declinations  from  their  instrumental 
to  their  true  values  (referred  to  tho  celestial  pole)  will  require  the 
use  of  rigorous  formuhe.  In  order  to  provide  for  such  a  case,  I 
shall  first  consider  the  method  of  deducing  the  instrumental 
quantities  by  approximate  but  sufficiently  exact  formulae;  then 
give  the  rigorous  formulffi  for  reducing  these  to  the  celestial 
pole,  and  finally  give  the  approximate  formula,  most  frequently 
re<juirt»d,  for  the  case  in  which  the  deviation  of  the  hour  axis 
from  the  celoHtial  pole  is  very  small.  -  As  some  flexure  of  the 
declination  axis  and  of  the  telescope  is  always  to  be  expected  in 
an  instrument  of  this  kind,  I  shall  include  its  eflect  hi  the 
formulae. 

245.    To  find  the  instrumental  declination  and  hour  angle  of  an 
observed  point, — Let  the  figure  be  a  projection 
of  the  celestial  sphere  upon  the  plane  of  the  **— 

eqnator  of  the  instrument ;  P'  its  pole;  Z  the 
zenith  of  the  observer:  then  P'Z  may  be 
called  the  meridian  of  the  instrument. 

Let  Q  be  the  pole  of  the  declination  axis  of 
the  instrument.  While  the  instrument  re- 
volves upon  the  hour  axis,  the  point  Q  will 
des<Tibe  a  circle  of  wliieh  P'  is  the  pole,  and  which  would  be  a 
great  circle  if  the  axes  were  at  right  angles  to  each  other,  in 
which  case  we  shoul<l  have  P'Q  ~  U0°.  But  we  shall  assume 
that  there  is  a  di'viation  from  this  condition,  and  suppose  tho 
an'  P'Q  to  be  --  I>0^  —  i:  so  that  i  will  express  the  declination 
of  the  point  Q  referred  to  the  ecjuator  of  the  instrument. 

Let  us  next  suppose  the  de<'lination  axis  to  remain  fixed  while 
the  telescope  revolves  upon  this  axis  an<l  its  siglit  line  is  brought 
upon  a  star  K  As  the  telescope  revolves,  the  siglit  line  (which 
we  may  here  suppose  to  be  determined  by  a  simple  cross  thread). 
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deficribea  a  circle  in  the  heavens  of  which  Q  is  the  pole,  md 
which  will  ho  a  groat  cirole  if  t\m  sight  line  is  perpendicular  to 
the  declinatioa  axis,  and  a  ^mall  cirole,  ASB^  in  any  other  case. 
Let  us  HuppOBe  tlie  polar  diHtanee  of  this  small  circle,  or  QS^  lo 
be  90*^ —  c:  bo  that  c  will  denote  the  collimatiou  constant  of  m 
given  thread. 

The  revol  ntion  of  the  instrument  upon  the  hour  axis  is  measured 
by  the  hour  circle.  When  Q  is  90°  west  of  the  meridian^  the 
toloscope  should  he  in  the  meridian,  and  the  reading  of  the  hour 
eirclcj  oonsequontly,  zero;  hut  lejt  us  suppose  tlie  reading  is  then 
—  X,  \VT:ien  Q  is  in  the  meridian  and  above  the  pole,  the  reading 
will  be  —  X  —  90°,  If,  then,  for  the  actual  position  when  the 
star  is  observed  at  S  the  reading  is  t^  we  have  the  angle  ZP*Q 
=  i  +  2?  +  90°. 

Let  the  instrnmental  hour  angle  ZP-S  =  V,  Tlien  we  hare 
the  angle  SP'Q  ^  ZP'Q  —  ZP'S  ^  i  + x  — t' +  90°  ;  and  since, 
from  the  construction  of  the  instrument,  this  angle  differs  very 
little  from  90°,  the  qnantity  i  -{-  x  —  t'  will  be  very  small* 

As  the  telosoopo  revolves  upon  tlio  declination  axis  and  it^ 
sight  line  dosoribes  tlie  circle  ASB^  the  reading  of  the  declina- 
tion circle  will  vary  directly  with  the  angle  P'QS^  since  Q  is  the 
pole  of  this  circle.  If  wo  denote  the  roaditig  of  the  declination 
circle  wlien  the  arc  QS  coincides  with  QP^  by  90°  —  ^d,  and  the 
actual  reading  for  the  star  at  i5hy  (/,  we  shall  have  the  angle 
P'QS  =  90°  —  A  J  —  rf,  provided  the  readings  increase  with  the 
star's  doelination,  as  we  here  suppose. 

Finally,  let  the  instrumental  declination  be  d' ;  that  is,  let 
P'S  =-  90°  -  d\ 

We  have  then  in  the  triangle  QP*S  the  given  parts 


P'Q  =  90°  — I  QS: 

p^QS^m''  —  (i  +  ^d) 


90^— c 


and  in  order  to  determine  t'  and  rf  we  at*e  to  find 


SP'Q 
P\S 


90^ 

90'=' 


From  this  triangle  we  obtain  the  general  equations 

gin  tV  ^  «in  t  sin  €  -f  cos  i  cos  c  sin  {^d  +  6kd) 
cos  d*  sin  (t*  —^  i  —  x)  :=  cos  i  stn  c  —  sin  t  cos  c  sin  (d  -f  ^d) 
c?os  d'  oos(f'—  f  —  x)  ^  co«  c  cos (rf  +  Ad} 
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Bat,  as  t  and  e  are  supposed  to  be  so  small  that  their  squares  aud 
products  are  insensible,  these  equations  give 

sin  d'  =  sin  (d  -f  ^d) 
cos  d'  ==  cos  (d  +  Arf) 
(t'  —  t  —  x)  cos  d'  =  c  —  i  sin  (d  -}-  ^d) 
whence 

t'  =  ^  -}-  ^  +  ^  sec  d '  —  t  tan  d' 


(253) 


246.  Flexure. — The  flexure  of  the  hour  axis  may  be  supposed 
to  be  altogether  insensible,  since  the  centre  of  gravity  of  the 
whole  instrument  falls  very  near  to  the  upper  journal  of  this  axis, 
and  the  pressure  at  this  point  is  relieved  by  a  counterpoise. 

The  flexure  of  the  declination  axis,  being  assumed  to  result 
solely  from  the  weight,  changes  the  zenith  distance  of  the  point 
Q.  Denoting  the  zenith  distance  of  ^  by  ^  and  the  increased 
zenith  distance  by  ^  +  d^,  we  shall  assume  the  flexure  to  be 
proportional  to  sin  <7  (Art.  204),  and,  therefore,  put 

rfC  =  «  sin  C 

in  which  c  is  the  maximum  of  flexure  of  the  declination  axis 
corresponding  to  <7  =  90°. 

The  flexure  of  the  telescope  changes  the  zenith  distance  ZSy 
so  that,  putting  ZS  =  Z\  we  can  express  this  flexure  by 

d^  =  e  sin  C' 

in  which  c  is  the  maximum  of  flexure  of  the  tube  corresponding 
to  C'  --  90°. 

The  flexure  of  the  declination  axis  changes  the  arc  P'Q  =  90° 
—  I,  and  the  angle  ZP'Q  =  t  +  x  +  90°  ;  but  these  changes  (the 
flexure  being  supposed  extremely  small)  evidently  produce  no 
sensible  effect  upon  the  declination  d'.  The  flexure  of  the  tele- 
scope, however,  changes  the  arc  P\S  =  90°  —  d\  and  thus  also 
d\     Treating  the  changes  as  differentials,  we  have 

d.P'S=d  (90°  —  d')  =  rf:' .cos  P'SZ 

If  we  denote  the  zenith  distance  of  P'  by  90°  —  ^j  (or  let  f ,  be 
the  observer's  latitude  referred  to  the  equator  of  the  instrument), 
the  triangle  P'*Si/ gives 

^,  ^,„       sin  c".  cos  d*  —  cos  c>,  sin  d*  cos  V 
cos  P'>^  —     ^-L^ -LX 

sin  C' 
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and  henco 

^ti'  =  —  tf  (sin  f  J  cos  <f '  —  cos  f  J  ein  i'  cos  f ')  (m) 

Again,  we  havo 

Bin  P'Q 

in  wliioli  we  may  put   sin  P'§  —  cosi  =  1,     SubstitatiDg  Jiko 

the  values 

COS  P'QZ  =  ?i!L?' --"!'!-'  ^^^ 

coa  I  am  Z 

sinC 
and  neglecting  the  product  of  rf^  and  i  aa  insensible,  we  find 


rfi*  ^  —  f  sin  f  J 

^f  =         f  COB  fpj  COS  (f  -|-  x} 


Finally,  the  flexure  of  the  telescope  changes  the  arc  QS  =^  90** 

—  c,  and  wc  have 


in  which 


d.Qs^d  (9a^  —  €)  =  dz* .  cos  zsq 

_„_       cos  C— sin  c  cos  C' 

COS  ZSQ  =: 


COB  €  Bin  C' 

Neglecting  terms  of  the  second  order,  therefore^ 

dc  =  —  tf  cos  C 
in  which  we  have 

cos  C  =  sin  i  sin  f  ^  —  cos  i  eos  f ,  sin  {t  +  x) 

and  in  this  we  may  put  V  for  /  +  x.    Hence,  again  neglecting 
terms  of  the  second  ordei\ 

dc  =ie  cos  f  J  sin  t'  (p) 

By  the  formula  for  t'  (253),  we  have 

rff '  =dt  +  domed' ~  di  tan  d' 

and  hence,  by  (n)  and  (p), 

dV  :=  c  (sin  f  J  tan  d*  +  oo«  f  ^  cos  t')  +  t  eos  f  ^  see  d*  sin  I'      (f) 
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Hence,  applying  the  corrections  (m)  and  (q)  to  rf'  and  t'  (253),  the 
complete  fonnulse,  including  the  effect  of  flexure,  are"*" 


d'  =z  d  +  ^d  —  e  (sin  ^ j  cos  <i'  —  cos  jPj  sin  d' cos  t') 
t'  =t  +  X  +  csecd'  —  i  tan  <i'  ^    (254) 

+  «  (sin  f ,  tan  d '  +  cos  f  i  cos  < ')  +  ^  <5<>8  f  i  ®®c  ^ ' 


cos^')   ^ 
rsinr  J 


247.  7b  reduce  the  instrumental  declination  and  hour  angle  {d\  t') 
to  the  celestial  declination  and  hour  angle  (5,  r). — Let  PZ       p.    ^^ 
be  the  true  meridian,  P  the  celestial  pole,  P'  the  pole 
of  the  instrument,  S  the  observed  star.     Let  y  and 
tf  denote  the  polar  distance  and  hour  angle  of  P' ; 
that  is,  let 

r  =  PP'  *  =  ZPP' 

and,  producing  PP\  let 

*'  =  ZP'K  =  180O  —  ZP'P 

The  instniment  gives,  by  the  aid  of  (254),  the  values  of 
rf'  ..z  90°  —  P'S,  V  =  ZP 'Sy\nd  we  are  to  find  i  =  90°  -  PS 
and  T^ZPS.  The  triangle  PP'S,  in  which  PP'5=  180 
—  {V  -  (?')  and  P'PS  =  r  -  tf ,  gives 


p 


sin  d  =  cos  /»  sin  d'  —  sin  y  cos  d'  cos  (^  — 
cos  cJ  cos  (r  —  *)  =  sin  y  sin  J'  -j-  cos  y  cos  rf'  cos  (f '  —  •>')    V    (255) 
cos  d  sin  (r  —  d)  =  cos  d'  sin  (<'  —  *') 


} 


which  will  determine  d  and  r  from  rf'  and  <'  when  the  instrumental 
con-stantH  y^  ??,  and  d'  are  known. 

Putting  90°  —  ^  =  PZ,  the  relation  between  ^j,  ^',  y,  i?,  and  y* 
is  found  from  the  triangle  PP'Z^  which  gives 

gin  f ,  =       cos  Y  mn  f  -\-  sin  y  cos  f  cos  ^ 
cos  f  J  cos  »/  =  —  sin  /*  sin  f  +  co^  /*  cos  f  cos  ^     \    (256) 
cos  f ,  sin  ^  =  cos  f  sin  ^ 


} 


248.  In  the  preceding  discussion  I  have  not  distinguished 
between  the  case  in  which  the  declination  circle  precedes  and 
that  in  which  it  follows  the  telescope  (Art.  248).  The  formulae, 
neverthelesa,  will  apply  to  either  case,  provided  w^e  reckon  decli- 
nations over  90°  when  they  require  it.  By  Fig.  52,  in  which 
for  a  star  at  S  the  declination  cin»le  precedes,  we  see  that  when 

*  These  fomiulie  are  essentially  the  aame  aa  Bb8bkl*8.  8e«  hia  Attron,  UnttT' 
MuehungeHt  Vol.  I.  p.  7. 
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the  telescope  is  revolved  from  S  towards  B  and  passed  beyond 
tlie  pole,  we  ehall  have  declinatiooB  exceeding  90°  if  we  wUh  to 
employ  the  same  formulse  as  have  been  found  fur  this  position; 
but  for  these  pointa  beyond  the  pole  the  declination  circle  foUon^ 
the  telescope.  The  declination  in  that  case,  reckoned  in  the 
usual  manner,  will  he  180*^  —  rf',  and  the  hour  angle  will  be 
180**  +  t'.  We  may,  therefore,  employ  these  formuh«  in  their 
present  form  in  all  eases,  hut  when  d'  falls  between  1K^°  and 
270^^  we  must  finally  take  180^  ^  d'  and  180°  +  f  as  the  proper 
instrumental  declination  and  hour  angle.  (See  also  Transit 
Instrument,  Art.  128,) 

If,  however,  we  wish  to  distinguish  the  eases  in  the  formalia 
themselves,  we  eluill  have,  when  (he  circle  precedes^  the  readiuga 
of  the  circle  being  d^  and  /j, 

d'  ^  d^  -\-  Ad  ^-  €  (sin  f>,  COB  d'  —  cos  f^  sin  d*  cos  f ) 
f  ^  t,  -f  X  4-  ^  8^0  d'  ^  i  tan  d' 
-f  £  (sin  ^^  tan  d'  +  cos  f^  cos  t')  +  e  cos  ^^  see  d'  sin  t' 

and  when  the  cirvk  follows^  the  readings  being  d^  and  t^       \  (257) 

1^0°  —  d'  =  d^+  Ad  +  e (si n  ^ , cos  «i'  —  cos  f , sin  d ' eoa i*y\ 
180'=*  +t'  ^t^  +  X  —  c  sec  d*  +  I  tan  d' 

—  e  (sin  f,  tan  ^'+cos  f  ,cos  t*)+e  cos  f^Becd'  sin  t'J 

249.  The  rigorous  fornudae  (255)  and  (256)  will  he  required 
only  in  the  rare  case  in  which  the  pole  of  the  instrument  is  at 
a  considcrahlc  distance  from  the  celestial  pole;  but  I  will  briefly 
indicate  the  methods  of  determining  the  instrumental  con:<^tanti 
for  tliia  case.  It  will  always  be  possible  to  bring  the  hour  axis 
of  the  instrument  very  nearly  into  the  meridian  of  the  place  of 
observution,  wliutever  may  be  the  elevation  of  its  pole  above  the 
horizon,  so  that  the  meridian  of  the  instrument  and  the  true 
meridian  will  nearly  coincide. 

If  we  observe  a  fixed  point  in  both  positions  of  the  instrument^ 
circle  preceding  and  circle  following,  we  shall  have  by  (257)^ 
taking  the  sums  of  the  respective  equations, 

180*'  +  2t'  =  t^  +  t^+2x  +  2e  cos  ^,  sec  rf'sin  t' 

the  first  of  which  determines  the  index  correction  (Ad)  of  the 
declination  circle,  and  the  second  determines  the  value  off'  —  x, 
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if  we  have  independently  found  the  flexure  e,  or  if  the  fixed  point 
IB  in  the  meridian  of  the  instrument  and  consequently  V  —-  0. 

Taking  the  differences  of  the  same*  equations,  the  observation 
of  tiie  fixed  point  also  gives 


180**— 2d'=  <f,—  d^  2  e(8in  f  ^  cos  d'—  cos  ^,  sin  d'  cos  V) 
180**==  ^  —  ^,  —  2c8ecd'+2  i  tand'— 2c(8inf^tan(i'- 


^+C08fjC0S<') 


The  first  of  these  determines  d'  when  e  is  otherwise  known,  and, 
the  value  of  d'  thus  found  being  substituted  in  the  second,  we 
have  an  equation  of  condition  for  determining  e,  i,  and  e.  The 
observation  of  at  least  three  difterent  points  will  be  neeesHarj'  in 
order  to  determine  these  quantities,  or  of  at  least  two  points  if 
we  neglect  c. 

Upon  the  supposition  that  the  pole  of  the  instniment  is  very 
near  the  meridian,  but  at  a  considerable  distance  from  the  celestial 
polo,  ^^  is  a  large  arc,  but  i>  is  small,  and  we  have  from  the  first 
of  the  equations  (256),  by  putting  cos  «?  =  ±  1, 

and  tlie  value  of  f  may  be  found  from  the  observation  of  a  star 
in  tlie  meridian  and  as  far  from  the  pole  of  the  instrument  as 
I)Ossible,  since  in  this  case  we  shall  have  very  nearly 

in  winch  d'  will  be  known  from  two  observations  of  the  star  in 
the  two  positions  of  the  instrument. 

When  X  lift*^  1>^^*"  thus  aj)proximately  found,  let  a  star  bo 
ol>scr\'ed  on  the  six  hour  circle  both  west  and  cast  of  the  meridian. 
We  deduce  from  (25o) 

sin  d'  =  sin  d  cos  y  +  cos  d  sin  y  cos  (r  —  *) 

Denoting  tlie  instrumental  declination  for  the  two  obser\'ation8 
l»y  ^/,'  and  d^\  and  putting  r  --  90°  for  the  first  obser^'ation,  and 
r  •=  270°  for  the  second,  we  have 

sin  </,'  -    sin  d  cos  y  +  eos  d  sin  y  «in  * 
sin  (//  =  sin  <J  cos  y  —  cos  ^  sin  y  sin  * 


whence 


.     ^       sin  d*  —  sin  d* 


2  cos  ^i\^my 

This  will  give  a  sufficiont  approximation  to  e?,  provided  the  star 
is  not  vcrj'  near  the  pole. 
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A  theoretically  rigorous  determination  of  both  y  and  e>  would 
be  fonnd  by  observing  two  puiiitH  wliose  declinations  (iJ,,  <J,)  and 
hour  aiigleij  (r„  r,)  are  known,  and  tlien  Holving  the  equatioDA 

8in  rfj'  ==  Bin  d^  eos  y  +  cos  \  sin  j  cos  (r,  —  ^) 
sin  dl  =^  sin  «5,  coa  ;'  +  cos  <Ij  mn  ;r'  cos  (r^ —  h) 

When  y  and  &  have  been  founds  we  have,  from  the  observation 
of  one  known  pointy 

coa  d*  cos  (('  —  ^')  ^  ein  ^  sin  f  —  cob  ^  cos  f  cos  (r  —  *) 
cos  rf*  sin  («'  —  ^')  =^  cos  <J  sin  (r  —  ^) 

which  determine  ^'  —  i9';  and,  since  ^'  will  be  known  from  (256), 
f  will  also  be  known.  Fumll\%  the  infitnnnent  gives  the  ^^alae 
of  ^'  —  a:,  as  we  have  shown  above,  and  thus  x  becomes  known. 


I 


250.  Wlmi  the  }>6le  of  (he  mslniment  is  rm/  7)mr  (he  eekstial  poU^ 
J  is  very  small,  hut  §  may  have  any  valne  from  0"^  to  SCO*'.  Put* 
ting  eos  jr  ^=  1  in  (25C),  and  neglecting  terms  of  the  same  order 
as  jr*,  we  find 

^i  =  f'  +  r  C08  ^ 
^  —  d^  -=  —  Y  sin  d  tan  f 
and  (255)  gives 

r  =  I'  +  a  —  ^  —  r  sin  (r  ~  &)  sin  d'  sec  i 
or,  within  terms  of  the  second  order, 
a  =  d'—  r  COS  (r  —  &) 


Y  sin  ^  tan  f?  —  f  sin  (r  —  (9)  tan  S 


Snbstitotiog  the  values   of  d/  and  (^  from   (254),  and  pottiiig 
At^  z  —  Y  sin  I?  tan  yj,  which  is  constant,  we  have 


^  =  d  +  a4  —  r  COB  (t  —  *%)  —  e  (sin  f  cos  d — coo  f  sin  ^  cosr) ' 
T^t  +  A<  —  f  sin  (t  —  ^)  tun  ^  -f-  <? ®®c  ^  —  i  tan  ^  V    (258) 

-f  c  (sin  ^  tan  i  -f  cos  ^  cos  f)  +  *^  ^-'^^^  9  ^^  ^  ^^^  ^ 


] 


which  are  the  formnlte  nsually  requin?d  in  practice*  Here  i  ii 
to  he  reckoned  beyond  00*^  when  neeet^t^arj',  being  then  the  «up- 
plement  of  the  star  s  dedination  (Art  248),  and  then  r  is  the 
Btar*8  hour  angle  increased  by  180°. 

The  declination   and   hour  angle  are  here  apparent,  that  ia, 
affected  by  refraction^  ic.     If  we  wish  d  and  r  to  r^preaent  tho 


f 
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geocentric  position  of  the  observed  point,  we  may  apply  the 
corrections  for  refraction,  &c.  to  d  and  L 

If  we  prefer  to  distinguish  the  cases  in  the  formalse  themselves, 
we  shall  have^ — 

For  circle  preceding : 

S  =  d  -^  ^d  —  y  COS  (t  —  &) — e  (sin  ^  cos  d] — cos  f  sin  d  cos  t)  I 

r  =  f  +  Af  —  /'  sin  (t  —  *)  tan  ^  -f  c  sec  ^  —  i  tan  d 

+  f  (sin  ^  tan  d  -f  cos  f  cos  t)  -f  e  cos  ^  sec  d  sin  r 

(259) 
For  circle  following : 

180® — ^=<i4-Arf  +  /'C0s(r — d)+c(sinf  cos^ — cosf  8indcoBr)\ 
180®4-T=^  -{-^t  — /'sin  (t — *)tan^  —  cBecd-^itSLud 

— f  (sin  f  tan  ^  -f  cos  f  cos  r)  +  e  cos^  sec  d  sin  r 

in  which  d  and  r  will  always  denote  the  declination  and  hour 
angle  of  the  star  reckoned  in  the  usual  manner. 

ADJUSTMENT  OF  THB   EQUATORIAL  INSTRUMENT. 

251.  The  adjustment  of  the  instrument  with  respect  to  the  pole 
of  the  heavens  consists  of  two  operations :  Ist,  bringing  the  hour 
axis  into  the  plane  of  the  meridian,  and,  2d,  giving  this  axis  an 
elevation,  with  respect  to  the  horizon,  equal  to  the  latitude  of  the 
place. 

For  a  rough  preliminary  adjustment,  place  the  declination  axis 
in  a  horizontal  position,  and  move  the  stand  until  the  telescope 
points  to  a  star  at  the  computed  time  of  its  meridian  passage. 
The  hour  axis  is  then  nearly  in  the  plane  of  the  meridian. 
Then  bring  the  declination  axis  into  the  plane  of  the  meridian  (by 
revolving  the  instrument  upon  the  hour  axis  through  90^  by  the 
hour  circle),  and  direct  the  telescope  upon  a  circumpolar  star  on 
the  six  hour  circle.  The  elevation  of  the  axis  should  be  changed 
so  as  to  make  the  star  appear  near  the  optical  axis  at  the  com- 
puted time  when  the  starts  hour  angle  is  equal  to  6*. 

For  the  final  adjustment,  the  outstanding  deviations  of  the 
instniment  must  be  found  by  properly  combined  obserx'ations  of 
stars,  taken  in  the  two  reverse  positions  of  the  declination  axis, 
by  the  methods  given  hereafter. 

The  ]M>rtition  of  the  pole  of  the  instrument  with  respect  to  the 
pole  of  the  heavens  may  be  expressed  by  the  two  quantities 

^  =  /'  COS  d  'y  =  r  «"i  *  (2W) 

which  are  the  distances  of  the  pole  of  the  instrument  from  the 
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six  hour  circle  and  from  the  meridian,  renpectively.  According 
to  our  definitions  of  j*  and  t?,  n  positive  value  of  f  will  indicate  that 
the  instrumental  pole  is  above  the  true  pole,  and  a  positive  value 
of  ij  will  indicate  that  the  pole  of  tlie  in!4trunient  is  west  of  th© 
meridian.  I  proceed  to  consider  the  methods  of  finding  the^e 
quantities,  as  well  as  the  other  instrumental  constants. 

252.  To  find  f . — The  most  simple  method  is  to  observe  th© 
declinations  of  known  stars  at  their  culmination  in  both  poeitionj 
of  the  declination  axi^^,  and  to  compare  the  instrumental  valae^ 
corrected  for  refraction,  with  the  true  declinations  found  from 
the  best  catalogues  or  epliemerides.  By  tlie  instrumental  values 
we  shall  liereafter  undei*8timd  the  values  inferred  directly  from 
the  readings  {ti)  of  the  circle. 

As  the  two  observations  in  reverse  positions  of  the  declination 
axis  cannot  botli  be  absolutely  in  the  meridian  (unless  observa- 
tions on  difterent  days  are  combined),  one  of  them  is  taken  a 
few  seconds  before  tiie  meridiiui  passage^  and  the  other  a  few 
Bcconds  after  it.  In  consequence  of  the  great  facility  with  which 
even  the  largest  equatorial  instrument  can  be  reversed,  the 
interv^al  between  the  two  ob8er\'ations  will  be  so  small  that  the 
mean  of  the  two  values  of  cos  (r  —  9)  will  be  sensibly  the  same 
as  cos  &^  T  being  a  very  small  quantity  with  opposite  signs  for 
the  two  observations.  Ilenee,  we  shall  have  for  each  pair  of 
observations  on  a  star,  by  putting  r  —  0  in  (259), 

a  =  </j  -j-  Afi  — ^  I  —  €  Bin  (fp  —  ^) 
tgO**  —  a  =  J,  +  Atf  +  c  +  c  8iu  (<P  —  ^) 

where  d^  and  rf,  are  the  circle  readings  in  the  two  positions.  The 
half  sum  of  these  equations  gives  the  index  correction  of  the 
declination  circle, 

Their  half  ditterence  gives 

e  -[-  ^  sin  (f  ^)  ^  90<»  —{{d,—  d,)  —  9 

D  =,  00**  —  i  (d^  —  */,) 

D  %vill  he  the  mean  of  the  instrumental  values  of  the  declinatioo, 
as  inferred  from  the  two  readings,  whatever  mtiy  be  the  mode  in 
which  the  circle  is  graduated,  A  number  of  stars  being  thus 
observed,  we  shall  have  tlie  equations  of  condition 


If  we  put 


P 
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^  +  €  sm  (^  —  d  )=  D  —  d 
e  4-  e  sin  (f>  —  d')  =  ly—  d' 
f  +  e  sin  (f  —  d")  =  ly'-^  d" 
&c.  &c. 

which,  treated  by  the  method  of  least  squares,  will  give  both 
f  and  €. 

Example. — The  declinations  of  ten  stars  were  observed  by 
Otto  Struve  with  the  equatorial  telescope  of  the  Pulkowa  Obser- 
vatory, 1840,  June  22,  according  to  the  preceding  method,  and 
the  values  of  2),  corrected  for  refraction,  were  as  in  the  following 
table.  The  values  of  8  for  the  stars  1,  4,  5  and  8  were  taken 
from  the  Nautical  AlnianaCy  for  2,  3,  and  7  from  Argelander's 
CiUalogue^  and  for  6  and  9  from  Airy's  Catalogue  for  the  year 
1840.  The  latitude  employed  in  computing  the  coefficient  of  e 
is  ip  =z  59°  46'.3.  The  degrees  and  minutes  of  5,  omitted  to 
wive  room,  are  the  same  as  those  of  D.  In  order  to  apply  the 
same  formula  to  the  stars  obsen^ed  below  the  pole,  we  have  only 
to  employ  the  supplements  of  their  declinations  instead  of  the 
declinations,  that  is,  to  reckon  them  over  the  pole,     (Art.  128.) 


Stars. 

1 

Instr.  dec.  =  D, 

«« 

Equfttiona. 

V 

1.  /i  Saijittarii 

-    210    6'55".r) 

40".6 

—  l-^.O^f  +  COOf 

—  5".4 

-•  ^1  t^TJH'fltis 

—      2    56  23  .8 

3  .4 

—  20  .4  =  e+0.89e 

—  1.1 

:].  »V  Strpt^ntis 

+      8    59  47  .1 

59  .5 

—  12  .4  =  e+0.83e'  +  2  .2 

.  4.  C  AquUa: 

13    37  34  .6 

48  .3 

-13  .7  =  e  +  0.72<'  -f  4  .4 

1  5.  a  Lyrm 

38    37;  47  .1 

70  .4 

—  23  .3  =  e  +  0.36«H  6  .2 

1  ^»-  ^  ^'yj'^i 

53      8  55  .5 

83  .6 

—  28  .l=e  +  0.12f|  +  9  .0 

j  7.  (/  Draronis 

67    21  51  .6 

99  .7 

—  48  .l=e  — O.lSe 

-8.  1 

'  X.  J  UrsiV  Min. 

86    34  22  .6 

81  .2 

—  58  .6  =  e  — 0.45c 

—  3  .4 

j  9.  2  Lf/nciSj  s.p. 

120    55  12  .0 

79  .9—67  .9  =  e  — 0.88e'  +  O  .9 

10.  ^  AnrigcPyS.p. 

124    19    4  .5176  .9;.- 72  .4  =  e-0.90e  -8  .0 

The  solution  of 

these  10  equations  gives 

e-- 

—  40".0  with  the  probable  error  =  1".2 

€  - 

-i   3r'.7     *'       *' 

(( 

"      =  1".8 

The  last  column  jrives  the  rcsidualt*  r  after  the  snbRtitution  of 
thcMo  values  in  the  10  equations.    From  these  residuah)  we  find 
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the  probable  error  of  a  single  equation  to  be  3''.9,  wliich  h  com- 
posed of  the  error  of  obaervatiou  and  tbe  error  hi  the  etiir*a  decli- 
nation. Thid  degree  of  aecoraey  in  tbe  dotenninatioo  of  abso- 
lute declinations,  with  an  equatorial  instrument  of  such  dimen- 
aions,  is  surprising,  and  18  a  striking  proof  of  tbe  perfeetiou  of  its 
worknianj!i]iip.  At  the  same  time  we  perceive  that  very  crude 
deteriiiiiiations  will  be  obtained  if  we  negleet  the  tlexure. 

253.  To  find  jy.— Tliis  will  be  fonnd  by  comparing  the  inBtm- 
mentid  hour  angles  of  different  Btars,  near  the  meridian,  vriih  the 
ob8en*ed  clock  times  of  their  transits  over  a  given  thread.  Wo 
shall,  at  the  same  time,  find  the  inHtnimental  constants  i  and  c^ 
and  the  index  correction  of  the  hour  circle. 

We  sludl  suppose  the  thread  on  which  the  stars  are  to  b© 
observed  to  be  placed  in  the  direction  of  a  circle  of  declination^ — 
that  is,  as  a  tnuisit  thread, — and  to  be  in  the  optical  axis  of  the 
teleseopCt  This  optical  axis  may  be  detined  to  be  the  line 
drawn  through  the  optical  centre  of  the  objective,  and  the  centre 
of  the  position  circle  of  the  micrometer:  consequently,  when  the 
thread  is  revolved  180^  by  tliis  circle,  it  should  still  pass  through 
the  optical  axis.  As  the  thread  may  not  be  precisely  adjusted 
in  this  respect,  tlie  error  is  to  he  eliminated  by  combining  two 
observations  taken  in  these  two  p^tsitinns  of  the  thread.  Two 
such  pairs  of  observations  arc  to  be  taken  on  each  star,  one  pair 
with  circle  preceding,  and  one  with  circle  following.  A  second 
star,  in  awidcl}'  different  declination,  being  observed  in  the  same 
manner,  we  shall  have  all  that  is  required  for  the  determiinition 
of  our  constants.  If  we  observe  a  griJater  number  of  stars,  we 
can  treat  the  observations  by  the  method  of  least  squarea 

Supposing  two  Stan's  to  be  ohserved,  one  near  the  i>ole  and  the 
other  near  the  equator,  the  olmervutions  should  be  symmetrically 
arranged  according  t*i  the  following  schedule,  in  which  the  posi- 
tion I  denotes  circle  preceding,  and  II  circle  fullowing,  and  the 
letters  a  and  6  refer  to  the  two  positions  of  the  transit  thread  for 
the  two  readings  of  the  position  circle  differing  by  180°.  Wo 
flhould  endeavor  to  make  the  mean  of  the  times  of  the  four 
observations  on  a  star  coincide  very  nearly  with  the  instant  of 
ita  meridian  passage. 
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Bur. 

Position. 

Clock.        Means. 

Hour  circle.  Meftns. 

Ist  Star 
B.A.  =  e 
Decl.  =  « 

I.     a. 
b. 

U.  b. 
a. 

ft).  1     , 

Mean  = 

T. 

Mean  =    f,, 

2d  Star 
R.A.  =  .' 

U.  a. 

b. 

I.     b. 
a. 

t; 

7/ 

ft').  •\_  ,. 
ft').  )~  • 

ft').  \_  .. 
ft').  )"  ' 

Mean  = 

t: 

Mean  =    <,' 

The  observations  being  very  near  the  meridian,  the  flexure  of 
the  telescope  (e)  has  no  sensible  effect.  That  term  of  the  flexure 
(e)  of  the  declination  axis  which  is  multiplied  by  tan  d  may 
become  sensible  for  stars  near  the  pole,  but,  as  it  will  always  be 
combined  with  ij  it  will  be  convenient  to  put 


t,  =  t  —  f  sm 


(261) 


The  term  e  cos  tp  cos  ty  which  is  always  less  than  e,  will  be 
practically  unimportant,  and  will  here  be  neglected.  A  method 
of  determining  e  will,  however,  be  given  hereafter. 

With  this  notation  we  find,  by  putting  r  =  0  in  the  second 
member  of  (259),  for  the  obsen^ation  at  the  clock  time  7J, 

Tj  ::=  f ,  -(-  A^  -f-  1?  tan  d  -{-  C  ^QQ  d  —  tj  tiui  9 

and  if  A  r  is  the  clock  correction,  we  have  also 

T,=  r,  +  nT—a 
Hence,  by  putting 

we  deduce 

7i  tan  ^  +  c  sec  ^  —  ?,  tan  d  =  T^  —  t^  —  a  —  X 

In  the  same  manner  the  observation  at  the  clock  time  T^  gives 
15  tan  ^  —  c  sec  <J  +  i\ tan  ^=  T,  —  t^  —  a  —  X 
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and  from  these  two  equations,  with  the  notation  of  the  abave 
schedule, 

ij  tan  a=r  T^—  t^-^  g,  ^  X 

c  sec  a  ^  I,  tan  a  ^  i  [(T,  -  rj_(7;-y3 
The  second  star  gives,  in  the  same  manner, 

i?tan-5'=:  T;^i;—J^x 
c^oo  d^^  i;  tan  d'=  !,  [(T;-  f/)-(r/^,0] 

By  comhiiiing  the  two  equations  in  7^  we  have,  therefore,  the 
following  three  equations: 


ig  (tan  J  -  tan  r)  =(T,~  T^)  -  (f,  -  f/)  -  (a  -  *') 
c  sec  J  -  i,  tan  J  =  J  [(f.  -  t^)  -  (T,  -  To] 
c  sec  d'  -^  1^  tan  d'  =  j  [(V—  t/)  -  ( T/  —  T/)] 


I    (2«2) 


which  determine  ay,  ij,  and  c  from  the  observed  clock  times  and 
the  reading?*  of  the  hour  circle. 

We  can  then  find  tlie  vahie  of  X  hy  the  formula 

k^T^-t^  —  ^-7iimd=  r;-C-tt'-,tana'     (2G3) 

and  fiually,  if  the  ehx-k  corri-t-tion  \n  othorvviHe  known,  tlie  index 
correction  Kjf  the  hour  circle,  by  the  tbrmula 


A^=r  Ar+  ; 


(284) 


Example. — The  following  observations  were  taken,  accordiog 
to  the  above  metliod,  with  the  e^^uatoriul  of  the  Pulkowa  Obeejv 
yatory,  on  June  3,  1840. 


6Ur^ 

Min.  I. 

a. 

U 

b. 
a. 

mLyrx 

IL 

L 

tf. 

Clock  tiniM, 


18*21'"  66^,6 


.  18  25    81  .8 


34    IQ.O 
85   6&.4 


}'■■= 


18*36-«  2'.7 


2l    2Sl}^t'  =  ^8^*»    29,0 


28*S8*2K1 


69 


iri}'*""^**^^*^ 


a    2    56.0 


2  »:?},=  0  4  ..4 


(I    I    ss.o 


0    2    66*71    ._   ^   a»4»il 
4    42,6 r»-    ^   «-«■.• 

^  *"*  1  #  '^    ft     ft    1ft   4 


8 
10 


r;  =  ias7  16.9  v^  0   «  a4.» 

The  places  of  the  stars,  according  to  the  Xautical  AlmauM, 
were — 

a  UrMt  Min.  ft  =  18*  24*    5^.8        a  =  8««  55'^ 
a/^yrof  a' ^18   31    34.0        J'=  88   88 .1 
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Heuce  our  cqaationB  (2G2)  become 


whence 


15.971?  =  +  15*.6 
16.80  c  — 16.77  ?\  =  — 17.2 
1.28  c—    0.80  «,  =  —    1.75 

j)  =  +  O-.OS  =  +  14".7 


—  0'.92 


c=z  —  VM 


The  values  of /j  and  c  are  here  not  separately  so  well  detennined 
a.-^  thfv  would  be  if  the  second  star  were  nearer  to  the  equator. 
Thfir  dittiTonce,  however,  ?\  —  r  ^  +  1*.02,  is  accurately  deter-  * 
mined  by  the  first  star.     We  next  find,  by  (263), 

i  =  —  23'.4 

and  if  the  clock  correction  is  ^T=  +  20*. 0,  the  index  correction 
of  the  hour  circle  is,  by  (264), 

Af  =  —  3'.4 

To  ^ive  the  reader  some  idea  of  the  stability  of  a  large  ecjua- 
torial  jirojierly  mounted,  I  will  here  give  the  values  of  c  and  3j, 
together  with  the  coetticient  of  flexure  of  the  tube  (e),  determined 
by  the  above  methods,  for  the  Pulkowa  inHtrument  during  a  year. 
They  are  taken  from  Stkuve's  Desoriptitm  deVOhacrnUoiri'  Ghfrul, 
p.  204,  only  changing  the  signs  of  c  and  tj  to  agree  with  the 
preceding  notation : 


f 

e 

" 

l><40.May  If)' 

—  4r'.2 

+  32" 

.G 

1840,  April  17 

+  1S".(> 

June    3 

-46  .4 

+  21 

.7 

«     28 

+  14   .H    j 

*<     :>2 

—  40  .9 

+  31 

.7 

Juno    3 

+  14.7 

July    3  ' 

—  54  .3 

+  19 

.0 

July  24 

H    10  .2 

..     24 

-4S  .3 

+  34 

2 

Si'i.t.  24 

—  10  M    j 

Aug.    O' 

—  43  .0 

+  30 

2 

Nov.    3 

-    4  .4   ' 

Sopl.  24 

—  43  .2 

+  21 

.7 

Doc.   2() 

—  11  .4 

"     20  1 

—  r»3  .0 

+  :)7 

•> 

1841,  Mar.   15 

-  15  .2 

Nov.  10  1 

—  :5H  .5 

+  35 

.4 

Mcui 

I  —  12  .5 

l>oc.  26 

-44  .1 

+  29 

.3 

l»<41,Mar.  I.") 

-43  .f) 

-1-  25 

.5 

Moans 

—  45  .1  ' 

-r2U 

.5 

VpL.   II.-2i 
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The  temperature  during  this  period  varied  from  —  22^  to  +  86* 
Falir.  The  constancy  of  the  coefficient  of  flexure  for  the 
extremes  of  temperature  is  as  remarkable  an  the  stability  of  the 
axis. 


264,  By  the  preceding  method  of  finding  iy  we  also  find  the 
constants  i\  and  c;  but  we  can  find  i^  independently  of  these 
constants  by  observing  tlie  deelinationH  of  stars  on  the  six  hour 
circle,     WTien  r  =  zh  6*,  we  have,  by  (259), 


beef!- 1 


d==J>ipij  —  esin^  cos  J 

where  D  U  the  mean  instrumental  declination  from  the  obse! 
readings  in  the  two  positions  of  tlic  instVument  (the  two  o 
vations  being  taken  in  quick  succeeaion  very  near  the  six  hour 
circle,  and  one  on  each  side  of  it).     If  we  put  p  ^  D  —  3,  w^ 

shall  have  the  equation  of  condition 

^  1^  -|-  e  sin  ^  cos  ^  =  ji  (965) 

and  from  a  nnmber  of  equations  of  this  kind  the  values  of  5  and 
e  win  be  found. 

If  the  same  star  is  observed  both  at  r  =  -(-  6*  and  r  =  —  6\ 
we  shall  have,  for  the  two  observations, 


—  ij  -f  e  sin  f  cos  3  =^  p^ 


(28«) 


in  which  p^  —  p^  ^vill  be  the  difference  of  the  observed  instru- 
mental declination!^,  corrected  for  any  difference  of  refraction 
that  may  resnlt  from  changes  in  tlie  meteorological  iiisti'um.e]ita 
in  the  interval  between  the  observations. 

But  it  IK  not  always  pos^^ible  to  observe  stars  on  the  six  hour 
circie  in  botli  positions  of  the  instniment,the  pier  or  stand  inter- 
fering with  one  of  the  positions  for  stars  within  a  certain  distance 
of  the  i»ole.  Wo  must  then  fintl  I)  from  a  singh*  observation 
by  applying  the  index  correction,  previously  found  from  mendiaii 
observations  by  Art.  2/»2.  Tlie  crpnitions  formed  from  such  un 
observation  should  have  a  weight  of  only  one-half  in  combititiig 
the  equations  according  to  the  method  of  least  squares, 

255.  Both  $  and  15  can  be  fonnd  in  a  general  manner  froflt 
observations   upon   different  stars,  without  limiting  the  obeef^^ 
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Tations  to  the  meridian  or  the  six  hour  circle.  K  each  obser- 
Tation  of  a  star  is  complete^ — that  is,  consists  of  the  mean  of  tAvo 
obser%*ations  in  the  two  positions  of  the  declination  axis, — we 
shall  have  for  this  mean 

^  =  i)  —  /'  cos  (t  —  &)  —  Be 

r  =  f  +  Af  —  r  sin  (r  —  *)  tan  a  +  B'e 

in  which  B  and  B '  are  the  coefficients  of  e  in  (259).  Developing 
Bin  (r  —  I?)  and  cos  (r  —  d)j  we  find 

^  cos  T  4-ij8inT  -^  Be  =  I)  —  d  "i     /oAT'i 

Af  —  ^  sin  r  tan  d  -\-  j^  cos  t  tan  d  +  B'e  =r  —  t    J 

and,  from  a  sufficient  number  of  such  equations,  a^,  f ,  tjj  and  e 
will  be  determined. 

256.  Again,  f  and  7)  may  be  found  from  single  observations, — 
that  is,  obser\'ations  in  but  one  of  the  positions  of  the  declination 
axis, — by  obsen'ing  each  star  twice  at  very  different  hour  angles. 
We  shall  have  for  two  observations  of  the  same  star  at  the  hour 
angles  t^  and  t^  circle  preceding  in  both  observations  or  follow- 
ing in  both, 

T,  =  f,  +  Af  —  ^sin  r,  tan  ^  +  ij cosr,  tan d  ±  csoc  d :^  itan^  ±  i4,f  +  B^e 
r^  —  t^  +  ^t  —  ^  sin  r,  tan  ^  +  iy  cos  t^  tan  ^  ±  c  sec  ^  q:  <  tan  d  ±  Ajt  -f  B^ 

where  the  signification  of  A  and  B  is  apparent  from  (259).  The 
difference  of  these  equations  gives 

— ^(sin  r,— sin  r,)tan  J-f  ly  (cos  r^~cos  t)  tan  ^±(^,— -4^)  €+  (^B^—B^)  v=- 

Now,  suppose  one  series  of  obserA'ations  in  which  each  star  is 
ohserx-ed  at  e(|iuil  or  very  nearly  equal  distances  from  the  meri- 
dian, east  and  west :  this  equation  will  then  be  reduced  to  the 
form 

—  c  sin  T  tan  ^  +  c  cos  f>  sec  cJ  sin  r  =  g  (268) 

and  from  the  whole  scries,  embracing  stars  of  very  different 
declinations,  c  and  c  will  be  determined. 

Supjiose  another  series  in  which  each  star  is  observed  at  or 
very  near  to  its  upper  and  lower  culminations :  the  equation  will 
take  the  form 

—  Tf  tan  ^  q=  r  cos  ^  =  J  (269) 
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This  seriea  will,  therefore,  determine  rj  and  t*  The  upper  eign 
will  here  be  used  for  a  series  in  which  the  cii'cle  is  west  of  tJie 
meridian  at  the  upper  cnhninations  and  east  of  the  meridian  at 

the  lower  cuhniinitions.  TliiB  appeal**  to  be  the  motit  i^iiivple  and 
satisfactory  metliod  of  tiiidiiig  the  flexure  e  of  tlie  deeliaatioa 
axifi.     Another  method  will  be  given  in  the  next  article. 


2»>7.  All  the  preceding  methods  of  determining  the  instru- 
mental constants  dejieiid  upon  the  aceumcy  of  the  gniduationi^ 
of  tlie  two  circles  of  the  instrument.  Let  us  inquire  how  far 
it  18  possible  to  determine  thei^e  constants  independently  of  iho 
circles,  or  without  involving  tlieir  errors.* 

First — ^The  ineiinatiou  1)0°  —  c  of  the  telescope  to  the  hour 
axis  can  be  separately  determined,  independently  of  the  other 
constants^  as  follows*  Bring  the  telescope  into  a  horizontal 
position  in  the  plane  of  the  meridian,  tlie  declination  axis  being 
then  also  horixontah  Phtce  two  coUimating  telescopes  in  the 
jirolongatton  of  the  optical  axis,  one  north  and  one  souths 
and,  directing  them  towards  each  other,  bring  the  cross  threadB 
in  their  foei  into  optical  coincidence  (the  equatorial  telescope 
being  for  this  pui-pose  temporarily  moved  out  of  the  line  jointJig 
the  eollinuitors  by  revolving  it  about  the  hour  axis).  Then, 
bringing  the  telescope  upon  one  of  the  collimatoi's,  and  clamping 
the  hour  circle,  measure  with  the  micrometer  the  distance 
between  the  fixed  thread  that  marks  the  optical  axis  ami  the 
cross  thread  of  the  collimator.  Revolve  the  telescope  upon  the 
declination  axis,  and  measure  the  distance  between  its  optical 
axis  and  the  cross  thread  of  the  other  collimator.  The  diflferenee 
of  the  two  micrometer  measures  is  the  value  of  2t\  To  elimi- 
nate any  eccentricity  of  the  tixed  thread  with  respect  to  the 
optical  axis,  let  each  observation  on  a  coUinuitor  be  the  mean  of 
twn  taken  in  reverse  |>ositions  of  the  thread  corresponding  to 
rcai lings  of  the  position  circle  ditlV'ring  180°.  This  method  is 
identical  in  principle  with  the  process  given  for  the  tmuiiC 
instrument,  and  more  fully  cxphiincd  in  Art.  14rj.  Instead  of 
one  of  the  collimators,  a  dintunt  terrestrial  puint  nuiy  be  used. 

We  may,  at  the  same  time,  detennine  tlie  flexure  e  of  the 
telesco|>e,  witli  the  aid  of  rlie  <leclination  circle,  but  withoat 
involving  its  erroi's  of  division  (Art,  204). 

«  $«a  Skiikl'b  AMtrmum,  UiUtmiek,,  Tol  L  p.  14. 
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Second. — ^An  equation  for  determining  the  inclination,  90°  —  f, 
of  the  declination  and  hour  axes,  can  be  obtained  from  the 
observation  of  the  transits  of  two  different  stars  in  the  same 
fixed  position  of  the  declination  axis,  that  is,  with  the  hour  circle 
clamped  at  any  assumed  reading.  If  r  and  r'  are  the  apparent 
hour  angles  of  the  stars,  and  7",  T'  the  sidereal  clock  times  of 
the  transits  (corrected  for  clock  rate),  the  difterence  2gr  of  these 
hour  angles  will  be  known  by  the  formula 

2  ^  ==  T^  —  r  =  r  —  r  —  (a'  —  a)  —  (r'  —  r) 

where  r  and  r'  are  tlie  corrections  of  r  and  r'  for  refraction ;  and, 
as  the  difterence  is  very  small,  we  may  use  r  for  r'  in  the  second 
member  of  (259) :  hence,  if  the  circle  precedes,  we  shall  find 
for  this  difference  the  expression 

2  q  =z  —  [jr  sin  (t  —  *)  +  »  —  *  si"  rf  (tan  d'  —  tan  ^) 
-f  (c  -f  c  cos  ^  sin  r)  (sec  <J'  —  sec  d) 

Now  reverse  the  declination  axis,  settmg  the  hour  circle  at  a 
reading  differing  12*  from  the  former  reading,  and  repeat  the 
ob:<er\'ation  on  the  same  stars  on  the  following  day.  We  shall 
then  have,  in  the  same  manner, 

2  ^  =  —  0  sin  (t  —  *)  —  I  +  f  sin  f  ]  (tan  d'  —  tan  d) 
—  (c  —  e  cos  V?  sin  r)  (sec  <J'  —  sec  ^) 

The  half  difference  of  these  equations  is 

if  —  q  --  {i  —  c  sin  ip)  (tan  d'  —  tan  ^)  —  c  (sec  d'  —  soc  tT)  (270) 

from  which,  c  being  previously  known,  we  find  the  value  of 
I  —  e  sin  If,  The  hour  drrle  is  here  used  only  to  set  the  instru- 
ment api»roxiinatoly  in  the  reverse  position,  and  so  that  the  values 
of  r  in  the  soeond  members  of  all  the  equations  may  be  regarded 
as  iMpiul  to  each  other  in  the  computation  of  the  small  tenns. 
"We  thus  find  the  combination*  —  csin^  independently  of  the 
circle  reading;  but  we  cannot  separate  i  without  such  reading. 

ThinL  -T\w  (piantities  f  and  3j  may  be  found  independently 
of  the  rea<ling  of  the  circles  by  observing  the  same  star  at  its 
upper  and  lower  culminations,  and  also  at  \U  east  and  west 
transits  over  the  six  hour  circle,  without  revolving  the  telescope 
upon  the  de<  Iinati<»n  axis,  and  measuring  the  distance  of  the  star 
in  declination  from  the  sight  line  with  the  micrometer.     Thus, 
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for  r  =  0  and  r  =  180*^,  the  readiag  of  the  declination  circle 
being  constant,  and  f^^  and  J\  the  micrometer  distanced  of  the 
star  from  the  sight  line  in  the  two  observations,  Tj  and  r,  tht 
retractions,  and  S  the  true  deeUnatiun,  we  have 

i  —  r^  =  d  -I-  Ad  +f^  —  $  —  €  (sin  f  cos  d  —  co9  f  sin  I) 
^-fr^=rf-|-  4(Z-j-/^-j-f_e  (ain  f  cos  d  +  cos  f  sin  ^) 

and  the  diflerence  of  these  equations  gives 

f  =  IC/»  -/t)  +  i  (^  +  r.)  +  ^eon  f  aiB  ^  (271) 

For  r  =  90*^  and  r  =  270°,  we  have 

a  -(-  r^  =  d  +  A<f  -f  /,  —  ly  —  f  sin  ^  cos  Jf 

d  +  r,  =  d  +  a4  -f  /,  4*  1?  —  e  ain  fp  cos  ^ 

in  which  r,  and  r,  will  be  equal  if  no  change  in  the  meteoro- 
logical instruments  has  occurred.  The  difference  of  these  equa- 
tions gives 

V  =  l(f,-A)-i(r,^r,}  (272) 

258.  A  precise  detennination  of  the  constants  would  be  re- 
quired if  the  instrument  were  to  be  used  for  determining  a1i«o- 

lute  hour  angles  arnl  decIiuationH.  But  so  large  an  instrument 
is  liable  to  be  so  luueh  atlected  by  its  own  weight  and  by  changeei 
of  temperature  that  we  could  not  rely  upon  the  constancy  of 
its  condition  for  the  intervals  of  time  that  must  necessarily 
elapse  between  the  determinations  of  its  errore  and  its  applica- 
tion to  the  obser\*ation  of  absolute  positions  of  stars.  Hence  its 
chief  application  is  to  the  measurement  of  small  difference  of 
right  ascension  and  deelination,  or  of  distance  and  position  angle 
of  two  stai-8  with  its  mierotueter.  The  advantages  of  the  equn* 
torial  system  of  mounting  for  this  application  are  obrious. 

The  methods  of  eoudncting  these  micrometer  observations  < 
discussed  in  the  next  chapter:. 
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CHAPTER  X. 

MICROMETRIC  OBSERVATIONS. 

I  SHALL  confine  myself  to  those  micrometers  which  have  been 
most  generally  approved  by  astronomers,  either  for  their  con- 
venience or  their  accuracy,  and  which  are  more  or  less  in  com- 
mon use  at  the  present  day. 

TUE   FILAR   MICROMETER. 

250.  This  has  already  been  fiilly  described  in  Chapter  IE., 
where  also  the  methods  of  finding  the  angular  value  of  a  re- 
volution of  the  screw  have  been  given.  Those  applications  in 
which  thirt  micrometer  is  but  an  auxiliary  of  some  principal  instru- 
ment— as  in  the  tmnsit  iiiHtrument,  meridian  circle,  &c. — have 
already  been  treated  of  under  their  appropriate  heads.  "NVe  are 
here  to  consider  it  as  the  ])rincipal  inntrument,  and  the  telescope 
as  the  auxiliary:  consecjuently,  wo  are  to  suppose  the  tele- 
scope to  be  mounted  with  special  reference  to  the  convenience 
of  micrometric  obser\'ations,  or,  in  short,  to  be  an  equatorial 
telescope.  We  also  suppose  it  to  be  furnished  with  a  position 
circle,  constituting  it  a  2>osi(ion  viicrometer  (Art.  49). 

TO   FIND   THE   DISTANCE   AND    POSITION   ANGLE  OF  TWO   STARS*  WITH 
TUE   FILAR    MICROMETER. 

2«>0.  With  the  equatorial  mounting,  the  telescoi>e  can  be 
readily  directed  to  the  stars  at  any  time  by  setting  the  circles  to 
thi*  known  hour  angle  and  declination  of  the  middle  jioint 
between  the  stars.  Moreover,  the  automatic  movement  of  this 
instrument  (by  the  driving  clock),  by  means  of  which  the  stars 


♦  I  jiHy  "  Btnni."  in  general,  for  brerity  ;  but  the  methods  given  are  obviouslj 
applicable  to  the  meaxiirenient  of  the  distance  and  position  angle  of  any  two  near 
points,  as  the  cu^ps  in  a  solar  eclipse,  or  to  the  mcasurenient  of  apparent  aemi* 
diameters,  &c. 
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are  kept  in  a  constant  position  in  the  field,  is  indUpenBable  far 
the  exact  measurement  of  their  distance  and  position  angle. 

The  micrometer  is  to  be  revolved  until  its  trauffverae  thready 
which  18  parullel  to  the  screWj  parses  through  the  two  atara. 
The  zero  of  the  position  circle  {Le,  the  reading  when  the  trans- 
verse thread  is  in  tlie  direction  of  a  cirele  of  declination)  bein^ 
known  =  P^,  and  P  hv'mg  the  reading  upon  the  stars,  we  have 
at  once  the  required  position  angle  p^  by  the  formula  ^ 


p  =  P-P. 


(273) 


The  distance  of  the  stars  is  measured  at  the  same  time^  by 
placing  the  fixed  micrometer  thread  (which  is  perpendicular  ta 
the  transverse  thread)  upon  one  of  the  stars,  and  the  movable 
thread  upon  the  other.  The  reading  of  tlie  mici-ometer  now 
being  J/ {revolutions),  and  its  zero  for  coincidence  of  the  threads 
being  31^,  the  retjuircd  distance  in  revolutions  of  the  micro- 
meter is 


^^  jM  —  JMq 


(274) 


If  i?  is  the  value  of  a  revolution  in  seconds  of  arc  (Arts,  42,  48, 
kc,)y  and  s  ^  the  observed  distance  in  arc,  we  then  have 


tan  1$  ^m  tan  M,        or,  nearly,        8  =^  mB 


(2T5) 


The  distance  m  may  also  be  found  by  placing  tlie  same  thread 
successively  upon  the  stars  and  tiiking  the  ditlerence  of  the 
micrometer  readings^  thus  dispensing  with  the  fixed  thread  and 
with  the  determination  of  J/^,.  It  will  be  still  better  to  use  two 
movable  threads  whose  constant  distance  is  known^  as  will  be 
illustrated  in  Art.  265. 

In  tliif^  prtjcess,  we  should  bring  the  images  of  the  stars  on 
opposite  sides  of  the  middle  of  tlie  field,  and  at  very  uoariy 
equal  distances  from  it,  Tlie  position  angle  measured  is  then  the 
angle  between  the  arc  joining  the  stars  and  the  circle  of  decli- 
nation drawn  to  the  middle  point  between  the  stars.  Both  the 
distarice  and  position  angle  thus  ohser\'ed  are  apparent;  the  effect 
of  refraction  will  be  cout^idered  hereatter. 


2(51.  Chrrcciion  of  the  (jhservrd  position  angle  for  ifw  atmt^  A» 
equatorial  imtrument, — The  preceding  process  would  be  coBiplete 
if  the  zero  of  the  position  circle  always  corresponded  to  that 
position  of  the  transverse  thread  in  which  it  coincided  with  a 
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circle  of  declination.  The  adjustment  described  in  Art  49 — 
namely,  placing  the  micrometer  thread  so  that  an  equatorial  star 
in  the  meridian  runs  along  the  thread — assumes,  Ist,  that  the 
micrometer  thread  is  perpendicular  to  the  transverse  thread,  and, 
2d,  that  the  equatorial  instrument  is  in  perfect  adjustment  in  all 
respects,  so  that  the  transverse  thread,  once  adjusted  to  the  meri- 
dian, will  remain  in  the  direction  of  a  circle  of  declination  in  all 
other  positions  of  the  telescope. 

The  first  source  of  error  is  avoided  by  adjusting  the  transverse 
thread  independently  of  the  micrometer  threads.  This  will  be 
most  readily  done  by  directing  the  telescope  upon  a  distant  ter- 
restrial point,  and  revolving  the  micrometer  until  a  motion  of  the 
telescope  upon  the  declination  axis  alone  causes  the  point  to 
move  exactly  along  the  thread.  The  thread  then  represents  a 
declination  circle  of  the  instrument,  or  rather  a  circle  whose  pole 
is  that  of  the  declination  axis;  and  we  take  the  reading  P^  in 
tliin  [lOHition  as  the  zero  of  the  position  circle. 

The  second  source  of  error  is  next  to  be  removed  by  computa- 
(ioHj  ])ased  upon  the  actual  state  of  the  instrument.  The  distance 
of  the  stars  is  correctly  obtained  independently  of  the  errors  of 
the  e(|uatorial  adjustment,  and  we  therefore  have  only  to  inves- 
tigate the  effect  of  these  errors  upon  the  position  angle.  The 
adjustment  of  the  thread  by  the  method  just  described  causes 
the  thread  to  be  at  right  angles  to  the  arc  QS^  Fig.  54, 
which  joins  the  polo  of  the  declination  axis  and  tlie  '^ 
star.  If  P  is  the  celestial  pole  and  X  is  the  required 
correction  of  the  observed  position  angle,  we  Imve 
thi-  angle  Q.SP  -:  00°  —  ;.  Let  P'  bo  the  pole  of  the 
instrument,  and  put 

QSP'  ■^-.  90°  —  (?,  PSP'  ==  q 

we  shall  then  have 

X^q  +  Q 

The  triangle  QSP^  ffi^^s,  with  the  notation  of  Art.  245, 

.     ^       sin  f  —  sin  r  nin  //' 
Bin  Q  - .  -       -  -^^  — 

cos  c  COS  a 

or,  with  sufficient  precision, 

Q  —1  i  ftcc  d  —  c  tan  9 
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To  take  the  flexure  of  the  decllu&tion  axis  and  telescope  info 
account,  we  see,  by  Ai't  24G,  that  we  must  increase  i  by  the  cor- 
rection di  ~  —  i  sin  ^,  and  e  by  the  correction  dc  ^^c  cos  ^  sin  r . 
Hence,  putting,  as  iu  Art.  253, 


we  have 


tj  =  J  —  c  Bin  f 

Q  =  tj  sec  d  -=-  c  tan  S  —  e  cos  ^  tan  8  sio  r 

The  tiuuugle  PSP%  with  tlie  notation  of  Arts.  245  and  247,  gires 

sin  /  sin  (r  —  ^) 


sin  q  = 

or,  with  sufficient  precision, 


COS  d' 


q  =  r  8i"i  (^  —  ^)  sec  ^ 

and  it  ifl  evident  tlmt  the  flexure  produces  no  seneihle  eflTect  upon 

thia  angle*     We  havo^  therefiire, 

i  ^  ^  sin  (r  —  d)  sec  d  -{-  i,  sec  S  —  c  tan  d  —  e  cos  ^  tan  ^sin  r  (276) 

This  formula  can  he  used  for  either  position  of  the  decHnation 
axis  bj'  ohsening  the  precepts  of  Art.  248 ;  but  if  we  wi^h  to  let 
d  always  reprci^eut  the  actual  declination,  and  regard  (276)  as 
applical^e  to  the  ease  in  which  the  declination  circle  precedasi 
we  shall  have,  for  the  ca^e  iu  which  li  follows^ 

A  =  /•  sin  (t  —  B)  sec  d  —  i',  sec  J  +  r  tan  ^  —  e  cos  f  tan  ^  sin  r  (27^) 

The  value  of  d  must  be  tliat  which  belongs  to  the  middle  of 
the  field,  or  the  mean  of  the  apparent  declinations  of  the  two 
stars. 

The  position  angle  resulting  from  tlie  obKcrration  will  now  be 


p  =  P-F,  +  l 


(2TT) 


262.  The  ooostant  c  expresses  the  angle  between  the  optical 
axis  and  the  axis  of  colli mation ;  and  it  may  be  well  to  repeat 
here  the  definitions  of  these  terms  an  we  have  used  them*  The 
optical  axis  i**  the  straight  line  drawn  thmugh  the  optical  centre 
of  the  objective  and  the  centre  of  the  powition  cirele ;  and  the 
axis  of  colli nuition,  the  straight  line  drawn  through  the  ojiticfll 
centre  of  the  objective  perjiendicular  to  the  declination  axis. 
Now,  the  transverse  tliread  may  not  pass  through  tlie  optical 
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axis,  but  may  have  a  certain  eccentricity:  hence,  to  obtain  the 
position  angle  according  to  the  above  formula  with  the  utmost 
rigor,  we  must  take  the  mean  of  two  observations  in  reversed 
positions  of  the  thread,  corresponding  to  readings  of  the  position 
circle  differing  180°. 

The  correction  ^  if  the  equatorial  adjustment  is  good,  will 
seldom  amount  to  one  minute  of  arc,  and  may  usually  be  disre- 
garded. The  importance  of  a  correct  determination  of  the  posi- 
tion angle  increases  with  the  distance  of  the  stars,  since  an  error 
in  this  angle  will  produce  errors  in  the  deduced  relative  right 
ascension  and  declination  of  the  stars  which  are  directly  propor- 
tional to  this  distance :  at  the  same  time,  the  greater  distance  is 
favorable  to  accuracy  in  the  observation  of  the  position  angle. 
Tlie  field  of  the  filar  micrometer,  however,  is  small,  diminishing 
as  we  increase  the  magnifying  power  for  the  sake  of  increased 
accuracy  ;  and,  since  for  this  observation  both  stars  must  be  seen 
in  the  field  at  once,  we  are  obliged  to  use  low  powers  for  the 
greater  distances  (from  10'  to  20'),  and  thus  lose,  in  a  degree, 
the  advantage  which  the  increased  distance  would  other>vi8e 
affonl.  This  difficulty  does  not  exist  in  the  use  of  the  hcliomdery 
f(»r  which,  therefore,  a  greater  degree  of  refinement  in  the  deduc- 
tion of  the  position  angle  is  requisite,  and  the  above  correction 
becomes  of  greater  importance. 


2»>3.  licduction  of  the  observed  position  angle  to  the  mean  of  the 
position  angles  at  the  tiro  stars. — Let  S  and  «S'',  Fig.  55, 
be  the  stars,  P  the  celestial  pole,  *Sy  the  middle  point 
between  the  stars,  and  let  the  arc  SS^  be  produced 
through  the  star  6"  towards  A.     Let 


p'  =  PSA, 


PS' A, 


P  =  PS,A. 


It  is  usual  to  assume  p  to  be  the  mean  of />'  and  p", 
but  for  large  distances,  and  when  the  stiirs  are  near 
the  iM)le,  a  correction  becomes  necessary.    If  we  put 

dy  d\  ^„  ^  the  declinations  of  Sy  S\  S^ 
8  =1^  the  distance  aW, 

the  triangle  P^S^N' gives 

cos  ii  cos  p*  —.  cos  .}  s  cos  t\  cos p  -\-  9\ii\s  sin  d^ 
cos  J  sin  p' ...  cos  d^  sin p 
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COS  9  flin  (y  —  i>)  =  —  sin  is  §in  (i^  em|J  -f  sin*  is  cos  \f^n2p 

ooe  B  cos  Cp'  ^p)  :=^  COS  ^j  -f  sin  }  «  sin  ^^  cos  p  —  2 sio»  |  j  co«  ^^  cot'p 

and,  developing  sin  J  a  and  sin  1 5  in  scries^ 

008  #  sin  (y  —  p)  =  —  ^5  sin  ^^sin  j?  -J-  y^^'cos^^,  sin  2p4- Ae» 
cos  ^  cos  (p'  —  p)  =  cos  ^j  +  i  ^  sin  ^^  cos  p  —  4c, 

Dividing  the  first  by  the  secondj  and  putting  for  tan  {p'  ^  p)  its 
value  in  series,  we  find 

p*  —  p  ^r  —  J  «  tan  dj,  sin  p  +  ^gs'sin  2p  (I  +  2  tan'  H^  —Ai^  -r  tc 

III  like  manner,  the  triangle  PS^*  gives 

oos  d*  cos  p"  =  cos  }  s  cos  d^  cos  p  —  sin  J  «  sin  9^ 
cos  d'  sin  p"  ^  cos  ^4>  sin  p 

from  whioh  wo  see  that  tlic  development  of  p"  —  p'  will  be  ob- 
tained from  that  ofp'  — phy  merely  changing  the  sign  of  ^.' 
hence 


/ 


p  =  +  J  a  tan  d^  sinp  -]-  y^^'^*^  2p(l  -f  2 tanMJ *f  ^^ ^- 4o- 


Neglecting  only  the  4th  and  higher  powers  of  ^,  we  have,  there^ 
fore, 

i  (/  +  f)  -P=i^  «'  «ii  2p  (1  +  2  tan*  c!.)  (278) 

which  is  the  re<iuired  correction  to  be  added  to  the  observed 
position  angle  p  to  reduce  it  to  the  mean  J(p'  +  p"),  When  # 
is  expressed  in  seconds  of  arc,  the  second  member  must  be  mul- 
tiplied by  sin  1^', 

We  also  find,  witliin  terms  of  the  3d  order, 


{  (p"  —  p')  =  ^  «  tan  ^^  sin  p 


(279) 


Th©  purpose  of  the  observation  is  usually  to  determine  the 
place  of  one  star  from  that  of  iinother  which  is  given.  It  will 
be  convenient  hereafter  to  tonsidtr  the  ob^erveil  pt»sition  untile 
as  expresising  the  position  of  the  unknown  star  rt*forre«l  to  tha, 
known :  thus,  in  tlie  above  formulae  the  three  position  angl 
p\  p",  p  are  all  reckoned  in  the  direction  from  the  known 
the  unknown  star,  p'  being  the  angle  at  the  former,  p"  the  angle 
at  the  latter,  and  p  the  angle  at  the  middle  point  between  Uie 
two  stars. 
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TO    FIND    THE    APPARENT    DIFFERENCE    OF    RIGHT    ASCENSION    AND 
DECLINATION    OF   TWO   STARS   WITH   THE   FILAR   MICROMETER. 

264.  First  Method. — Obscn^e  the  distance  5,  and  the  position 
annrle  ;>,  of  the  unknown  star  from  the  known  star,  by  the  pre- 
ceding method.  For  a  rigorous  method  of  computation  we 
nnist  first  reduce  the  ob8er>'ed  angle  to  the  mean  of  the  angles 
at  the  8tar8,  by  (278).  Thus,  if  we  denote  this  mean  by  p^,  we 
first  find 

1^0  =  ?  +  A  «'  flin  1"  sin  2p(l  +2  tan«  a^)  (280) 

in  whirh  we  may  take  o^  ~  the  mean  of  the  declinations  of  the 
Htars,  which  may  he  found  witli  suificient  precision  by  a  rough 
pri»liminary  computation.  If  we  also  put  a/^  =  !(/>"  —  />'),  we 
find  in  the  next  place,  by  (270), 

A/>  =  i  «  tan  d^  Bin  p  (281) 

Now,  a,  d  denoting  the  right  ascension  and  declination  of  the 
known  star,  a',  5'  those  of  the  unknown  star,  the  triangle 
funned  1)V  the  two  stars  and  the  i»ole  gives,  by  the  Gaussian 
equations  of  Spherical  Trigonometry, 

sin  J  («'  —  o)  cos  i  (a'  —  o)  =  sin  is  cos p^ 
cos  J  (o'  —  f'i)  cos  J  (tt'  —  tt)  =-  cos  i  s  cos  Ap 
sill  J  (o'  +  o)  sin  )  (o'  —  o)  =^  cos  i  s  sin  Ay> 
cos  1  (/>'  4-  o)  sin  i  (o'  —  a;  =  sin  J  5  sin  }}^ 

The  1st  and  2d  give 

tan  J  (rV  —  *J)  =  tan  J  s .  ^IK  (282) 

cos  A/; 

Having  thus  found  J(o'—  5),  we  also  have  ^(8^  +  8)  ~  8  + 
I  id'  —  o):  and  then  the  4th  equation  gives 

sinifa'-a)=.«^"^^^"^^*  (283) 

For  an  approximate  method  of  computation,  suflBcient  in  most 
cases,  Wf  can  ncgU'ct  tln»  difference  between  p  and  p^  and,  con- 
se<jtu-ntly,  also  noglcct  terms  in  ^  in  (282)  and  (283),  so  that 
the&c  e<iUations  will  become 

^'—o=scoBp  I     .og4N 

a  ~  a  =  «  sin  p  sec  i  (^'  +  d)  )    ^^    ^ 
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Example* — In  1846,  November  29,  at  the  Washington  Obser- 
vatory, Mr.  Skar8  C,  Walker  observed  the  position  augle  and 
distance  of  the  planet  Neptune  from  a  etar  as  follows ; 


Sid.  timti  =  0*  17-  52* 


P  =  82**  S5M 


m  =  20.W6rev, 


For  the  zero  of  the  position  circle  he  found  P^  =  272**  38', 
and  the  valoe  of  a  revolution  of  the  mieroijieter  was  R  =  15".406. 
The  star's  apparent  place  was 


ft  =  21*  61-  50-60 


^  ^  _  13°  25'  52".76 


Hence  we  have,  hy  (284), 


P  — P,==p  =  169*'  5r  J    log  COR  j9  n9  99S30  log  ein  p  9.24132 

log  mR  =  log*    2.50105 log*        2.50105 

^'  —  a  ==:  -^  5'  12'M4  log  {d*—d)  n2.494:35  log  ^^  1  (^'+  ^_0^0I212 
^  (^'4.a)=— 13°  28' 28''.     c.'— «=+56''.82^H-3M9   log(a'-a)  L75440 

The  compntation  by  the  rigorous  formula  (282)  and  (283)  gives 
the  same  results.  Negleethig  the  differential  refraction,  wliich 
will  be  treated  of  hereafter,  these  differences  applied  to  the 
given  place  of  the  star  give  for  the  place  of  Neptune  at  the 
sidereal  time  0*  17-  52*, 


«'  =  21*  51-  54'.48 


^'^  —  13*^31' 4".90 


In  the  case  of  a  planet  the  place  thus  found  has  also  to  be  cor- 
rected for  its  parallax.     (Arts.  102,  103,  of  VoL  L) 

2Go.  When  one  of  the  stars  has  a  pro}>er  motion,  the  mean  of 
several  observed  distances  and  position  angles  will  not  corro* 
spond  precisely  to  the  mean  of  the  times*  To  proceed  rigorously 
in  that  case,  we  mn^t  compute  the  differences  of  right  ascension 
and  declination  from  each  uhscn-ation  ;  and,  as  these  differvncea 
may  be  reganled  as  propoitional  to  the  time,  their  mean  wll 
correspond  to  the  mean  of  the  times.  But  a  briefer  method 
of  redaction  consists  in  cmploving  the  mean  of  the  observed 
distances  and  position  an;LrlcH  conrctcd  for  second  diffcrau^t^*  Let 
^1,  s^^  Sy  kc*  be  the  observed  distances,  and  s^  their  urithmeticul 
mean ;  p^,  p^,  py  &e.  the  ohscrved  position  angles,  and  p^  their 
arithniL'tical  mean ;  7*,,  7\,  T^  kc.  the  corresponding  obser^'ed 
times,  and  T  their  arithmetiial  mean.  Let  s  and  p  denote  the 
values  of  tlio  distance  and  position  angle  corresponding  to  the 
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time  T.  We  have  only  to  find  s  and  p,  with  which  a  single  com- 
putation of  the  differences  of  right  ascension  and  declination 
will  give  the  quantities  required  for  the  time  T. 

Let  ^a,  ^d  be  the  changes  of  right  ascension  and  declination 
in  one  sidereal  second.  If  a',  8^  are  the  values  which  corre- 
spond to  the  time  Ty  we  have 

8  sin  p  =  (a'  —  a)  cos  }  (d'  -J-  d) 
S  CO&p  =    d' —  d 

and,  consequently, 

«j  sin  p,  =  (a' —  a)  cos  J  (^' +  d)  +  Aa  (T,  —  T)QO%\id''\-  d) 

Put 


and,  also, 

/  sini^  r=  ^a  cos  }  (d*  +  S) 

f  cos  !>  =  A^ 

then 

5j  sin  />,  =  5  sin  /?  -{-  f  Bin  * .  r, 
«j  cos  p^  =  8  cos  jp  +  /  ^8  *  •  '''i 
whence 

5,  sin  (;)  —  pj)  =/  sin  (p  —  *)  .  Tj 

«,  cos  (l>  —  i>,)  =  «  +  /  cos  (|)  —  *)  .  Tj 

These  equations  give,  first, 

78in(;)-d).r, 


}    (285) 


}      (^) 


tan(;)— ;?j)  = 


1  4.Zco8(p  — *).T, 

which  developed  in  series  [PI.  Trig.  Art.  257]  gives 

/  Bm(p-^)           p  sin  2(p-  ^)  V 
^=^'>  +  7'      Binl"      •'*-? sinr 2  +*"• 

Each  ol)ser\-ation  gives  an  equation  of  this  form;  and  the  mean 
of  n  such  e(|uatiou8,  obser\'iiig  that  Ir  =  0,  is 

—      ^^1  8in2(^--^  Tt* 
^~^'       8^'       si'nl"       '2n 
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where  we  neglect  terms  of  the  third  and  higher  orders,    lions  r 
is  expreesed  iii  secoudB  of  time,  and  we  have,  very  nearly^ 

T^  _    2  am'  i  T 
2  ^  (15  sin  Vy 

If  we  employ  the  quantity  m  given  by  Table  V., — ix, 

2  sin*  1  r 


m  — 


our  formula  will  become 


Bin  1" 


/ 


Again,  the  sum  of  tlie  8quares  of  the  equations  {A)  gives 

V  =  a'  +  2/4  C08  0,  -  *) .  r,  +  (/T^y 
whence 


(2M) 


ii  =  fi  _i_  Vj2^p_ 


*) 


^  + 


f^n* 


\  * 


where  the  terms  of  the  third  order  are  neglected.  The  mean 
of  n  equations  of  this  kind  is 

and,  if  J/  is  the  modulus  of  common  logarithms,  we  have,  very 
nearly, 

log.  =  log«.-Jf(--)  ^Ifi^-  (287) 

It  will  be  convenient  to  find  the  correction  of  p^  in  minutes 

of  are,  and  the  oorrection  of  log  s^  in  iuiitJ^  of  the  fit>h  decimal 
place ;  for  which  purpose  we  have  to  divide  the  last  term  of 
(286)  by  00,  and  multiply  the  last  term  of  (287)  by  10*.  It  will 
als^^o  be  convenient  to  let  ^a  and  a5  be  the  changes  of  right  As- 
cension and  declination  in  one  minuk  of  mean  Hmc^  as  they  will 
usually  be  given  in  this  form;  and  then  w^e  must  divide /by 
60.104  {—  no,  of  sid.  seconds  in  1*  of  mean  time).  With  the^e 
modifications  our  formulie  will  become 


;>  =  A  -  [2.93P84]  r  sin  2 (;,-«)  ^ 
log  «  =  log  <.  —  [4.04135]  C  »in'  (p  _  #)  ^ 


(888) 
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where  the  logarithm  of  the  constant  factor  is  given.  The  quan- 
tities Att,  A^,/,  and  3  are  supposed  to  be  expressed  in  seconds 
of  arc. 

266.  Second  Method. — Set  the  declination  circle  of  tlie  equa- 
torial instrument  to  the  mean  declination  of  the  two  stars ;  direct 
the  telescope  to  a  point  a  little  in  advance  of  the  stars,  and  clamp 
the  hour  circle.  The  telescope  being  fixed,  the  diunial  motion 
will  carry  the  stars  across  the  field.  Set  the  transit  threads  {i.e. 
the  transverse  thread  and  the  threads  parallel  to  it)  in  the 
direction  of  a  circle  of  declination,  and,  as  the  stars  pass  across 
the  field,  obser\'e  the  clock  times  of  their  transits  over  the  threads. 
At  the  same  time,  set  the  micrometer  thread  upon  the  two  stars 
successively  as  each  passes  the  middle  of  the  field,  and  read  the 
micrometer  interval  between  them ;  this  will  give  at  once  the 
ditlerenee  of  declination.  The  difference  of  right  ascensicm  will 
be  the  difiVrence  between  the  obser\'ed  clock  times  of  transit  of 
the  two  stars  over  the  same  threads,  this  difference  being,  of 
course,  reduced  to  a  sidereal  inten'al  when  necessarj',  and  also 
corre<*tod  for  clock  rate. 

For  the  reduction  of  defective  transits,  it  is  necessary  to  know 
the  intcr\'als  of  the  threads,  which  will  be  found  as  in  tlie  transit 
instrument  (Art.  131). 

If  one  of  the  bodies  has  a  proper  motion,  the  differences 
obtained  are  those  which  belong  to  the  instant  when  this  body 
was  obscn'ed. 

It  is  usual,  in  obser\'ations  of  this  kind,  to  avoid  all  consider- 
ation of  the  errors  of  the  equatorial  instrument,  by  adjusting 
the  movable  micrometer  thread  at  the  time  of  the  observation 
so  that  the  star  runs  along  the  thread.*  If  the  transit  threads 
are  exactly  perpendicular  to  the  micrometer  thread,  they  will  be 
(very  nearly)  parallel  to  a  circle  of  declination  drawn  through 

♦  This  methfHl  is,  liowcTer,  not  ntrictly  correct :  for  the  apparent  path  of  a  »tar  is 
not  precisely  perpenfliculnr  to  the  circle  of  declination,  on  account  of  the  ilifference 
of  the  refrnction  at  different  points  of  this  path.  The  error  is,  indeed,  extremely 
small,  except  when  the  lenith  distance  is  Tcry  great ;  but,  if  we  wish  to  proceed  with 
the  utmost  prerinion,  we  can  set  the  threads  by  means  of  the  position  circle.  If  the 
lero  /'^  i»f  the  position  circle  hus  been  iloterniined  as  in  Art.  201,  and  the  circle  is 
set  to  this  reading,  the  threads  will  make  the  angle  /  with  a  true  circle  of  ilerlina- 
tion:  consequently,  rf  and  A'  being  the  declinations  of  the  stars,  we  must  add  the 
correction  ^K  M'—  <?)  sin?,  sec c?'  to  the  observed  time  of  transit  of  the  star  whose 
declination  is  r)'.  The  angle  ?.  will  be  found  by  ('TO). 
Vol.  II.— 2« 
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the  centre  of  the  field ;  but,  to  eliminate  any  error  arising  from 
a  defect  of  perpendicularity,  the  threads  should  he  revolved  180^ 
hy  the  poBitiou  circle,  and  the  observ^atioii  repeated;  and  in  a 
Bcrics  of  consecutive  obiservutiona  there  sliould  be  a  like  number 
of  observations  in  these  two  positions. 

Tlve  rtlide  moved  by  the  i?icrew  is  often  j>rnvided  ninth  three 
micrometer  tlireads  the  constant  difltan<^e  of  which  from  each 
otiier  iii  known,  and  each  of  the  two  bodies  is  obflenrod  on  the 
thread  which  is  nearest  to  it.  By  this  arrangement  we  are 
enabled  to  measure  a  large  difference  of  declination  with  but  m 
small  motion  of  the  screw,  which  often  facilitates  the  obtservft- 
tiouy  eftpeciully  when  the  stars  have  nearly  the  s^ime  right  aaeen- 
sioii,  and,  consequently,  pass  tlie  middle  of  the  field  nearly  at 
the  Kume  time. 

The  equatorial  mounting  enables  us  to  repeat  the  observatioa 
as  often  as  we  please,  with  the  greatest  facility.  After  each  ol>- 
servution  we  have  only  to  revolve  the  instrument  a  small  dia- 
tance  upon  the  hour  axis  and  clamp  it  again  a  little  in  advanca 
of  the  objects. 

Example. — In  1846,  November  29,  at  the  Washington  Obser- 
vatory* Mr.  Walker  observed  the  difference  of  right  ascensioa 
aud  declination  of  the  planet  Xeptunc  and  a  star  as  below.  The 
micrometer  wjis  adjusted  so  that  the  star  ran  along  a  micrometer 
thread.  There  were  three  intcrometer  thremls,  numbered  1,  2,  3, 
of  which  1  was  nearest  the  micrometer  head,  aud  the  constant 
distance  between  2  and  3  was  29.983  revolutions.  The  readings 
of  the  micrometer  increased  with  the  declination*  The  value 
of  a  revolution  was  M  =  13".406. 


Traniit  Tbirekd. 

Meaa  of  threidi* 

MieromtUr, 

II 

lU 

Tfcf«i4. 

M 

Star 
Ncptuao 

2'.7 
48.2 

15*.2 
U.5 

27'.4 
12.5 

23*  30-  15'J0 
**    32     0.40 

2 

3 

M.5M 
6.5.453 

•'— . 

=  +    1    46.30 

+    0.889 

—  29.98t3 

m  =  -  29.094 

*' —  a  =  mi?  =  —  7'28"JH 
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The  star'8  place  was 

•  =  21*  50-  8*.99  a  =  —  13*>  23'  35'Ml 

and  therefore,  neglecting  the  differential  refraction  and  the 
planet's  parallax,  we  have 

o'  ==  21*  51-  54'.29  ^'  =  —  13*»  31'  3".33 

which  belong  to  the  time  when  Neptune  was  observed.  The 
clock  correction  was  —  3^  31*.7,  and  therefore  the  place  deter- 
mined corresponds  to  the  sid.  time  23*  28-  28'.7. 

Five  observations  of  the  same  kind  were  taken  successively, 
which  gave  at  the  sid.  time  28*  80-  66*,  a'  —  a  =  +  1-  45*.23, 
a'-a  =  — 7'29".40, 

267.  Third  Method. — ^When  the  telescope  follows  the  motion 
of  the  stars  automatically  with  great  accuracy,  we  may  measure 
the  difference  of  right  ascension  by  placing  the  micrometer 
threads  at  right  angles  to  the  diurnal  motion  and  setting  the 
fixed  thread  upon  one  star  and  the  movable  thread  upon  the 
other.  The  middle  point  of  the  arc  joining  the  stars  should  be 
as  nearly  as  possible  in  the  centre  of  the  field.  If,  tlien,  m  is 
the  distance  of  the  threads,  and  its  equivalent  in  arc  is  s  =  in  By 
we  shall  have,  very  nearly,  sin  (a'  —  a)  =  2  sin  \  s  sec  Sq,  in  which 
3^  is  the  mean  declination.  This  method  will  not  be  used  for 
Bturs  far  from  the  equator,  and  therefore  in  all  practical  cases 
we  may  take  a^  —  a  =  s  sec  do.  The  objection  to  this  method  is, 
that  the  difference  of  declination  is  not  found  at  the  same  time. 

THE   HELIOMETER. 

268.  Tliis  instrument  belongs  to  the  class  of  doubk  image  mi- 
crometers. The  object  glass  of  an  equatorially  mounted  tele- 
scope is  bisected,  the  plane  of  the  section  passing  through  the 
optical  axis  of  the  lens,  and  tlie  two  semi-lenses,  set  in  separate 
metallic  framcH,  slide  upon  each  other  in  a  direction  parallel  to 
the  line  of  section.*  Either  semi-lens  can  be  moved,  and  the 
amount  of  its  motion  measured,  by  a  micrometer  screw.  Each 
semi-lens  forms  a  complete  image  of  a  distant  object  at  the  prin- 

*  The  duplication  of  the  imnge  by  means  of  two  complete  lenneti  was  inrente*!  bj 
DouoriB,  in  1748.  The  improrement  of  substituting  the  two  haWea  of  a  single  lent 
was  short  1 J  after  made  by  Dollaxd. 


404 


MICRO  METRIC   OBSERVATIONS, 


Fig.  5(J. 


cipal  focus.  These  imager  (in  a  perfect  instrument)  are  *njp<*r- 
pDscd,  and  form  but  a  single  image  at  the  focue,  when  tlie  two 
Beuii-Icnwos  are  in  their  primitive  position  forming  a  single  cir- 
cular lens;  but  wlien  the  optical  centres  of  the  two  8enii-len»e4 
are  separated  by  the  sliding  motion^  the  two  images  at  the  fociu 
are  seitarated  fn^m  eacli  other  by  a  distance  equal  to  the  distance 
of  tlic  centres  of  the  senii-leiises.  The  instmuient  thus  arranged 
becomes  a  luicrometer  adapted  for  the  measurement  of  umall 
angular  dij^tanccs  in  general,  but,  from  its  supposed  peculiar 
adaptation  to  the  meai^nrenient  of  the  sun's  diameter,  has  re- 
ceived the  name  of  the  hdiomckr,  T*hua,  if 
A  (Fig.  56)  is  the  image  of  the  sun  formed 
at  the  focus  when  the  centres  of  the  semi- 
lenses  are  coincident,  and  one  semi-leiid  is 
then  moved  until  the  image  it  farmft  in  in 
tlie  position  A\  eo  that  its  limb  is  in  appa- 
rent contact  with  that  formed  l»y  tlie  other  semidens,  the  motiou 
of  the  eemi-lens,  as  measured  by  the  micrometer  screw,  gii-ee 
the  measure  of  the  angular  diameter  of  tlie  s^un  as  soon  ma  th^ 
angular  value  of  a  revolution  of  the  screw  is  known. 

Again,  if  -4  and  B  (Fig.  57)  are  the  images  of  ti^'o  gtars  when 
the  semi-Ieuses  are  coineideut,  and  if  (the  directian 
A  B  '  of  tlie  line  of  section  of  the  lens  being  made  to  coin- 
•  •  •  cide  with  tliat  of  the  line  joining  the  stars)  one  semi- 
^'  ^  leurt  is  moved  until  the  inuige  of  A  is  seen  Kt  5, 
wliile  that  of  B  is  moved  to  B\  the  motion  of  the  lens  as  gircn 
by  the  screw  detennines  the  angular  distance  of  the  etars.  The 
pOiiitiun  angle  of  the  two  stan?  will  also  be  determined  by  the  ftOgle 
which  tlie  line  of  section  makes  Avith  u  declination  circle;  and 
tVir  tin?*  i^urpose  the  whole  lens  is  mounted  so  as  to  be  revolved  in 
a  plane  at  right  angles  to  its  optical  axis,  and  its  position  at  any 
time  i-^  shown  l>y  a  graduated  position  circle  attached  to  the  tube 
of  the  telescope. 

Sucli  is  the  general  principle  of  the  instrument;  but  in  order 
to  give  precision  to  the  observation,  it  is  necessary  tliat  the 
observ^ed  point  of  coincidence  of  t^vo  images  shonhl  be  in  the 
optical  axis  of  the  complete  lens,  and  tliat  these  imager  should 
be  separated  by  moving  the  semi-lenses  in  opposite  directionji 
and  equal  distances  on  each  side  of  this  axis;  or,  if  these  condi* 
tions  are  not  exactly  or  a]>proximately  satislied,  that  we  sliould 
have  the  means  of  computing  the  correction  which  the  observed 
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mcofiure  requires.  For  this  purpose,  the  ocular  is  also  provided 
with  a  micrometer  screw  and  a  position  circle,  and  the  position 
of  the  point  of  contact  of  two  images,  with  respect  to  the  line 
joining  the  centres  of  the  two  position  circles,  can  be  determined. 
The  mode  of  using  the  data  thus  obtained  will  be  discussed  in 
the  general  theory  of  the  instrument  hereafter  given. 

269.  Plate  XV.  represents  the  heliometer  of  the  Konigsberg 
Observatory,  with  which  Bessel  determined  the  parallax  of 
61  Ct/fffH.  The  focal  length  of  the  telescope  is  102  inches,  the 
diameter  of  the  lens  is  6^  inches.  The  equatorial  mounting 
needs  no  special  explanation,  as  it  is  essentially  the  same  as 
that  described  in  the  preceding  chapter,  except  that  the  stand  is 
here  of  wood  and  adjustable  by  means  of  four  foot  screws.  The 
sliding  motion  of  the  semi-lenses  is  produced  by  the  micrometer 
screws  a,  i,  which  are  moved  by  the  observer  by  means  of  the 
nnls  a'  and  b'.  The  measure  of  the  motion  is  obtained  either 
from  the  graduated  heads  of  the  micrometer  screw  or  from  two 
graduated  scales,  which  are  read  by  the  microscopes  e  and  /. 
The  latter  method  is,  however,  chiefly  use<l  as  a  check  upon  the 
fiinner,  and  also  to  verify  the  regularity  of  the  screw.  The 
revolution  of  the  lens  about  the  axis  of  the  tube  is  eflTected  by 
a  rack  (hh)  and  pinion,  which  is  out  of  view  in  the  drawing, 
but  is  acted  upon  by  the  rod  c.  In  order  to  read  the  micrometer 
and  position  circle  atler  an  observation  is  completed,  the  tele- 
8co{>e  has  only  to  be  revolved  upon  the  declination  axis  until  its 
object  end  is  brought  to  a  convenient  position  for  reading. 

It  greatly  facilitates  the  AWcceAsivi}  repetitions  o(  the  observation 
to  cmphiy  the  automatic  movement  by  clock-work;  for  after  an 
obsen-ation  the  telescope  can  be  revolved  upon  the  declination 
axis  without  sUtppiiKj  the  clocks  and  after  reauling  the  micrometer 
and  position  circle  it  can  be  restored  to  its  former  position  in 
declination,  and  the  objects  will  be  still  in  the  field. 

It  is  one  of  the  chief  advantages  of  the  heliometer  that  the 
pre<-ision  of  the  observation  is  not  impaiired  by  the  diurnal 
motion;  for  even  when  we  do  not  employ  the  driving  clock,  a 
good  result  is  obtained  whenever  we  have  made  a  contact  of  the 
images  of  the  observed  points  near  the  centre  of  the  field.  The 
automatic  movement  is,  therefore,  not  essential  to  secure  the 
a<-cura<y  of  the  observation  (as  it  is  in  the  case  of  the  filar  mi- 
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crometer),  but  is  chieflj  iniportant  ag  focilitatiDg  the  repetition 
of  the  ohservatioii. 

It  has  been  objected  to  the  heliometer  that  the  optioal  per- 
forniance  of  a  semi*! ens  is  iiMperfect*  In  fact,  it  appears  that, 
although  the  correction  for  Bplierical  aberration  of  a  complete 
Ien8  limy  bo  perfect^  it  in  not  perfect  fiir  each  half  of  the  leii*,— 
at  least,  it  has  not  been  foond  perfect  in  the  in^^tinniients  of  this 
kind  heretofore  constructed.  Tliere  is  also  some  ifijkximi  of  tlie 
rays  of  light  produced  at  the  line  of  section^  Tlic  coinhiried 
ettect  of  these  causes  is  an  elongation  of  the  scpanited  inuiges  itt 
a  direction  at  right  angles  to  the  line  of  scH^tion.  Anotlier  ab- 
jection is,  that  the  brighhiess  of  each  of  the  ijnages  is  but  one- 
half  that  of  an  image  formed  bv  the  whole  lens.  It  has  aUo  been 
found  that  when  the  two  semi-lenfics  are  in  their  primitive  p<Mt- 
tion,  forming  a  &ingle  comjilete  lens,  the  two  euperpc:jsed  imugt^ 
do  not  always  form  a  single  constant  image,  but  that  in  a  dia- 
turbcd  state  of  the  air  the  images  are  fi-equeiitly  seen  to  separate 
momentarily.  This  ettect,  of  which  no  entirely  satirfaeton*  ex- 
planation has  been  suggested,,  has  been  obsened  in  most  if  not 
all  the  heliometers. 

But  these  optical  defects  are  more  than  compensated  by  the 
superior  accuracy  in  the  measurement  of  distanees,  resulting 
from  the  great  precision  with  which  contacts  and  coineideneeii 
of  images  can  be  observ^ed.  The  Jongation  of  the  images,  being 
in  a  direction  at  right  angles  to  the  observed  distance,  Ims  wo 
sensible  effect  upon  its  measure,  and  its  minute  etlect  upon  the 
position  angle  is  eliminated  by  repeating  the  observation  with 
opptisite  motions  of  the  semi-lenses,  that  is,  by  inteRdjanging 
the  images.  The  tremuloua  motion  of  stars  arising  from  a  dis- 
turbed state  of  the  air  is  in  general  common  to  the  images  of 
both  olijects,  and,  therefore,  does  not  afteet  the  observation  of  a 
contact ;  and  the  niomeuUxry  separatio!i  of  tlie  images  above  re- 
ferred  to,  which  when  the  semidenses  are  separated  produces 
a  slight  tremulous  motion  of  each  image,  does  not  cause  the 
images  to  appear  so  unsteady  rehfireh/  to  each  other  as  the 
single  image  tormod  by  a  complete  lens  relatively  to  the  thread 
of  the  tilar  micrometer.  Finally,  the  experience  of  Bks^kl  and 
others  iu  the  actual  use  of  the  instrument  has  proved  that  the 
l>robalde  error  of  a  single  measure,  whether  of  distiince  or  posi* 
tion  angle,  is  leas  thin  in  the  use  of  any  other  micrometer** 

•  See  Bisskl'b  Mooutit  of  ili«  Ednlgtberg  heUoo^ier,  Attrem,  ilML  T«L  YllL 
pp.  411-426. 
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Tho  heliometer  possesses  a  great  advantage  over  all  other 
micrometers  iii  the  measurement  of  comparatively  large  dis- 
tances. With  a  ftlar  micrometer  the  distances  observed  must  be 
the  less  the  higher  the  magnifying  |>ower  employed,  since  the 
whole  distance  must  be  in  the  field  of  view ;  but  no  such  restric- 
tion exists  with  the  heliometer,  where  only  the  point  of  contact 
or  coincidence  of  two  objects  is  required  to  be  in  the  field. 
With  the  Eonigsberg  instrument  above  described,  a  distance  of 
1^  52'  can  be  measured. 

GENERAL   THEORY   OF  THE   HELIOMETER. 

270.  In  the  following  discussion  of  the  mathematical  theory 
of  the  heliometer  I  shall  chiefly  follow  Bessel.* 

I  shall  first  investigate  tho  general  formulee  which  determine 
the  j)oaition  of  any  point  of  the  celestial  sphere  obsen'ed  with 
one  semi-lens,  the  data  being — 1st,  the  declination  and  hour  angle 
of  the  point  of  the  sphere  which  is  in  the  heliometer  axisy  which 
point  may  be  called  the  pole  of  the  heliometer  axis;  2d,  the 
position  of  the  semi-lens  with  respect  to  this  axis,  as  given  by 
the  micrometer  and  position  circle  of  the  objective;  3d,  the 
position  of  the  point  in  tlie  field  where  the  image  is  observed, 
as  given  by  the  micrometer  and  position  circle  of  the  ocular. 

By  the  heliometer  axis  is  here  meant  the  straight  line  which 
joins  the  centres  of  tho  position  circles  of  the  objective  and 
ocular ;  and  we  shall  here  apply  to  this  axis  the  notation  which 
in  the  theor}-  of  the  equatorial  instrument  (Art.  245)  was  applied 
to  the  sight  line.  Thus,  90°  —  c  will  now  express  the  distance 
of  the  pole  of  the  heliometer  axis  from  the  pole  of  the  declina- 
tion axis.  If  then  we  denote  by  ^^  and  Tj  the  declination  and 
hour  angle  of  the  pole  of  the  heliometer  axis,  we  shall  have,  by 
(258), 

^,  =  J  +  A^—  r  cos  (r,  ~  ^)  )      .^g^ 

T,  r :.  r  +  Af  —  r  «in  ('i  —  *)  tan  «f,  +  <?  soc  ^,  —  i,  tan  ^i     ) 

when*  d  and  t  are  the  readings  of  the  declination  and  hour  circles, 
antl  A'/,  a/,  /-,  (>,  Cy  and  /,  are  the  constants  of  tho  equatorial  in- 
strument, HUp|M)8ed  known.  The  terms  depending  on  the  flexure 
are  here  omitted,  as  not  sensibly  attecting  micrometric  observa- 

♦  A»trtmonu9rhf  I'ntfrMitchnmffn,  Vol.  I.,  Throne  tine*  mil  einem  Heliometer  vertrhenen 
^fl funturent- [nntrumentt.  See,  however,  alMo  Haxsbn'ii  AunJUrlicke  Methode  mil  dem 
Draunko/ersckm  Uelwwuter  Vertuciu  atuuttelUn^  iio.  Got  ha,  1827. 
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tions,  excepting  only  the  term  cfiinf?tan(?p  which,  on  aceoant 
of  the  factor  tan  <Jj,  may  be  BuppoMHl  to  become  sen ei hie  for 
stare  yoty  near  the  pole ;  and  this  term  is  included  in  our  for- 
mula* by  the  aohstitution  of  i,  =  i  —  t  sin  f. 

It  is  assumed  that  the  images  of  iutinitely  distant  pointu 
formed  by  each  semi-leua  are  matbematical  points,  that  they  all 
lie  in  the  same  focal  plane  perpendicular  to  the  hcliometer 
axiSj  and  that  the  straight  lines  joining  these  points  and  their 
images  pass  through  the  optical  centre  of  the  semi-lens.  Let 
this  optical  centre  be  denoted  by  0.  The  point  0  i^  moved  by 
the  micrometer  screw  in  a  plane  which  is  at  right  angles  to  the 
heliometer  axis  and  in  a  line  which  should  pass  through  that 
axis ;  but  a  perfect  adjuetiiieut  in  this  respect  will  not  b© 
assumed,  and  we  shall  suppose  that  the  line  in  which  tlie  point 
0  moves  is  at  the  distance  b  from  the  hcliometer  axis.  The 
position  of  the  point  0  in  this  line  at  any  time  will  be  deter- 
mined by  the  micrometer  reading  771,  together  with  the  reading 
that  corresponds  to  some  assumed  fioint  of  the  line  as  an  origiiu 
Let  this  origin  be  the  point  of  tlie  line  which  is  at  the  leajst  di*- 
tance  (=  6)  from  the  hcliometer  axis,  and  let  a  he  the  reading 
when  0  is  at  this  point ;  then  the  distance  of  O  from  this  origio 
at  an}^  time  will  be  expressed  by  m  —  a. 

The  direction  of  the  line  of  motion  of  the  point  0  at  any  time 
will  be  given  by  the  position  circle.  The  zero  of  the  poflttion 
circle  will  be  the  reacting  when  this  line  coincides  in  direction 
with  a  celestial  cin^le  whose  pole  is  the  pole  [Q)  of  the  dcclimi- 
tiou  circle  of  the  instrument,  as  in  Ai-L  2tjL  If  we  hero  denote 
this  zero  reading  by  ?/„,  and  the  reading  at  any  time  by  it,  thd 
position  angle  of  the  line  of  motion  will  be 

=  «  —  n^  -(-  A 

in  which  we  have,  by  (276), 

A  r^  [f  sin  (ti  —  *)  -|-  i\]  sec  ii  —  (c  +  €  cos  f  sin  r,)  tan  i^  (200) 

2T1«  Xow,  in  onlcr  to  express  the  position  of  the  point  O  in  a 
general  manner,  let  us  take  two  planes  of  reference  at  right 
angles  to  each  other  passing  through  the  hcliometer  axis,  and 
let  one  of  these  planes  be  tlie  plane  of  the  cirelc  of  declination 
passhig  tlirough  the  pule  of  thi^<  axis.  Let  -4  T,  Fig,  58,  be  th^ 
intersection  of  the  plane  of  the  circle  of  declination  with  the 
plane  of  motion  of  the  scmidens;  .4X  the  intersection  of  thi 
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second  plane  of  reference  with  the  plane  of  motion ;  BO  the  line 
in  which  the  optical  centre  0  of  the  semi-lens  moves;  AOi  the 
perpendicular  from  A  upon  BO.  Then,  according  to  the  nota- 
tion above  adopted,  we  have  -40i  =  6,  OjO  =  m  —  a,  and  ABO 
=  »  —  n,+  ^  =  7i  —  A',  where,  for  brevity,  we  put 

k  =  n,^X  (291) 

Hence  the  distance  of  0  from  the  two  planes  of  reference,  or 
ita  co-ordinates  on  the  axes  AJi'and  -4  F,  are  evidently 

X  =  (m  —  a)  sin  (n  —  A)  +  6  cos  (n  —  k) 
y  =z(jn  —  a)  cos  (w  —  k)  —  h  sin  (»  —  k) 

Tlie  position  of  the  point  in  the  field  of  the  ocular,  at  which 
the  image  of  the  celestial  point  is  observed,  which  point  we  shall 
call  the  point  o,  will  be  determined  by  referring  it  to  the  same 
\\\o  planes :  so  that  if  /i,  a,  v,  x,  /9  have  the  same  signification  for 
the  i>oint  o  that  m^  a,  ??,  A*,  h  have  for  the  point  0,  the  co-ordinates 
of  0,  wth  reference  to  these  planes  are 

?==(/*  —  a)  sin  (y  —  x)  -f-  /9  cos  (y  —  x) 
ly  =  (/*  —  »)  co8(w  —  x)  —  p  sin  (y  —  x) 


Fig.  53. 
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Tho  direction  of  the  sight  line  oO,  or  that  of  a  star  whose  imago 
is  obser\'ed  at  o,  can  now  be  dc^terminod  by  moans  of  these  co- 
onlinatos  an<l  the  distance  /'  between  the  planes  of  motion  of  o 
and  0,  Conceive  a  straight  line  to  be  drawn  through  o,  parallel 
to  the  helioineter  axis.  This  line  and  the  heliometer  axis  have 
the  same  vanishing  point  in  the  celestial  sphere,  namely,  the  pole 
of  tbe  heliometer  axis.  Let  A^  Fig.  59,  be  this  point  of  the 
sphere,  *S'  the  star  in  tbe  sight  line  oO,  1^  the  pole  of  the  heavens. 
The  plane  passed  through  tbe  line  oA  and  tbe  line'oO  makes 
with  tbe  jilane  of  tbe  einle  of  declination  FA  tbe  angle  PAS  -  r; 
and  the  angle  betwe(Mi  tbe  lines  oA  and  oO  is  measured  by  the 
are  vIN  J.  Tbe  distance  of  O  from  tbe  line  o-l  is /' tan  J, 
and  its  distances  from  the  plane  of  PA  and  tho  plane  drawn 
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tliroiigh  oA  at  right  angles  to  the  plane  of  PA  are /'tan  J  sin  ft 
and  f^hin  J  cos  n.     Tlie»e  distances  are  also  expressed  by  a:  —  f 

hence  we  have 


and  J/ 


and 


equations 


/'  tan  A  mn  7t  ==  X  —  I 
/'  tan  J  cos  IT  =  y  —  ^ 

If  we  take  the  linear  distance  of  the  threads  of  the  micrometer 
screw  of  the  objective  as  the  common  unit  of  measure  of  all  the 
quantities  ?fl,  a,  6,  /i,  a,  /J,/',  and  if  11  is  the  angular  value  of  one 
revolution  of  the  screw,  we  have,  since  /'  is  the  focal  length  of 
the  lens, 

tan  if  ^  i- 
/' 

Hence,  the  above  expressions  divided  by /'give 

tan  J  siu  iz  =  tan  E  [(m  —  a)  sin  (n  —  A)  4*  ^  co«  (1  —  *) 
—  (/t*  —  a)  sin  (v  —  x)  ^ —  ^  cos  (¥  —  )c)J 

tan  J  cos  K  =  tan  M  [(m  —  a)  00s (n  —  k)  —  6  sin  (n  —  it) 
^  (m  —  a)  cos  (v  —  x)  +  ^  sin  (i*  —  )c)] 


(2^2) 


These  determine  J  and  r,  with  which  the  declination  3  and  hour 
angle  r  of  the  star  are  deterniiued  by  means  of  the  formule, 
derived  from  the  triangle  PAS^ 


sin  3  ^=  sin  iJj  cos  J  +  C09  '\  sin  *i  cos  ir 
cos  d  cos  (tj^ —  r)  =  cos  *)j  cos  J  —  sin  ^^  sin  J  cos  r 
cos  d  sin  (rj —  r)  =  sin  J  sin  r 


1 


(2n) 


272.  We  can  now  proceed  to  the  determination  of  the  relative 
position  of  two  stiu*8  Nand  S'  wbosu  imager  have  been  brought 
into  coincidence  by  giving  tlic  two  semi-lenses  different  poaltioiia 
This  relative  position  is  expressed  (as  in  the  use  of  the  tikr 
pOj*ition  micrometer)  by  the  dintance  8  =  *SS\  and  the  position 
angle  at  the  middle  point  of  SS'  —  p.  Thus,  in  Fig»  65,  p.  S&5, 
5i  being  the  middle  point  of  SS',  we  have  PSJS*=p.  The 
decliTiatiiui  c)„and  lunir  angle  r^of  iS'^,will  be  regarded  as  known. 

Let  ns  distingui.sli  the  two  Hcnii-lenses  by  the  numerals  1.  and 
n.,  and  let  the  formuhe  (-1*2)  and  (2l>3)  refer  to  the  senii4enH  L 
and  to  the  image  of  the  star  S  formed  by  it*  Let  the  image  of  the 
star  S'  be  formed  by  the  semi'Icnft  11.,  and  let  the  several  qnanti<* 
ties  reftTring  to  this  star  hi?  distinguished  by  accents,  excepting 
those  which  are  common  to  both  stars.  These  common  qtrnuti* 
ties  arc* — 1st,  the  readings  n  and  u  of  the  position  circles;  2d,  the 
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micrometer  reading  ft  —  a  and  the  constants  fi  and  x  of  the 
ocular,  since  these  refer  to  a  single  point  of  the  field.  But  we 
shall  suppose  the  lines  of  motion  of  the  two  semi-lenses  to  be  not 
perfectly  parallel,  and  shall  therefore  express  the  angle  which 
the  line  of  motion  of  the  semi-lens  11.  makes  with  a  declina- 
tion circle  by  n  —  k';  so  that,  w^'  denoting  the  zero  reading  of  the 
position  circle  when  this  semi-lens  is  used,  we  have 


A'=n;  — i  (294) 

(295) 
sin  ^'  ==  sin  9^  cos  J'  +  cos  ^,  Bin  J'  cos  n 


tanJ'sinjr'  =  tan7?[(m'--a')  sin  (n  —  A')  +  ft' cos  (n  —  A') 

—  (/It  —  a)   sin  (v  —  x)  —  fi  cos  (y  —  x)] 

tan  J' COS  jr'  =  tan  7?  [(m'  —  a')  cos  (n  —  A')  —ft'  sin  (n  —  A') 

—  (;*  —  a)   cos  (y  —n)  +  fi  sin  (y  —  x)] 


nm  6'  ==  sm  «,  cos  J  +  cos  ^,  sm  J  cos  n  ^ 
cos  ^'  cos  (tj  —  t')  =  cos  ^,  cos  J'  —  sin  ^^  sin  J'  cos  ir'  I    (296) 
cos  d'  sin  (r,  —  ^)  =  Bin  J'  sin  itf  j 

The  triangles  PS^  and  P5^S"  (Fig.  55,  p.  396)  give 

sin  i  ,s  sin  /)  =  —  cos  d  sin  (t,  —  t) 
sin  i  8  cos  p=  —  sin  d  cos  d^  +  cos  d  sin  ^^cos  (r^ —  t) 
cos  }  5  =       sin  ^  sin  d^  +  cos  d  cos  d^cos  (t^ —  t)  i 
and  )    (297) 

sin  i  5  sin  ^  =      cos  d'  sin  (r,  —  t') 

sin  }  8  cos  /)   =r:=      sin  <J'  cos  o^^  —  cos  ^'  sin  ^,cos  (t^ —  t') 
cos  is   =      sin  d'  sin  d^  -f  cos  d'  cos ^^cos (t, —  t') j 

From  these  equations  we  must  eliminated,  r,  ^',  and  r',  since  the 
values  of  s  and  ;>,  resulting  from  the  obser\'ation,  are  to  be 
derived  only  from  the  declination  d^  and  hour  angle  t^  of  the 
middle  point  between  the  stars,  and  from  the  data  obtained  from 
the  instrument.  For  brevity,  let  us  write  u  and  i?  instead  of 
tan  J  nin  r  and  tan  J  cos  r,  and  m'  and  c'  instead  of  tan  J'  sin  ;:' 
and  tan  J'  cos  tt^.  Also,  put  r  and  r'  for  |/(1  +  ww  +  cv)  and 
V  (1  -r  w'w'  +  v'v').    The  equations  (293)  and  (296)  become 

r  sin  ^  =:  sin  ^,  -f  v  cos  d^ 
r  COS  d  cos  (Tj  —  r)  =^  cos  ^,  —  i;  sin  d^ 
r  cos  J  sin  (t^  —  r)  ii=  u 
and 

r'  sin  d'  =  sin  <5,  -f  t/  cos  ^, 
r'  cos  o'  cos  Cr,  —  t')  ^  cos  Jj  —  i;'  sin  J, 
r'  cos  o'  sin  (tj  —  r')  =  u' 
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These,  combined  with  (297),  give 

rumis  sin p^= — cos ^^Bin  (t-^— Tj) —  u  cos (r^ —  r,)-f  v  ein  ^^  sin  (r^ —  r,) 
fflin  i  8  cmp  =  — sin  d^ooB  ^^^  cos  <Jj8in  <l^co8  (r^ — r  J —  u  ^iii  d^^j^in  (r^ — r^) 
—  V  [oos  ^j  COB  S^  -J-  sin  ^j  sin  3^ cos  (r^ — r^)] 
r  cos  i  ^  =     ein  ^jSin  \+  cos  ^JjCos  ^^cos  (ta— r^)—  u  cos  ^p  sin  (t,— r^) 
4*  t?  [cos  ^j  sin  d^ —  sin  d^  cos  d  cos  (r^ —  r,)]  (2^8} 
and 

r'sin  J  5  sin  p  =  cos ^^  sin  f  t(,—r,)  -f- 1^'  oos  (r^ — t,)  — i/  sin  ^^  sin  (r,  —  r^) 
r'sin  1  ^ C08/3  :=8in  i5j  cos  f?, —  cos  *\  sin  d^cos (r^ — r,)  +  v'sin  ^^sin  (r, — r^) 

-f- 1/  [cos  ^,  COS  <5„  +  sin  ^^  sin  J^  cos  (r^ —  r,)] 
r'cos  i  5  =  sin  $^  ai  n  ^o+  cos  r^^  cos  <lo  <?os  (r^ — t,) — ji'  cos  d^  sin  (r. — Tj) 

+ 1^  [cos  ^j  si n  5, —  sin  \  cos  <*»  eos  (r^ — r^)]  (299) 

These  equations  not  only  determine  s  and  p,  but  abo  give  a 
relation  between  S^^  r^and  <Jp  Tj.  To  find  ihU  relationy  multiply 
the  tirtit  two  equations  of  (298)  by  r\  and  the  first  two  of  (299) 
by  r,  and  subtract  the  former  producta  from  the  latter:  we  find 

0  =  (f  -f  r')  coi dj  aia  (r^  —  r,) +(f'ii  -|-  fV)  oos  (r^  —  r, )  —  (Kr  *f  nr')  iin  d,  am  (r^  —  r,j 
0  =  (f  +  f-*)  [sin  rfj 008  6^  -^ COB  dj  sin  d^^  «os  (r^  —  rj]  ^  (r'«  -f-  n*')  sin  d^ tin  (r^  —  r J 

-|-  {fv  -|-  iVJ  [co«  dj  co§  d^  -j-  tin  dj  tin  d^  €o«  (r^  —  rjl 

which,  if  we  put 

r'u  +  ru' 


tan  ^  sin  G  = 
tAn  ^  cos  G  = 


(800) 


may  be  written  in  the  following  form : 

0=  [cob  dj— Bin  4,t»ny  co8(#]  sib  (r^— rJ-l-Ua^ainC?  coiKt'j— r) 

'  *  '       ^ -=  [coBdj— flin  d^l&n^  eo»G]  C08(r(— r|)— Un^  biiiC?  sio(r^— r) 

It'll  dg 

If  we  multiply  each  of  tliese  by  cos^jr,  and  then  introduce  the 
auxiliaries  A  and  JI^  determiued  by  the  conditions 


we  shall  have 


sin  h  ^=  sin  ^  sin  G 
cos  h  sin  H  ^:z  mng  cos  Q 
cos  A  cos  H  =^  cos  ^ 


(SOI) 


0  =  oos  A  cos  (^j  +  ^)8in  (r,  — r^)  +Bin  A  ooe(r«— tJ 
eo«  A  Bin  (d,  +  ff) 
tan  \ 


:006Aeos(dj  +  J^)  cos  (r^—T,)^Biji  Asia  (fg—fi) 
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from  which  wo  deduce 

cos  A  sin  (S.-i-  H)        ,  .  .         ...    _^ 

^^-^-^ ^co8(to—  Tj)  =  cos  a  cos  (^,  +  JJ) 

tan  ^0 

cos  A  sin  (a.  +  JJ)    .     .  .  .    . 

^^-i-! ^  sin  (t- —  T.)  =  —  sin  A 

ten  d^  V  •        u 

and  tlie  sum  of  the  squares  of  these  gives,  by  a  simple  reduction, 

cos  A  sin  (d^  -|-  ^)  =  sin  d^ 
By  the  combination  of  the  last  three  equations  we  have,  therefore, 


sin  \  =  cos  A  sin  («!,  +  H) 
cos  \  cos  (r^  —  Tj)  ==  COS  A  COS  (a,  +  IT)  y  (302) 

cos  <J,8in  (r, —  Tj)  =  —  sin  A 


1 


If  we  regard  3^  and  t^  as  given  by  the  declination  and  hour  circles 
of  the  instrument,  with  the  aid  of  (289),  we  can  employ  these 
equations  to  obtain  S^  and  r^,;  or,  if  8^  and  r^,be  regarded  as  known, 
we  can  employ  the  same  equations  to  obtain  5,  and  rp  and  tlien 
the  reading  of  the  declination  and  hour  circles  is  altogether  dis- 
pensed with. 

The  valncrt  of  s  and  ;>  will  be  derived  from  the  following  equa- 
tions, which  are  obtained  by  adding  (298)  and  (299): 


(303) 


(r-\-r^)  sin  is  sin/>  =  (u'— m)  cos  (t^ — r^) — (r' — v) sin  ^,  sin  (r^ — t,) 
{r-f-r') sin  is cos/>  zi^  (n'—u)  nin  <J„  sin  (t^  —  t,) 

+  (v'—v)  [cos^,  cos  d^+sin  i\  sin  <J^cos(r^ — Tj)] 
(r-fr')  cos } «        =  2  [sin  <?,  sin  \  +  cos  t\  cos  S^  cos  (r^ —  r^)] 

—  (u'+tt)  cos  d^  sin  (t^  —  T,) 

+  («/-{- v)  [cos  d^  sin  ^^— sin  S^  cos  d^  cos  (r,^— ^J] 

In  these  rigorous  formuhe,  every  thing  in  the  second  members 
is  known.  But  it  will  never  be  necessary  to  employ  them  in 
this  rigorous  fonn,  except  when  the  two  stars  are  so  near  to  the 
pole  that  the  quantities  w,  r,  ?/',  v'  can  no  longer  be  regarded  as 
small  in  relation  to  the  polar  distance.  In  almost  all  cases, 
therefore,  an  approximate  development  of  the  fonnul®  will 
sutiiee;  an<l  this  I  proceed  to  consider. 

27'^.  The  approximate  development  of  the  equations  (303), 
when  the  tenns  involving  the  third  and  higher  powers  of  w,  r,  u%  v' 
are  neglected,  is  extremely  simple,  an<l  would  lead  us  to  the 
formuhe  usually  given  for  the  heliometer.     But  it  is  easy  to  see 
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that  such  a  development  is  not  eufficiently  exacts  even  for  start 
near  the  equator,  when  their  distauoe  approaches  to  the  maximuni 
limit  (of  about  2^)  which  the  instrunient  is  capable  of  measuring, 
unless  a  special  method  of  observation  is  exclusively  employed* 
by  which  the  term»  of  the  higher  ordei's  are  rendered  practically 
insensible*  The  nature  of  such  methods  of  obeerv*ation  will  bo 
eeeu  hcreatlter;  but,  in  order  to.  obtain  the  most  generally  useful 
formulie,  which  can  afterwards  be  Bimplitied  and  adapt eil  to 
special  cases,  I  shall  follow  out  the  very  precipe  development, 
given  by  Bessel,  in  which  the  terms  of  the  third  order  aro 
retained* 

In  order  to  develop  the  equations  (303)  as  far  as  terms  of  the 
third  order  in  u^  t\  u',  r',  it  is  necessary  to  develop  the  factom 
by  which  u'  —  w, »'—  r,  u'  +  v^  v'  +  v  are  multiplied,  as  far  as 
terms  of  the  second  order  only.  If  in  (30O)  w*e  substitute  the 
TOlues  of  r  —  -^  (1  +  tm  +  vv)  and  r'  ^  |  (1  -h  ?*V  +  p'  r'),  and 
develop  the  expressions,  we  shall  find  that  when  terms  of  the 
third  order  are  neglected  they  are  reduced  to 

tan  ^  sin  <y  :=  J  (ii'  +  u) 
tan  ^  cos  G^  =  Kp'  +  t?) 

and  consequently  we  shall  have,  with  the  same  degree  of  approxi* 

matiou, 

Bin  g  sin  G?  =  J  (w'  -f  «i) 
Bin  g  cos  G  ^=\  (i;'  +  v) 

cos  (/  =  1  - ^ («'  +  uy-i{i/  +  vy 

The  equations  (302),  by  the  substitution  of  tlie  values  of  h  and  H 
according  to  (301),  become 

sin  S^  ^  sin  ^j  cos  g  +  cos  ^^  sin  g  eoft  G 

cos  ^^  cosfr^j  ^  Tj)  ^  cos  <^j  cos  g  —  sin  ^^  sin  g  cos  & 
cos  ^^sin  (t^  —  '"i)  ^  —  fii^i  9  %inG 

from  which  follow,  also, 

cos  <7  =  sin  ^,  sin  <l„  +  cos  i*^  co«  ^^  cos  (r^ —  t,) 
sin  g  cos  G  =  cos  \  sin  H^  —  sin  *\  cos  ^^cob  (t^  —  r^) 
sin  ^  sin  ^  =  — ^  cos  ^,  sin  (r^  —  Tj) 

"With  tlie  aid  of  these  equations  the  required  development  of 
(808)  is  readily  obtained-     We  find 
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(r+  f)  sin}*  8in|)  =  (u'^u)  [1  —  J(w'+  w)«—  40^'+  w)*tan«  aj 

(r+  O  Bin}«  cos;)  =  (t/^  v)  [1  —  ^  (t/  +  r)«  —  i(u'  +  tx)«taii«  aj 
—  ^  (u'—  M)  (u'  +  u)  tan  a, 

(r+  O  coflJ«=2  [1  +  i(u'+  u)«+  i(i/+  i;)T 
or,  dividing  the  first  two  of  these  by  the  third, 

t  tan  1«  sin  ;)  =(«'— t/)[l— j  (m'+u)«— j(t/+t;)«— i(«'+u)nanMj\ 

+(t/~t?)[i  K  +  u)  tan  a,  -  i  (u'  +  u)  (1/  +  r)]  .304) 

2  tan  l«co8p=(t/— r)[l— i(i/+  v)'— J(u'+ti)»— ^(m'+ii)' tan«dj(^ 
—  ]  (u'  —  M)  (u'  +  u)  tan  a,  / 

in  which  we  are  now  to  substitute  convenient  expressions  for 
u'  —  u,  r'  —  r,  u'  +  M,  r'  +  v. 

It  is  expedient  in  practice  to  make  all  our  observations  depend 
upon  but  one  of  tlie  micrometer  screws  of  the  t\i'o  semi-lenses, 
since  all  the  time  that  we  may  have  to  devote  to  the  investiga- 
tion of  tlie  errors  of  the  screws  may  then  be  expended  upon  tliis 
one.  Let  us  8ui)pofte  the  micrometer  screw  of  the  semi-lens  11. 
to  be  thus  adopted,  and  let  w  denote  the  angle  between  the  lines 
of  motion  of  the  semi-lens  U.  and  of  the  ocuhir,  so  that 

M7  =  (n  — AO  — (v  — x) 

and  let /and  -Fbe  determined  by  tlie  conditions 

/sin  F .    tan  7?[(m— ^)8in  (A*'— A) -f  ft  cos  (A*'— A) +(/i— a)  sin  tr— ^9 cos  ir] 
/cos  F~  .  tan  li  [(//i — a;co8(A''— A)— 6  sin  (A' — A) — (ji—a)  cosm? — ,3  sin  u?] 

(305) 

Multiplying  these  respectively  by  cos(n  —  A'')  and  sin  (w  —  A/), 
and  also  by  —  sin  [n  —  A')  and  cos  (71  —  A-'),  the  sums  of  the  pro- 
duct* are,  by  (21)2), 

i/-/sin(n~A'+F)  1 

r^/cosCn-A'H-i?')  /    ^^^^ 

from  whicli  it  follows  that  /  and  n  —  k'  +  F  are  the  same  as 
tan  J  and  z. 

If  wc  also  assume  *S'  an<l  E  to  be  detennined  by  the  conditions 

2  tan  ^^' sin  7?:^  tan  /?[— On  —  ^7)  sin  TA^— A)-f  6'— 6  cos  (A' —  A)] 
2tah  JNcusi:^  tan  i?[(m'— a';  —(/n— a)  cos  (A'— A) -ft  sin  (A'— A)] 

(807) 
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we  shall  find,  by  meaua  of  tlio  multiplication  and  addition  aboi 
employed,  and  by  comparison  with  (292)  and  (295), 

u'  —  u  =  2  tan }  *?  9in(ii  —  if  H-  E) 
i/— u  =2Unj;Sco8(n  — *'+  E) 

and  from  (306)  and  (308), 

i(ti'+u)^ianiSmnin~k'+E)+fmn(in-ff+F)  \  J 

1  (v'  +  V)  =  tan iSco8(ti  -^f^^  E)  +  /cos {n^k'+  F)  /    ^•^] 

To  facilitate  the  eubstitntion  of  these  values  in  (304),  let  ub  put 

we  shall  then  have 

^^g  flin p  =  mnq  (1-ti /^  v^^—^  Uj» tan' a,)  +  cos q  (u, tan ^.—  «, r,) 

tan  is 

tan  JiS 


-  COS j?  =  co«  gr  (1— t?i*— J  Wi* — i  W|*  tan'  d^  —  Binq,  u,  tan  a^ 


Multiplying  these  respectively  by  cos  q  and  —  sin  5,  and  again 
by  sin  q  and  cos  g,  tlie  sums  of  tlie  products  are 


tani« 
tan}^ 


-  8in(|)— f )=iijtan  9^—1  cosg[2y^(tt,co8^— I'jSiu  g)+(W|*+ V)^^f ] 


tan  i  8 


„  coB(p—q)=^l  —  CV  +  ^\*)—h  "i'  ^«n'  *^*  +  i  ("i  <^« — 1^1  «'n  ^y 


tan  16* 

The  srjuare  root  of  the  sum  of  the  squares  of  these  equationa, 
neglecting  terms  of  the  4th  degree  in  their  second  members,  gives 

tan  Js  =  tan  1  *S[l  —  (11/  -f  t>j')  +  ^  (u^cos  g  —  risin  qf} 

and  their  quotient  gives  tan  {p  —  </),  for  which  wo  may  writtj 
p  —  q ;  whence 

p  —  gr  =  ?/,  tan  ^\  —  {  cos  q  [2  t%(w,  cos  j  — P|Sin  q)  +  (%*  +  p,')  ain  fl 

But  with  the  notation  just  adopted,  the  expressions  (301*)  become  < 

W|=  tan  |*S>  ain  q  +/siti(jf  -\-  F -^  E} 
Vi^  tan  iSco&q  +/cos{^  _[.  /i^—  ^) 

whence,  also, 

u,^+  r,*=  tan'JS  +  2/tanJScos"(F—  E}  +/» 
11^ cos  ^  —  t*!  sin  J  =/  sin  (^F  —  E) 
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bj  the  substitution  of  which  we  obtain 

Un  J«=tan  J  *S'  { 1  — tan«  J  5— 2/ tan  i  S  cosCF— JSJ)— }/>  [1 +cos\FS)'\  I 
p=^q  -r  [tan  iSnm  q  +/8in  (^  -f  jP—  E)]  tan  d^ 

—  i  cos  g  [tan«  iS  sin  q  +  2/  tan  iS  sin  (gr  +  i?'  —  £•) 

+  />8in  (^  +  2  JP-  2  J5:)]  (310) 

In  the  terms  of  the  order  of  tan*  JS,  we  may  put  p  for  q;  but 
in  those  of  the  order  of  tan  J  «,  in  the  first  line  of  the  value  of  />, 
we  shall  employ  the  more  accurate  value 

q  --P  —  [tan  i5  sin  ^  +  /  sin  (p  +  J'  —  E)]  tan  d^ 

Dividing  the  first  equation  of  (310)  by  1  —  tan*  J 5,  the  first  mem- 
ber  becomes  \  tan  .<?,  within  the  degree  of  approximation  here 
adopted,  and  in  the  small  terms  we  may  put  \  s  for  tan  \  S.  The 
equations  thus  become 

tau  8  ^:  2  tan  iS{l  —fs  cos(jP—  ^)  —  J/»  [1  +  C08«(jP—  E)]] 
p=n  —k'+  E  +l^^s  sin  p  +f  sin  (p  +  F  ^  E)]  tan  d^ 

—  [I  s^  t^m  p+^fs  »\n(p  +F—  E )  +if*Mn(p  +2  F  —2  E  )'icmp 

—  [^«»»in2;>+]/i*8in(2;>+/'— ^)+i/»sin(2;>+2jP— 2ii')]tan«a^ 

These  may,  however,  be  still  further  simplified.  The  angle -&  is, 
in  general,  either  verj'  small  or  very  nearly  180^,  according  as 
hi'  —  a'  —  {m  —  a)  is  a  positive  or  negative  quantity  in  (^307). 
The  case  must  be  excepted  in  which  the  distance  s  is  itself  so 
sniall  as  to  be  regarded  as  of  the  same  order  as  A*'  —  k  and  b'  —  b; 
but  in  this  ease  the  terms  hivolving -&  are  themselves  so  small 
that  they  <an  be  wholly  neglected.  Putting,  therefore,  in  the 
small  terms,  E  0  or  180°,  and  also  substituting  the  value 
of  k'  ^-  )tj  -  ;,  and  of  X  by  (2D0),  we  have,  finally, 

tan  s  =^  2  tan  iS  [1  t-  /x  cos  /^  —  i  /« (1  -f  cos*  F)]  \ 

p  =  n    -  f»;  -{-  E  t-  [r  «in  (r^  —  •^)  +  »,]  sec  \  j 

-f  [  J  .<  !^in p  :±  /sin  ( p  -{■  F)  —  c  —  e  cos  y  sin  tJ  tan  S^      )    (311) 

—  [i  ^'^in;/  .-^  ifsHinip+F)  +  i/»8in(/>-|  2/'')]cos;>        I 

—  U •'*''*»»  -i'  ii  l/'*^»"  C-7'  -r^')  +  i/*8i»  (2;>+2i'')] tan'rJ,  / 

in  whirh  the  upper  or  the  lower  sign  is  to  be  taken  accortling  as 
m'  -  *(*  —  [ni — *i)  is  positive  or  negative.  In  the  value  of  / 
(2lM)),  wi*  have  here  siihstitiited  z^  and  o^  for  r^  and  J„  which  will 
pro<luee  no  appreciable  error. 

The  angle  p  here  expresses  the  position  angle/ro;n  the  star 

VuL.  II.-27 
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whose  image  is  formed  by  the  semi-lens  L  to  the  star  whote 
image  is  formeil  by  the  semi-lens  IL  It  is^  also  to  be  observed 
that  we  have  emiiloyed  the  formulre  for  the  equatorial  iustniment 
as  given  for  the  ease  in  which  the  declination  cirele  precedes  the 
telescope:  so  that,  accoi'ding  to  ArtR.  248  and  250,  when  the 
declination  circle /otforr.?,  r^  will  be  the  hour  angle  increased  by 
IHO*^,  and  i?^  will  be  tlie  sujiiilenient  of  the  declination;  conse- 
quently, also,  p  will  be  the  position  angle  increased  by  180°. 

274.  The  coincidence  of  the  unages  of  the  tAvo  stars  jSand  5' 
can  he  produced  at  the  point  0  (Art  271)  in  two  diflereut  ways» 

namely,  by  opposite  motions  of  the  semi-Iens  IL  relatively  to 
the  semi-lens  L  By  the  combination  of  the  observations  made 
in  these  two  ways,  we  sliall  be  able  to  eliminate  a,  a\  6,  b'^k^^k, 
and  it  will  no  longer  be  necessary  to  determine  these  quantities. 
Let  US  suppose  the  semi-lens  L  to  remain  in  the  same  position 
as  i!i  tbe  tirst  observation,  and  tliat  the  scmi-leus  II,  is  now 
moved  in  a  direction  opposite  to  that  of  it^  fonner  motion  until 
the  second  coincidenee  of  the  images  is  produced.  Tliis  will,  in 
general,  require  a  common  revolution,  to  a  small  extent,  of  Uio 
two  lenses  about  the  heliometer  axis,  thus  slightly  changing  the 
reading  of  tlie  position  circle^  which  reading  we  i^hall  now  denote 
by  iiy  Let  tbe  reading  of  the  micrometer  in  this  t>b$crvation  bo 
m^\  and  let  the  corresponding  values  of  *§,  II  and  p  he  denoted 
by  Sj,  i5:„and/>i,  Tbe  fonnuhe  (307)  and  (311),  with  these 
changes,  will  then  apply  to  this  second  observ^atiotij  and  (iO^ 
will  become 

2  tan  1 S^  sin  E^  ^  tan  It  [—  (w  —  a)sin  (A'—  *)  +  V— ftco«(*'— Jr)} 
2  tan  1  S^  cos  E^  =  tan  i?  Im^'—a'—  (wt  —  a)  cos  (if—  *)  +  *  «n  (A'  —  »)] 

Since  w/  —  a'  and  m'  —  a'  fall  upon  opposite  side*  of  m  —  a,  the 
quantities  2  tan  }  *S',  cos  £*,  and  2  tan  I  Xcos  E  have  opposite  signis 
but  2  tan  i  ^*j  sin  J?j  and  2  tanJiSsini^  are  equal;  from  which  it 
fohows  (since  S,  and  ^S^can  differ  only  by  terms  of  the  8d  order) 
that  J?i  ditFers  from  180°  —  E  ouh  by  terms  of  the  order  of  tbe 
product  of  A'  —  k  itito  .*r,  an*l  this  ditlerence  may  be  regarded  an 
altogether  insensible.  In  the  application  of  (311)  to  the  seeimd 
oliscrvation,  therefore,  the  meaning  of  the  double  sign  will  ho 
reversed.  We  can,  however,  avoid  all  the  difhculty  in  distin- 
guishing the  cases  in  which  E  is  to  be  taken  greater  or  le«  than 
90^  by  calling  that  observation  (heJirBt,  for  which  E<  WP,  And 


I 

I 
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applying  to  it  the  notation  m',  w.  Under  tliis  condition,  tlic 
nppcr  signs  of  (311)  will  be  used  for  the  first  observation  and 
the  lower  signs  for  the  second ;  and  the  value  of  P|  for  the  second 
observation  will  be  180°  +  p. 

The  fomiulffi  for  the  two  obaen'ations  may,  therefore,  be 
expressed  as  follo^vs,  where  we  introduce  tlie  value  of  2tun^«S' 
given  by  tlie  second  equation  of  (307)  atYcr  neglecting  the  insen- 
sible temis  (which  terms,  however,  even  if  they  were  sensible, 
would  be  eliminated  by  the  subsequent  cojnbination  of  the  two 
observations) : 

1^  OfMercatlon, 

Un^^tan/^^''— '''""-^-+— ^  \\  -/^cosF—  A/»(l +  cos«F)l 
cos  A  ■"  '  "^ 

/>  =  n  —  w/  +  ii;  +  0  sin  (t„  —  *)  +  <  J  see  !i. 

+  [  J  a  Hin  p  +f  sin  ( p  -r  J^)  —  <^  —  <?  cos  ^  sin  rj  tan  d^ 

—  [g  ^  sin  p  +  ^fs  sill  (p  +  Fy  +  IP  sin  (p  +  2F)]  cos  p 

-  [I  ^»  sin  2p  +  }J8  sin  (1>  +  F)  +  ^/«  sin  (2;/  +  2Fy]  tan« ., 

2//  ObHrrrntinn. 

tan  s  =  tan  Ji  ^ '''-^~.~  |"-i'-±?-'>  [1  +  fs  cos  F—  i/' (1  +  co»« F  >] 
cos7i  ■"  *      V  J 

?  =^  ^i  —  «o'  —  ^  +  [r  sin  (r,  —  *)  +  ',]  »cc  r)^ 

_^  [_  1  .V  sin  7>  +  /  »i»  (/>  +  /"')  —  <?  —  <•  cos  ^  sin  tJ  tan  S^ 

—  [i'^'>*in;)-   l/^sin  (/>  + ^^) -r  J/'sin(/>+  27^)]  c*OHy) 

-  [^  4J»  hill  2;)  -  i/"<  Hin  (2/)  +  /')  +  i/«  sin  (2p  +  2jP)]  tan"  f\ 

From  the  mean  of  the  two  observations,  wo  have 
tan  «  -  tan  Ji  '--'  ~  7/  D  —  iP  (^  +  <^oh«  Ffl 


2  <-o«  F 
p  =  '*-+  ''^  -«;+[/  Hin  (r.  -  ^)  +  /,]  see  ^, 

-j-  [/  sin  (p  -r  J'^)  —  c  —  e  cos  ^  sin  rj  tan  r)„ 

—  -,'j  x>sin  2;>  (1  +  2  tan»a,) 

—  ^n  [sill  r/i  +  2/')  conp  +  sin  {2p  +  -^)  tan*  rTJ 


(312) 


The  value  of  JET,  obtained  from  the  diftcrence  of  the  two  values 
of  y>,  is 


7i,  —  w  . 


-      -  Ifs [sin  ^pT  F)  ''O^  ;>  +  sin  (2;;  -f-  F)  tan»  r\]  (31 3> 

But  it  will  not  usually  be  neces>»ary  to  reiranl  the  divisor  cor  ^  in 
the  formula  for  tan^  for  it  can  diiicr  sensibly  from  unity  only  in 
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those  caaes  in  wliieh  s  is  an  extremely  Bmall  quantitj*,  und  in 
these  cases  we  may  take  J?  =  J  (w,  —  «)• 

The  metliod  of  obi?ervation  with  the  heliometer,  in  which  two 
corresponding  obi^ervations  in  opposite  position**  of  the  ^enii- 
lenses  are  combined,  may  be  regarded  as  fundamental  and  esscn- 
tiah  Tho  same  degree  of  accuracy  which  it  afFc>rdi=t  cannot  b# 
attained  by  mngte  obijcrvatioiis,  the  reduction  of  which  requirei 
an  accurate  determination  of  the  quantities  a,  a\  6,  h\  A^— 4; 
for,  in  addition  to  tbe  uncertainty  of  such  deterniinatioiis  for 
any  given  ponition  of  the  insitryment,  it  is  not  certain  that  tli^ 
vahies  of  tliese  quantities  are  really  conf*tiiut  fi:»r  all  positiotii  of 
the  telescope  witli  respect  to  the  horizon*  It  is  true  thai  out 
tbrnmlre  still  involve /and  F,  which  dcpeud  upon  a,  a',  &e. ;  bat 
a  precise  determination  of  these  quantiticj^  h  no  lunger  necesHaryy 
atuce  they  enter  only  into  tlie  small  terms  of  tlie  fomiulie* 
Moreover,  by  a  proper  method  of  observation, /and  i'^  may  be 
dispensed  with  altugetlxer,  as  I  next  proceed  to  show. 


I 


275.  Assuming  that  a  complete  obsenation  alwa\'^  consist* of 
two  corresponding  obscrv^ations,  as  in  the  [acceding  article, 
there  are  yet  three  different  methods  of  making  such  an  obser- 
vation, each  of  which  offers  some  advantage  over  the  otlien. 
These  I  propose  to  consider  separately. 

First  Method  of  Observation, — Let  the  semi-lens  which  is  to 
remain  fixed  during  the  observation  be  set  so  that  its  sight  line 
shall  be  parallel  to  tbe  heliometer  axis.  Tliis  will  be  eftecteil  by 
making  m  —-a^^fi  —  a^  and  at  the  same  time  n  —  k  =^  u  —  Jf^  or, 
in  the  most  simple  manner,  by  making  m — a  =  /i  —  a^sO* 
VTe  slialt  then  have/^  0,  and  the  formnlee  (312)  become 


tan  s  =t^u  E 
«      ti  +  11, 


m; 


2C08  J^ 

—  K+lr  8i«i  (^»  ^  *)  +  h]  ^<^  ^# 


(8M) 


—  (c-\-€CO»f  Bin  r^)  tan  ^^  —  ^\  s*  sin  2p{l  +  2  tan*  a^) J 


This  metliod  recommends  itself  by  the  svTiimetry  which  it  gtve« 
to  the  observation?*,  as  well  as  hv  the  simplicity*  of  their  reduction. 
Steomt  Method — In  this  method,  we  make  the  lines  of  motion 
of  the  objective  and  ocular  pamlleh  or  w  =  0,  and  also  make 
m  =  a;  but  the  ocular  is  moved  between  the  two  olmervations, 
being  set  for  one  obscnution  so  that  /i  —  a  =  J(in'  —  a'),  and 
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for  the  other  bo  that  /si  —  a  =  J  (m/  —  a').  TTe  then  liave 
f=  is  and  F  =  180°  for  one  observation,  but  F=  0  for  the 
other.  These  clianges  must  be  made  in  the  two  sets  of  formula? 
from  which  (312)  were  obtained ;  for  in  the  combination  expressed 
by  (812)  the  ocular  was  supposed  to  have  the  same  position  in 
both  observations.  Here,  however,  we  must  put  F  =  180°  in 
the  first  and  i^  =  0  in  the  second,  at  the  same  time  substituting 
1 8  for/,  and  then  make  the  combination:  we  thus  obtain 

tan  «  =  tan  i^ 


n +  /'"''  \    (315) 

;>  =  — J  -  i  —  n;  +  0  sin  (r,  ~  *)  +  t,]  sec  i!, 

—  {€-{-€  cos  f  sin  Tp)  tan  d^ 

In  this  method,  the  rays  from  the  two  stars  make  the  same  angle 
(-=  i  s)  with  the  optical  axis  of  each  semi-lens ;  whereas  in  the 
first  method  the  rays  from  one  star  make  the  angle  s  with  this 
axis  and  those  from  the  other  star  are  parallel  to  the  axis.  The 
pec<)n<l  method,  therefore,  otters  the  advantage  of  bringing  both 
images  at  equal  distances  fixmi  the  axis,  thereby  producing  equal 
distinctness  and  accuracy  of  definition  in  them,  and  avoiding  the 
defects  of  the  lens,  which  appear  more  prominently  as  the  rays 
fall  more  obliquely.  The  greater  simplicitj'  of  the  first  method 
in  the  obser\'ation  will,  however,  give  it  the  preference  so  long 
as  the  distance  to  be  measured  is  not  so  great  as  to  carr}'  one  of 
the  objects  beyond  the  limits  of  distinct  vision. 

Third  MithfA, — This  combines  the  advantage  of  the  second 
method  with  tlie  simplicity  of  the  first.  We  place  the  ocular 
I»ermanently  in  the  heliometer  axis,  and  make  each  observation 
with  the  senii-Ienses  at  eipial  distances  from  that  axis  and  on 
opposite  sides  of  it.  The  chief  objection  to  this  method  is  that, 
since  both  lenses  are  moved,  it  becomes  necessary  to  know  the 
value  of  a  revolution  of  the  screws  of  both;  but,  as  has  been 
already  remarked  in  Art.  273,  it  is  expedient  to  devote  all  our 
attention  to  the  investigation  of  the  errors  of  but  one  screw.  It 
may  also  be  objected  to  this  method  that,  when  the  distance  to 
he  nieasured  is  rapidly  changing,  time  will  be  lost  in  etiecting 
the  requisite  synnnetrical  arrangement  of  the  observations.  This 
objection,  however,  may  be  made  with  even  greater  force  against 
the  second  method  ;  but  the  first  method  is  free  from  it. 

With  any  of  these  methods,  if  we  wish  to  free  the  results  from 
the  eliects  of  flexure  of  the  declination  axis  and  from  the  incli- 
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nation  of  this  axis  to  tlie  hour  axis,  without  supposing  i^  and 
c  to  be  known »  wc  tiike  two  complete  ob»er\'aticmH  (i>.  pair^  of 
obsen^ations)  in  the  two  poeitioiift  of  the  deeliiiattoti  circle,  pre* 
Ciftiiiff  and  foUowmg;  for  we  see  by  (314)  and  (315)  that  \  and  e 
will  vanii^h  from  the  mean  of  these  two  obsen-ationa. 

In  Art  263,  we  have  seen  that  ^s^m\  2;>(1  -f  2tanM^)  i«  the 
correction  to  be  added  to  the  position  anijle  at  tlie  iiiiddio  ]ioint 
between  the  two  etai-a  to  reduce  it  to  the  mean  (=  pj  of  tbo 
poi^itioii  ansrles  at  the  two  ntars:  conKoquontly,  if  we  neglect  thw 
term  in  the  first  method  of  observation  ahove  given,  the  result- 
ing position  angle  will  be  at  once  the  mean  ]i(>^i ti on  angle  j»^ 
with  which  and  the  dif^tance  s  we  find  tlie  diftereuces  of  de<di- 
nation  and  riijlit  a?!cen8ion  of  the  stars,  bv  Art.  2t»4.  Tlie  n^snlts* 
are  yet  to  he  freed  from  the  effect  of  refraction,  by  the  methods 
hereafter  to  be  given. 

276.  I  have  thns  far  assumed  that  tlie  contact  of  the  imager  it 

always  produced  at  a  certain  known  point  (o)  of  the  plane  of 
motion  of  the  ocvdar.  It  will  be  well  always  to  make  the  con- 
tacts at  the  middle  point  of  tlic  fields  but  the  position  of  thit 
point  will  nsnally  be  esiimakd  onlv,  unless  it  is  indicattMl  bv  a 
square  fonued  of  intersecting  threads  or  some  e4piiv*alent  con- 
trivance, which,  however,  involves  the  necessity  of  iUunnnating 
tlie  field  or  the  threads.  Let  us  in([nirej  therefore,  to  wlmt 
extent  an  erroneous  estimate  of  the  position  of  the  middle  of 
tlie  field  will  affect  the  obsen'ed  xneii»ures. 

The  quantities /and  F^  determined  by  (305),  express  the  actujil 
position  of  tlie  niitldle  of  tlie  field  (o);  but  if  the  point  of  eiwi- 
taet  is  a  dirtereiit  jioint  (o'),  the  values  given  by  the  fortnulm 
require  a  correction. 

Let  k  denote  the  angular  distance  of  o'  from  o,  and  H  tho 
angle  which  fjo'  makes  with  the  obsen'ed  are  XS'^  H  and  w  \w\ng 
reckoned  in  the  same  direction.  The  quantities  tan  R.  (ji — a)  sin  w 
ami  tan /if.  (/i  —  a)cosir,  which  express  the  angidar  distam*es  of 
the  point  0  from  *%",  and  from  a  perjie!idicular  to  SS*  druMm 
tlirough  the  heliometer  axis,  must  be  increased  by  AeiJi/f  and 
hco^H  respeetively.  Consequently,  f^iwF  and /cos J^ will  re* 
quire  the  correelifuis  A  sin  7/ and  —  h  cos  //;  hence*  if  we  sii]ipo00 
h  to  he  8o  small  that  it^  square  may  be  neglected,  the  effect  ujioii 
tim5  willbe,  by  (311), 

±  *«■  -f  A»/(2cos  ^  cos  IT  —  «in  F  sin  H) 


I 


I 
I 
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ftiid  the  effect  upou  the  position  angle  will  be 

=p  A  Hin  (/>  —  jH")  tan  S^:tihs  [sin  (p  —  H)  cos  p  +  sin  (2  p  —  IT)  tan'  «5J 
+  ;i/[8in  (/)  +  JP—  /f )  cos/)  +  sin  (2p  +  F—Jf)  tan* d ] 

Since  A  will  be  but  a  few  minutes  in  any  case,  it  follows  that  the 
effect  ui>on  the  distance  will  be  usually  inappreciable  even  for 
the  greatest  values  of  8  and/.  The  first  and  principal  term  of 
tlic  effect  ui)on  the  position  angle  is  proportional  to  the  tangent 
of  the  declination;  hut  it  vanishes  when  B\i\{p  —II)  =  0,  that 
is,  when  11=  p,  or  11^  p  +  180°,  or  when  the  point  at  which 
the  contact  is  made  lies  in  tlie  declination  circle  which  passes 
through  the  centre  of  the  field.  When  the  telescope  follows  the 
diurnal  motion  accurately,  and  a  contact  has  once  been  made  in 
the  centre  of  the  field,  the  subsequent  observations  will  all  be 
verj'  near  this  i)oiut.  The  greater  the  declination,  the  more 
careful  must  we  be  to  make  the  contacts  near  the  declination 
circle  of  the  centre  of  the  field ;  but  it  is  evident  from  the  pre- 
ce<ling  <liscussion  that  we  shall  probably  always  be  able  to  effect 
this  with  sufficient  accuracy  by  estimating  the  position  of  this 
centre,  without  resorting  to  the  use  of  illuminated  threads. 

DETERMIXATIOX    OF   THE   C0X8TANT8   OF   THE   HELIOMETER. 

277.  To  find  a,  «',  a. — Direct  the  telescope  to  any  fixed  point, 
and,  having  brought  the  centre  of  the  semi-len^I.  nearly  into  the 
hcliomotcr  axis  (by  estimation),  revolve  the  lens  180°  alKUit  the 
axis.  If  the  image  of  the  point  appears  still  in  the  same  point 
of  the  field  of  view,  the  reading  7/i  of  the  micrometer  is  then 
evidently  a.  If  the  image  has  moved,  we  have  only  to  move 
the  semi-lens  by  its  micrometer  screw  until  the  image  has  been 
carried  to  the  middle  jK)int  between  its  first  and  second  (K>sition8, 
and,  if  this  midille  point  lias  been  correctly  estimated,  the  semi- 
revolntion  will  no  longer  affect  the  apparent  position  of  the 
image.  By  repeating  this  i)rocess,  we  slmll  very  (quickly  find 
the  exa<*t  jxwition  of  the  semi-lens  when  its  centre  is  at  the 
miniiinim  <listance  from  the  heliometer  axis,  for  which  m  =  a. 
In  tin*  same  manner,  a' will  be  found  for  the  semi-lens  II. ;  and, 
by  a  similar  process,  revolving  the  ocular  180®,  a  will  be  found. 

27>^.  Tit  fintf  A'  —  /;,  //'  —  /;. — These  quantities  produce  the 
greater  influence  upon  the  readings  of  the  position  circle,  the 
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smaller  the  distance  between   two  points  whose  images  am 

brought  into  coincidence.  They  will,  therefore,  he  most  accu- 
rately determined  by  complete  observations  (Art^  275)  of  the  dis* 
tunce  and  position  angle  of  the  components  of  a  double  star. 
Since  s  is  in  this  case  extremely  Hmall,  we  shall  have  E^^  I  (/i,— w)* 
and,  neglecting  the  insensible  terms  in  (307),  the  single  absen^a- 
tions  will  give 

f  • 

B  sin  i(»,  —  a)  =  J?  [(m  —  a)  (k  —  K')  +  &'—  6] 

B  008 1  (Hj  —  n)  =  i?  [m'  —  a'  —  m  +  a] 

and  (since  in  the  second  observ^ation  we  pwt  180°  —  E  for  JF) 

8  sin  i(rtj  —  n)  =  -R  [(m  —  a)  (k  —  k')  +  b* -^  b} 

9  cos  i  (n^  —  a)  =  -K  [ffi  —  a  —  m^  +  a'J 

from  the  combination  of  which  we  derive 

(m—a)  {k  —  k')  +  b'  —  b  =  K"*'  — m.OtanKa^  — a)  (aiO) 

in  which  tlie  second  member  and  also  the  coetHcient  of  k —  iEr'are. , 
known  front  the  obser^'iition.  By  sotting  the  semi-lens  I.  at  variou 
readings  m,  and  making  the  contacts  by  moving  the  semi-lens 
II.,  we  shall  thus  for  each  complete  observation  have  an  equa- 
tion of  condition  of  the  form  (31tj)  •  and  since  the  coeflicienti*  of 
k  —  k'  in  these  eqnationa  may  be  made  to  have  ver}-  different 
valnes,  the  combmation  by  the  method  of  least  squares  will  give^j 
a  veiy  accurate  detcnnination  of  both  k  —  A*'  and  6'  --  6. 

We  may  here  observx^  tliat  it  is  not  necessary,  nor  is  it  advan- 
tageous, to  bring  the  images  of  the  stars  into  coincidence.  It 
will  be  better  to  bring  the  image  of  one  of  the  componentji 
formed  by  one  semi-lens  to  the  middle  point  between  the  two 
images  of  the  tu'o  components  formed  by  the  other  semidens. 
Thus,  if  H  and  b  are  the  images  of  the  two  compouents  tbmied 
by  the  semi-lens  L,  a'  and  //  those  Pt>rmed  by  the  semi-leus  H,, 
in  tlie  first  observation  the  images  will  stand  thus: 


and  in  the  second  observation  thus : 
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Aa  the  components  are  supposed  very  close  together,  the  bisec- 
tion of  their  distance  will  be  more  accurately  estimated  than  a 
coincidence  of  superposed  images.  This  method  of  observation 
is  always  advisable  when  the  distance  to  be  measured  is  but  a 
few  seconds. 

I  sliould  have  remarked  before  that  the  quantity  k  —  k'  is  the 
difference  of  the  index  errors  of  the  position  circle  for  the  two 
semi-lenses,  since  from  the  values  of  k  and  A'  (291)  and  (294) 
we  have 

279.  To  find  the  index  error  (w^')  of  the  position  circle. — This  is  the 
index  error  for  the  semi-lens  IL,  with  wliich  we  suppose  all  our 
observations  to  be  made.  Let  the  semi-lenses  be  sepanited  to 
any  assumed  distance  (by  setting  m  —  a  and  m'  —  a'  to  different 
rea<rui«rr<),  direct  the  telescope  upon  a  fixed  point,  and  revolve 
the  objertive  until  a  motion  of  the  telescope  upon  the  hour  axis 
(the  declination  circle  being  clamped)  causes  the  two  images  of 
the  fixed  point  to  come  successively  into  the  sight  line,  that  is, 
into  the  centre  of  the  field  of  the  ocular.  The  position  angle  of 
the  line  joining  the  two  images  is  then  nearly  it  90® ;  but  it  will 
vary  with  the  distance  by  which  the  semi-lenses  are  separated. 

If  the  hour  circle  is  clamped  and  the  objective  is  revolved 
until  a  motion  of  the  telescope,  upon  the  declination  axis  only, 
causes  the  images  to  come  successively  into  the  centre  of  the 
field,  the  position  angle  of  the  images  will  be  nearly  0°  or  180°, 
lnit  will  also  vary  with  the  distance  of  the  centres  of  the  semi- 
lenses.  The  relation  between  the  reauling  (n)  of  the  position 
circle  an<l  the  distance  of  the  lenses  will  be  investigated  for 
ea<Oi  of  these  mt^thods. 

In  either  method,  I  shall  suppose  that  the  sight  line  of  the 
semi-lens  I.  is  made  to  coineide  with  the  heliometer  axis,  which 
will  be  efleeted  by  setting  the  micrometers  so  that  m  ~  a  -^  0 
x\\\i\  n       a  -■■-  0. 

Nt.  irA/71  ////'  (rlfsropc  is  revolved  upon  the  hour  axis, — It  is  ob- 
viously unne<essary  to  eonsi<ler  the  position  of  the  instrument 
with  respect  tt)  the  pole  of  the  heavens,  and  we  may  therefore 
express  the  position  of  the  heliometer  axis  by  formula*  which 
givf  till'  hisfrn.nii, itiil  \\i\\\r  angle  and  declination  of  the  axis.  In 
order  to  show  the  etieet  of  flexure,  let  us  return  to  the  general 
forniuhe  (--iS),  which,  by  omitting  the  terms  ;'cos(r  —  c?)  and 


^j=I>  —  e  (sin  fCmJ}^  cos  f  »\n  D  cos  T)  =1>  +  aD 

rj=r+cftecD  — fjtanD+ecosv'COsr  +  f  oosf  aec-Dsin  T^T+aT 

iu  which  y  will  now  denote  the  latitude  of  the  inittrnmenL  The 
oi^uiitioiiH  (293),  under  the  form  gh'eu  to  them  iu  Art.  272,  will 
MOW  becoiue 


rnmd:=  flin  D  +  v  co«  D  +  r cos 9 ooa (T — t),aD 
f  cos '?  cos  (  T-—t)  ^  008  D—  i>  »i n  D  -  r sin  ^ ,  A  U  -f-  r  co«  dain  ( T— 
r  cos  (3  sin  (  T — r)  =  ti  —  r  cos  <J  cos  (  T  —  r) .  A  T 


r).AT 

(317) 

in  which  <J  and  r  are  the  declination  and  hour  angle  of  the  fixed 
point. 

Ill  the  revolution  about  the  hour  axis,  D  remains  constant. 
If  the  preceding  equations  are  asj^nnied  for  the  case  in  which  the 
imuire  produocd  by  the  i*L*nu-kMirt  L  is  in  the  sight  line,  and  we 
diistinguirfli  by  aocoutrf  those  cpiantitiea  which  vary  wiu*n  the 
second  inuige  is  brought  into  tlie  eight  line,  we  shall  have,  since 
d  u  tixedy 

Bin  d  :=  —  sin  D  +  —  cos  i?  +  cos  ^  cos  { T  —  r) .  aZ> 
T  r 

1  i/ 

s^  ^  sin  D  +  —  cos  D  +  cos  ^  cos  (T'  —  t).  aIX 

as  the  expression  of  the  condition  that  tlie  two  iinagej*  of  the 
eaiue  pnint  are  fliieeesaively  brought  into  the  sight  line.  Uut,  as 
we  may  neglect  the  products  of  the  email  quantities  c,  ij»  c,  e^  by 
the  f^ijuareft  and  products  of  ?/,  i\  ?/',  r',  we  can  in  tlie  lai*t  temuiji 
put  cu8(7' —  r)  ^  co8(r' —  r)  =^  1,  and  then  give  the  equatioQ 
the  form 

^— -\co8i)=/-  —lUini)  +  cosa(AD  — aZX) 

=1 —  JHin2>-f-i?co«f»siiiDoo0^(co«r — cosJT) 

From  the  second  and  third  eqnationa  of  (317)  we  havo,  with  the 
degree  of  approximation  here  required, 

cos  ^  008  r  :=  cos  i>  cuft  r  —  r  sin  Z>  cos  T  —  V  sin  r 
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and,  therefore,  also 

cos  d  cofl  T'  =  cos  D  cos  t  —  t/  sin  2)  cos  r  —  1/  sin  r 
by  means  of  which  our  equation  becomes 

— =1 jtanD+ecosf  tani>[(t/— t7)8in2>C08T+(i<'— ti)8inT] 

The  mode  of  observation  above  proposed,  by  which  we  liave 
m  —  a  =  0  and  ;i  —  a  =  0,  leads  to  a  simplification  of  this  equa- 
tion ;  for  these  conditions  give  al8o/=  0,  and  consequently,  by 
(306),  u  =  v  =  0,  and  r  =  >/(!  +  wu  +  rr)  =  1.  We  have  also, 
by  (308),  under  tlie  same  conditions, 

t/'=2  tanliSTsin  (n  —  A'-f  £) 
1/  =  2  tan  IS  cos  (n  —  A:'  +  ^) 

and,  consequently, 

r'=  1  +  ^(uV+  t/r/)  =  1  +  2  tan'iS 

Substituting  these  values,  and  neglecting  terms  of  the  order  of 
e  tan'  \  *S',  we  deduce 

co8(n — A''4-^)  =  taniS^tan2)-fecosf  tan2>[8in2>cosrco6(ii — 1^'\-E) 

-j-  sin  T  sin  (n  —  A:'  +  £)] 

from  which  it  follows  that  cos  (n  —  A:'  +  E)  is  of  the  same  order 
as  tan  J*S*,  and  n  —  A'  +  -K  is  nearly  =  it  90°.  We  may,  there- 
fore,  in  the  last  t<»rm,  put  cos  (n  —  k'  +  E)  ^  0  and  sin  (n  —  k^ 
+  -&)  =  ±:  1,  and  WTite  the  equation  in  the  following  form: 

sin  [90*^  ^  (n  — A:'  + J&)]  =  tan  i /S  tan  2>  ±:  e  cos  f  tan  2>  sin  r 

Wc  shall  here  have  to  distinguish  between  the  cases  in  wliich 
71  —  k'  is  nearly  =  90°  or  nearly  =  —  90°.  The  angle  JSis  nearly 
=  0  or  nearly  e^jual  180°,  acconling  as  m'  —  a'  is  positive  or 
nogiitive  in  (307).  When  n  —  A'  is  nearly  =  +  90°  and  E  is 
nearly  -  0,  we  have  n  —  k^  +  E  nearly  =  +  90°,  and  the  upper 
si^i  in  the  second  member  must  be  used.  Under  the  same 
con<litions,  the  upper  sign  in  the  first  member  makes  90°  — 
{n  —  A'  -^  E)  nearly  --  0,  and  the  angle  may  be  put  for  its  sine. 
Vnwn  u  —  k'  is  nearly  -  -  -f  90°  and  E  is  nearly  =  180°,  the 
lower  sitrns  must  be  used.  Hence,  if  we  write  sin  E  for  E  or 
for  1H0°  —  E,  wc  Miall  have,  when  n  —  Ar'  is  nearly  =  +  90°, 

-  (^n  —  A'—  90^)  —  sin  JE;=  tan  1 5tan 2) ±:e cos f  Un 2>8in t   (818a) 


where  the  last  term  is  equivalent  to  the  last  term  of  (318).  If» 
therefore,  we  neglect  this  term  in  (318),  the  value  of  k\  which 
the  equations  then  determine^  wiU  be 

=  nj  —  t\  sec  dj  -|-  c  tan  9^ 

If  we  suppose  k'  —  k  and  b'  —  b  to  be  known,  we  shall  know 
E  from  (307),  and  a  single  obaer\*ation  %vill  dctennine  k'  by  (318), 
But  it  will  be  preferable  always  to  combine  two  corresponding 
observations  in  which  m'  —  a'  —  rw  -(-  a  and  m/  —  a^—  m  +  a  are 

numerically  equal  but  have  opposite  sig-ns;  then,  n  and  n^  being 
the  readings  of  the  positiuu  circle  in  the  two  observations,  we 
shall  have  from  their  mean 


n/  —  i\  sec  9^  +  cianS^  =  l  (n^  -f  n)  =p  1M>* 


(819) 


If  we  set  the  micrometer  at  various  reading8  in  making  these 
pairs  of  observations,  and  assume  that  the  weight  of  the  resulting 
determinations  is  proportional  to  J  (w?/ —  m'),  and  if  we  denote 
the  several  values  of  J{/»/  —  ni')  by  M,  J/',  3I'\  &c.,  and  of 
J(7ij  H-  n)  ^  90°  by  ^\  N\  N'\  &c.,  we  shall  have  the  final  mean 
by  the  formula  (see  Appendix,  Method  of  Least  Squares) 


and  then 


«,'  —  I,  see  ^^  +  c  tan  a,  =  (N^ 


To  eliminate  tlie  terras  involving  i\  and  c,  we  take  observatians 
in  the  two  opposite  positions  of  the  declination  axis,— <nrcle  pre* 

ceding  and  circle  following, — and  if  (iV)  aud  [N')  are  the  general 
means*  found  in  the  two  positions,  we  shall  have 

<=-i[W  +  OV')]  (S20) 

We  see  that  the  index  error  will  be  found  independently  of  all 
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other  quantities,  by  taking  the  mean  of  the  readings  in  four 
observations,  two  in  each  position  of  the  declination  axis. 

2d.  When  the  telescope  is  revolved  upon  the  declination  axis. — In 
this  case  T  is  constant  and  D  varies.  The  condition  that  the 
two  images  are  successively  brought  into  the  centre  of  the  field 
will  be  expressed  by  equating  the  two  values  of  cos 5 sin ( 7"—  r) 
given  by  the  last  equation  of  (317).  Putting  cos  ( T  —  r)  =  1  in 
the  last  term  of  tliis  equation,  we  find 

—  —  cos  d .  ^T  =  —^  —  COB  d .  ^T' 

r  r' 

or,  by  the  same  method  of  observation  as  we  employed  above, 
making/  =  0,  and,  consequently,  also  u  =  v  =  Oy  and  r  =  1, 

=  /  cos  d  [?j  (tan  D  —  tan  I/)  —  (c  +  ^  cos  f  sin  T)  (sec  D —  see  2/)] 

which,  with  the  same  degree  of  approximation  as  was  observed 
above,  may  be  reduced  to 

w'  =  r'r'  [j"j  sec  J  —  (,c  +  c  cos  f  sin  T)  tan  d"] 

Substituting  tan  (n  —  A'  +  E)  for  - .  and  r'  =  1  (which  involves 

only  errors  of  the  order  of  tan*  ^  S  multiplied  by  /j,  c,  c),  wo 
have 

tan  (n  —  k'  -f-  E)  =  i^  sec  ^  —  (<^  +  ^  cos  f  sin  T)  tan  d 

Hence  yt  —  A'  -f  E  is  very  small  or  very  nearly  =  180°.  When 
n  —  A'  isi  nearly  —  0,  we  shall  have,  for  the  two  cases  of  -K, 

n  —  1/  ±:  sin  E  =z  t\  sec  ^  —  (c  +  e  cos  f  sin  T)  tan  d     (321a) 

and,  wluii  n  —  A'  is  nearly  —  180°, 

;i  —  A'  ^  H\nE  =  t\  sec  <J  —  (^  +  ^  cos  f  sin  T)  tan  d    (8216) 

If  we  omit  all  the  terms  in  the  second  member,  the  value  of  A:' 
which  these  equations  <letermine  will  be  tliat  of  w/  itself.  If, 
then,  two  observations  are  taken  in  which  m'  —  a' —  m  -j-  a  and 
?«/  -  a' —  t/i  ^  fi  are  nunierioally  equal  but  have  opposite  signs, 
and  if  n  and  n^  are  the  two  readings  of  the  position  circle,  we  shall 
have 

<---i(n, +  w) 
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Regarding  the  weights  of  the  several  determinatious  tlios 

UB  proportional  to  the  values  of  |  [m^  —  ?«'),  a  general  meaii(J^^) 

will  be  found  oa  above,  aud  then  we  shall  have  »/=  (Ny 


280.  From  the  preceding  article  it  appears  that  l>y  revolving 
the  telescope  upon  tlie  decliimtion  axis  the  index  error  of  th© 
position  circle  iei  found  intlependently  of  all  other  4U)iiititic*«i, 
and  without  reversing  the  declination  axis*  We  should  expeet, 
therefore,  that  when  this  metliod  is  foHowed  in  both  jK>sitions  of 
that  axis — that  is,  both  with  circle  preceding  and  with  circle 
following — the  same  value  of  n^'  will  lie  obtained.  Bis^ifL 
fonml,  liowever,  that  this  was  hy  no  means  tlie  case  with  the 
Konigsberg  hcliometer :  for  the  ditiercnce  of  the  resulting  valaea 
was  sometimes  as  great  as  4',  which  is  too  great  a  dilference  to 
be  ascribed  whoHy  to  errors  of  observation.  He  ex}dains  the 
discrepancy  by  supposing  the  telescope  to  have  a  tendency  to 
revolve  {so  far  as  tlie  elasticity  of  its  materials  will  permit) 
about  the  point  at  which  it  is  secured  to  the  declination  axis;  a 
revolution  wliich  has  the  same  effect  upon  the  position  angles  as 
a  revolution  of  the  tube  about  tlie  helioinetcr  axis,  and  whii^h  is 
clearly  to  be  distinguished  from  a  flexure  of  the  declination 
axis*  Supposing  the  aniount  of  the  revolution  to  be  proiK>rtioii«l 
to  the  force  which  tends  to  [iroducc  it,  the  law  which  it  follows 
in  all  positions  of  the  instrument  is  easily  assigned;  for  tliii 
force  is  merely  that  part  of  the  weight  of  the  telescope  whieTi 
acts  at  riglit  angles  to  a  i»lane  passing  through  the  declination 
axis  and  the  hcliometer  axis,  and  is,  eonsequently,  proportional 
to  the  cosine  of  the  zenith  distance  of  the  potnt  of  the  heuvena 
towards  wliich  the  perpendicular  to  tliis  plane  is  directed.  The 
hour  angle  of  this  point  is  the  same  as  that  of  tlie  heliometer 
axis  =  Tj,  and  its  declination  differs  90^  from  that  of  the  helio- 
meter axis  =  90^  -{-  (?,.  Denoting  the  zenith  distance  of  the 
point  by  J,  we  shall  have 


cos  C  =  sin  f  cos  Jt.^  COB  f  sin  ^,  co§  r^ 

and  the  amount  of  revolution  will  be  expressed  by  ij^cosf,  in 
which  4'  i'**  1*"^  maxinium.  The  observed  position  angles  must  bd 
corrected  by  adding  this  quantity,  or 


4  (sill  f  ooft  ^1  —  cos  |t  stn  ^  oos  r^) 


(822) 
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which  term  mtiBt,  therefore,  be  annexed  to  the  formnlse  for  p  in 
(814)  and  (815).* 

281.  To  find  the  index  error  (x)  of  the  position  circle  of  the  oadar.— 
Set  the  semi-lens  11.  at  any  assumed  distance  =  w'  —  «'  from 
the  hcliometer  axis,  and  the  ocular  at  an  equal  distance  =  fi^a 
from  that  axis.  Revolve  the  ocular  about  its  axis  until  the  image 
of  a  fixed  point  is  seen  in  the  centre  of  the  field.  Let  n  and  v 
be  the  readings  of  the  position  circles  of  the  objective  and  ocular. 
Without  moving  tlie  telescope  or  changing  w,  repeat  the  obser- 
vation with  the  distance  —  (w'  —  a')  =  —  (/i  —  a),  and  let  v'  be 
the  new  reading  of  the  position  circle  of  the  ocular.  Then, 
n  —  Wg'  being  the  true  direction  of  the  line  of  motion  of  the 
semi-lens  11.,  we  have  x  =  J  (v  +  p')  —  (n  —  r?/).  It  will  be  well 
to  adjust  the  index  of  this  circle  so  that  its  readings  will  agree 
with  those  of  the  position  circle  of  the  objective. 

For  tlie  fixed  point  in  the  preceding  methods  of  determining 
the  index  error  of  the  position  circles,  it  will  be  expedient  to 
employ  the  intersection  of  a  cross  thread  in  the  focus  of  an 
auxiliary  telescope,  mounted  in  the  obsen-ing  room,  with  its 
objective  turned  towards  the  hcliometer;  the  two  threads  of  the 
cross  making  an  angle  of  45^  with  a  declination  circle. 

2S2.  To  find  the  distance  (^)  of  the  line  of  motion  of  the  ocular  from 
the  hcliometer  axi^. — Set  the  ocular  at  an  assumed  distance  ft  —  a 
from  the  axis,  and  bring  the  image  of  a  fixed  point  into  the  centre 
of  the  tiehl.  Keeping  the  telescope  fixed,  set  the  ocular  at  a 
reading  //  such  that  //  —  a  =  —  (/i  —  a),  and  revolve  it  until 
the  image  is  again  seen  in  the  centre  of  the  field.  Let  v  and  u' 
be  the  rea<lings  of  its  position  circle  in  the  two  positions;  then 
we  evidently  have 

±  ?  =!^^/  tan  1  (180«>  —  V  +  •)  (328) 

It  will  be  easy  to  a<l)ust  the  o<Milar,  by  means  of  the  proper 
adjusting  screws,  so  that  its  line  of  motion  passes  through  the 
helimneter  axis,  and  thus  nuike  ^?  —  0.  A  snuUl  error  in  this 
adjustment  will  have  nu  sensible  cftect  upon  the  observations,  as 
our  fonnulie  show. 


•  Sec  lU-.ssEi/.-*  Antron.  Vntfrtuch.,  Vol.  I.  pp.  A'},  72.     In  the  Utter  place  be  finds 
for  the  KonigHherg  heliumetcr  4,  (which  he  there  denotes  by  ft)  =  r.914. 
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283.  Finally,  the  value  of  a  revolution  of  the  micrometer 
screw  (^  Ji)  ie  to  be  cletemnnod  with  the  utmost  precimoiu  Of 
the  niethotls  giveu  in  Chapter  IL  ft)r  the  tilar  micrometer,  we 
may  regard  the  following  aa  the  most  Kitituhle  for  the  helioraeter: 

l8t*  By  the  meaauremant  of  the  focal  length  of  tlie  lens  an4^ 
of  the  distiiuee  between  two  successive  threads  of  the  miemmeter 
screw. 

2d*  By  the  GauBsian  process,  or  the  ohservatioo  of  a  threail  in 
the  focuti  of  the  lens  witli  a  theodolite. 

3d.  By  the  measurement  of  a  distance  otherwij&e  known,  ua^' 
for  example,  the  distance  of  two  stan*  in  the  group  Pleiades  de* 
termined  by  meridian  oliservations. 

By  the  third  method^  however,  we  cannot  expect  to  reach  tiie 
degree  of  accuracy  which  is  necessary  to  giye  the  heliameter  all 
the  advantage  which  it  slioubl  pOf^Hcss  as  a  micronuirr.  Thii 
objection  m  obviated  in  a  degree  by  measuring  the  suce438»ive 
distances  between  a  number  of  stars  which  are  nearly  in  the 
same  great  circle,  and,  having  reduced  these  distances  to  the 
great  circle  joining  the  extreme  stars,  comparing  the  total  reduced 
distance  with  the  distance  of  the  extreme  stai-s  as  determined  by 
meridian  observations. 

Bes.>kl,  after  a  careful  trial  of  all  these  methods  with  the 
Kiuiigslierg  lieliometcr,  gave  the  preference  to  the  first  I  must 
refer  the  reader  to  his  elaborate  researches  upon  this  instrument 
(abvady  referred  to)  for  his  very  precise  method  of  determining . 
the  tbeal  length  of  tbe  lens,  Tlie»e  researches  include  also  some 
optical  investigations  of  great  elegance  and  importance. 


Fiff.  60. 


OBSERVATIONS   UPON   TIIK   CUSPS   OF    THE    SUK  IK  A   SOLAB   ECLtPBl. 

284.  In  the  general  discussion  of  eclipses  in  VoL  L»  T  omitted 
to  speak  of  the  use  that  may  be  made  of  these  ohsenrations  in 
determining  the  corrections  of  the  elements  of  the  cclipfec.  The 
omission  may  be  appropriately  supplied  hero 
in  connection  with  the  heliometer,  witli  which 
the  observations  are  most  accurately  made. 

Let  M  and  S  (Fig.  60)  be  the  apparmt  pi 
of  the  centres  of  the  moon  and  sun,  CC  the  j 
common  chord  of  the  intersecting  discs.   The 
observation  consists  in  measuring  the  distance  of  the  cusps  C,  C'\ 
and  the  position  angle  of  CC  with  reference  to  the  circle  of 
declination  drawn  to  iU  middle  poiut.     This  distancCi  us  well  oi^ 
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the  position  angle,  will  be  affected  by  refraction,  the  correction 
for  which  will  be  investigated  hereafter.  Let  s  and/?  here  denote 
the  distance  and  position  angle  deduced  from  the  observation  by 
the  formulae  above  given  for  the  heliometer,  and  also  corrected 
for  refraction. 

The  local  time  of  each  measure  must  be  accurately  known. 
For  this  time,  let  the  parallaxes  of  the  two  bodies  in  right  ancen- 
sion  and  declination  be  computed  (by  Vol.  I.  Art  98),  and  let  a 
and  a'  denote  the  resulting  apparent  right  ascensions  of  the 
moon  and  8un  respectively,  8  and  o'  their  apparent  declinations. 
Let  if  denote  the  apparent  distance  of  the  centres  =  SMj  and  jc 
the  position  angle  of  S3I  with  reference  to  a  circle  of  declination 
drawn  through  its  middle  point,  reckoning  this  angle  from  the 
sun  towards  tlie  moon.     We  have,  with  sufficient  accuracy, 


<r  sin  r  =  (a'  —  a)  COS  }  (^'  +  ^) 
<r  cos  t:  z^    o'  —  ^ 


}    (324) 


which  determine  <t  and  r. 

For  the  same  time,  the  apparent  semidiameters  of  the  moon 
and  sun,  which  we  shall  denote  by  S  and  S'  respectively,  will 
be  comjMitcd  by  Vol.  L  Art.  131.  We  then  have  given  the 
three  sides  of  the  triangle  SCM^  and,  denoting  the  angles  at  M 
and  S  by  ji  and  //,  we  may  find  these  angles  by  the  usual  fonnulro 
of  plane  trigonometry,  or  by  the  following  formulae,  which  in 

the  present  case  are  somewhat  more  convenient : 

• 

J  (.S'  cos  /I  -I-  S'  cos  //)  ==  -^  <f  -^ 

A  (*S  cos  /x  —  S  cos  fi')  =^ ■ ^- '  =z  A      I     ^      ^ 

With  either  of  these  angles  and  the  value  of  S  or  S',  we  can 
compute  the  value  of  C&.  Let  this  computed  value  of  CV  be 
denoted  by  s' ;  we  have 

^  =-  25  sin  /i  =  2S'  sin  /i  (326) 

The  difference  between  this  computed  value  and  the  observed 
value  s  will  detennine  the  corrections  which  the  elements  of  the 
eclipse  reciuire  in  order  to  satisfy  the  observation.  Put  s  '-=^  s' 
-f  iU\     Differentiating  (320),  we  find 

daf  =  2S  cos  fi.dfi  -\'  2  Bin  PL. dS 
Vol.  II.— 28 


—  8a  Bm  fi  dfi  ^=  (f  —  ScoB  fi)d^r-\-(S—ifcm  fi)  dS  —  B^JOS^ 

whence,  with  the  aid  of  the  known  relations  between  the  parts 
of  tlie  plane  triangle,  we  readily  find 


2S 


<rtan  /* 


-dfir  + 


—  dS' ^  da  ^s  ^  / 

<r  tan  fi  <r  tan  fi 


But,  since  ih  varies  with  tt,  we  must  replace  it  by  corrections 
which  will  luive  the  same  value  in  all  the  equations  of  condition 
thus  formed.    By  putting 


we  shall  find 
in  which 


^  sm  IT  r==  («'  —  o)  cos  1  (d'  -(-  ^)  ^=  X 


da  =^  dx ^nin  7!  -^  dy . cob  k 
dx^coBi(9'+3).  d  (•'  —  •) 


and  wo  may  regard  d{a'  —  a)  and  rf(<f'  —  9),  and,  consequently, 
alao  dx  and  </y,  as  couBtant  for  the  duration  of  the  eclipse.  Wo 
then  have 


J^d8  + 


2S' 
tf-tan/i 


dS' 


2ScoBfi  _. 


ti    .       ,        2ScoBfi  .  . 

--Bin^dx — co6«<fy=#— r 

a  tan  ji  ^  tan  /i 

(327) 


This  will  he  the  final  form  of  onr  equations  of  condition  if  the 
distance  s  m  fully  corrected  for  the  instrumental  errors.  If,  how- 
ever, the  zero  of  the  micrometer  is  uncertain,  we  should  make 
okservations  on  opposite  sides  of  the  zero,  (with  the  heliometor, 
by  placing  the  niova!>le  semi-lens  alternately  in  opposite  positions 
with  respect  to  the  stationary  one,)  and  if  c  is  the  unknown  error 
of  the  micrometer  zero,  we  must  write  a  ±:  e  for  s  in  the  above 
equation^  taking  5  +  c  for  one  series  of  obser\^ation8  and  s  —  e 
for  the  other.  The  resohition  of  all  the  equations  of  condition 
by  the  method  of  least  squares  will  tlien  determine  dS,  dS\  rfx, 
rfj/,  and  €, 
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It  will  usually,  however,  be  inexpedient  to  retain  dS%  as  its 
coefficient  will  differ  very  little  from  that  of  dS.  The  value  of 
the  sun's  semidiameter  is  now  so  well  determined  that  in  dis- 
cussions of  this  kind  it  %vill  be  quite  allowable  to  put  dS'  =  0. 

"We  may  also  form  equations  of  condition  from  the  position 
angles.  The  angle  t:  is  formed  by  ^S^Jf  and  a  circle  of  declina- 
tion drawn  to  the  middle  point  of  SM,  while  p  is  formed  at  the 
point  D.  Denoting  the  middle  point  of  SM  by  E^  we  have  DE 
=  1^  —  6''  cos /i'  =^  ^{S cos /i  —  S'  cos //)  =  A;  and  we  can  now 
compute  the  position  angle  of  CC^  at  the  point  D  from  the 
known  parts  of  the  triangle  fonncd  by  the  points  2),  Ej  and  the 
pole.     Let^'  denote  tliis  computed  value;  we  readily  find 

p'  =  TT  —  90°  +  A  sin  ff  tan  }  (^'  +  d)  (828) 

Putting  the  observed  value  p  =  p'  +  dp\  we  have,  by  neglecting 
the  insiMisiblc  variations  of  the  last  term  of  (328),  dp'=  etr,  and, 
consequently, 

cos  r  dx        Binndy /Q9q\ 

"^  hTu  1''  ""  Tsl^  ""^  ~-^  ^  "  ^ 

where  dx^  f/y,  and  tr  are  expressed  in  seconds  and  dp'  in  minutes. 
Fmni  all  the  cquatioiiH  thus  formed,  we  can  fin<l  dx  and  dt/;  or 
we  can  combine  all  the  e([uationrt  of  the  forms  (327)  and  (329)  in 
a  single  discussion.  We  see  tliat  the  corrections  of  the  semi- 
diamctcrs  cannot  bo  determined  from  the  position  angles  alone. 
When  the  observations  are  made  with  the  heliometer,  each 
must  be  a  single  observation,  for  the  chord  s  changes  so  nq)idly 
tluit  we  cannot  combine  two  opposite  obser\'ation8,  as  has  been 
supposed  in  Art.  275.  We  must,  therefore,  reduce  eaich  obser- 
vation by  the  genenil  formula  (311),  in  which,  however,  we  may 
make/  =  0,  by  making  all  the  contacts  in  the  heliometer  axis 
or  middle  of  the  fifld.  The  angle  E  in  these  formuhe  must  then 
be  known;  but  if  it  has  not  been  determine<l  with  certainty,  we 
may  introduce  it  into  our  ecpnitions  of  condition  as  an  additional 
unknown  <|uantity.  For  one  serii's  of  observations,  we  must 
write  p  —  A' in  th(»  phice  of  p  in  (32I>),  and  for  the  other  series, 
in  oi>positc  positions  of  the  scmi-lens(»s,  we  must  write  p  —  E\n 
tin*  place  of  E.  lint,  as  A^  varies  invei-sely  with  the  distance  Sy 
it  will  be  necessary  to  put 

£  =  --''- 
«.sin  r 


in  which  j^  is  a  constant  which  will  he  expressed  in  oecondfi, 
since  s  is  in  seconds  and  E  iu  minutes.  The  equation  (829)  may 
then  he  put  under  the  fonn* 


CQBndx  —  ^  sin ir rf^  qp  y  r=     -   .,(11 


p")  (329*) 


Fig.  61. 


For  some  observations  of  the  cusps  of  the  solar  eclipse  of  July 
28,  1851,  made  with  the  heliometer  of  the  Eonigsberg  Obfterva- 
tory  and  reduced  by  tlie  preceding  method  by  the  Director 
WiCHMANN,  see  Astron.  NacL^  Vol.  XXXTIT.  p.  309. 

THE    RING    MICROMETER. 

285.  This  is  simply  a  ttiin  nietallie  ring,  exactly  circular, 
placed  in  the  focus  of  the  objective,  with  its  plane  at  right  angles 
to  tlie  optical  axis.  From  the  timea  of  transit  of  two  stars  acroM 
its  edge,  the  telescope  remaining  fixed  tnronghout  the  observa- 
tion, we  can  find  both  the  difference  of  right  iiscension  and  the 
difference  of  decHuation  of  the  stars.  Although  iiiferior  in 
accuracy  to  the  fihir  micronieter  and  the  heliometer.  It  posecases 
the  advantage  over  the  former  of  not  requiring  illumination^  and 
over  both  in  not  requiring  an  equatorial  mounting  of  the  telescope. 
Let  ABU* A*  reprei^ent  the  inner  edge  of  the  ring.  Denote  by 
i^  and  (^  the  observed  8iderea)  times  of  lugrcisa 
and  egress  of  a  star  at  the  points^  and  B;  by 
//  and  /./  the  same  for  a  star  obsenred  at 
^'and  B\  Upon  the  supposition  that  tht 
\a  pathg  of  the  stars  across  the  field  are  recti- 
linear, the  Fitraight  line  CM3I\  drawn  from 
tlie  centre  C*of  the  ring  perpendicular  to  the 
chords  AB  and  A'B\  will  coincide  with  the 
declination  circle  of  the  point  C.  The  time 
of  the  transit  of  the  fii-ststar  over  this  circle  \»  the  arithmetical 
niean  of  the  times  t^  and  ^  =  J('i  "^*  ':)>  ^^^^^  ^^  ^^^^  transit  of  the 
second  star  over  the  same  circle  is  J  (f/  + 1/);  and,  hence,  if  a  and 
a'  are  the  right  ascensions  of  the  stars,  we  have 

a--a  =  KV+e;)-iP»+0 im 

•  lU  s  0  perceive  tb»t  y  it  here  the  tkIuo  of  the  quwstlty  {m  —  «)  (k  —  1^ 

-f  h'  rted  in  eecouds ;  end  hj  paUing  iU  tiilue  ruiiD4  from  the  dlKoatka 

of  the  rt|UftttuQs  (329)  in  the  eecotid  member  of  (8n3)«  and  also  the  true  YAloe  of 
f»  —  41  found  from  the  Tilue  of  e  by  (327),  we  ahaU  hmvc  an  ei|iuitioii  for  dstcmlaJsf 
A  — rand  6*— 6. 
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Let  r  denote  the  radius  of  the  ring  expressed  in  seconds  of 
arc,  d  and  d'  the  declinations  of  the  stars,  and  put 


r  =  f,-f, 

r'  =  <.'-V 

r  =  BCM 

r'=B'CM' 

d=MC 

d'=  M'C 

then  we  have  : 

^'=zB'M' 

15 
ti  =  —  rcoa8 

m'  = 

=  —  t'  co«  i' 
2 

Bin;'  =  - 

Bin 

^='r 

d  =  rcoeY 

d': 

=  r  cos  / 

(381) 


and  hence  the  difference  of  declination  of  the  stars : 

d'—d  =  d'^d  (332) 

The  signs  of  cos  x  ^^id  cos  x'  ar©  not  determined  by  the  second 
equations  of  (331);  consequently,  either  sign  may  be  used  in 
computing  d  or  d\  To  remove  the  ambiguity,  it  is  necessary 
that  the  observer  note  the  positions  of  the  stars  with  respect  to 
the  centre  of  the  ring :  then  d  or  d'  will  be  positive  when  the  star 
passes  north  and  negative  when  south  of  the  centre. 

Example.*— On  the  11th  of  April,  1848,  at  the  Observatory  of 
Bilk,  the  planet  Flora  and  a  neighboring  star  were  compared  by 
a  ring  micrometer  of  a  six  feet  refractor.  The  observed  sidereal 
times  were  as  follows: 

Flora  (N.  of  centre).  Star  (N.  of  centre), 

fj'  =  IP  16-  35*.0  f,  =  11*  17-  53*.0 

t;=\\  17    25.5  <,=  11   19    46.5 

t'  =  50.5  r  =  1    58.5 

The  approximate  declination  of  Flora  was  i'  =  +  24®  5'.4*  The 
apparent  place  of  the  star  was 

a  =         6*  4-  51*  .93 
^  :^  +  24<'  1'    9".01 

The  radius  of  the  ring  was  r  -=  1126".25;  and  hence 


*  BbUnn'ow's  Spharische  Asironomie,  p.  540. 
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log  t'      1J0329 

logr    2.05500 

log  cos  d'     9  9t>043 

log  cos  ^    9,96067 

log  /*'     2. 53)3178 

log  fi    2.89073 

log  sin  /     9.48715 

log  sin  r    9.83910 

log  cos  /     9,98750 

log  cos;'    9,85940 

log<l'    3.03014 

logrf     2,91104 

d'  =  +  n'51".9 

d^-f  1S'34".8 

The  planet  and  star  being  both  obeerved  on  the  north  side  of  tlie 
centre  of  the  field,  d'  and  d  are  both  positive,  and  hence 

r^d^^d'-^d^  -f  4'17M 

For  tlic  timee  of  transit  over  the  declination  circle  of  the  middle 

of  the  field,  \vc  have 

Flora,  ^  {t/  +  V)  =  11»  17-    O-^o 

Star,    ^(f|  +f,)=  11  18    49.75 

«'  — a=—     1    49.50 

Hence  we  have  for  the  planet 

•'=        6»  3-  2v4B 
d':^  +24^  5' 20".! 

ifllidhTaihiGe  express  the  planet'^  apparent  place  at  the  time  of  its 
passage  over  the  deelination  circle  of  the  middle  of  the  field,  that 
is,  at  the  sidereal  time  11*^  17"  0*.25.  But  the  etfeet  of  refraction 
has  not  yet  been  allowed  for*     See  Art  300. 

286,  Correction  far  mrvahire. — The  correction  which  the  pre- 
ceding method  requires,  in  consequence  of  the  curvature  of  the 
pathn  of  the  stam,  may  be  found  as  follows.  In  the  spherical 
triangle  of  which  the  three  angular  points  are  the  pole^  the  centre 
of  the  ring,  and  the  point  where  the  star  enters  or  leaves  the  ring, 
we  have 

sin  6  =1  %m  D  cos  r  4-  cos  B  sin  r  cos  f 

where  D  is  the  declination  of  the  centre  of  the  ring.    For 
fiecond  star,  we  have 

sin  a'  =  sin  D  cos  r  +  eoa  D  sin  r  cos  / 

and  the  difference  of  these  equations  gives 

2  sin  i(a'  —  a)  cos  J  (d'  +  a)  =  (sin  rcos/— &ijifco«r)co«i> 
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or,  veiy  nearly, 

(d'  —  d)  cos  i  (^'  +  ^  =  (r  cos  /  —  r  cos  y')  cos  D 

=  (d'  — (f)C08D 

in  which  d'  —  rf  is  the  approximate  difference  found  by  the  pre- 
ceding article.    But  we  have,  very  nearly, 

the  mean  of  which  is 

and  we  may,  therefore,  put 

cos  D  =  cos  i  (^'  +  ^  +  J  id'  +  d)  sin  T'sin  i  (^'  +  d) 

so  that  we  obtain 

^'  —  ^  =  (f'—  (f  +  J  (J'  +  d)  ((f'—  d)  sin  rtan  K^'  +  ^)   (883) 

Hence,  the  correction  of  the  difference  of  declination  found  upon 
the  supposition  that  the  path  of  the  star  is  rectilinear,  is 

+  j  (J'  +  (/)  (d'—  d)  sin  1"  tan  }  (^'  +  d) 

The  correction  disappears  when  rf'  and  d  are  numerically  equal, 
that  is,  when  the  stars  are  observed  at  equal  distances  from  the 
centre  of  the  ring. 

In  the  example  of  the  preceding  article,  this  correction 
amounts  to  +  0".36,  and  the  corrected  difference  of  declination  is 

a'— ^=:  +  4'17".46 

287.  If  the  outer  edge  of  the  ring  is  also  an  exact  circle,  it  may 
be  used  in  the  same  manner  as  the  inner  edge.  Let  the  four 
transits  of  a  star  over  the  edges  of  both  rings  be  observed  at  the 
times  /j,  f^  (y  (^ ;  then,  if  r  is  the  radius  of  the  outer  ring,  r^  that 
of  the  inner  ring,  we  put 

«  .  11 

sin  y  =  —  ftin  y.  =  -2- 

r  Ti 

80  that  with  the  outer  ring  we  find 

d  =  r  cos  / 
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and  with  the  inner  ring, 


r,coeri 


and  the  mean  of  these  values  will  be  taken  as  the  true  value  of 
rf.  In  the  same  manner  d'  for  the  second  star  will  be  found^ 
after  which  S^  ^  S  =  d' —  d. 

But  when  the  four  observations  have  been  obtained^  the  pro- 
cess of  reduction  may  be  slightly  abridged,  as  follows  :* 

The  sum  and  difference  of  the  values  of  d^  give 


Putting 


we  find 


2a 


2a 


(334) 


1£*  «• 

r  —  r,  ^=: ^^ ^  2a  Bin  -4  sin  B 

2a 

r*+  fj'  =  2  a'  (1  +  sin*  A  sin*  B) 
fl^+fl^*=2a^  (Bin'  ^1  +  Bin*  B) 

which,  substituted  in  the  above  value  of  d",  give 
d*  =  a*co8»il  co8*J5 


or 


d  ^a  COB  A  cos B 


(335) 

80  that,  A  and  B  being  found  by  (834),  d  is  found  by  (335),  The 
formuhe  {$M)  for  determining  A  and  B  may  alfiO  be  written  m 
follows: 

,       .         IS  (t*  +  r.)  cos  a  ^  15  (r  -^  rj  CO©  S 

BmA  =  — ^^ — —^ Bm  B  =  — ^^ ^- 

4a  4a 

in  which  t  =  1^  —  i^ and  Ti=  t^—  4. 

ExAMPLB.^On  the  24th  of  June,  1850;  at  the  Observatory  of 
Bilk,  Petersen's  comet  and  a  star  were  observed  with  a  double- 
ring  micrometer,  as  follows: 

Comet  (N.  of  o«iitr«).  ,  6t«r  (S.  of  ecnlre). 

V  18*  16- 64'.  t,    18M8-65V8 

V  16    20  f,  19    13. 
t;          17    21                        <;  21    20.6 
1/          17   48                       t^  21   87.6 

*  BrnvxHow't  Sph&risclie  Aitronoailei  |».  649. 
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The  approximate  declination  of  the  comet  was  d'=  +  59^  20', 
and  the  apparent  place  of  the  etar  was 

a  =  14*  53-  80*.75  a  =  +  69^  T  12'M9 

The  radii  of  the  rings  were — 

Outer,    r  =  ir2r'.09 
Inner,     r^=   9  26  .29 


whence 

a  = 

=  10  28  .69 

Then  we  find: 

Comet 

St«r 

r" 

1-  54'.0 

T 

2-  42*.2 

V 

1      1.0 

Tl 

2      7.5 

log(r'  +  r') 

2.24304 

log('-  +  '-i) 

2.46195 

log(r'~r/) 

1.72428 

log  (t  —  T,) 

1.54033 

,      15  cos  a' 
4a 

7.48667 

,      15  cos  4 

7.48938 

log  Bin  A' 

9.72971 

log  sin  A 

9.95133 

log  sin  B' 

9.21095 

log  sin  B 

9.02971 

log  cos  A' 

9.92623 

log  COSil 

9.65137 

log  cos  B' 

9.99419 

log  cos  B 

9.99750 

log  d' 

2.71539 

logd 

2.44384 

d'  = 

+  8'  39".27 

d  = 

—4'  37".87 

J'  — d  =  +  13'17'M4 
and  for  the  difference  of  right  ascension, 
tt'— tt  =  — 3-25'.83 

2ftft.  To  find  the  correction  for  the  proper  motion  of  one  of  the  objects. 
— The  most  common  api)1icution  of  the  ring  micrometer  is  to  the 
detomiiiuition  of  the  difference  of  right  ascensions  and  declina- 
tionrt  of  a  Btar,  and  a  phmet,  or  comet  But  since  a  planet  (or 
comet)  elianges  botli  it**  riglit  ascension  and  declination  during 
the  time  of  an  ol)ser\'ation,  its  path  will  not 
be  at  right  angles  to  the  declination  circle 
drawn  through  the  centre  of  the  ring:  so 
that  the  differences  found  by  the  preceding 
methods  will  require  a  correction. 

Let  Ah,  Fig.  02,  be  the  path  of  the  planet 
across  the  ring;  Cm  the  declination  circle 
through  (.\  the  centre  of  the  riug.  Draw 
Ali  pequMidicular  to  Cm,  (^n  perpendicular 
to  Ah^  hj)  peri)endicular  to  AB.     Put 


FiK.  «2. 
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Aa/  =  the  increase  of  the  planef  8  right  asceDsioii 

in  one  sidereal  eecoiid, 
Ad'  =  the  increase  of  the  declination  m  one  aid. 

second, 
f/,|/  =  the  sid.  times  of  ingreae  and  egrcea  of  tha 

planet  at  J  and  6, 

X  =  the  correction  of  the  mean  of  f/  and  //,  or 
of  the  ri^ht  ascension  of  ihe  planet  found 
by  the  prectding  methods, 
j  (f/  +  f,')  -f  a:  =  the  sid.  time  of  the  planet's  transit  at  iw, 
^  =  the  anglo  BAb  =  mCn. 

The  arc  bp  may  be  regarded  as  a  portion  of  the  decU nation  circle 
drawn  through  b.  The  angle  at  the  pole  iiicludetl  by  this  circle 
and  the  declination  circle  of  A  is  the  hour  angle  described  by  the 
planet  in  the  time  r',  which  hour  angle  is  r'—  r'.^ka'^r'  (1  —  Afl')> 
Hence  we  have,  very  nearly, 

Ap  =  15V (1  —  Atk) cos  ^ 
We  have,  also, 

whence 


15  cos  d'  (1  —  Aa') 

or,  since  tlxe  Bquares  of  AfV  and  ^a'  or  their  product  may  be 

neglected, 

Ai' 

tan  fi  =  — 

15  COB  8' 

The  correction  x  ia  the  time  in  which  the  planet  describes  the 
line  mti^  and  this  time  is  found  by  the  proportion 

•e^tx=^  Abtnm^^AbiCnisLii^ 

for  which  we  can  take 

f'l  jT  =  Idt' cos  ^' :  d' tan /9 

whence,  substitnting  the  value  of  tan  fi^ 

_      d\  A^ 
^  ~  (15  cos  d'y 
Since  Ab  =  Ap  sec  ^,  and  sec  ji  diflers  from  unity  only  by 

terms  involving  (^^f,  we  may  take  .46  =  Ap^  and  hence 

15 /cos  a' 


(SS6) 


An^^^Ap  = 


2 


(1  — A«i')  =  /(1--Aa') 
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80  that  to  compute  d'=Qiin  this  case  we  have 

Bin  /  =  ^(1  —  Att')  d '  =  r  COB  /  (887) 

that  is,  the  computation  by  the  preceding  methods  will  give  the 
value  of  rf',  corrected  for  the  proper  motion,  if  we  employ 
fsf  (1  -—  Att')  instead  of  /i\  In  the  method  of  Article  287,  with  a 
double-ring  micrometer,  the  logarithm  of  1  —  Aa'  may  be  added 

A      xl         1  -XT-  ^15  COB  ^' 

to  the  logarithm  of  — • 

4a 

Example. — In  the  example  of  the  preceding  article  the  comet's 
motion  in  one  mean  day  was,  in  right  ascension  —  5*  ()•,  and  in 
declination  —  1®  17' ;  and  therefore,  since  one  mean  day  contains 
86636  sidereal  seconds,  * 

Aa'  =  — ;?^  l0g(l  — AaO=    0.00150 

86636  *^  ^  ^ 

Aa'=  —  l^  log  A^'  =  n8.72604 

86636  *^ 

Hence,  in  the  computation  of  d'  we  have 

logli£2l£:(l_Aa')    7.48817 
4a 

log  Bin  A'  9.73120 
log  Bin  B'  9.21245 
log  COB  A'  9.92563 
log  cos  ^'  9.99415 
\ogd'  2.71475 
d'=  +  8'38".60 

*  The  logarithm  of  1  —  Aa'  may  be  found  at  once  from  the  change  of  right  atcen- 
eion  in  48  hours,  as  follows.  Let  this  change  be  expressed  in  minutes  of  are,  and 
denoted  by  (Aa'),  then  we  hare 

Aa'  =  -I^-^  ^!^  =  (^**') 
16  X  ^  X  S<^^      ^19 

But  if  M  is  the  modulus  of  common  logarithms*  we  hare  from  the  d«Telopm«&t  of 
log  (1  —  Aa')  in  series,  by  neglecting  the  second  and  higher  powers  of  Aa', 

1      M        J.  '^            UA  '           0.48429 (Att') 
log  (1  -  Aa  )  =  -  if  Aa  = ^-^- J —' 

or,  rery  nearly, 

log  (1  —  Aa')  =  —  0.00001  (Aa') 

Hence,  to  correct  for  the  proper  motion  in  the  computation  of  d,  snbtraot  frt>m  tho 
logarithm  of  u'  as  many  units  of  the  5th  decimal  place  as  there  are  minutes  of  are  in 
the  48  hour  increase  of  right  ascension. 
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and,  therefore, 

^'— d=  +  18'16",37 
By  (336)  we  find 

x=      —    0*47 
whence 

a'— a  =  —   3-26'.30 

The  correction  of  d'  —  d  for  the  curvature  of  the  path  is,  in  thk 
oaie,  by  {333),  +  0'M8;  whence 

a'— a=  +  13'17'M5 

BO  that  the  corrections  for  curvature  and  proper  motion  here, 
accidentally,  almost  destroy  each  other* 

The  apparent  place  of  the  comet  (etill  affected,  however,  by 
paralhix  and  planetary  aberration,  as  well  as  the  differentiml 
refraction)  is,  therefore, 

a'^^^       14*  W"   4*45 
d*—d  =  +  59°  20'29".34 

at  the  sidereal  time  18*  16*  50*  J5, 

289*  It  19  yet  to  he  shown  under  what  conditions  errors  of 
observation  or  of  the  data  will  have  the  least  effect  upon  the 
results  obtained  with  the  ring  micrometer.  For  the  eflect  of  an 
error  Ar  in  the  observed  interval,  we  have,  by  differentiating  (381), 

15 cos  d.  Ar 

^r  =  ~^ 

2  r  008  f 
A<i  =  —  r  sin  J' .  Ar  =  —  V  ^^^  ^  ^^  r  •  ^^ 

which  shows  that  the  error  in  the  observed  time  produces  the 
least  eftect  upon  d  when  tan  y  is  k^a^t,  and,  tlierefore,  for  the  most 
accurute  determinatit>n  of  the  declination,  the  chords  dej^cribed 
by  the  two  stars  should  be  as  far  from  the  centre  of  the  ring  aa 
possible,  or  the  difference  of  declination  eihould  be  but  Httle  les« 
tlian  the  diameter  of  the  ring.  If  d  m  not  much  less  than  r,  it 
will  be  ad\isable  to  let  the  stars  pass  across  the  tield  on  opposite 
Bides  of  the  centre,  at  nearly  equal  distances  from  it.  But  \f  d  ia 
very  small,  both  stiirs  should  pass  as  far  from  the  centre  as 
possible,  on  the  same  side  of  it. 

For  the  effect  of  an  error  in  r,  we  have 


Ai  =  —  Af  =  Af  *  seo  r 
a 
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wliicli  18  also  least  when  the  star  is  farthest  from  the  centre  of 
the  field. 
For  the  second  star,  we  have  also  Ad'  =  Ar  sec  f^  and  hence 

A  ((f  —  d)  =  Ar  (sec  /  —  sec ;') 

so  that  if  the  stars  are  on  the  same  parallel  of  declination  (when 
y  —  y')  the  error  in  r  has  no  eftect  upon  the  computed  difterence 
of  declination,  as,  indeed,  is  otherwise  evident 

For  the  accurate  determination  of  the  difference  of  right 
ascension,  it  is  plain  that  the  stars  should  pass  as  near  to  the 
centre  of  the  field  as  possible,  since  the  immersions  and  emer- 
sions can  then  be  most  accurately  observed. 

290.  To  find  the  radius  of  the  ring. — First  Method. — Observe  the 
transits  of  the  sun's  limb  over  the 
edge  of  the  ring.  Four  contacts 
will  be  obscr\'ed,  the  sun's  centre 
being  at  the  points  a,  t,  c,  d  (Fig. 
63)  at  the  times  /„  /„  /,,  t^.  If  the 
radiuri  of  the  ring  is  denoted  by  r 
and  the  sun's  semidiametor  by  i?, 
we  see  that  the  external  contacts 
(at  a  and  d)  are  observed  at  the 
times  at  whieh  the  transit  of  the 
sun's  centre  would  be  observed 
over  a  ring  whose  radius  was  r  +  R;  while  the  internal  contacts 
(at  h  and  c)  are  ()bser\'ed  at  the  times  at  which  the  transit  of  the 
sun's  centre  would  be  obser\'ed  over  a  ring  whose  radius  was 
r  —  if.     Hence,  putting  d  --  sun's  declination,  and 

we  have,  by  Ai\.  285,  from  the  external  contacts, 

2  (r  +  J?)  sin  ^  =  15  r  cos  d 

2  (r  +  i?)  cos  r  =  d 

and  fn>in  the  inner  contacts, 

2(r  —  R)9\t\  y=:  ISt'cos^ 
2  (r  — 1()  cos  /  =1  d 
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Eliminating  j  and  fj  we  have 


4(r  +ii)'  =  (15  r  cos  f)'  +  <P 
Air—Ry  =  (15 t' cos  ay  +  cP 


and  eliminating  £?,  we  obtain 


_  (15  COB  «»)'  (r  +  T^)  (r  -^  r^ 
"^  ~  16  J2 


(838) 


In  order  to  take  into  account  the  enn's  motion  in  right  ascetuion^ 
the  intervals  r  and  r'  should  be  expressed  in  apparent  time. 

It  is  easy  to  see  that  the  formula  (3f^8)  will  etill  be  applicable 
when  the  sun's  diameter  is  greater  than  that  of  the  ring. 

Example.* — The  Bun  was  observed  with  a  ring  micrometer  at 

the  ObsciTatory  of  Bilk  as  follows : 


Eitertial  Cootacta. 
fj  ^  10*  ai*    8*2   Sid.  time 
f^^lO  34    47.5 


t^  ^  10»  32-  30-.8 
r,  =  10  33    25.3 


The  8nn*8  declination  was  d  =  +  23°  14'  50";  the  semidiameter 
J?  =  15'  45".07 ;  and  the  sun's  motion  in  right  ascension  was 
4"*  8'.7  in  one  day. 

The  sidereal  intervals  S*  39*,3  and  54\5  must  be  reduced  to 
intervals  of  apparent  time  by  multiplying  them  by  the  factor 


whence 


_  248  J  ^ 
86C30 


T  =  218'.67 
and  hence,  by  (338), 


t'=54'.34 


r  =  9^  23".57 

Secofid  Mdhod, — Observe  the  transits  of  two  stars  the  differ* 
ence  of  whose  dccrnijitions  is  accunitely  known.  Then,  r  and  r^ 
being,  as  before,  the  intervals  between  the  ingress  and  egreea  of 
the  two  stars  respectively,  we  have 


II  r^  ^  TCOBd  ==  r  sin  f 
fi'  =  ^  t'  cos  d':^rwin/ 


d  =  ±  r  cMf 


Since  for  determining  r  it  will  always  be  advisable  to  select  a 

*  BaUxitoWf  gphiimcbe.  AsLroDomie,  p.  661. 
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pair  of  stars  whose  difference  of  declination  is  not  mncli  less 
than  the  diameter  of  the  ring,  the  stars  will  be  observed  on 
opposite  sides  of  the  centre :  we  shall,  therefore,  have 

d'^d  =  r  (cos  r  +  COB  /) 

Let  A  and  J?  be  assumed,  so  that 

then 

d'  —  d  =  r  [cos (A  +  B)  +  cos(A  —  5)]  =  2r  oosX  cos  5 
,i'  +  ^  =  r  [sin  (a  +  B)  +  sin  (A  —  B)]  ==  2r  sin  A  cos  5 
fi'  ^fi  =  r  [sin  (A  +  ^)  —  sin  (-4  —  J9)]  =  2  r  cos  ui  sm  5 

Hence  we  derive 

r  = 


2co8ilcos^ 
We  may  also  use  any  one  of  the  following  forms  for  r: 


r  = 


2  sin  A  cos  B       2  cos  vl  sin  B       sin  (A  +  -B)       sin  (A  —  B) 


In  order  to  render  this  method  exact,  the  atmospheric  refrac- 
tion flliould  be  taken  into  ac»couut.  Its  effect  upon  micrometric 
observations  in  general  will  be  considered  hereafter,  but,  since 
for  dctennining  the  radius  of  the  ring  micrometer  it  will  be 
advirtuble  to  take  the  observations  near  the  meridian,  the  refrac- 
tion may  be  allowed  for  in  a  verj'  simple  manner;  for  we  may 
then  neglect  its  effect  upon  the  right  ascensions  of  the  stars.  The 
effect  upon  the  declinations  is  found  by  the  formula?  (234)  and 
(20)  of  Vol.  I. ;  according  to  which,  if  d  and  J'  are  the  true  decli- 
nations, the  apparent  values  are 

d  +  A-'cotC^  +  N) 
d'+  k'cot(d'+  N) 

where  tan  N=  cot  <p  coa  r,,,  ^  being  the  latitude  of  the  place  of 
observation,  and  T^^  the  hour  angle  of  the  centre  of  the  ring. 
Hence  the  api>aront  difference  of  declination,  which  we  will 
denote  by  (J'  ~  J), 

A''Bin(^'— a) 


(a' —  ^)  =  ^' —  (> — 


Bin(^  +  JV)  Bin  (a' +  iVO 
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for  which  we  may  take 


A:^8in(a' 


Bm*[i(JH-d')+Jri 


C840) 


wliicli  is  to  be  used  for  d'  —  din  (339),  It  will  here  generalljr 
suffice  to  take  k^  =  57"  j  but  it  amy  bo  accurately  found  by 
Cokmm  B  of  Table  II. 

When  the  stars  are  not  very  near  the  equator,  the  correction 
for  euiTatiire  must  he  applied.  If  r  were  given,  the  obdervEtiona, 
computed  upon  the  suppoisition  that  the  paths  of  tlie  artaro  are 
rectilinear,  \voiild  give  the  approximate  difference  d'  —  rf,  and 
hence  in  tlie  inverse  process  we  have  only  to  use  d' —  d  instead 
of  (5'  —  d)  in  order  to  obtain  the  true  value  of  n   NoW|  by  (388), 


(V~^d^  (d'—  a)  —  ^  sin  r  Cii'»  —  i»)  tan  J  (^'+  0 
or,  since  d'*  —  ti'  =  —  (//'*  —  //)> 
d'—d^{d'  —  d)  +  isinr(M'+M)  (^'  — m)  tanj(a'-f  i) 


(841) 


in  which  (d'  —  d)  is  the  difference  of  declination  corrected  for 

refraction.  ♦ 

Example. — ^The  radius  of  the  ring  of  the  micrometer  em- 
ployed in  the  example  of  Art,  285  was  determined  by  tlie  stara 
Askrope  and  3Itrope  of  the  Pkiade^^  the  declinations  of  whicli 

were 

r  =  +,  24*  4'  24".26  a  =  +  23^=*  28'  6".83 

and  the  observed  intervals  were 


18'.5 


r  ^  66*.2 


In  order  to  ilUistratc  the  use  of  (340),  let  us  suppose  the  hour 
angle  of  the  centre  of  the  ring  to  have  been  r^,  =  1*  =^  15** ;  then, 
the  latitude  of  Bilk  being  yj  =  -f  51°  12'  25",  we  find 

J^r=:37M9'.6 
j(a  +  r)4-iV^=61    35.9 

a'  — a  =  36'n".4i 

corr.      —    0  .78 

(a'— a)  =  86' ir. 63 

We  find,  in  the  next  place, 


logife'=log67"  17559 

log  cosec'  [1  (a  +  a')  +  JV*]  0. 1 1 14 
log  sin  (a'— a)  8.028S 

log  corr.  ii9.8908 


^=12C".68 
log(M'+M)  =  2J1038 


log(M'  —  |i)==  112,41480 
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whence  the  correction  for  curvature  is,  hy  (341),  =  —  0'M4,  and 
therefore 

<f'— (i  =  86'16".48 

with  which  we  now  find,  hy  (339), 

log  tan  A  =  9.37263  log  tan  5  =  9.07714 

log  sec  A  0.01175 
log  sec  B  0.00308 
\og(d'-^d)  3.33775 
log2r  3.35258 

r  =  18'  46".03 

Third  Method. — ^Direct  the  telescope  of  a  theodolite  towards 
the  ohjeotive  of  the  telescope  which  carries  the  micrometer,  and 
measure  directly  the  angular  diameter  of  the  ring  by  either  the 
vertical  or  the  horizontal  circle  of  the  theodolite,  as  hi  the  case 
of  the  filar  micrometer,  Art.  46.* 

291.  The  filar  micrometer,  the  heliometer,  and  the  ring  micro- 
meter are  now  almost  the  only  micrometers  in  use.  I  will, 
therefore,  here  only  hriefly  mention  two  or  three  others,  as  it  is 
not  within  tlie  plan  of  this  work  to  enter  upon  the  history  of  the 
numeriMH  instruments  of  this  class  which  have  been  proposed. 

The  <luplication  of  the  images  of  objects,  which  is  eftected  in 
the  heliometer  by  dividing  the  objective,  has  also  been  effected 
by  dividing  the  ocular,  constituting  what  has  been  known  as  the 
doHhh'-iinnfic  eye-piece  inicrometer.  The  principle  of  this  instrument 
is  identical  with  that  of  Kamsden's  Dynameter,  whicli  is  still 
used  for  mciisuring  the  magnifying  power  of  telescopes  (Art.  13). 
It  is  evident  that  by  separating  the  two  halves  of  a  simple  eye- 
lens  until  the  image  of  one  star  coincides  with  that  of  anotlier, 
the  angular  distance  of  the  stars  becomes  known  from  the  known 
angular  value  of  a  revolution  of  the  screw  by  which  the  separa- 
tion is  produced.  Amici,  of  Modena,  is  said  to  have  produced 
the  best  micrometers  of  this  kind. 

The  4lui>lication  of  images  is  also  effected  by  the  use  of  a 
doubly  retracting  prism  of  rock  crj-stal,  originally  proposed  by 
RooHuN.  The  difliciilty  of  determining  the  relation  between  the 
given  i»osition  of  the  crystal  and  the  angular  distance  of  two 

*  V\»m  the  ring  micrometer,  nee  aUo  papers  hy  Bbbbbl  in  the  Monatliche  Corre* 
»pondtu:,  VuN.  XXIV.  and  XXVI. 
Vol.  II.— » 
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objeetfl  wliich  have  been  broiiglit  into  contact,  is  a  considcmblo 
obstacle  to  its  gonenil  use,  to  say  notbhig  of  the  optical  dlfficul- 
tiefi  in  obtaining  well  detined  images  tree  from  color.* 

Sthuve  has  proposed  the  use  of  a  graduated  plate  of  trans- 
parent mica  placed  in  the  focng  of  the  equatorial^  and  this  method 
has  been  employed  by  the  Messra.  Eond  in  cataloguing  small 
stars*  Upon  a  plate  of  mica  jj^^  of  an  inch  in  thickness  are 
di'awn  two  sots  of  parallel  lines»  one  system  representing  decli- 
nation circles,  the  other,  at  right  angles  to  the  first,  representing 
pamllels  of  declination.  The  relative  declination  of  two  start 
vvhicli  pass  over  the  field  is  determined  by  merely  observing  the 
divisions  of  the  graduated  doelination  scale  over  which  or  near 
which  they  pass;  and  their  relative  right  ascension  is  found 
from  the  observed  times  of  their  transits  over  the  lines  which 
rcjiresent  declination  eireles,  these  times  being  noted  by  the  aid 
of  the  electro-chronograph, t 

An  ingenious  mode  of  employing  a  double  eye  piece  micro- 
meter (consisting  of  two  complete  eye  pieces),  apparently  giving 
very  precise  results,  is  suggested  by  Mr.  Alvan  Clark,  of  Bo^ton^ 
in  the  Proeeediugs  of  the  Am.  Association  for  the  Adv.  of 
Science,  10th  meeting,  p*  108. 

CORRECTION    OF   MICROMETRIC   OBSERVATIONS   FOR    REFRACTION. 

202.  Since  the  position  of  each  of  the  two  observed  sfars  h 
affected  hy  the  atmosplierie  refraction,  their  nhtice  position,  de- 
termined by  the  micrometer,  is  also  affected  by  it.  The  object 
of  the  following  investigations  is  to  determine  the  correction  of 
the  micrometric  measures  themselves,  without  recpiiring  a  aepi^ 
rate  consideration  of  the  absolute  places  of  tlie  two  starB.| 


2i)3.  To  find  the  effect  of  refraction  upfM  the  observed  anffidar  dulanm 
of  two  stars  and  upon  the  awjle  which  the  great  circle  jominff  the  MUfn 
makes  with  a  raitcal  circle, — This  mode  of  observation  is  indeed 
not  practised,  but  the  investigation  of  the  effect  of  rt^fmction  in 

*  For  a  deteHption  of  m  number  of  double  lmig«  iiiieromel«r«,  •««  PKAm«oai*t 
Practical  Aflronomj. 

f  S(^e  AnnaU  o/  the  Attrtmomteal  Obttrv^pry  cf  ffarr^r^  (htUftt  VoL  L 
J  I  hiirc  followed  BiiB««t*ii  methods  (A»tron.  Cntertuch.,  VoL  L)  m  Oic  !htb 
tion  of  tbc  frrealiT  part  of  Ibe  fortnul*.     Tliat  portion  or  liU  ftKiele  wliicb  reUtit  i 
tlie  ring  micrometer  li,  boweTer,  cotLsiderably  abridged  and  aimpUfled. 
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this  case  is  very  simple,  and  will  sen-e  as  the  ground-work  of 
the  subsequent  applications.     Denote  by 

C,  C',  and  z,  sf,  the  true  and  apparent  zenith  distances  of  the 
two  stars  S  and  S'; 
Ay  their  difference  of  azimath ; 
r,  r',  their  refractions ; 
Xj  X',  and  Z,  T,  the  true  and  apparent  angles  which  the  great 
circle  joining  the  stars  makes  with  their  re- 
spective vertical  circles,  all  reckoned  in  the 
same  direction ; 
ff,  8,  the  true  and  apparent  distances  of  the  stars. 

"We  have,  in  the  triangle  formed  by  the  zenith  and  the  appa- 
rent places  of  the  stars,  by  the  Gaussian  equations  of  spherical 
trigonometry, 

sinj^sin  J(Z  -f  /')  =  sin  iA  sin  J(j  +  /) 
8ini5C08i(/  -f  /')  =  cosiA  sini(zr  —  2f) 

and  in  the  triangle  formed  by  the  zenith  and  the  true  places  of 

the  stars, 

sinjtfsin  J(^  +  ^')  =  sin  M  8inJ(*  +  C) 
Bin  i  <r  cos  i  (A  -f  A')  =  cos  }  A  sin  i  (C  —  C') 

K  we  put 

and  also  substitute  f  —  r  and  (^'  —  r'  for  z  and  z\  the  elimination 
of  A  from  the  above  equations  gives 

sin  }  <r  sin  >l,  =  sin  }  5  sin  l^  • 
sin  §  <T  cos  >l,  =  sin  J  «  cos  /,  • 


Bin[:o-i(r+0] 
sin  i  (C  —  :') 
sini[:-C'~(r-.r')] 


TVc  may  evidently,  in  the  first  equation,  put  r^  for  i{r  +  r^ 
which  is  equivalent  to  assuming  that  the  mean  of  the  refractions 
for  the  zenith  distances  ^  and  ^'  is  the  same  as  the  refraction  for 
the  mean  of  those  zenith  distances,  an  assumption  producing  here 
no  sensible  error  in  the  factor  sin  [Co"~  i(^  +  O]  ^^  ®^°  (Cu""  ^o)* 
We  may  also  take 

r-r'  =  '/>(:-C') 
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ill  whicTi  the  differential  coefficient  -J*  expresses  the  rate  of  cbaogo 
of  the  refraction  corresponding  to  ^^.     Then,  in  the  firaction 

mnJiC  —  C) 

which  differs  but  little  from  unity,  we  raay  put  the  arcs  for  their 
fiinea ;  ho  that,  denoting  this  fmction  by  b,  we  have 

C  -  C  1  1 


b  = 


If  we  also  put 


C-C'-(r-0 


f  «  f' 


c-r 


_       smCa 


8iii{:^  — rj 


mid  substitute  J<r  and  |^  for  their  sines,  our  formulse  become 

c  mii  X^^^s.a  sin  !^ 


From  these  we  have 


<r  cos X^^-  s.b  cos /j 


tan  /L  =  '  tan  L 
b 


which  developed*  gives 

i.  -  /,  =  -  ^  sin  2/.  +  W*-3£\%m  4i.  -  &c.       (842) 

0  -f-  a  \o  -\-  af 

From  the  same  formulae  we  derive 

^  cos  (Jt,  —  (J  =  $  [a  -f-  (6  —  <i)  co«*  y 
and,  dividing  this  by  cos  {X^—Q  —  l^^  (jl^  ~  l^f  -(-  &c,,  we  obtain 

^-i^*[a-l  +  (^-^a)co9V,+  |(J^)%in'2/,+  4c.]    (343) 

294.  To  facilitate  the  computation  of  (342)  and  (343)  a  con- 
venient method  of  finding  a  and  b  is  necessary.  We  have^  for 
any  indeterminate  f , 

sin  C  einfr  +  r)  .    sinr 

a  ^  -T— ^ =  ' — \  ^      =  cos  r  + 

8in(C  — r)  Binz  taa^ 


dC       _^(^+r)  * 

J :  -£  rfr  ^       /i^       —  *  -t  ^ 


Adopting  for  the  refraction  the  form  (Vol.  I,  Arts.  107  and 

117) 

r  =  k  tan  z 


*  By  PI.  Trig.  Art.  2M. 
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in  which 

we  have,  putting  cob  r  =  1, 

a  =  l  +  k 

dk 
b  —  a  =  k  tan*  z  +  -j-  tan  z 
dz 

These  quantities  may  therefore  be  found  by  the  aid  of  Column 
A  of  Table  11.  But,  as  the  argument  is  there  tlie  apparent 
zenith  distance,  while  in  micrometer  obfter\'ation8  it  is  generally 
the  true  zenith  distance  that  is  given,  it  is  expedient  to  fonn  a 
new  table,  by  which  a  quantity  x,  depending  upon  the  refraction, 
may  be  found  with  the  argument  ^,  such  that 

h  —  rt  =  X  tan'  C 

In  order  to  obtain  the  value  of  x  for  any  state  of  the  air, 
Bessbl  gives  it  the  same  form  as  that  already  adopted  for  A*, 
and  assumes 

in  which  the  factors  ^  and  y^  depending  on  the  barometer  and 
thermometer,  have  the  same  values  as  })efore. 

The  (piantities  log  a",  A"j  A",  which  are  given  in  Column  C  of 
Table  IL,  must  be  determined  so  as  to  satisfy  the  above  defini- 
tion of  X  for  all  values  of/?  and  ;'.     We  have 

,tan«j    ,   dkivinz       I ,    ,   dk     ^    \tan«2r 
tan'  :       dz  ta!i»  Z      \         dz  I  tan»  C 

Taking  the  Xajaerian  logarithms, 

/x  =  /a"+  .r A?  +  r /r ^ /(a-  +  ^ cot r)+  -'("t^^)  (^) 

From  the  definition  of  A,  we  liave 

(h  \_a<tz  dz  dz\ 

k  +    -  cot  .'  :-.  /.•    I  +  -    +  /,J     -  +  k  -,-  )eot  r 
ilz  L         rwc  \  dz  dz  I         J 


\  rdzj 


"       •  +  -! 
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Since  ^  and  x  differ  but  little  from  unity,  l^  and  Ix  are  00  small 
that  we  may  neglect  their  Bquares,  so  that  the  logarithm  of  the 
liiiit  factor  of  the  above  expression,  under  the  form  f  (1  +  a:)>  may 
be  put  =  X,  and  hence 

l\k  +  '^  cot  J  j=  U  +  ^liff  +  Xlx  +  ^(  1  +  — ,) 


cot . 


(S45) 


Now,  let  {z)  denote  that  value  of  z  which  corresponds  to  the 
given  Q  when  ^  —  1,  j'  ^^  1,  a  value  which  can  be  found  from 
Cohinui  A  of  the  table,  as  in  Art.  119,  VoL  I.  Let  the  corre- 
sponding values  of  ot,  Ayl^  as  found  from  that  column,  be  denoted 
by  (a),  (j1),  {^),  and  the  correBponding  refraction  by  (r);  then, 
a',  A\  A'  being  taken  from  Column  B  for  the  given  f ,  we  liave, 
as  in  the  article  just  referred  to, 

(r)  =  (a)  tan  (z)  =  »'  tan  Z 
z  =  {z)  -^  a*  tan  C(^' I?  +  A' ty) 

The  second  member  of  (345)  is  a  function  of  z^  which  may  be 

transformed  into  a  function  of  (z).  The  Bmall  terms  multiplied 
by  1^3  and  Ix  will  not  be  eciisibly  aftccted  by  substituting  (z)  for 
^,  {A)  for  -4,  &c*  The  other  terms  may  be  developed  by  the 
formula 


in  which 


We  find 


y  ^  —  a'  tan  C  (A'  hi  +  X'  fy)  =  —  (a)  tan  (z)  (A'  IJt  +  i'  fy) 


'*'(r)dl,l     J  J 


7W) "*  ^'^ 


1  +-zi::i- 

^(r)d(,)       J 
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We  hair'e,  also, 

tan^z  ^  tan  [(z)  +  y]  ^  tan  (g)  _      »'      ^,  M  +  i'M 
tan  C  tan  C  tan  C         cos"  (z)  ^ 

(o)  L  COS'  (Z)  J 

2/(l?!L5\  =  2/0'  —  2/(«) ^^^  iA'lfi+X'fy) 

Vtanc/  ^^       C08'(z)^      '^  ^      ^^ 

Hence,  substituting  in  (344), 

/«"  +  A"  I?  +  I"  k  =  2la'-  l(_a)  +1(1+  -^-  \ 


+'^ 


+'r 


cos'  (r)         d  (2)  1  _j.    <*(») 


Since  this  must  be  Batifified  for  all  values  of  ^9  and  y^  the  coefficients 
of  /,9  and  /^  in  the  two  members  muat  be  equal,  respectively. 
Now,  we  have  found,  in  Vol.  1.  Art.  119, 

(.1)  =.  ^'(  1  +  ^>  )  _  ^'  1^1  +  (.)  sec  (z)  +  ^  tan  (r)] 

(A)  =.  >l'(  1  +  1[-^  )  =  -»'  [l  +  (»)  "^c*  (^)  +  J^^  tan  (z)] 

Sulmtituting  these  values  in  the  above  equations,  and  comparing 
similar  terms,  we  find 

^^  \    ^ir)d{z))\ 
\     ^(r;J(.-)/  '  COS? (z)  ^  d{z)         ^^    (^^^^f 

\     ^  (r)  d  (J)  /  co8«(j)       <f  (r)        ^  ^      / 

by  which  /a",  ^", /"are  computed.  The  quantities  a  and  a' 
in  C'oluinnrt  A  and  IJ  of  the  table,  are  expressed  in  seconds,  but 
a"  in  Column  C  is  in  parts  of  the  radius,  so  that  we  must  add  to 


295,  With  the  table  thus  prepared,  the  computation  of  x  is 
precisely  like  that  of  k  in  tinding  the  refraction.  For  example, 
to  fiTid  lo^  X  for  (^  —  80°,  Biironi.  80,35  inches,  Attached  Therm. 
40°  F.,  Ext,  Therm.  35°  F ;  we  have 

r  =       1.099 

log^=  +  0.01185 


A''=       0.994 
log  5  ^  +  0.01092 

log  r  =  —  0.00081 

log  ^^  ^  +  0,01061 


log  t^**=       6.a94T 

^"  log  ^S  :=.  +  0.0105 

r  log  r  =  +  o.oiao 

log  X  =       6.4182 


2J>6.  Our  fundiimentiil  equations  (342)  and  (343)  may  now  be 
reduced  to  a  much  more  simple  form.  It  is  evident  that  on 
account  of  the  small  value  of  x  we  may  omit  the  terms  in  (6  —  a)*, 

&c.     For  the  same  reason,  we  may  put  — - —  for   ■        i  from 

which  it  differs  only  by  termR  invohing  x^  lu  (343)  we  may 
put  fit  —  1  =^  X  instmid  of  its  true  value  A%  without  sen^jible  error; 
for  even  at  the  Eenith  distance  85*^  the  ditference  of  x  and  k  \b 
only  0.00006,  and  eonj^etjuently  the  error  of  substituting  one  for 
the  other  in  this  term  will  be  less  tban  s  X  0.00006,  so  that  even 
if  5  were  as  great  as  1000"  the  error  would  not  amotmt  to  0"*06. 
We  therefore  adopt  aa   fundamental   the  following  simplified 

forma : 

tf  —  ^  =.  « X  (tan'  C  cos*  /„  +  1)  1 

^j— i^=:  — jctan'Ccos^^idn/,  J    t^'> 

lu  these  equations  ^  is  the  mean  of  the  true  zenith  dintancea  of 
the  two  stars,  aiul  x  the  corresponding  quantity  in  the  refniction 
table.  The  quantity  l^  is  that  which  would  be  given  directly  by 
the  observation. 

The  mean  zenith  distance  J*  will  be  fouud^  by  a  single  com- 
putati(ni,  from  the  mean  of  the  hour  angles  of  the  two  stars  andl 
the  mean  of  their  declinations.     Denoting  these  by  r^and  i^,»  and 
the  latitude  of  the  place  of  observation  by  jr,  we  have,  by  equa* 

tions  (20),  Vol  L, 

tan  N  =^  cot  f  cob  r^ 
•    *  tan  r.  sin  N 

tan  C  cofi  g  =  cot  (tf^  -|-  N) 
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The  parallactic  angle  q  which  these  formulaB  give  at  the  same 
time  with  ^  will  be  required  in  the  subsequent  problems.  In 
the  observatory  the  computation  is  facilitated  by  a  table,  com- 
puted for  the  given  latitude,  which  gives  the  value  of  JV,  and  of 
log  n  ~  log  (tan  r^jsin  JV),  for  every  minute  of  the  hour  angle  r. 
We  then  have  only  to  compute  the  equations 

tan  C  sin  <7  =  n  cosoc  (Ji^  +  ^)  \  (^w\ 

tan  C  cos  (7  =  cot  {d^-^-  N)  J 

297.  Correction  for  refraction  of  micrometric  observations  of  the 
distanet  and  jwsition  angle  between  two  stars. — The  ob8er\'ed  position 
angle  p  is  the  position  angle  at  the  middle  point  of  the  arc  joining 
the  two  stars  (Art.  200).  Let  ;:  denote  the  true  value  of  this 
angle,  q  the  true  parallactic  angle  found  by  (348);  then  we  have 

and  if  </'  is  the  apparent  parallactic  angle,  we  have 

From  the  differential  formula  (47)  of  Vol.  L  we  find  that  iff 
varies  by  d^  —  r,  the  angle  q  varies  by  the  quantity 

(/  —  q  =  r  sin  q  tan  9^ 

and  if  we  take  for  r  the  form  (Vol.  I.  Art.  119) 

r  =  A:'  tan  C 
we  have 

<f  =  q  -\-  k'  tan  C  sin  q  tan  9^ 

and,  consequently, 

/^  —  /)  —  q  —  A'  tan  C  sin  q  tan  9^ 

Tliis  value  of  /„  is  to  be  substituted  in  (W7);  but  in  the  terms 
alrea<ly  multiplied  by  sx  we  may  take  Iq  =  p  —  q.  Hence  we 
have 

■     «y  —  ^  -  r  .<?x  [tan'r  oosV/?  —  7^  +  1] 

r  —  ;>       —  X  tan*  Z  cos  (y>  —  q)  sin  {p  —  q)  —  A''  tan  C  nin  q  tan  d^ 

Sin<o  the  position  annclo  raiinot  be  dotormined  within  a  num- 
ber of  siH-onds,  the  error  of  putting  x  for  A'  in  the  last  term  of 
the  formula  for  .t  —  p  will  Ik*  of  no  practical  importance;  and, 
moreover,  since  the  terms  of  the  series  (342)  have  to  be  reduced 
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to  seconda  by  multiplyiog  by  the  radius  in  seeoiidB  (=^ 
we  havoj  finally, 


1"). 


ff^s  ^ .s)c [tan' C cob' (p ^ g)  -|-  1]  ($40) 

^  — i?  ==  —  X  cosec  1"  [tnn»  C  co»  (p  —  ^)  sin  (jj  —  g)  +  tan  C  sin  g  tan  tJJ 

Having  obtained  &  and  ?r  by  adding  these  corrections  to  8  and  p, 
the  fr^/<:  ditttircnee  of  right  ascension  and  declination  of  tlie  stam 
may  then  be  eomiruted  by  Art  264,  emijioying  a  and  z  for  s  and 
y;  that  is,  by  the  formuhc 


filn  1  (a  —  tt)  =  sin  ^  ff  sin  w  mc  S^ 

sin  I  (<J'  —  *^*)  ^^  sill  i  <r  L-OB  n^  BCC  I  (a'  —  a) 


or  by  the  approximate  formul© 


a'  —  a  ^=^  ff  Sin  It  sec  J^ 

^' —  ^  i^  tf  COS  IT 


}    (S50) 


I  C350*) 


298,  If  the  apparent  diflerences  of  right  ascension  and  dccli* 
nation  have  already  been  computed  from  s  and  p  by  Art.  204, 

and  we  wii^h  to  correct  them  for  refraction,  we  have,  by  comparing 
the  forniulie  (284)  and  (Sr»0*),  and  denoting  the  eorreetion^  which 
the  apparent  values  of  a' —  a  and  (J'  —  <J  require  by  tlie  symbol  a^ 


or, 


A(o'  —  o)  :^  («f  sin  ;r  —  8  sin  p)  see  d^ 
aC^'  —  ^)  =^   tf  coa  ;r  —  s  cos  j> 

A(ft'  —  *)  ^=  [C^  —  *)  si^  j^  +  <^(sin  -  —  »in;>)]  see  ^^ 

A(er'  —  ^)  ===    («y  —  *)  COWJE)  -(-  <J  (cOSic  —  VO»p) 


or,  again,  ^nth  sufficient  accuracy^ 

A(a'  —  O  =  [('^  —  8)bm  p  -^  8  (ir  — J?)  Sin  1"  COS  /?]  sec  i^ 
A(<J'  —  ^)  =:    (tf  —  jj)  cosp  —  «  (ir  — 1>)  sm  1''  sin  p 

and,  substituting  tlie  vahu'S  of  <y  —  *  and  r:  —-  jr  from  (349)^ 

A(a' — »)=» 3«  [tan' C  cos  (p—q) sin  g — tan  r sin  ly  tan  «i^ Q0sp-{-mnp1 0e^ ^ 
A(d' — dj=:rfx  [tan'C  co8(p — q)  cos^-j-*'**"  C«in  q  tan  f^^sin  j>-|-co«^] 

These   formula^  are   somewhat   abridged  by  introducing  an 
auxiliary  u  such  that 


tan  u  ==  tan  C  sin  q  tan  ^^ 
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b}'  which  thoy  become 

a(o'  —  a)  =  8x  [tan* C cos  (p — q)  sin  q-\-Bec  u  sin  (p — u)]  see  d^  1 
A(a'— -  j)  =  ax[tan'Cco8(;?— ^)co8^+8ecucosQ>— u)]  J  ^        ^ 

Example. — In  the  example,  Art,  264,  we  had  the  observed 
quantities  3  =  816".993,  p  =  169°  57'.7.  The  latitude  of  the 
place  of  obsen-ation  was  ^  =  38°  53'.7,  and  the  sidereal  time 
was  0*  17"*  52*.  The  right  ascension  and  declination  of  the 
middle  point  between  the  stars  were,  approximately, 

•,  =  21*  61-  62*  ^9  =  —  13°  28'.5 

The  corrections  for  refraction  being  exceedingly  small  in  the 
case  of  so  small  a  value  of  s,  the  observer  did  not  think  it 
necessary  to  record  the  state  of  the  atmosphere;  but,  for  the 
sake  of  illustration,  I  shall  assume  Barometer  30.29  inches,  Att. 
Therm.  49°,  Ext.  Therm.  41°  Fahr. 

We  have,  first,  the  hour  angle  of  the  middle  point  between  the 
observed  bodies,  r^  —  2*  26'*  ~  36°  30',  with  which  and  the  above 
values  of  ^  and  d^  we  find,  by  (348), 


i\'  =  44"  53'.9            C  =  62 

»  28'.5 

j  =  31» 

and  by  Column  C  of  Table  II., 

logx  = 

6.4555 

Tlien,  by  (349),  we  find 

t,-s  =  +  0".277 
and  hence 

<r  =  317".270 

«  =  169» 

=  +  2*  1".7 

From  those,  by  (350*),  the  true  difference  of  right  ascension  and 
declination  are  found  to  be 

(a'  —  a)  =  +  66".68  (d'  —  ^)  =  —  6'  12".45 

But,  supposing  the  apparent  differences  to  have  been  already 
computed  as  in  Art.  264,  namely, 

a'  —  a  =:.  +  5G".82  a'  —  a  =  --  5'  12'M4 

we  should  compute  the  corrections  of  these  quantities  by  (351*), 

which  give 

A(a'  —  a)  ==  —  0'M40  ACd'  —  d)  =  —  0".806 
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which  added  to  a*  —  a  and  3'  —  3  give  the  same  valued  of 
(a'  —  a)  aod  (J'  —  3)  as  above  found. 

299.  Obrreciion  for  refraction  of  micromeier  ob^rmticfns  in  which 
the  difference  of  right  (xscension  has  been  obtained  from  the  difference  qf  ^ 
the  tirtu's  of  transit  of  the  stars  over  threads  lying  in  the  direction  of 
circles  of  declination^  and  ttic  difference  of  declination  has  been  diicciljf 
measured,     (2d  Method,  Art-  266*) 

Let  i  and  f  denote  the  observed  sidereal  times  of  transit  of  the 
two  8tiXT^  over  tlie  mine  deelination  elrele,  A  stiir  upon  the 
eanie  parallel  of  declination  a.^  tlic  Becond  star,  but  having  the 
right  ascension  a'  —  (('  —  t)^  would  have  been  observa^d  fiimul* 
taneously  with  the  first  star,  and  would,  therefore,  have  had  the 
eame  apparent  right  ascengiou.  The  efiect  of  refraction  upon 
the  time  of  transit  of  this  supposed  star  is  evidently  the  same  aa 
in  the  case  of  the  real  fltar;  and  the  effect  upon  the  difference 
of  declination  is  also  the  same :  so  that  this  case  is  reduced  ta 
the  preceding  by  supposing  the  stars  to  have  been  observed  with 
an  a[iparent  position  angle  p  =  0,  and  apparent  distance  s  = 
<J'  —  5.   These  substitutions  in  (351)  give  the  required  correctiaiui , 

ACa'  —  o)  =  X  (^'  —  ^)  [tan*  C  COB  ^  sin  9  —  tan  C  sin  q  tan  ^J  sec \ 
A(a'^  d)  =x  (tJ'—  d)  [tan' C  cos* g  +  1] 

These  formulfe  are  simplified  by  introducing  the  auxiliary  N 
ah'eady  used  in  the  computation  off.  Substituting  the  values  of 
tan  !^  sin  q  and  tan  f  cos  q  from  (348)  and  (348^),  they  are  readHy 
reduced  to  the  following : 


Ala  —  *)  ^^  " 


A(«'-a)  = 


<MS*d, 


(85S) 


Example. — In  tho  example,  Art.  266,  wo  have  the  obserrcd 
diffi-reuce  of  right  osceasiou  aud  decliuation  of  ^fptune  (uiU  • 
kuowu  star, 


a'  —  »  =  +  1-  45'.30 
aiul  the  place  of  the  star, 

»  =  21*  50-  8'.99 


3'—d  =  —  7  2»'.23 


»  =  —  13»  23'  85".ll 
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The  sidereal  time  of  the  star's  transit  being  23*  26*  43'.4,  the 
common  hour  angle  at  which  the  objects  were  observed  was 

T,^=  1*  36-  36v4  =  240  y.l 

with  which  and  (p  =  38°  53'.7,  *o  =  — 13°  27'.6,  we  find,  by  (348), 

i\^  =  48^  81'.2  log  n  =  log  (tan  t.  sin  JST)  =  9.5268 

C  =  57     0.2 

and  assuming  Barom.  80.29  inches,  Att  Therm.  49°,  Ext  Therm. 
41°  Fahr.,  we  find,  by  Column  C  of  Table  IL, 

log  X  =  6.4577 
Hence,  by  (352), 

A(a'  —  a)  =  —  0'M29  =  —  0'.009  A(a'  —  ^)  =  -.  0".390 

The  differences  corrected  for  refraction  are,  therefore, 

a'  —  a  =  +  1-  45'.29  a'  —  ^  =  —  7'  28".61 

and  hence  the  apparent  place  of  Neptune^  affected  now  only  by 
parallax,  was 

a'  =  21*  51-  54-.28  ^'  =  —  18°  31'  3".72 

on  November  29,  1846,  at  23*  28*  28'.7  sidereal  time  at  Wash- 
ington. 

800.  Correction  for  refraction  of  observations  made  with  the  ring 
micrometer, — At  each  transit  of  a  star  over  the  edge  of  the  ring, 
its  npjxircnt  distance  from  the  centre,  C,  of  tlie  ring  is  equal  to  the 
radius  r.  If  at  the  time  t^  of  its  first  transit  its  true  distance  is 
(Tj,  we  shall  have,  by  (349),  putting  r  for  5, 

tfj  =  r  [1  +  X  +  X  tan«  C  cos*  {p  —  ?)]  (858) 

in  which  p  is  the  position  angle  of  the-  star  referred  to  C. 
The  zenith  distance  ^  and  the  parallactic  angle  q  belong  to  the 
middle  point  between  the  star  and  C;  but  it  is  easily  seen  that 
it  will  produ(*e  no  important  error  to  assume  them  either  for  the 
point  Cor  for  a  mean  point  between  the  stars  compared.  We 
shall,  therefore,  here  suppose  (^  and  q  to  have  the  same  values  for 
all  ol)j<er\*atioii3  made  in  the  same  position  of  the  ring.  At  the 
time  t^  of  the  star's  second  transit,  the  position  angle,  reckoned 
in  the  same  direction  as  for  the  first  transit  from  the  declination 


462 


MICROMETRIC   OBSfiKYATIONS. 


circle  tliroiigli  C,  will  be  360°  —  p:  go  tliat,  if  4r^  is  then  the  true 
distance  of  the  star  from  C,  we  have 


<r,  =  r  [1  +  j<  -f  X  tan*  Ccos' (p  -f  j)] 


(SM) 


Now,  let 


t^  =  the  time  of  tho  Btar'fl  transit  over  the  true  decUjUk 

tion  circle  of  C, 
Tj,  r,  =  the  true  hour  angles  of  the  star,  reckoned  from  tho 

declination  circle  of  C^  at  the  two  observed  transitfl^ 
Sy  D  =  the  declination  of  the  star  and  of  C; 


then  wx>  have 


%^t,  +  T,, 


^0  =  'j  —  r. 


and  in  the  two  trianglcg  formed  by  the  pole,  the  point  C,  and  tht 
two  (rue  places  of  the  stars  at  the  two  obser%*ation3,  we  have 

cos  iTj  ^  sin  D  SID  ^  4-  c<*®  Ucos  d  cos  r, 
COS  cTj  =  sin  D  sin  d  +  ooa  D cos  ^  eos  r. 

From  the  difference  of  these  equations,  namely, 

2 sin  } (#,  +  <rj)8in  i (<Tj  — - <r,) ^ 2 cob 2> coa ^ sin  J  (r^  -f- rj  sin  i  (r^ — rj 

we  derive,  approximately, 


f<r,  — '^\/^Li_^\  ^  secJ  BOO  J 


To  rednce  tliifl  expression  to  a  practical  form,  we  have  first,  firom 
(353)  and  (354), 

I  ((Tj  —  <r,)  ^  rjc  tan'  r  sin  ;j  cos  p  mn2q 

in  which  wo  may  use  the  approximate  values  of  ainp  and  cosp 
given  by  (331),  where  ^  is  tht?  same  hb  p;  namely, 


-  (tt  —  t.)  cos  *J 

winp  =  ^ — :^ 

^  2r 


cos  »  =r  -*     . 


where  d  is  the  approximate  value  of  5  —  D  found  by  neglectiiig'  \ 
the  refraction* 

For  J  (u,  +  tfj)  wo  may  here  use  r;  for,  being  only  a  multiplier 
of  \  (<rj  —  ^,),  the  remaining  terms  would  give  only  tcrmn  in  nf 
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ill  the  product  For  r^  +  r,  we  put  t^  —  iy  These  substitutions 
being  made  in  the  value  of  ^  (rj  —  r,),  we  have 

i(r,  —  T,)  =(Zx  tan«C8in2jrsec2>  (356) 

which  is  the  correction  to  be  added  to  the  mean  of  the  obsen'cd 
times,  in  order  to  obtain  tlie  true  time  (^  of  the  star's  transit  over 
the  declination  circle  of  the  centre  of  the  ring ;  for  we  have 

^•  =  K^  +  0  +  K^i-O 

To  find  the  correction  of  d  for  refraction,  we  observe  that  if 
T^  and  r,  were  known,  the  true  value  of  the  difference  d  —  D 
would  be  found  by  the  formulas 

(d  —  Dy  =  (r,«  —  (t,  cos  d)« 
\d  —  Dy  =  <r,«  —  (t,  cos  dy 

In  these  formulne,  indeed,  the  path  of  the  star  is  supposed  to  be 
rectilinear;  but  the  correction  for  curvature  has  already  been 
investigated,  and  is  given  by  (333).  The  mean  of  these  values 
may  be  expressed  as  follows : 

"--'•=(-t-F(^-)'-(^-H"-(^'H' 

and,  consequently,  by  neglecting  terms  in  x*, 

(a-i„.=("-pj-(l--tij«».. 

The  difference  d  is  found  from  tlie  formula 
,P=r*  — /^^^JcosM 

and  therefore,  obsen-ing  that  Tj  +  ^i  =  *i  —  ^ 

(^_D)i_,P=./^«_+_!!!V     r« 

=  2r*  X  [1  +  tan' Z  (flin* q  +  cos*/)  cos  2 q)'] 

Substituting  d  for  r  cos/),  and  then  dividing  both  members  by 
(o  ~  I))  -^  </,  (or  by  2</,  since  this  will  involve  only  errors  of  the 
order  X"),  we  find 

(^_/))  — ^=='''l(tan«:8in«7+  1)  +  (f x  tan'Ccos  2 j    (856) 
wirkli  is  the  required  correction  to  be  added  to  d. 


}    (857) 
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For  a  second  star,  we  have,  in  like  manner, 
i  (t/  —  t/)  =  d'  K  tan' :  Bin  2  J  sec  D 

(^'_D)_d'=^(tan»Cein»^  +  1)  +  cl'j<tan"Ccoe  2g    (858) 

The  difference  of  right  aseension  of  the  stars  found  by  negtoel^^ 

ing  the  refraction  is 

while  the  true  value  is  ^/ —  i^i  so  that  the  correction  for  the 

refraction  is 

A(»'  -  -)  =  i  (V  -  <)  -  Hn  -  O 


or,  by  (355)  and  (357), 

A(a'  —  a)  =  ((f '  —  <f)  X  tan»  C  sin  2  9  Bee  «, 


(BW) 


in  which  we  have  put  ^^  —  J  (5  +  ^0  instead  of  D,     The  eorrm*! 
tion  of  the  ditlerence  of  the  declinations  of  the  stars  for  refrac- 
tion is,  bj  (35GJ  and  (358), 

A(a'  —  a)  =  (^'  —  rf)  X  tan*  C  cos  2  g  —  !^!^!^II-^.x  (tan* C  sin^g  4- 1) 

^^  (360) 

Tlxe  values  of  ^  and  q  to  be  used  in  these  forraul®  will  be 
found  by  (348),  eniplojiug  5^=  i(<J  -f  o')  and  the  hour  angle  r^ 
of  the  centre  of  the  ring,  wliieh  will  be  found  from  the  transit 
of  one  of  the  stars  by  the  formula 

T-.-iC^.  +  Q-* 

ExAMTLE. — To  correct  the  results  in  the  example  of  Art. 

for  refraction. — Wc  have  there  found 


d'=  +  17'51".9 
d  =  +  13  34  .8 
d'  —  d  =+    4  17  .1 
•'  —  •  =  —   l-49'.50 

■We  find,  by  (848), 

JV=   9"   6'.7 
9  =  42   53.7 


«,  =  +  24     3 .3 
T,  =        5*  18-  i». 
r  =      1126".25 


log  n  =  9,89083 
C  =  04"»  25'.0 
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The  indications  of  the  barometer  and  thermometer  are  not  given; 
l>ut,  assuming  a  mean  state  of  the  air,  the  refraction  table  gives 
for  this  zcnitli  distance  h)g  x  —  G.4382,  with  which  we  proceed 
to  compute  (350)  and  (360)  as  follows : 

log(</'— J)  2.4101 
lo^r  X  G.4882 
log  tan*  :  0.G398  log  sec  f\    0.0395 

9.4S81 9.4881 

log  cos  2  q  HM^^f^  log  sin  2  q  9.9988 


l8t  term  of  (3()0)  = :  +  0".02  log  Ma  —  a)  9.5264 

A(^a'  —  a)  =  +  0".34  =  +  0-.02 
log  sin*//  9. (3058 

logrtan*:Hin'(/  -)-  1)  0.4SU2 
]o^^d'-~(l)x  8.8483 
log  r*  6.1032 
5.4317 
log  <!d'  5.9800  The  oorrooted  values  are  then 

2d  term  of  (360)    .:  +  0".28  a'  -  a  =-:  —  1-  49*.48 

^,  ii'  _,);=._  0".2G  J'  -.  J  =  4-  4'  16".85 

Tlie  oonvetion.s  for  refnu-tion  are  in  this  instance  loss  than  the 
probubh'  I'lTors  of  observation.  Indeed,  with  the  ring  micro- 
mrtiT,  it  will  srldom  be  worth  while  to  consider  the  refra<rtion 
unlfss  tlji'  zi'nith  distance  is  over  60^  and  tlie  difference  of 
dci-lination  over  10'. 

roRKKCTlON    OF    MICROMETRIC    OBSERVATIONS    FOR    PRECESSION, 
NUTATION,    AND    ABERRATION. 

301.  In  most  oases,  micrometer  observations  of  the  difference 
of  position  of  two  celestial  bodies  have  for  their  object  the 
determination  of  the  apparent  place  of  one  of  these  bodies  fn>m 
that  of  tin*  other  ^upposed  to  be  given.  The  apparent  place  thus 
found  is  then  usually  to  be  reduced  to  the  mean  place  for  the 
beginning  of  the  year,  or  any  adoi)ted  epoch,  by  applying  the 
corrections  for  precession,  nutation,  and  aberration  with  reversed 
sign.  Sonii'tinjcs,  also,  it  is  desirable  to  reduce  the  data  fur- 
nished by  the  micrometer  on  different  dates  to  a  common  date. 
Th<*  only  case  of  intiTcst,  however,  is  that  in  which  the  <liskmce 
and  position  angle  have  been  observed.  I  ahall  consider  first 
the  effict  of  aberration. 
Vol.  ii.-:;o 
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802.  To  find  the  effect  of  aberration  upon  (he  cmtpdar  di^tWMt  t>f 
two  stars, — ^Let  us  denote  by  E  the  point  of  the  ecliptic  from 
wliieli  the  earth  h  moving  (m  in  Art,  887  of  VoL  L);  by  tf,,  #^ 
the  true  angular  dirttiuiccij  of  the  stars  from  E;  hy  ^/,  «?/,  Uie 
apparent  distaoees  from  -Baftected  by  abermtion ;  by  <r  and  m, 
the  true  and  apymreiit  dii^tanect*  of  the  stars  from  each  other;  by 
7*,,  Xt*  the  angles  formeil  by  a  with  S^  and  &^ ;  by  j-/,  jr/,  the  angles 
formed  by  5  with  the  same  arcs.  Then,  gtinee  the  aberratiaii  tuctB 
only  in  the  great  circle  joining  the  star  and  the  point  E^  the 
angle  atA'  between  the  ares  «?^  and  d^  remains  unchanged^  and 
we  liavc,  precisely  as  in  the  investigation  of  the  differential 
refraetiou  in  Art.  293, 

Bin  J  <rsin  *  (r,  +  r.)  =  mn  J^  Bin  J  (r/+  r/)  '!'^*5^.t?? 


sin  i  ffcos  )  in  +  r«)  =  »ifi  M  cos  1  (r/  +  r/) 


sin  i  (S  —  *,) 


siniW-A') 

If  we  \\Tite  Yq  and  ^^'  for  J  (y^  +  y^)  and  J  {jf/  +  r/),  we  may  put 

these  ec|uations  under  the  forin 

<r  sin  Yf^=i  as  sin  /*/ 
«r  coBj'p  =^6^  cosy^' 

in  which  we  have  put 


a  ^^ 


sin  i\' 


sinl(^/  — */) 


Now,  we  have  (Art  385,  Vol.  L) 
in  which  k  ===  20",4451 ;  and  hence 


a  =  1  —  *  cos  S^ 


b  = 


1 


=  1  —  ^  c^s  ^^  -f  ft*  cos'  *,  —  ftc. 


1  -f  A-  cos  «^ 

so  tliat  if  we  neglect  A**,  as  we  may,  we  have  a  ^  6,  and  htiioa 

our  equations  give»  simply, 


Hence  it  follows,  1st,  that  the  angle  which  a  makes  wiili  the  arc 
&^  is  not  sensibly  changed  by  the  aberration;  2d,  that  the  «fltei 
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of  aberration  upon  the  distance  a  is  the  same  in  whatever  dircc- 
Hon  the  arc  ^  may  lie,  and  depends  only  on  the  distance  {9^)  of 
its  middle  point  from  the  point  J?,  or,  in  general,  upon  the  right 
ascension  and  declinution  of  this  middle  point.  This  latter 
principle  suggests  the  most  simple  means  of  investigating  a  for- 
mula for  computing  the  aberration  in  distance ;  we  have  only  to 
assume  the  distance  a  to  coincide  in  direction  with  a  declination 
circle,  so  that  ^  mav  be  treated  as  the  difference  of  declination 
of  the  stars.  Then  the  effect  of  aberration  upon  tr  will  be  found 
by  differentiating  the  expression  Aa'  +  -B6',  which  expresses  the 
correction  for  aberration  (Art.  402,  Vol.  I.) ;  thus. 


^e 


L      dd  ddj 


Taking  the  values  of  a'  and  6'  for  the  middle  point  of  ^.  or 
for  the  right  ascension  a^  and  declination  d^y  we  put 

d^'  /^  •  •  .  •  SN 

a  =  <r'       =  —  tf  (tan  c  sin  d^  4"  8in  a^  cos  d^) 
dd 

^  =  .  <s-      ^   ^=  tf .  COS  Oo  cos  Jo 
dn 

and  then  for  computing  a<t  we  have  the  simple  formula 

A«r  =  +  ^la  +  B?  (301) 

for  which  A  and  B  can  be  taken  from  the  Eidiemeris  for  the 
given  date.  The  correction  thus  fouml  is  to  be  added  to  the 
true  distance  to  obtain  the  apparent  distance. 

The  ])osition  angle  />,,  at  the  middle  point  of  a  is  composed  of 
the  angle  j^  and  of  the  angle  which  the  declination  circle  makes 
with  the  arc  d„:  so  that  the  change  xwp^  is  the  same  as  that  iu 
the  latter  angh\  that  is,  it  is  the  difference  of  directions  of  the 
declination  circles  dniwn  through  the  true  and  a])parent  places 
of  the  stars.  This  difference  will  be  obtained  at  the  same  time 
with  that  produced  by  precession  an<l  nutation  in  the  next  article. 

303.  7))  i\i\d  fhc  rff\rt  of  prcrcssinn,  nutathm^  and  ftUrration  u/wn 
ihi'  jHtsift'nn  iiinfh  of  tiro  stars, — Let  tt„,  d^  be  the  right  ascension 
and  declination  of  the  middle  point  between  the  two  stars.  The 
change  ^p^  in  the  position  angle  is  simply  the  change  of  direction 
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of  the  declination  circle  drawn  through  this  point :  so  that  wo 

have 

^0^  C09  Hif 


tan  A/?o  =  ^i^o  == 


M^ 


or,  taking  a^—  (a^)  +  Aa  +  2J6  +  O  +  Dd  as  the  expresmon  of 
the  appai-ent  right  ascension  at  any  time,  where  (a,»)  h  ltd  tue^in 
value  at  the  beginning  of  the  given  year  (YoL  I.  Art.  402),  we 
have 


dii^  J^o  d9^  </^J 


Hence,  putting 


a'  =r  C08  do  taii  ^0 

^  ^=  sin  Up  tan  S^ 


(i',^  COB  a,  mm  ^ 


I    CS62 


in  wliich,  for  a  given  year  1800  -}-  t  (Vo\.  I.  p,  61T), 


we  have 


n  =  20".0607  —  0",0000803f 


(MS) 


Tlie  annual  increase  of  p^  is  n  Bin  a^  sec  5^,  If  we  wiah  to  reduce 
the  mean  value  of  po  from  one  given  year  1800  +  Mo  another 
1800  -r  i\  we  must,  therefore,  add  the  quantity  {t'  —  f}n  sin  a^mtci^ 
in  which  ot,,  and  5^,  should  Ire  taken  for  the  date  1800  -r  J  ('  +  ''V 
The  mean  value  of  po  being  thufi  reduced  to  the  beginning  of  the 
year  1800  +  (\  ita  apparent  value  for  the  day  of  the  year  will 
theu  l>e  found  by  adding  the  correction  Ap^  given  by  ('W3),  A^ 
B^  C,  and  D  being  taken  for  the  day  from  the  annual  Ephemeris 
or  the  TabnltE  Regmnoniaim. 

The  precession  and  nutation,  evidently,  do  not  afiect  the  appa^ 
rent  angular  distance  of  two  8tai*is. 
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METHOD   OF   LEAST   SQUARES  * 

1.  A  NUMBER  of  obftcn'ations  being  taken  for  the  purpose  of 
<letenuining  one  or  more  unknown  quantities,  and  these  obner- 
vationt*  giving  discordant  results,  it  is  an  important  problem  to 
detennine  the  Jnost  probuhle  values  of  the  unknown  quantities. 
The  method  of  least  sc^uares  may  be  defined  to  be  that  method 
of  treating  this  general  problem  which  takes  as  its  fundamental 
I>rin<*iple,  that  the  }no.st  prolxible  rabies  are  (hose  xchick  make  the  sum 
of  the  residual  errors  a  mirumum.  But,  to  understand  this  <lefini- 
ti«)n,  some  degree  of  acquaintance  with  the  method  itself  is 
necessary. 

*  The  first  publisheil  appUcfttion  of  the  method  is  to  be  found  in  Lborndrk,  XourrUea 
m/lhod<»  pour  la  determination  df»  orfnteji  det  com^tet,  Paris,  1800.  The  development. 
howeTcr,  from  fandamvntal  principles  is  due  to  Gauss,  who  declared  that  he  had 
usetl  the  method  as  early  as  17'.»o.  See  his  Theoria  Motut  Corporum  Caltttium^  18<M>, 
Lib.  II.  Sec.  III.;  Dinqmnitio  de  elementit  ellipticit  Palladit,  1811;  lieMtimmung  der 
Genauifjkeit  der  lieobarhtungen  (T.  LiXDENAU  und  liOHNENBBKUBR's  Zeittchri/t,  181(>,  I. 
f.  IS-'i);  Thetiria  cfniihinntionin  obtervadonum  errorihtu  minimis  obnozitr,  1823;  Supple- 
wirntum  throritr  eombiuationiM^  &e.,  1826 :  %11  of  which  have  been  rendered  quite  access- 
ible through  a  Frencli  translation  by  J.  Bertraxi>,  Mrthode  de*  moindres  carr/rs.  Mi* 
m^irm  tur  la  cumhinaifun  d*n  objtrrvationM,  par  Cii.  Fr.  Gatss,  Paris,  ISW. 

For  a  digest  of  the  preceding,  together  with  the  results  of  the  labors  of  BcsscL 
and  nwHKN.  we  ENrKK.  f'rh^r  die  Mefhode  der  kleinsten  Quadrate,  Berliner  .\stron. 
Jshrbuch  for  1h:J4.  is:r».  18-30:  in  connection  with  which  must  be  mentioned  espe- 
cinlly  the  practical  work  of  Gerlinu,  Die  Au*gleichungarechnuHgen  der  praetiseken 
(ifinfine,  Iliimburg,  1843. 

See  nNo  Laplack.  Thinrie  annh/fique  d^n  probabilit/*,  LiT.  IT.  Chap.  TV.;  PoissoN, 
Sur  hi  probability  d^x  r/fultafM  mot/m^  dm  obnrrvationK^  in  theConnaiHsance  des  Temps  for 
1H27:  F!:.\vkr.  in  the  Berlin  Jahrbuch  for  18">3;  Bkhsrl,  in  A»tron.  Xarh.,  Nos.  Sr>8, 
:i."i'.».  :*/♦!»:  IIaN!*k\,  in  Aftron.  Xarh.,  Nos.  11»2,  202  et  seq. ;  PsiRrs.  in  the  Astron^ 
Juurnnl  ( rjiinbridge.  MnH«<. ),  Vol.  II.  Xo.  21 ;  LlAURB,  Caleul  det  probability*  et  tk/orie 
da  (rreurtf  Druxelles,  1802. 

f4M) 
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ERROEB  TO   WHICH    DBSERVATI0X8   ARE   LIABLE. 

2.  Every  observation  wliioh  is  a  measure,  however  carefully  h 
may  be  nuule,  ib  to  be  regarded  as  subjeet  to  error;  for  expe- 
rience teaches  that  repeated  laeiisurea  of  the  same  qaautitj*,  whm 
the  greatest  precmon  /.^'  sought  *  do  not  give  uniformly  the  aaiue 
result     Two  kintk  of  errors  are  to  be  dintinguished. 

Omstmit  or  reijfdar  errors  are  those  which  in  all  iiieai^arejs  of  tht 
same  quantity,  made  under  the  same  eirenmstanees,  obtain  the 
eame  magnitude;  or  whose  magnitude  U  dependent  upon  th« 
cirenmstaiiees  m-eording  to  any  dt^terminate  law.  The  eauj^es  of 
such  erroi-s  must  be  the  subjeet  of  careful  preliminary  search  in 
all  physical  inquiries,  so  that  their  action  may  be  altogether  pro- 
vented  or  their  effect  removed  by  calculation.  For  example, 
among  the  constant  errors  may  be  enumerated  refraction,  aber- 
ration, &c. ;  the  effect  of  the  temperature  of  rods  used  in  mea- 
suring a  ba.^e  line  in  a  survey ;  the  error  of  division  of  a  graduated 
instrumeut  when  the  same  division  ig  used  in  all  the  measure^j; 
any  peculiarity  of  an  instrument  which  affeetd  a  particular  mea- 
surement always  by  the  same  amount,  such  aB  inequality  of  the 
pivots  of  a  transit  instrument,  defective  adjustment  of  the  eolH- 
matiou,  imperfcctious  of  lenses,  defects  of  micrometer  screws^  Ac, 
to  whieli  must  be  added  constant  peculiarities  of  the  observer, 
who,  for  example,  may  always  note  the  passage  of  a  star  over  a 
thread  of  a  tran^sit  instrument  too  sotuj,  or  too  late,  by  a  constant 
tjuantity,  or  who,  in  attempting  to  bisect  a  star  with  a  mierometer 
thread,  constantly  makes  the  upper  or  the  lower  portion  the 
greater;  or  who^  in  observing  the  contact  of  two  images  (in 
sextan t  measures,  for  instance),  assumes  for  a  contact  a  position 
in  which  the  images  are  really  at  some  constant  small  distanc 
or  a  position  in  which  the  images  are  really  overlapped,  4c. 

Thus,  we  have  three  kinds  of  constant  errors: 

1st,  Tkeoreikal^  such  as  refraction,  aberration,  &c»,  whoee  effect9» 
when  their  causes  are  once  thoroughly  underetood,  may  be  cal- 
culated a  priori^  and  which  thenceforth  ceane  to  exist  as  errom, 

*■  The  ciiialifioaiion,  **whcii  the  (freatesi  precision  ta  §ougbt»"  ii  ixupoTtant;  for  if, 
/.^.»  we  mvrc  to  delemtine  the  latitude  of  *  pUce  by  repeated  iDCtt«un««  itt  tti«  iBifi> 
dUii  altitude  of  the  sam«  fixed  star  wiUi  &  cextmnl  ditided  o&ljr  to  whale  degr«a,  ai 
our  meiimrei  mtght  giro  the  siitne  def^ree,  Tho  accordasoe  of  obtervatlona  U,  tJMi^ 
fore,  not  to  he  taken  ai  ati  infallible  evtdenoe  of  their  aecuracjr.  It  {•  f«p«ti^|^ 
whim  we  apfrroaeb  (ht  limif*  nf  &itr  meaturmg  f^m§n  that  we  become  teniilito  of  tfe 
diacnpAiioifis  of  obvcrTaliona, 
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The  (Ictoction  of  a  coiiHtant  error  in  a  certain  cla88  of  ob^orva- 
tions  ver}^  commonly  loads  to  investigations  by  which  its  cause 
is  revealed,  and  thus  our  physical  theories  are  improved. 

2d.  Li.Htramental^  which  are  discovered  by  an  examination  of 
our  instriimentri,  or  from  a  discussion  of  the  observations  nuido 
with  them.  These  may  also  be  removed  when  their  causes  arc 
fully  iniderstood,  either  by  a  proper  mode  of  using  the  instru- 
ment, or  by  subsofiuent  computation. 

3<1.  J\rifo)nd,  which  depend  upon  peculiarities  of  the  observer, 
and  in  delicate  inquiries  become  the  subject  of  special  investiga- 
tion under  the  name  of  *'  personal  equations." 

We  are  to  assume  that,  in  any  impiiry,  all  the  sources  of  con- 
stant error  have  been  carefully  investigated,  and  their  effects 
eliminated  as  far  as  practicable.  When  this  has  been  done, 
however,  we  find  l)y  experience  that  there  still  renuiin  discrepan- 
cies, which  must  l)e  referred  to  the  next  following  class. 

Irrnjnhir  or  accidcntid  errors  are  those  which  have  irregular 
causes,  or  whose  effects  uiion  individual  obser\'ations  are  gov- 
erned by  no  fixed  hiw  connecting  them  with  the  circumstances 
of  the  observations,  and,  therefore,  can  never  be  subjected 
a  priitri  to  computation.  Such,  for  example,  are  errors  arising 
from  tremors  of  a  telescope  i>roduced  by  the  wind;  errors  in  the 
refraction  produced  by  anomalous  changes  of  density  of  the 
strata  of  the  atmosphere ;  from  unavoidable  changes  in  the 
several  parts  of  an  instrument  j>roduced  by  anomalous  variations 
of  temperature,  or  anonuilous  contraction  an<l  expansion  of  the 
]»arts  of  an  instrument  even  at  known  temperatures;  but,  more 
especially,  crroi-s  arising  from  the  imperfecti(m  of  the  senses,*  as 
the  imperfection  of  the  eye  in  measuring  very  small  spaces,  of 
the  ear  in  estimating  small  intervals  of  time,  of  the  touch  in  the 
delicate  handling  of  an  instrument,  &c. 

This  distinction  between  constant  and  irregular  errors  is, 
indeed,  to  a  certain  extent,  rather  relative  than  absolute,  and 
depends  u|»on  the  sense,  more  or  less  restricted,  in  which  we 
consider  observations  to  be  of  the  sattic  ftnture  or  made  under  the 
Sfimr  rirrifni>(ftnny.  Vov  example,  the  errors  of  division  of  an 
instruiiuiit  may  be  reganhMl  as  constant  errors  when  the  same 
divi'^i.in  conus  into  nil  nu*asures  of  the  same  quantity,  but  as 
irrcgiihir  when  in  every  measure  a  <lifforent  dinsion  is  use<l,  or 
when  the  same  4jnantity  is  measured  rei>eatedly  with  different 
instruments. 
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After  a  full  invcBtigation  of  the  eonsteiit  or  regular  errors,  it 
is  the  next  busincds  of  the  observer  to  diminish  as  iimyU  a«  po*- 
sible  the  irregular  errors  by  the  greatest  care  in  the  ob^^n*atin?j^ : 
and  tiiially,  when  the  obser\-ation8  are  completed,  there  reniiiiii-i 
the  important  operation  of  combining  them,  so  that  tlio  outstand- 
ing, uniivoithible,  irregular  erroi\*^  may  have  the  leiust  pn>liabb5 
eftect  upon  the  results.     For  this  eombination  wc  invoke  the 
aid  of  the  method  of  least  squares,  which  may  he  said  t^  have 
for  it8  object  the  rcfttrietion  of  the  effect  of  irregidar  ern)r»  withii 
the  narrowest  limits  according  to  the  theory  of  probabilities*,  aml,l 
at  the  »amc  time,  to  determine  from  the  obser^'ations  tliem^elveit 
the  errors  to  wbieh  our  results  are  probably  liable.     It  is  propej 
to  observe  here,  however,  to  guard  against  fallacious  applieationfl 
that  tlie  theory  of  the  method  is  grounded  upon  the  hyjKjthc 
that  we  have  takeu  a  large  number  of  observations,  or,  at  lea«t^  i 
number  sufficiently  large  to  determine  the  errors  to  which  tlie-^ 
observations  are  liable. 


COURECTION    OF   THE    OBSERVATIONS. 

3.  ^\nien  no  more  observations  are  taken  than  arc  sufficient, 
to  determine  one  value  of  each  of  the  unknown  quantitic 
Bought,  we  Tutve  no  means  of  judging  of  the  correctness  i»f  the 
results,  ami,  in  the  absence  of  other  information,  are  compellc 
to  accept  these  results  as  true,  or,  at  least,  as  the  mo9t  pmbable. 
But  when  additional  observations  are  taken,  leading  to  different 
results,  we  can  no  longer  unconditionally  accept  any  one  recall 
as  true,  since  each  must  be  regarded  as  coutnxdicting  the  other 
The  resultfl  cannot  all  be  truCj  and  arc  all  probably,  in  a  utrict 
sense,  false.  The  absolutely  true  value  of  the  quantity  sought  by  , 
observation  must,  in  general,  he  regarded  as  beyond  our  n^^a*  h;*^ 
and  instead  of  it  we  must  accept  a  value  wliich  may  or  may  not 
agree  with  any  one  of  tlie  obser%*ations,  but  which  is  render 
most  probable  I»y  the  existence  of  tliese  obscn^ations* 

The  condition  under  which  such  a  probable  value  h  Id 
determined,  is  that  all  ctmtrmUction  amontf  fht  ohstrratianA  is  h 
removed.     This  is  a  logical  necessitj%  since  we  cannot  accept  foi 
truth  that  which  is  contradictory  or  leads  to  eontnwlietorj*  re^ultd. 

The  contradiction  is  ohvi<»usly  to  be  i*emoved  by  applying  to 
the  several  obsen*ations  (or  con<*eiving  to  be  applied)  pmbabl 
carreetion.%  which  shall  make  them  agree  with  each  other»  anj 
which  we  have  reason  to  suppose  to  be  equivalent  in  muoitut  to 
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tho  accidental  errors  severally.  But  let  us  here  remark  that  wo 
do  not  in  this  statement  by  any  means  imply  that  an  observ^er  is 
to  arbitrarily  assume  a  system  of  corrections  which  will  produce 
accordance :  on  the  contrary,  tho  method  we  are  about  to  con- 
sider is  designed  to  remove,  as  far  as  possible,  every  arbitrary 
consideration,  and  to  furnish  a  set  of  principles  which  shall 
always  gtiide  us  to  the  most  probable  results.  The  conscientious 
ob:H»r\'er,  having  taken  every  care  in  his  observation,  will  set  it 
down,  however  discrepant  it  nuiy  appear  to  him,  as  a  portion  of 
the  testimony  collected,  out  of  which  the  truth,  or  the  nearest 
appn)ximation  to  it,  is  to  be  sifted. 

Admitting,  therefore,  that  the  observations  give  us  the  best, 
as  indeed  the  only,  information  we  can  obtain  respecting  the 
desired  (piantities,  we  must  find  a  system  of  corrections  which 
shall  not  only  produce  the  desired  accordance,  but  which  shall 
also  be  the  nh^st  prolnibk  corrections,  and  further  be  rendered  most 
probable  bij  t/icse  observations  themselves. 

THE   ARITHMETICAL   MEAN. 

4.  Tn  order  to  discover  a  principle  which  may  sen'o  as  a  basis 
for  the  investigation,  let  us  examine  first  the  case  of  direct  ob- 
servations made  for  the  purpose  of  determining  a  single  unknown 
quantity. 

Let  the  (piantity  to  be  determined  by  direct  observation  be 
denoted  by  x,  (Suppose,  for  example,  to  fix  our  ideas,  that  this 
quantity  is  the  linear  distance  between  two  fixed  terrestrial 
points.)  If  but  one  measure  of  x  is  taken  and  the  result  is  f?, 
wi»  must  aeeept  as  the  only  an<l,  therefore,  the  most  probable 
value,  X  a.  Let  a  sec4)nd  observation,  taken  under  the  same 
or  precisely  equivalent  eireumstanees,  and  with  the  same  <legree 
of  i*are,  so  that  there  is  no  n»ason  for  supposing  it  to  be  nuJre  in 
ermr  than  the  first,  give  the  value  b.  Then,  since  there  is  no 
reason  for  preferring  one  observati<m  to  the  other,  the  value  of 
X  must  be  S4>  taken  that  the  ditierences  x  —  a,  x  —  b  shall  bo 
numerically  equal ;  and  this  gives 

X    -  J  (a  +  b) 

This  result  must  be  reganled  as  tho  only  one  that  can  bo  inferred 
from  the  two  ol)si'rvations  eonsistently  with  our  definition  of 
aeeidental  errors ;  for  positive  and  negative  accidental  errors  of 
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equal  absolute  magnitude  are  to  be  regarded  as  equal  eiTors  and 
m  equally  probable,  since,  from  the  care  bestowed  on  the  obser- 
vations  and  tlio  supposed  siintiiirity  of  the  cireumgtancen  utider 
which  they  are  made,  there  is  no  reaaou  a  priori  for  antiamiiig 
either  a  positive  or  a  negative  error  to  be  the  more  probable, 

Now  let  a  third  obt^ervatiou  be  added,  giving  the  value  e. 
Since  tlie  three  observations  are  of  equal  reliability,  or,  as  we 
shall  liereafter  say,  of  vqual  waff  hi,  we  must  eo  combine  a,  fc,  aud 
c  that  cat'h  shall  have  a  like  inHneneo  upon  the  result;  in  other 
word^,  X  must  be  a  Byninictricul  function  of  a,  6,  and  c.  If  we 
first  consider  a  and  b  alone,  then  a  and  c,  then  6  and  c,  we  shall 
find  the  values 


J  {a  +  ft), 


J(^  +  ^), 


1(6 +  <^), 


with  each  of  which  the  additional  observation  e,  6,  or  a  la  to  be 
coniirmod.  Each  combination  mu8t  result  in  the  same  ^ym-' 
metrK'iil  function,  which,  whatever  it  may  he,  can  be  denoted  by 
the  functional  symbol  ij/-     ^^  must^  therefore,  have 

x^4[i(a  +  ft),c] 

=  4  [i  (b  +  c),  a] 

Litroducing  the  sum  of  a,  i,  and  i\  or  putting 

8  =  a  -\-  b  -\-  c 
these  become 

X  =  +  [K«  —  <?)»  c]  =  4  [^1  <-] 
=  4[H«-&),^]=4[^^] 

^4[1(«— «),«]^4[«,«] 

But  8  is  already  a  fiymmctrical  function  of  a,  6,  and  e^  and  there- 
fore these  equations  cannot  all  result  in  the  same  eymmetricftl 
function  unless  c,  b,  a,  m  tlie  respective  developments  of  tli# 
functions,  disappear  and  leave  only  ^.     Hence  we  mu^t  hava 

«  =  4(«) 

Now,  to  detennine  -J.,  we  ol>serve  that,  as  it  must  be  genem!, 
its  luiture  may  be  learned  from  any  special  but  known  cuse, 
Buch  a  case  is  tliat  in  which  the  three  observations  give  three 
equal  values,  ora^^i  — c;  and  in  tliat  case  we  have,  m  tho 
only  value,  z  —  a,  or 

II  =i  4  (S  fl) 
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and,  consequently,  the  symbol  i^  signifies  here  the  division  by  8. 
Hence,  generally, 

a  +  b  +  c 


X  = 


3 


In  the  same  manner,  if  it  had  been  previously  shown  ^hat  for 
m  equally  good  obser\'ation8  the  most  probable  value  is 


in 


it  would  follow  that  for  an  additional  observ'^ation  p  wo  must 

have 

a  +  b  +  c  +  ,, ..  4-  n  4-  p 


X  = 


m  +  1 
for,  putting  5  =  rtH-6  +  <?  +  ...+  w+2>,  we  shall  have 

^  =  ^  I  -  («  ~1>)»;>J  =  4  [«,;>]  =  4  («),  Ac. 

But  we  liave  shown  that  tlie  form  is  true  for  three  observed 
values:  hence,  it  is  true  for  four;  and  since  it  is  true  for  four 
values  it  is  true  for  five ;  and  thus  generally  for  any  number.* 

The  principle  here  demonstrated,  that  the  arithmetical  mean 
of  a  number  of  equally  good  observations  is  the  most  probable 
value  of  the  observed  quantity,  is  that  ji'hich  has  been  univei'sally 
adopti'd  as  the  most  simi)le  and  obvious,  and  might  well  bo 
received  as  axiomatic.  The  above  demonstration  is  chiefly 
vahiable  as  exhibiting  somewhat  more  clearly  the  nature  of  tho 
assum]»ti<m  that  underlies  the  i>rinciple,  which  is  that,  under 
Htrictly  similar  circumstances,  positive  and  negative  errors  of  tho 
same  absolute  amount  are  equally  probable. 

5.  If  now  n\  n'\  n'" yi^*^  are  the  m  observed  values  of  a 

required  <juantity  x,  and  if  x^  denotes  their  arithmetical  mean, 
the  assumption  of  x^  as  the  most  probable  value  of  x  gives 
n'  Xy,  //"  —  x^,  ?j'"  —  x^  ic,  as  tho  most  probable  system  of  cor- 
rections (subtrartive  from  the  obsen'ed  values)  which  produce 
the  required  accordance.     But  the  eipiation 

X  .-:- ^ J (1) 


*  ExcKE,  Berliner  Astron.  JahrbucL  fur  lb«i4,  p.  2G2. 
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This  oquation  determines  tlie  sum  of  the  squares  of  the  residuals 
for  any  assumed  vahie  of  x.  Since  the  last  term  is  always  |>08i- 
tive,  we  see  that  this  sum  for  any  value  of  x  ditlering  from  the 
arithmetical  mean  x^  is  always  greater  than  [it].  Hence  it  is  a 
second  characteristic  of  the  aritlmietieal  mean,  that  it  makes  the 
mm  of  the  squares  of  the  residuals  a  minimum. 

G.  Observations  may  be  not  only  direct^  that  is,  made  directly 
njK>n  the  quantity  to  be  determined,  but  also  imUreety  that  is,  made 
ui)on  some  quantity  which  is  a  function  of  one  or  more  quanti- 
ties ti)  be  determined.  Indeed,  the  great^*r  part  of  the  obser\'a- 
tions  in  astronomy,  and  in  physical  science  generally,  belong  to 

the  latter  claris.     Thus,  let  x^y^z be  the  quantities  to  bo 

determined,  and  M  a  function  of  them  denoted  by/,  or 

Jlf  =  /(x,y,z....)  (5) 

and  let  us  suppose  an  observation  to  bo  made  upon  the  value  of 
M,  We  then  have  but  a  single  ecpiation  between  x,  y,  -?. . . .  and 
the  ol^served  (quantity  M^  and  the  problem  is  as  yet  indetermi- 
nate. Various  systems  of  values  may  be  found  to  satisfy  the 
e<piati()n,  either  exactly  or  ai)proximately.  Let  us,  however,  sup- 
pose that  the  most  probable  system  (as  yet  unknown)  is  expressed 

by  X      p,  //  -    7>  *       r 1  JiJid  let  the  value  of  the  funrtion, 

when  these  values  are  substituted  in  it,  be  denoted  by  V,  or  put 

r-/(y>,7>r....)  (6) 

then  Jf—  VU  the  residual  error  of  the  observation.  In  like 
manner,  if  a  number  of  observations  of  the  sjune  kind  be  taken, 
in  which  the  observed  quantities  J/',  J/",  M'" . . .  are  functions 

determined  by  the  same  elements  j),  fj,  r, ,  and  if  T''',  V", 

T"'" are  the  values  of  these  functions  when  ;>,  7,  r are 

substituted  in  them,  then  J/'  — T',  J/"  —  V^",  J/'"  -  V"  . . . . 
are  the  residual  errors  of  the  observations.  If  there  are  /i 
•  unknown  quantiti(»s  and  also  ft  obsen'ations,  and  no  more,  there 
will  be  //  <'quations  between  the  known  and  unknown  quantities^ 
whirli  will  fully  determine  the  values  of  these  unknown  (pianti- 
ties:  so  tliat  the  probable  values  ;>,  7,  r....are,  in  that  case, 
those  di'terminate  values  which  exactl*/  satisfy  all  the  eqiiations, 
anil,  eonsecjuently,  reduce  everyone  of  the  residuals  J/'  —  V'j 
M"  -  V",  &c.  to  zero,  l^it,  if  there  are  more  than //obsen'ations, 
the  determinate  values  found  from  /i  equations  alone  will  not 
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necessarily  eatisfy  the  remahiing  equations,  in  conBcquenc©  of 
accidental  errors  in  the  observations*  The  problem,  then,  U  to 
determine  from  all  the  obsermtitmf,  or  from  all  the  tf/uathns^  thi 
most  probable  system  of  values  of  the  unknown  qmmtitks,  or,  which  is 
the  same  things  the  most  probable  system  of  residual  errors.  In  tho 
case  of  direct  observations,  we  have  seen  that  the  niost  probable 
value  of  the  unknown  quantity  was  that  ^vhich  made  the  algo* 
braic  sum  of  the  residuals  zero;  but  this  principle  followed  from 
taking  tlic  arithmetical  mean  of  the  same  quantity,  and  is  ob- 
viously inapplicable  in  the  present  case.  Tlie  second  principle, 
that  the  most  probable  vj^Ioe  is  that  wliich  makcB  the  sum  of  tho 
squarea  of  the  residoals^  is  of  a  more  general  character,  and 
might  be  assumed  at  once,  us  at  k-ast  a  plmisible  principle,  ta 
serve  as  the  basis  of  the  solution  of  our  problem;  but  it  will  bo 
more  satisfactory  to  justify  its  adoption  by  the  calculus  of  pro- 
babilities. 


THE    PROBABILITY   CURVE. 

7.  Although  accideutal  errors  would  seem  at  first  eight  to  be 
of  a  capricious  and  irregular  nature  which  would  exclude  them 
from  the  domain  of  nuithematics,  yet,  upon  examiimtion  from 
theoretical  considerations,  confirmed,  as  will  be  shown,  by  expe- 
rience, we  shall  find  tliut  they  are  subject  to  remarkably  precise 
laws.  In  the  first  place,  we  remark  that  they  are  subject  to  the 
following  fundamental  laws :  1st,  Errors  in  excess  and  in  defect 
— Le.  positive  and  negative,  but  of  equal  absolute  value — are 
equally  probable,  and  in  a  large  number  of  ob^en^ations  are 
equally  frequent.  2d.  In  every  species  of  observations,  there  is 
a  limit  of  error  M'hich  tlie  greatest  accidental  ermrs  do  not 
exceed :  thus,  if  I  denotes  the  al)sohite  magnitude  of  tliis  limit, 
all  the  positive  errors  are  comj>rised  between  0  and  +  /,  and  all 
tlie  negative  errors  between  Oand  —  /,  and,  consequently,  all  the 
erroi*s  arc  distrilnited  over  the  interval  2L  3d,  Tlie  errors  are 
not  distributed  uniformly  over  this  interval  2/,  but  the  smaller 
erroi"8  are  more  frequent  than  the  larger  ones. 

Thus  the  frequeney  of  nn  error  of  a  given  magnitu<le  may  be 
regarde<l  as  a  funrtiou  of  tlie  error  itself:  so  that,  if  we  denote 
an  error  of  a  certain  magnitmle  by  J,  and  its  relative  frequency 
in  a  given  large  number  of  observations  by  ^"J,  this  functiou 
should  obtain  its  maximum  value  for  J  =  0,  and  IieeuUiC  zero 
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when  J  =i  ±  L 
J  by  y,  or  put 


K,  then,  wc  denote  the  probabilify*  of  an  error 

y  =  ^J  (7) 

we  may  regard  this  as  the  equation  of  a  curve,  taking  J  as  the 
abscissa  and  y  as  the  ordinate.  The  nature  of  this  curve  will  bo 
accurately  defined  when  we  have  discovered  the  form  of  the 
function  ^J,  but  we  can  see  in  advance  tliat  a  curve  sucli  as 
Fig.  A  is  required  to  satisfy  the  conditions  already  imposed  upon 


thirt  function.  For  its  maximum  onlinate  must  correspond  to 
J  =  0 ;  it  must  be  symmetrical  with  reference  to  the  axis  of  y, 
since  equal  ent)rr<  with  opposite  signs  have  e<[ual  probabilities; 
and  it  must  approach  very  near  to  tlio  axis  of  abscissa}  for  values 
of  J  near  tlie  extreme  limits,  although  the  impossibility  of  as- 
signing such  extreme  limits  of  error  with  precision  must  prevent 
us  from  fixing  the  point  at  which  the  cur\'e  will  finally  meet  the 
axis. 

8.  The  number  of  possible  errors  in  any  class  of  ob8er\'ation8 
is,  Ptri<tly  speaking,  finite  ;  for  there  is  always  a  limit  of  accuracy 
to  the  (»bservations,  oven  when  we  employ  the  most  refined 
instruments,  in  conse«iuence  of  which  there  is  a  numerical  suc- 
cession in  our  results.     Thus,  if  1"  is  the  smallest  measure  in  a 


*  That  is,  if  the  error  J  occurs  n  times  in  m  obserrations,  y  =  f  J  =  — . 
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given  case,  the  possible  errors,  arranged  in  their  order  of  niftgtii- 
tilde,  can  only  differ  by  1"  or  an  integral  nnniber  of  gecoiid& 
Hence,  onr  geometrical  representation  nboiild  strictly  coojiii^t  of 
a  number  of  isolated  points ;  bot,  as  these  points  will  be  more 
and  more  nearly  reprci^cnted  by  a  continuons  curve  as  we  increase 
the  aceoraey  of  the  observations,  and  tims  diminish  the  intervals 
between  the  siiecessive  ordiiiates,  we  may,  without  het^itatiun, 
adopt  such  a  continuous  curve  as  expressing  the  law  of  error. 
We  shall,  therefore,  regard  J  as  a  continuous  variiible^  and  f  J 
as  a  coiitinnous  function  of  it. 

Now,  by  the  theory  of  probabilities,  if  f  J,  f  J',  fJ'\. 

are  the  respective  probabilities  of  all  the  possible  errors  J,  J*, 
J'^ we  have* 


fj  +  fj'+  fJ"  + 


=  1 


when  the  number  of  possible  errors  is  finite.  But  the  assumed 
coutinuity  of  our  curve  requires  that  we  consider  the  difference 
between  successive  values  of  J  as  infinitesimal,  and  thus  the 
number  of  values  of  f  J  is  infinite,  and  the  probability  of  any 
one  of  tliese  errors  is  an  lufiuitesimaL  To  meet  this  diffienlty, 
let  U8  observe  that  if  a  finite  scries  of  erroi-s  J,  J%  J"  . . . ,  be  ex- 
pressed in  the  smallest  unit  employed  in  the  observations,  tlie^e 
errors,  arranged  in  the  order  of  their  magnitude,  will  be  a  series 
of  cou'^ecutive  integral  numbers;  the  probabilit)*  of  the  error  J 
may  l>e  rcgainilcd  as  the  same  as  the  probability  that  the  error 
fulls  between  J  and  J  ]-  1 ;  and  the  probability  of  an  error  b©- 
t\i*een  J  and  J  +  i  will  be  the  sum  of  the  probabilities  of  the 
errors  J,  J  +  1,  J  +  2, J  +  {i  —  I).  If  i  is  snmlh  the  pro- 
bability of  each  of  the  errors  from  J  to  J  +  {  will  be  nearly  the 
same  as  that  of  J:  so  that  their  sum  will  differ  but  little  from 
iifj.  As  tljc  interval  between  the  successive  errors  dimini^hcs^ 
this  expression  becomes  more  aecumte ;  and  hence  when  we  take 
«fj,  tlie  infinitesimal,  instead  of/,  we  hai^e  fJ.ttJ  as  the  rigorous 
expression  of  the  prol lability  that  an  error  falls  between  J  and 
4  +  dJ.  Hence,  it  foHows,  in  general,  tliat  Uie  probability  thiit 
on  error  fulls  between  any  given  limits  a  and  b  is  the  sum  of  all 


«  For  if  there  ire  ft  errori  equal  to  J,  n'  equal  to  J\  k9.»  uad  the  vhde  &ttaib« 


of  erron  is  m,  the  probAbilities  of  the  errors  are  respeetiTely  ^  J  ="  — »  f  J'  = 


ftTifl  the  ium  uf  lho#e  m 


n  +  «•  + 


.Ae,, 
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the  elements  of  the  form  (fJ .  dJ  between  these  limits,  or  the 
integral 


/>• 


dJ 


and  this  inte^rral,  taken  between  the  extreme  limits  of  error,  and 
thus  embracing  all  the  possible  errors,  will  bo 


s:y 


dJ 


We  have  heretofore  assumed  that  the  function  fJ  is  to  be  zero 
for  J  ---  lb  L  It  muHt  also  be  added  that,  since  the  probability 
of  any  ern>r  greater  than  ±  /  is  also  zero,  we  should  have  to 
detennine  this  function  in  such  a  manner  that  it  would  be  zero 
for  all  values  of  J  from  -f  /  to  -f  oc  and  from  —  Ito  —  x.  The 
obvious  impossibility  of  determining  such  a  function  leads  us 
to  extend  the  limits  ±  /  to  zh  oo,  and  to  take 


/- 


^J,dJ=l  (8) 


This  will  evidently  be  allowable  if  tliC  integral  taken  from 
±  /  to  ...  X  is  so  small  as  to  be  practically  insigniticant.  Besides, 
the  extnine  limits  of  error  can  never  be  fixed  with  i)recision,  and 
it  will  sulKce  if  the  function  if  J  is  sueh  that  it  becomes  very  small 
for  tho-ic  errors  whirh  are  rcLcarded  as  verv  lar^jre. 

9.  li«turuing  now  to  the  general  case  of  indirect  obser\ations. 
Art.  0,  in  which  we  suppose  a  ([uantity  M  --/(i*,  y,  ^, . . .  .)  to  be 

observed,  let  J,  J\  J" be  the  errors  of  the  several  observed 

values  of  J/,  and  if  J,  <fJ\  (fJ" their  respective  ])robabilities; 

then,  the  prol>ability  that  these  erroi-s  occur  at  the  same  time  in 
the  givrn  series  being  denoted  by  P,  we  have,  by  a  theorem  of 
the  calcuhis  of  probabilities,* 

P  =  ipA,  ^  J'.  ifT (0) 

The  ino^t  ]>robable  system  of  values  of  the  unknown  quantities 


*  If  ;i  -irijli*  rirtiun  of  n  cau««o  cin  pnvhice  the  effect j<  fi,  «',  a'\  ....  with  tlic  re- 

•"jK^rtiTe  i-roluiliilitie-*  /».  /A/»" the  proluihility  that   two  MioceHMive  iDtlepeiitleDt 

actioDj*  ot  ih.«  rau!«e  will  pnMliire  the  effeet?*  «/  uii'l  a  U  pp;  and  j»imilttr!y  for  any 
nuniher  of  »*rt\M'tM.  Tlni-*.  if  iin  urti  eontaiii-*  -  white  hall.««,  *\  rc<I  oiie^,  niid  .'»  l)l!ick 
one«.  tilt*  i>rM)i:iliility  that  in  two  Mic('OM%tive  ilrawingi«  (the  original  numfier  of  halls 
being  th«'  ^atiie  at  each  drawing!  one  ball  will  be  white  and  the  other  red  is  i^^  X  A* 
Vol.  II.— 3i 
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x^y^  z will  be  that  which  makes  the  probahilitj'  P  a  maxi- 
mum. Coneefiuently,  since  x,  y^  z,* ..  are  liere  supposed  to  be 
independent,*  the  derivative  of  P  relatively  to  each  of  these 
variables  must  be  equal  to  zero ;  or,  since  log  P  varies  with  P, 
the  derivatives  of  log  P  must  satisfy  this  condition^  and  we  shall 
have 

P  dx        *  P  dy        ' 

which,  since 

log  P  =  log  fd  -f  log  f  J'  +  log  f  J"  -f  .  * .  . . 

give  the  equations 

dx  ax  dx 

,  ^  ff  J    ,      , ,,  dJ'  ,      ,  ^,  dJ"  ,  « 

^'^-Ty+''H^  +  ^''-7r+ ='        )    CIO) 

in  which  we  have  put 

^J  .if  J 

The  number  of  equations  in  (10)  being  the  same  as  that  of  the 
unknown  quantitiei*,  these  equations  will  serve  to  detennine  the 
unknown  quantities  when  we  have  discovered  the  value  of  the 
function  f ' J,  as  will  be  shown  hereafter. 

Since  the  functions  tpJ  and  tfU  are  s^upposed  to  be  general,  and 
therefore  applical>le  wliatever  the  number  of  unknown  quaati* 
ties,  we  may  determine  them  by  an  examination  of  the  special 
ease  in  which  there  is  but  one  unkno%\Ti  quantity,  or  tliat  m 
wliich  the  observed  vaUies  Jl/,  J/',  J/"..,,  belong  to  the  same 
quantity.  In  that  case,  the  hypothesis  that  x  is  the  value  of  tlua 
quantity  gives  the  errors 

j  =  M^x,         J'  =  JIf' -  X,  r^Jtr'-x 


*  Thnt  IS,  ffub]«ct  to  no  reBtiiotioos  except  tbmt  tbey  ihftU  sstijil^  tlie  obtenrfttionit 
or  Uic  equations  M  t=/(x,  y»  t,  ♦ . .  .)*  For  tJie  eM«  of  **e^daioa«d'*  obt^rrmtiottai 
see  Art.  5;?  of  thit  Appendix. 
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whence 

dx       dx        dx 
and  the  first  equation  of  (10)  becomes 

V^'CJtf-—  x)  +  /(Jlf'—  a:)  +  9>'(Jlf"-  j:)  + =0      (12) 

This  being  general  for  any  number  m  of  observations,  and  for 

any  observed  values  My  M\  M^' ,  let  us  suppose  the  special 

case 

3r=M" =M-'mJSr 

Since  the  arithmetical  mean  of  the  observed  quantities  is  here 
the  moat  probable  value  of  x,  we  have 

x  =  ^^iM+M'+M-+ ) 

=  l[if+(m-l)(if-miVO] 


whence 


=  J/  _  (m  —  1)  JV        I 

Jf  — a;  =  (m  — l)iV 

2I'—x  =  M"  —  x =  — JV 


and,  consequently,  (12)  becomes 

/  [(m  -  1)  .V]  +  (m  -  1)  /  (-  AO  =  0     ' 

^[(m  -  1)  K]  ^  f'i-N) 
(m  — 1)^V  —N 

That  is,  for  all  values  of  in,  and  therefore  for  all  values  of  (m — 1  )N, 

we  have  — -    — .         -  equal  to    the   same  quantity z—' 

y  tn  —  1 )  A  \  —  ^ » 

Ilence  we  have  generally  —  equal  to  a  constant  quantity,  and, 
denoting  this  constant  by  A',  we  have 

f'J  =  AJ 
or,  by  (11), 

l^f-  =  AJ.JJ 

Integrating, 

log  ^  J  =  }  A  J*  4-  log  >^ 
whence 

in  which  c  is  the  base  of  the  Napierian  system  of  logarithms. 
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Since  f  J  must  decrease  as  J  increaBes,  Ik  must  be  CdseDtially 
negative :  representing  it,  therefore,  by  —  h%  our  function  becomea 

To  determine  the  constant  x,  let  this  value  be  substituted  in  (8)» 
which  gives 

kZ  —  at 

Putting 

i  =  hd  (18) 

thit*  iiiteirral  becomes 


St  /■  +  » 


1 


The  known  value  of  the  definite  integral  in  the  first  member  lA 

\  ::  (see  Vol,  I.  p.  153) ;  whence 


K  ^ 


V'» 


and  the  complete  expression  of  ^  J  becomes 


(M) 


The  constant  A  must  depend  upon  the  nature  of  the  observa- 
tiouH,  and  will  be  partieuhirly  exumineil  hereafter.  If  we  here 
take  it  as  the  unit  of  abscissie  in  the  curve  of  probability,  the 
equation  (7)  becomes 

by  which  the  curve  may  be  constructed.    The  values  of  i^  for  a 
lew  values  of  J  are  as  follows: 


J 

y 

0.0 

0.5ft42 

l>.2 

0.5421 

0.4 

0.4H08 

0.6 

0.3936 

0.8 

0.2975 

1.0 

0.207« 

1.2 

0,1  SHT 

1.4 

OOTSS 

i.n 

0.0436 

Dir. 


J 

r 

1.6 

0.0436 

1.8 

0.0221 

2.0 

0.0103 

1 
1 

2.2 

0.0045 

2!4 

0.0018 

2.G 

0.0007 

2.8 

0.0002 

3.0 

0.0001 

00 

0.0000 

Bir 
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The  curve,  Fig.  A,  in  Art.  7,  is  constructed  from  this  table ;  but, 
to  exhibit  its  character  more  distinctly,  the  scale  of  the  ordinates 
18  four  times  that  of  tlie  abscissa)  (which,  indeed,  corresponds  to 
the  case  of  A  =  2).  We  see  that  the  cur\'e  approaches  ven-  near 
to  the  axis  for  moderate  values  of  J,  and  that  the  assumption  of 
±  Qc  instead  of  finite  limits  of  J  can  involve  no  practical  error. 
It  is  evident  that  the  axis  JlJ^  is  an  asymptote  to  the  curve. 

The  dlffcrenoes  in  the  above  table  indicate  that  the  cur\'e 
approaches  the  axis  most  nipidly  at  a  point  whose  abscissji  is 
between  O.G  and  0.8.  The  exact  position  of  this  point,  which 
is  a  point  of  inflexion,  is  found  by  i)Utting  the  second  ditieren- 
tial  coefficient  of  y  equal  to  zero,  which  gives 


whence 


<^!/  2        ^^  ,   4JJ       ^^      ^ 


J  =  Ai  =  0.7071 


The  ordinate  J/m  is  drawn  at  tliis  point.     We  shall  have  occa- 
sion to  refer  to  it  agiiin  liereafter. 


THE   MEASURE   OF   PRECISION. 

10.  The  constant  A  requires  special  consideration.  Since  the 
exponent  of  e  in  (14)  must  be  an  abstract  number,  -  must  be  a 
concrete  quantity  of  the  same  kind  as  J.  In  a  class  of  observa- 
tions in  which  J  is  small  for  a  given  probability  f  J,  j  will  be 

small,  and  h  will  be  large.  Thus,  h  will  be  the  greater  the  more 
precise  the  nature  of  the  observations,  and  is,  therefore,  calle<l  by 
(tatss  th(»  7)Ha.<'fn'e  of  prm'sion.  If  in  one  system  of  obser\'a- 
tions  the  probability  of  an  error  J  is  exi>ressed  by 

and  in  another,  more  or  less  precise,  by 

the  probability  that  in  one  obser\'ation  of  the  first  system  the 
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error  committed  will  be  comprised  between  the  limita  —  i  und 
+  d  will  be  expressed  bj*  the  iiitegml 


X 


^-MJU  ^J 


and,  in  like  manner,  the  probability  that  the  error  of  an  obserra- 
tion  in  the  second  svviteui  will  be  coniprieed  between  —  <J' and 
+  d'  will  be  expressed  by 

These  integrals  are  evidently  eqnal  when  we  have  hd  ^=  h^i'.  If, 
for  example,  we  have  h^  =  'Ih^  the  integrals  will  be  equal  when 
8  ==  2^';  that  is,  the  double  error  will  he  committed  in  the  first 
system  with  the  same  probability  as  the  simple  error  iu  the 
second,  or,  in  the  usual  mcule  of  expression,  the  second  flystem 
will  be  twice  as  precise  as  the  fii'st.  We  shall  presently  see  hoW 
the  value  of  h  can  be  found  for  any  given  observ^ations. 

THE   METHOD   OF   LEAST   SQUARES. 

IL  The  preceding  discussion  leads  directly  to  important  prac- 
tical results.  We  Iiave  seen  (Art,  9)  that  to  find  tlie  most  probable 
values  of  x,^,  z . . . .  from  the  observed  values  of  3I=^f{x^y^  2, . . . .) 
we  are  to  render  the  probability  P=  yJ-y?J'*yJ"...- a  majd- 
mum,  tliat  is,  by  (14), 


p  _  ^m  ^^4w  e-**(^  +  A'A'  +  A*'A*+--^ 


(16) 


must  be  a  maximum;  and  this  requires  that  the  qnantity 
dJ  +  J' J'  +  J"  J"  +  • . . »  should  be  a  minimum.  Thus,  the  prill* 
ciple  that  the  must  probabfe  values  of  (he  imknoten  quantities  are  tktm 
which  make  th  sum  of  the  squares  of  ike  residual  errors  a  mminttim,  is 
not  limited  to  the  case  of  direct  observations,  but  is  entirelj' 
generul. 

The  principle  is  readily  extended  to  observations  of  unequal 
precision.  For  if  the  degree  of  precision  of  the  observatiotis 
i>/,  M\  J/".,.,  be  respectively  A,  A',  A"....,  and  we  compare 
these  observed  quantities  with  the  values  V^  V%  V'\  .  • .,  computed 
with  the  most  probable  vahies  of  x^y,r.  • . ., whereby  we  obtain 

the  residual  errors  M  —  V  =  J,  M'  —  F'  ==  J' ,  it  is  the  same 

thing  as  if  we  liad  taken  ohst^rvutions  of  equal  precision  (repre- 
nented  by  1)  upon  the  quantities  A3/,  h'M\  h"M'^. .  •  •,  aad  bad 
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compared  them  with  the  computed  quantities  h  F,  A' T'^',  A"  V^\ . . ., 
whereby  we   shouhl   have   found   the   errors  h3I  —  hV  =  A  J, 

A'3/'  —  A'  F'  =  A' J' ,  in  which  case  we  should  have  to  reduce 

to  a  minimum  the  quantity 

AU«  +  A'U'«  +  A"«  J"«  +  . . . . 

that  is,  each  error  being  multiplied  by  its  measure  of  precisior),  and 
thereby  reduced  to  the  same  digrve  of  jirecision^  the  sum  of  the  squares 
of  the  reduced  errors  7nust  be  a  minimum. 

In  what  precedes  is  involved  the  whole  theory  of  the  method 
of  least  squares.     I  proceed  to  develop  its  practical  features. 

THE   PROBABLE   ERROR. 

12.  From  the  preceding  articles  it  follows  that  the  probability 
that  the  error  of  an  obser\'ation  falls  between  J  and  J  +  dJ  is 
expressed  by 

A-  r-*A^  dJ 

and  the  probability  that  it  falls  between  the  limits  0  and  a  is 
expressed  by 

—   I     e-^*^^dS 

and  this  integral  expresses  the  number  of  errors  that  we  should 
expect  to  find  between  the  limits  0  and  a  when  the  wliole  num- 
ber of  errors  is  put  =  1  [equation  (8)].  If  we  put  t  =  A  J,  the 
integral  takes  the  form 

—   I   e-'^dt 

Tlie  whole  number  of  errors,  both  positive  and  negative,  whose 
numerical  magnitude  falls  between  the  given  limits  is  twice  this 
integral,  or 

dt  (16) 


The  value  of  this  integral  (which  may  be  computed  by  the 
methoils  of  Vol.  I.  Ai-t.  113)  is  given  in  Table  IX.  The  number 
of  errors  between  any  two  given  limits  will  be  found  by  taking 
the  ditlcrcnce  between  the  tabular  numbers  corresponding  to 
these  limits.  Since  the  total  number  of  errors  is  taken  as  unity 
i!i  the  table,  the  re(|uired  number  of  errors  in  any  particular  case 
is  to  be  lound  by  multiplying  the  tabular  numbers  by  the  actual 
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number  of  observations.     Thus,  if  there  are  1000  obserrntioiii^ 

we  find  that 

hotweeii  ^  =  0     and  t  =  0»6  there  are  520  errors. 
**      t  =  0,5    **    t  —  1,0     »•      *<    323      ** 
«*      ^  =  1.0    **    e:^  1.5      ''      '»    123     •* 
**      t=  1.5    '*    t  ^  2.0      **      **      29      " 

«'      t  =  2*0    **    *  ==  oc       **      *'        6     " 

13,  The  degrees  of  preciftion  of  different  geries  of  obi^cn'atioiiB 
may  be  compared  together  either  by  eomparing  the  values  of  A, 
or  by  eoTU  paring  the  errors  which  are  committed  with  equal 
facility  in  the  two  systems.  The  erroi-s  to  be  compared  must 
occupy  in  the  two  systems  a  like  position  in  rektiou  to  the  ex- 
treme errors,  and  we  may  select  for  tliis  purpose  in  each  system 
the  error  which  ocatpics  the  mkklle  place  in  (he  scries  of  errors  arrtrngid 
in  (he  order  of  (heir  nMffni(iult\  so  that  (he  number  of  errors  wMek  are 
les.^  than  (his  assumed  error  Is  the  same  as  (he  number  of  <W*frj  whkh 
exceed  it.  The  error  which  satisfies  this  condition  is  that  for 
which  the  value  of  the  iutegnil  (1*5)  is  0.5,  Denoting  the  cor- 
responding value  of  i  by  /?,  we  find,  by  interpolation  from  Table 
IX, 

P  =  0.47694 
aud  we  have 


2     /•'        .1 


(17) 


If  then  we  denote  by  r  the  error  which,  in  any  system  of  obeer- 
vations  whose  degree  of  precision  is  A,  corrcspouds  to  the  value 
t  =  p^  or  put 

p  =  hr  *  =  ^  tl^^J 

there  will  be  a  probability  of  ^  that  the  error  of  any  single  ol>ser- 
vatiqn  in  that  Hynteni  will  be  lei^s  tliaji  r,  and  the  same  proba^ 
bility  tluit  it  will  be  greater  than  r;  which  is  sometimes  exprea«ed 
by  Ha}'ing  that  i(  is  an  even  icarjer  (ha(  (kc  error  will  be  less  ikon  r* 
Hence  r  is  called  the  probable  error. 

Wo  may,  tlierefore,  compare  different  serieg  of  obsen'atiotir^ 
by  comparing  their  probable  erroi*s,  their  degrees  of  preeiitiaa 
being,  by  (18),  inversely  proportional  to  these  errors. 

14,  In  order  to  apply  Table  IX.  in  detennining  tlie  ntimber 
of  errors  in  a  given  cliuss  of  observations,  we  must  know  the 
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measure  of  precision  A,  or  tlie  probable  error  r:  thus,  if  we 
wish  the  number  of  errors  less  than  a^  we  enter  the  table  with 

the  argument  ^  =  aA,  or  <  =  — 

For  greater  convenience,  we  can  employ  Table  IX.A,  which 

gives  the  same  function  with  the  argument  -.    For  example,  if 

there  are  1000  observations  whose  probable  error  is  r  =  2", 
and  we  wish  to  know  the  number  of  errors  less  than  a  =  1",  we 

take  from  Table  IX.A,  with  the  argument  -  =  0.5,  the  number 

0.26407,  which  multiplied  by  1000  gives  264  as  the  required 
number. 

The  following  example  from  the  Fundawenta  AslroDomicc  of 
Bessel  will  serve  to  show  how  far  the  preceding  theory  is  sus- 
tained by  oxporienee.  In  470  observations  made  by  Bradley 
upon  the  right  ascension  of  Sirhis  and  Altair,  Bessel  found  the 
probable  error  of  a  single  observation  to  be 

r  =  0".2637 

Tlonco,  for  the  number  of  errors  less  than  0".l  the  argument  of 
Table  IX.A  will  be  -|J^^.-  --=  0.3792;  and  for  0."2,  0".3,  &o.,  the 
successive  multiples  of  0.3792.     Thus,  we  find  from  the  tiible 

for  O'M  with  arg.  0.3792  the  number  0.20187 


'»   0  .2 

4< 

0.7r)S4 

i< 

0.30102 

"   0  .3 

ti 

1.1376 

a 

0.f)5710 

'^   0  .4 

it 

1.5168 

It 

0.69372 

'^   0  .5 

il 

l.SDOO 

u 

0.70904 

**   0  .0 

ti 

2.2752 

ti 

0.87511 

•   0  .7 

n 

2.<)544 

( 

0.92CG1 

'i    0  .H 

a 

3.0336 

it 

0.9f>926 

"    0  .0 

<i 

3.41 2« 

ti 

0.97Sr.O 

"    1  .0 

u 

3.7920 

it 

0.9X94(5 

00 

ti 

1.00000 

Piibtra<ting  onch  number  from  the  following  one,  and  multiply- 
in;:  thi'  niiiaiiider  by  470,  the  number  of  obr5er>'ations,  there  were 
Ibund 
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Between 

No.  of  erron 
hy  the  theory. 

No.  of  eiTon  by 
eiperienc«. 

0".O  and  0".l 

95 

94 

0  .1    "     0  .2 

89 

88 

0  .2    "     0  ,3 

78          , 

78 

0  .3    "    0  .4 

64 

58 

0  .4    "     0  .5 

50 

51           j 

0  .5    «     0  .6 

S6 

86: 

0  .6    "    0  .7 

24 

2« 

0  .7    "    0  .8 

15 

14 

0  .8    "    0  .9 

9 

10 

0  .9    "    1  .0 

5 

7 

over  1  .0 

5 

8 

The  agreement  between  the  theory  and  experience,  thongh 
not  absolute,  is  remarkably  close.  The  number  of  hitgc  error* 
by  oxpt*rienee  exceetli§  that  given  by  the  theory,  and  this  1ms 
been  found  in  other  cases  of  a  similar  kind;  which  show^at  leai^t 
that  the  extension  of  the  limits  of  error  to  it  x  has  not  intro- 
duced any  error.  The  discrepancy  rather  indicates  a  source  of 
error  of  an  abnormal  clmracter,  and  calls  for  some  criterion  by 
which  such  abnormal  observations  may  be  excluded  from  our 
diascussioiii^  and  not  permitted  to  vitiate  our  results.  Such  a 
criterion  liai^  been  proposed  by  Prof,  Peirce,  and  will  be  con- 
Bidercd  hereafter. 

THE  MEAN  OF  THE  EKUORS,  AND  THE  MEAN  EKROE. 

15,  The  selection  of  the  probable  error  as  the  term  of  com- 
parii^an  between  diflerent  scries  of  observations  is  arbitrary, 
althou^li  it  seems  to  be  naturally  designated  by  its  middle  posi- 
tion iu  the  series  of  errors.  Tljcre  are  two  other  errors  whidi 
have  been  used  for  the  same  purpose. 

The  fii^t  is  the  7)UYm  of  (he  errors,  these  being  all  taken  with 
the  positive  sign.  In  order  to  find  its  rehition  to  tlie  probable 
error,  let  us  first  consider  a  finite  series  of  errors 

A^',J" 

with  the  respective  probabilities 


m 
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BO  that  in  m  observations  there  will  be  2  a  errors  (numerically) 
equal  to  J,  2a'  equal  to  J',  &c.,  the  probability  of  a  positive  error 

J  being  — .     The  mean  of  all  these  errors,  each  being  repeated 

a  number  of  times  proportional  to  its  probability,  is 

m  m  m  m    ' 

When  the  number  of  errors  is  infinite,  the  probability  of  an 
error  J  is  to  be  understood  as  the  probability  that  it  falls 
between  J  and  J  +  d  J,  which  is  if  J .  dJ  (Art.  8),  and  the  above 
formula  for  the  mean  of  the  errors  becomes  the  sum  of  an  infi- 
nite number  of  terms  of  the  fonn  2J(pJ .  dJ.    Hence,  putting 

fj  =  the  mean  of  the  errors, 
we  have 

p2A_    ^_^^^^^_1_  ^^^ 

'       Jo     y/i:''  hy/„  ^ 

or,  by  (18), 


»  =  — ^  =  1.1829  r 
r  =  0.8453  ly 


} 


(20) 


Another  error,  very  commonly  employed  in  expressing  the 
precisio!!  of  observations,  is  that  which  has  received  the  appella- 
tion of  the  7n€an  error  {der  viitthre  Fehter  of  the  Germans),  which 
is  not  to  be  confounded  with  the  above  mean  of  the  errors.  Its 
di'tinltion  is,  the  error  the  square  of  which  is  the  mean  of  the  squares  of 
all  the  errors.     Hence,  putting 


we  have 


or,  by  (18), 


c  =  the  mean  error, 


=  1.4826  r 


P\ 


•> 


r  =  0.6745  e 


} 


(22) 


TVlicn  we  put  A  =  1,  we  have  e  =  y^i.  The  mean  error  is, 
thcrt'fori',  the  abscissa  of  the  jmint  of  inflection  of  the  cur\'e  of 
probability  (Art.  9).  In  the  figure,  p.  479,  OJfis  the  mean  error, 
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OP  the  probable  error,  OE  the  mean  of  the  errors,  and  Jtfm,  Pp^ 
Ee^  their  respective  probabilities. 


THE   PROBABLE  EEEOR  OF   THE   ARITHMETICAL   MEAN. 

16,  The  error  above  donotcJ  by  r  U  tlie  probable  error  of  any 
one  of  the  observed  value!*  of  the  unknown  quuntity  x.  We  are 
next  to  determine  the  relation  between  this  and  the  probable 
error  r^  of  the  arithmetical  mean  of  tliese  vahies. 

K  J,  J',  J". .. .  are  the  errors  of  the  obsciTed  valuer,  the 
most  probable  value  of  x  m  that  which  renders  the  probability 

P=  /t-jT— 4«6f— **tAAH-A^A'+A"A''+*.*) 

a  maximum  (Art,  11),  and,  eonecqueutlv,  the  sum  JJ  +  J'£ 
+ .  * .  *  a  minimum.  But  this  giim  is  rendered  a  minimum  by 
the  asaiimiitioTi  of  the  arithmetical  mean  x^  a.-?  the  most  probable 
value  (Art  r>),  and  hence  tlie  quantity  P  expresses  the  probability 
of  tlie  anthmetical  mean  if  J,  J\  J".,.. are  the  errors  of  the 
observations  when  compared  with  tliis  mean.  The  prolmbility 
of  any  other  value  of  x,  as  x^  +  i,  will  be 

Since  [ J]  ==  J  +  ^'  +  J"  +  . . . .  =  0  (Art  5),  and  [J J]  =  mm 
(Art,  15),  this  expression  may  be  put  under  the  form 

P'==  A- 7r-4«c-«»**  <•«+«> 

and  at  the  same  time  we  have 


so  that 


P;P'=1:«— »A«* 


that  is,  the  probability  of  the  eiTor  zero  m  the  arithmetical  mean 
is  to  that  of  the  error  <J  as  1 :  e*-***^.  For  a  single  observation, 
the  prt)bability  of  the  error  zero  is  to  that  of  the  error  3  as 
l;g-feAW  Hence  the  measure  of  preeinion  (Art  10)  of  tlie 
single  observation  being  /i,  tliat  of  the  arithmetical  mean  of  m 
such  observations  is  h\/m;  from  which  follows  the  important 
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theorem  tliat  the  j>rccision  of  the  viean  of  a  number  of  observations 
incraises  as  the  square  root  of  their  number.* 

If,  then,  r  is  the  probable  eiTor  of  a  single  observation,  and  r© 
that  of  the  arithmetical  mean,  we  must  have 

(23) 


and  from  the  constant  relation  between  the  mean  and  the  proba- 
ble error  (22), 

..  =  -f-  (24) 

ym 

DETER3IINATI0N  OF  THE  MEAN   AND   PROBABLE  ERRORS  OF  GIVEN 

OBSERVATIONS. 

17.  The  principles  now  explained  will  enable  us  to  detennine 
the  moan  errors  of  any  given  series  of  directly  observed  quanti- 
ties. Let  ??,  7i',  ?i" ....  be  the  obnerved  values ;  Xq  their  arith- 
metical mean  ;  v,  r',  i?" . . . .  the  residuals  found  by  subtracting 
JT^  from  each  observed  value :  so  that 

V  =  n  —  x^t        t/  =  n'  —  x^y        v"=  n"  —  x^,  &c. 

If  x^  were  certainly  the  true  value  of  x,  so  that  r,  r',  v" ....  were 
the  actual  or  (as  we  may  say)  the  true  errors,  and,  couHec^uently, 

iilciiticiil  with  J,  J',  J" ,  we  should  have,  according  to  the 

above,  mez  —  [JJ]  —  [rr],  and  hence 


=^im 


and  this  must  always  give  a  close  approximation  to  the  value  of  «. 
lint  the  relation  mss  =■  [JJ]  was  deduced  from  a  consideration 
of  an  infinite  series  of  errors  which  would  reduce  the  mean 
en*or  of  r,,  to  an  intiuitesimal,  according  to  the  principles  assumed, 

and  thus  make  r,  i;',  r" identical  with  J,  J',  J"  . . .   A  better 

approximation  to  the  value  of  e,  where  the  series  is  limited,  is  to 
be  obtaimd  by  eoiisidering  the  mean  error  of  x^  itself,  and  conse- 

(jueiitly,  also,  the  mean  errors  of  the  residuals  r,  r',  f" If 

then  we  suppose  the  true  value  of  x  to  be  Xq+  J,  we  shall  have 
the  true  errors 

J    _  t*  _  ,j,         J' .-_-.  r'  _  3^         J"  :=  t'"  _  a,  4c. 


*  See,  in  connection,  Arts.  21  and  25. 
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whence,  obBerring  that  [t?]  ^  0, 

[ JJ]  —  mttr^  [t?r]  —  2  [v]  ^  +  ma* 

Thus  the  approximate  value  nus  —  [i;y]  requires  the  correction 
md^^  the  value  of  which  depends  upon  the  value  we  may  ascribe 
to  3,  Aa  the  best  approxhnatioD,  we  may  aasuiue  it  to  be  the 
mean  error  tgi  so  that,  by  (24), 


*  m 


which  gives 
whence 


m—1 


»7Ut  =  [t?«?]  +  ct 

and  consequently^  also,  by  (22), 


(25) 


C2ti; 


Thus  from  the  actual  residuals  the  mean  and  the  probable  error 
of  a  single  observed  value  are  found.  Hence,  by  (23)  and  (24), 
the  mean  and  probable  errors  of  the  arithmetical  mean  will  be 
found  by  the  formulte 

ExAMPLB* — Let  us  take  the  fallowing  measures  of  the  outer 
diameter  of  Saturn's  ring  observed  by  Bessel  at  tlie  Kunjgisberg 
Observatorj'  witli  the  heliooieter,  in  the  years  182f>-18»n,*  Th© 
measures,  denoted  by  n^  are  all  reduced  to  the  mean  distance  of 
Saturn  from  the  sun,  and  are  here  assumed  to  have  the  same 
degree  of  precision. 


•Aitron,  Nuck.,  Vol.  XII.  p.  169. 
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n 

V 

t» 

38" 

.91 

—  0" 

.40 

0.1600 

39 

.32 

+  0 

.01 

.0001 

38 

.93 

-0 

.38 

.1444 

39 

.31 

0 

.00 

.0000 

39 

.17 

—  0 

.14 

.0196 

39 

.04 

-0 

.27 

.0729 

39 

.57 

+  0 

.26 

.0676 

39 

.46 

+  0 

.15 

.0225 

39 

.30 

—  0 

.01 

.0001 

39 

.08 

—  0 

.28 

.0784 

39 

.35 

+  0 

.04 

.0016 

39 

.25 

-0 

.06 

.0036 

39 

.14 

—  0 

.17 

.0289 

39 

.47 

+  0 

.16 

.0256 

39 

.29 

-0 

.02 

.0004 

39 

.32 

+  0 

.01 

.0001 

39 

.40 

+  0 

.09 

.0081 

39 

.33 

+  0 

.02 

.0004 

39 

.28 

—  0 

.03 

.0009 

39 

.62 

+  0 

.81 

.0901 

n 

» 

vv 

JO 

89".41 

+  o'-.H 

0.0824 

39  .40 

+  0  M 

.0081 

39  .36 

+  0  .05 

.0025 

39  .20 

-0  .11 

.0121 

39  .42 

+  0  .11 

.0121 

39  .30 

—  0  .01 

.0001 

89  .41 

+  0  .10 

.0100 

39  .43 

+  0  .12 

.0144 

89  .43 

+  0  .12 

.0144 

89  .86 

+  0  .05 

.0025 

39  .02 

—  0  .29 

.0841 

39  .01 

—  0  .30 

.0900 

88  .86 

—  0  .45 

.2025 

89  .51 

+  0  .20 

.0400 

89  .21 

—  0  .10 

.0100 

89  .17 

-0  .14 

.0196 

89  .60 

+  0  .29 

.0841 

89  .54 

+  0  .28 

.0629 

39  .45 

+  0  .14 

.0196 

39  .72 

+  0  .41 

.1681 

x^  =  89  .308        [vv}  =  1.6108 


Hence,  Hince  m  =  40,  we  have,  by  (25)  and  (26), 
r  -=  0".203  X  0.6745  =  0'M37 


and  consequently,  by  (23)  and  (24),  or  (27), 
0".032, 


0".203 

;""(40) 


V(40) 


Tliat  is,  tlie  i>rol)able  error  of  a  single  obsor\'ation  wa8^^^208^ 
and  that  of  the  final  result  z^  =  39".308  was  only  0".022. 

18.  The  jireceding  method  of  finding  the  probable  error  from 
the  Bfjuares  of  the  remdualfl  \a  that  which  is  most  commonly 
enif»loycd ;  but  when  the  number  of  observations  is  very  great, 
it  is  df-^inible  t(»  abri<lge  the  labor,  if  possible.  A  Huflicient 
ai»proximation  can  be  obtuined  by  the  use  of  the  first  powers  of 
the  rrsidiials  as  tollows. 

The  number  of  observations  being  very  great,  we  shall  pro- 
bably have  a:*  many  positive  as  negative  residuals.     If  r',  r", 


am 
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t'". . .  are  the  positive  and  i\y  r^  i\  . . .  the  negativo 

and  if  the  true  value  of  x  is  x^^  J,  the  true  errors  will  be 

r'  —  8,  r"  —  3^  v*^*  —  i  • . . .,  and  —  v^—dy  —  i\  —  8^—r^  —  8^ 

If  they  are  all  taken  with  the  pmtive  sign  onlf/j  the  errora  are,  there- 
fore, 

t/  —  ^,  y"  —  ^,  v"'  —  ^, .  * . .    and    r,  +  ^,  t?g  +  ^,  r,  +  ^> 

the  mean  of  which,  upon  the  hypothesis  of  an  equal  number  of 
positive  and  negative  residuals,  i^  the  aame  as  tlmt  of  the  seriae 

t/,  v",  v'" ....  ty„  v^  r, , . ,  • 

Hence,  denoting  the  sum  of  the  numerical  values  of  the  residuals 
hy  [y],  and  the  mean  of  the  actual  errors  by  i;,  as  in  Art  15,  wo 
have 

v  =  ^^ 

and  hence,  by  (20), 


r  =  0.8453 
and  eonsequently,  also,  by  (22), 


m 


f  =  1,2633  E?] 
m 


(28) 


(29) 


In  the  example  of  the  preceding  article  we  find  the  mean  of  the 
residuals  taken  with  the  positive  sign  to  be  0'M575,  which  by 
(28)  gives  r  =  0'M575  X  0.8453  =  0'M33,  which  is  pcrhajis  a 
Buffieient  approximation  to  the  value  fouiul  above.  In  ihia 
example,  however,  wa  have  22  positive  residuals,  17  negative 
ones,  and  1  zero:  so  that  the  liypotliesis  upon  which  the  formula 
(28)  was  founded  is  not  Htrietly  ai>plicable.  In  a  larger  number 
of  observations  we  should  expect  a  closer  agreement  with  tlie 
hypothesis,  and  more  accordant  rennlts. 

We  may,  however,  employ  the  tirst  powers  of  the  residnala 
more  atrictly  according  to  the  theory  of  prohabilities.  In  a 
limitt'd  series  eacli  residual  ie  to  be  regarded  an  liable  to  a  pro- 
bable error  r',  and  their  mean  i^  to  be  regarded  aa  the  mean  of 
the  errors  of  the  residuals  themselves,  rather  than  aa  the  meaa 
of  the  errors  of  the  observations.     Hence  the  formula 


f  =  0.8453 


m 
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gives  the  probable  error  of  a  residual.  The  relation  between 
r*  and  r  (=  the  probable  error  of  an  observed  quantity  n)  may  be 
found  as  follows.  Each  observed  n  may  be  supposed  to  be  the 
result  of  observing  the  mean  quantity  x^  increased  by  an  ol)- 
serN'cd  error  t\  The  probable  error  of  n  =  ar^  +  v  is,  therefore 
(by  a  principle  hereafter  to  be  proved), 


whence 


r  =  ,/(r..  +  0  =  V(^  +  ^') 


=  ^Vs^i 


or 


r  =  0.8453 ^"^ (30) 

which  agrees  with  the  formula  given  by  C.  A.  F.  Peters.*  Ac- 
cording to  this  formula,  we  find  in  the  above  example  r  =-  0".135. 

determination  of  the  mean  and  probable  errors  of  functions 
OF  independent  observed  quantities. 

19.  Suppose,  first,  the  most  simple  function  of  two  independ- 
ent observed  quantities  x  and  Xj,  namely,  their  sum  or  difierence 

and  let  the  given  mean  errors  of  x  and  x^  be  e  and  ty  Although 
the  number  of  observations  by  which  x  and  Xj  have  been  found 
may  not  be  given,  we  may  aanume  it  to  have  been  any  large 
number  //J,  and  the  same  for  each  of  the  quantities ;  the  degrees 
of  precision  of  the  two  series  being  inversely  proportional  to  e 
and  c,.  The  true  errors  of  the  assumed  observations  may  be 
assumed  to  be — 

for  jr,    J,  J',  J" 

for^„   JpJ/,J," 

and  the  errors  of  X,  consequently, 

J  ±  J„        i/  ±  J,',        J"  ±  J/', 

Denoting  the  mean  error  of  X\is  JF,  we  Iiave,  by  the  definition, 


mE'  -  (J  ±  J,/  +  (J'  ±  J//  +  (J"  ±  V)'  + 
---  [JJ]  ±  2  [JJ.]  +  [J, J.] 


♦  Jf/roii.  Nack,,  VoL  XLIV.  p.  82. 
Vol.  IL— 32 
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In  a  great  number  of  observations  there  mtiat  be  as  many  posi- 
tive m  negative  products  of  tlie  form  JJ^^  and  such  that  we  shall 
probably  have  [ J JJ  =  0 ;  and  since  we  also  have  m«*  =  C^^-O* 

mef  =  [A^Ji  ^^  eijuation  gives 


If  we  have 


^'  =  t'  +  c/ 


*c    ^~   •t'l    ^t  ipj 


m 


and  the  mean  errors  of  z,  Zi»  x^  are  e,  i,,  e^  we  have  by  the  pre- 
ceding equation  the  mean  error  of  a:  d:  a^i  =  \/{^  +  ^i%  and  bj 

a  second  application  of  the  same  equation,  considering  x  ±  x^w^ 
a  single  quaiititjj  the  mean  error  of  Xwill  be  found  by  the 
formula 

E'  =  c'  +  E,»  +  c.«  (31*) 

and  the  same  principle  may  be  tlius  extended  to  the  algebraic 
suni  of  any  number  of  observed  quantities. 

Ill  consequence  of  the  constant  relation  (22),  if  r,  fj,  r, . .  .  . 

are  the  probable  errors  of  x,  x^^  x^ and  M  the  probable  error 

of  X  =  z  ±:  Xj  ±  z, ,  we  shall  have 


JJt  =  r'  +  r,'  +  f.*  + 


(82) 


Example  h — The  zenith  distance  of  a  star  observed  in  the 

meridian  is 

C  =  2V  IT  20".3    with  the  mean  error  c  ==  2^.8 

and  the  declination  of  the  star  is  given 

a  =  19^  3(y  14".8    with  the  mean  error  r,  =  0",8 

Required  the  mean  error  £of  the  latitude  of  the  place  of  obser- 
vation, found  by  tlie  tbrmiila  y?  =  f  +  J.     We  have,  by  (31), 


Hence 


E  =  \/i{2,Sy  +  (0.8)»]  =  r,u 


f  =  40^  47'  35'M    with  the  mean  error  E  ^  2",44 


Example  2. — Tlie  latitude  of  a  [dace  has  been  found  with  the 
mean  error  i  —  0"*25,  and  tlie  meridian  zenith  distance  of  sitani 
observed  at  that  place  with  a  certain  instrument  has  been  found 
to  be  subject  to  the  mean  error  f^  =  0".62:  what  la  the  mofta 
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error  E  of  the  declinations  of  the  stars  deduced  by  the  formula 
a  =  ^  —  C  ?    We  have 

E  =  i/[(0.25)«  +  (0.62)*]  =  0".67 

20.  Let  us  next  consider  the  function 

X=ax 

and  suppose  x  has  been  observed  with  the  mean  error  e,  and  a  is 
a  given  constant.  Every  observation  of  x  with  the  error  ±:  J 
gives  X  with  the  error  ±  a  J:  so  that  the  mean  error  of  Xmust  be 

E=cu 

In  general,  by  combining  this  with  the  preceding  principle,  if 

we  have 

X  =z  ax  -{-  a^Xi  -f  a^,  -f 

and  if  the  mean  errors  of  x^  Xj,  a:, . . . .  are  e,  e^  e^  . . . .,  and  E 
tliat  of  Xy  we  shall  have 

E^  =  ah^  +  a,U,^  +  a^U^  +  ....  =  [ah^  (33) 

and  the  same  form  may  be  used  for  probable  errors. 

Example. — As  an  exanii)lc  illustrating  the  application  of  both 
the  preceding  principles,  8ui)pose  that  in  order  to  find  the  rate 
of  a  chronometer  we  find  at  the  time  i  its  correction  +  12*  13'.2 
with  the  mean  error  0'.3,  and  at  the  time  V  the  correction 
+  12"*  21'.4  with  the  same  mean  error  0'.3,  and  the  mterval  V  —  t 
=  10  days.     The  rate  in  the  whole  inter\'al  is 

12"  21V4  —  12"  13'.2  =  +  8*.2 

with  the  mean  error,  according  to  Art.  19, 

^^[(0.3)'  +  (0.3)T  =  0-.42 

The  mean  daily  rate  is  then 

8*2 
+  ^  =  +  0'.82 
10        ^ 

with  the  mean  error,  according  to  Art.  20, 

0*42 

1- --  =  0'.042 
10 
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21,  If  2?,  Xj,  a:^ . . .  •  are  the  several  obflerved  values  of  the 
same  quantity,  their  arithmetical  mean  being 

^<»  ==  «  C^  +  ^>  +  ^»  +  '  •  •) 

and  if  r  is  tho  piH^hahle  error  of  each  ol>ser\^ation,  what  l^  the 
[jrolnible  error  r^  of  j^u?  By  Art.  10,  the  probable  error  of  the 
sum  X  +  Xj  +  Xj  +  . .  • .  is 

and  the  probable  error  of  —  th  of  the  sum  is,  by  Art.  20, 


m  has  been  otherwise  proved  in  Art.  16. 

22.  Let  us  now  take  the  general  case  in  which  JT  is  any  fiiiKv 
tion  whatever  of  the  observed  quantities  x,  x^^  x,j, . .  •  •  expreaaed 

X=/(X,Xi,X„  ....) 

Let  the  variables  be  expressed  in  the  form 

x  =  a  +  x',        x»  =  ai  +  x/,        X,— tf, -fx/, 

a,   ^p   <^* '  *  being  arbitrarily   assumed  very   nearly  equal  ta 

X,  X|,  a^  < . .  respectively,  and   such   that  x\  x/,  x/ may 

be  so  small  that  their  squares  will  be  insensible.  The  given 
mean  erroi-s  c,  Cj^  f 3 . . .  may  then  be  regarded  as  the  mean 
errors  of  x\  x/,  x,'  . . . .  The  function  JC  developed  by  Tayloe's 
theorem  is 

and  the  mean  error  of  ^l'  will  be  that  of  the  quantity 
-—3!  + j:,'  H X.'  -f  — 


or,  by  (88), 


-=(g^)'-H-(^)'-.-+(^)V....       m 
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or,  if  r,  Tp  r, . . .  are  the  probable  errors  of  x,  z^  a:, . . .,  and  li 
that  of  Jr, 

^■=(f)''-+(L^)V+(^)"'-+-      (-) 

This  formula  is,  indeed,  but  approximative,  since  we  have 
neglected  the  terms  involving  the  higher  powers  in  the  develop- 
ment of  JC;  but  the  mean  errors  of  these  small  terms  will  be  in- 
sensible if  we  suppose  that  the  errors  e,  e^  c, . . .  are  so  small 
that  the  differences  between  the  obser\^ed  values  x,  Xp  x, . . . 
and  the  true  values  are  of  the  same  order  as  the  quantities 
x',  x/,  X,'  . . .,  which  will  always  be  the  case  where  proper  care 
hart  been  taken  to  reduce  the  accidental  errors  of  observation  to 
their  smallest  amount     If  the  given  function  is  implicit,  as 

0  =/(-!;  x,x,,x,...) 

we  should  still  by  differentiation  obtain  the  differential  coeffi- 
cients, and  then  find  the  mean  error  of  JC  by  (34). 

Example.— The  local  ai)parent  time  at  a  place  in  latitude 
f  ---  38°  58'  53"  was  found  (Vol.  I.  Art.  145)  from  the  sun's 
z.enith  distance  (^  —  73°  12'  25",  when  the  declination  was 
a  ---  22°  50'  27",  to  be  t  ^--  2*  47'*  39'.4.  AVTiat  is  the  probable 
error  of  this  result,  supposing  the  probable  errors  of  the  data 
to  be — 

Probable  error  of  ^  =  r  =  0".5 
"  "       ^  =  fj  =  0  .6 

»<  *<        C  =  r,  =  3  .5 

The  formula 

0  =  —  cos  C  +  sin  ^  sin  d  +  cos ^  cos  d  cost 

expresses  t  as  an  implicit  function  of  f ,  d,  and  {^.  We  find 
(Vol.  I.  Art.  35) 

dt  _  __  1 

d^  cos  f  tan  A 

dt  _    .1     _ 

do  cort  o  tun  q 

dt  _  __        1 

dz  C08  f  sin  A 


appe:!?dix. 


where  A  is  the  azimuth  and  y  the  parallactic  angle.    Wc  find 
from  the  data  A  =  —  40''  1%  q  ^  32^  51',  whence 


^^„  1.532,        -^  =  1.680,        -^ 


=  —  2.001 


and  the  probable  error  of  t  is,  hy  (34*) 

R  ^  y^[(0.6  X  1.532)«  +  (0.6  X  1.680)>  +  (3.5  X  2.001)*]  =  IMS 

or,  in  secoiidd  of  time, 

12  =  0-47 

23.  To  complete  this  branch  of  our  subject,  it  is  to  be  observed 
that  the  preceding  denionritrationri  apply  only  to  the  ea^e  where 
the  quantities  entering  into  combination  are  independent;  but 
wlien  tliey  are  merely  different  functions  of  the  same  obsenred 
qnantitit'a^the  above  fornmla?  are  incomplete.  Let  us  suppose 
that  we  have  X  and  ^r',  difterent  functions  of  the  same  observ^ 
quantities  x,  Z|,  z„ ,  or 


X  =:/ (ar,  ar„  ar^ ) 

A^^/'(^,x,,x., ) 

the  mean  errors  of  ar,  x^^  x^ , . .  being  e,  «„  e, . . 
wish  to  find  the  mean  error  J57  of  the  function, 

r=F(X,  JT') 


.;  and  thai  we 


If  any  single  observation  of  x,  x^  Xj  , , . .  is  affected  by  an  error 
3»  3^,  3^, respectively,  the  corresponding  errors  in  Xand  X' 

will  be — 

Error  in  X,   J  =  a^  +  a^\  +  a^\  +  . . . . 
«        X,  J'  =  a'cr  +  a,'\  +  a;^,  +  .... 


in  which  a,  Oj,  a, . . .  •  are  the  differential  coefficients  of  X^  and 
the  differential  coetKeieuts  of  X',  with  reference 
*     The  corresponding  error  in  Y  will  be 


a\  a/,  0,'  .  *  - 
to  z,  Xj,  x^  . , 


in  which  A  and  A^  are  the  differential  coefficients  of  Y  with  re- 
ference to  X  and  X'-    The  square  of  the  mean  error  E  will  be 
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the  mean  of  the  squares  of  all  the  values  of  J"  which  result 
from  all  the  possible  values  of  <?,  ^j,  d^. ... 
Substituting  the  values  of  J  and  J',  we  have 

J"  =  (^Aa  +  AW)  d  +  {Aa^  +  A\')  S^  +  .... 

which  we  may  briefly  express  as  follows :     • 

If  the  number  of  values  of  J"  is  denoted  by  m,  the  mean  of  all 
the  values  of  J"'  will  be 

m  m  wi        '     m     ' 

+  2..sm  +  2ar^^  +  .... 
'       '     7/1      '       '    m      ' 

In  cons(»qnonce  of  the  various  signs  of  dS^y  dd^  &c.,  the  mean 
value  of  each  of  these  quantities  will  be  zero;  and  the  mean 
values  of  5*,  d^^  &c.  are  e*,  t^^  &c.  llence  the  fonnula  becomes 
simply 

E^  =  {Aa  +  A' ay  e»  +  {Aa^  +  A'a^y  Cj«  + . . . . 

or 

E^  =  vP  (a  V  +  aX  +  ....)+  ^'«  (a  V  +  a/V  +.•••)!      (85^ 

To  illustrate  by  a  very  simide  example,  let 

and  suppose  e  =  0.1 ;  then,  to  find  the  mean  error  E  of 

we  cannot  take  E  --  i  '[(0.2)'  +  (0.3)^  as  we  should  if  ^  and  JT' 
wcTf  in<Upondont,  but  by  the  above  fonnula  we  must  take 

E       y  [( 0.2)»  +  (0.3)«  +  2  X  2  X  3  X  (O.l)*]  =  0.5 

as  in  fact  we  find  directly,  in  this  simple  case,  by  first  substi- 
tuting in  1'  the  values  of  Xand  Jl' 
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24,  Obscn^ationa  of  tho  fiamo  kind  are  Raid  to  hare  the  same 
or  differetit  weight  according  as  they  have  the  same  or  different 
mean  (or  probable)  errors.  We  assume  a  priori  that  observationa 
will  have  the  eame  weight  when  they  arc  made  undi^r  {»rccijM?ly 
the  same  circmifistanehSj  iuchaling  under  this  de8ignatit>n  urvrry 
thing  that  can  affect  the  obser^^ations ;  but  whether  this  condi- 
tion has  in  any  case  been  realized  can  only  be  learned,  a  pos- 
teriorij  from  the  mean  errors  revealed  by  the  observation:*  them* 
selves^ 

Li  order  to  obtain  a  numerical  exYjression  of  the  weight,  let 
118  Hiippo.^e  all  onr  obeservationg  to  be  compared  with  a  standard 
tictitiouri  observ^ation  the  meaii  error  of  which  18  any  ai^tiamed 
quantity  Cj.  Let  the  actual  observations  be  subject  to  the  mean 
error  c.  Let  it  require  a  number  p  of  standard  observatinoB  to 
be  eombiiied  in  order  to  reduce  the  mean  error  of  their  arith- 
metical mean  to  that  of  an  actual  observation^  that  is,  to  e ;  ofy 
according  to  (24)»  let 

tj 


or 


pt^^t- 


(86) 


then  one  of  our  actual  observations  is  as  good,  that  is,  has  the 
same  weighty  asp  standard  observations,  and  the  number  ;>  naay 
be  used  to  denote  that  weight.  If,  in  like  manner,  other  obser^ 
vations  of  the  Bame  kind  are  subject  to  the  mean  error  c',  and 
we  have 

ime  of  these  observations  has  the  weight  of  p^  standard  observsr 
tions,  and  tlio  weights  of  the  observations  of  the  two  actual 
serieB  miiy  be  coiniiared  by  means  of  the  numbers  p  and  />'. 
The  weight  of  the  fictitious  observation  is  here  tlie  unU  of 
weight;  liut  this  unit  is  altogether  arbitrary,  since  it  is  only  thd 
rclaiive  weights  of  actual  determinatious  that  are  to  be  con- 
sidered. 

It  follows  immediately,  since  we  have 


rj«  =  ^«  =  pU*^ 


or 


(JT) 
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that  the  xceighis  of  two  observations  are  reciprocally  proportional  to  the 
squares  of  their  mean  errors. 

The  measure  of  precision  (Art.  10)  and  the  weight  are  to  bo 
distinguished  from  each  other:  the  former  varies  inversely  as 
the  mean  error,  the  latter  inversely  as  the  square  of  this  error. 

25.  To  find  the  most  probable  mean  of  a  number  of  observations  of 
different  weights, — Let  7i',  n",  7i'"  ....  be  the  given  observed 
values;  //,  p^'^  p'"  ....  their  respective  weights.  By  the  pre- 
ceding definition  of  the  weiglit,  the  quantity  n'  may  be  considered 
as  the  mean  of  p'  observations  of  the  weight  unity,  n'^  as  the 
mean  of  p'^  observations  of  the  weight  unity,  &c.  We  may, 
therefore,  conceive  the  given  series  of  observed  quantities  re- 
8olve<l  into  a  series  of  standard  observations,  all  of  equal  weight, 
and  then  apply  to  the  latter  series  the  principle  of  the  arithme- 
tical mean.  The  whole  number  of  equivalent  standard  obser\'a- 
tions  will  be  p'  +  ;/'  +  ;>'"  +  . . . . ;  the  sum  of  the  ;>'  standard 
ol)sor\'ati<>ns  will  be  y//i';  the  sum  of  the  j^"  standard  observa- 
tions will  be  p**n**  ^  &c. :  hence  the  desired  mean  x^  will  be 


or,  more  briefly. 


This  formula  shows  that  although  the  above  demonstration 

implii's  that  p\  p'\  ;/' ' are  whole  numbers,  yet  any  numbers, 

whole  or  fractional,  may  be  used  which  are  in  the  same  propor- 
tion ;  for  /  being  any  arbitrary  factor,  whole  or  fractional,  wo 
may  write  for  (38)  the  following : 


and  i\\ox\fp\fp''^fp'" may  be  regarded  as  the  weights. 

Tlic  value  of  j'^  is  hon»  an  arithmetical  mean  only  in  the  con- 
ventional sense  iniplic<l  in  the  substitution  of  fictitious  observa- 
tions with  uniforni  weights  t'or  the  given  obser\*ati<ms.  It  may 
be  <'alled  tlie  t/mrntl  tncan  or  the  probable  mean. 

The  weight  of  this  general  mean,  referred  to  the  unit  of  p', 
/',  ....  is --;/-;- /'-;-/"+.... 
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The  mean  error  of  the  geueral  mean  will  be  expressed  by 


where  ei  is  the  mean  error  corresponding  to  the  unit  of  weight 

If  £^  is  not  given,  we  shall  have  to  find  it  from  the  observations 
themselves.     Taking  the  diftorence  between  x^  and  each  of  the 

given  qnuntitioB,  we  have  the  rei^iduula 


t/  =  ii'  —  ar«s 


V"r=w"- 


l/"=|t'"_X., 


If  g'j  £'',  e'" . , ,  are  respectively  the  mean  errors  of  n',  n'\  n'",  • . . . 
we  shall  have,  as  in  Art.  17, 


wheiKO 

and,  in  like  manner, 


/» =  w  V  +  V 


Ac. 

The  number  of  given  values  n',  /»/'  . . .  being  =  m,  the  Bom  of 
these  equations  is 

which  combined  with  the  above  value  of  i^  gives 
and  coasoquentlj,  also, 


<») 


(40) 


Example. — Let  us  suppose  that  tlie  obsei-vations  of  Batum'g 
ring  in  Art.  IT  had  been  given  a.s  in  the  following  table,  where 
the  mean  of  the  first  seven  ob&ervations  of  Art,  17  i«  given 
=  31>'MT*J  with  the  weight  =  7»  the  mean  of  the  next  foUowiug' 
four  ^  39"*285  with  the  weight  =  4,  &c. 
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p 

n 

V 

ft> 

pvv 

7 

39".179 

—  0".129 

.016641 

.1165 

4 

.285 

—  0  .023 

529 

21 

5 

.294 

—  0  .014 

196 

10 

4 

.407 

+  0  .099 

9801 

892 

1 

.410 

+  0  .102 

10404 

104 

8 

.320 

+  0  .012 

144 

4 

8 

.377 

+  0  .069 

4761 

143 

4 

.310 

+  0  .002 

4 

0 

8 

.127 

—  0  .181 

32761 

983 

[?]  = 

6 
40 

.448 
a:,=  39  .308 

+  0  .140 

19600 

1176 
\_pvv-]  =  .3998 

Ilere  the  general  mean  x^  found  by  (38)  of  course  agrees  with 
that  found  before.  For  tlie  mean  error  corresponding  to  the 
unit  of  weight  (which  in  this  case  is  that  of  an  observation  as 
given  in  Art.  17),  we  have,  by  (39),  since  m  =  10, 

and  for  the  mean  error  of  x^,  by  (40), 

'       \\i)X40/ 

wliicli  agree  sufficiently  well  with  the  former  values.  A  perfect 
agreenicnt  in  tlio  mean  errors  is  not  to  be  expected,  since  our 
formuhe  are  based  upon  the  supposition  that  we  have  taken  a 
puffiiirnt  number  of  observations  to  exhibit  the  several  errors 
to  which  tliey  are  subject  in  the  proportion  of  their  respective 
probabilities;  and  this  would  require  u  very  large  number  of 
observations. 

2«J.  Tn  the  a])plication  of  the  i)receding  formulie,  it  must  be 
observed  tliat  wlicn  the  weights  of  different  determinations  of 
tiie  same  <iuantity  are  inferred  from  their  mean  errors,  we  must 
be  certain  tliat  there  are  no  constant  errors  (that  is,  constant 
during  the  observations  which  ccmipose  a  single  detemiinaition) 
befori'  we  can  combine  them  together  according  to  these  weights, 
unles!>  tlie  constant  errors  are  known  to  affect  all  the  determina- 
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tiona  equally  and  with  the  eamo  sign.  For  example,  if  ten 
meaaurea  of  the  zenith  distance  of  a  star  are  made  at  one  cul- 
minatioo,  giving  a  mean  enx>r  of  0".4,  and  five  raea^ureii  at 
another,  giving  a  mean  error  of  C*8,  the  weights  accoixling  to 
these  errara  would  he  as  4  to  1.  But  if  it  is  known  that  the 
errors  prmliar  io  a  culminailoji  (and  affecting  equally  all  the  indi- 
vidual observations  at  that  colmination)  exceed  1'',  it  would  be 
better  to  regard  the  obBer%'ation8  as  of  the  same  weight,  since 
there  would  be  a  greater  iiroliabilit)^  of  eliminating  such  peculiar 
errors  by  taking  the  simple  arithraeticid  mean.  If,  however,  the 
observer,  from  considerations  iedependeut  of  the  observationa, 
can  estimate  the  weight  of  determinations  made  under  dilFerent 
circumstances,  then  it  is  evident  that  these  weights  will  s^rve 
for  the  eomlnnation,  if  the  mean  accidental  errors  of  the  sevQfal 
determinations  are  scusilily  equal* 

But  if  from  the  different  circnmstanecs  wo  have  deduced 
weights  for  the  several  determinations,  and  at  the  same  time  the 
mean  errors  (deduced  from  a  discussion  of  the  discrepancies  of 
the  observations  composing  each  determination)  are  widely  dif- 
ferent^ it  ie  not  easy  to  assign  any  general  rule  for  reducing  the 
weights  which  shall  not  he  subject  to  some  exceptions.  In  sttcli 
cases,  practical  observers  and  computers  have  resorted  to  em- 
pirical form u he,  involving  some  arhitriu^y  considerations,  more  or 
less  plausible. 

In  many  eases  we  can  proceed  satisfactorily  as  follows.    Let 

^  =:  the  mean  accidental  error  of  a  single  observation, 

ij  =  tbo  mean  error  pn^culiar  to  a  determination  which  rests 

upon  m  such  abserv^utiuns, 
€  =  the  total  mean  error  of  such  a  determinatiou, 

then,  €  and  5  being  supposed  to  be  independent,  wo  shall  have 


«'  =  -  +  ^ 
m 


(41) 


If  then  y  can  be  obtained  from  independent  coneidemtiona,  thk 
formula  will  give  the  value  of  e,  and,  consequenth*,  tlie  weight 
for  each  determination,  and  the  comhinution  may  then  be  made 
by  (38).  For  an  example  of  a  discussion  according  to  these 
principles,  sec  VoL  L  Art.  23G, 
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27.  I  proceed  now  to  the  application  of  the  method  of  least 
squares  to  the  sohition  of  tlie  general  problem  of  determining 
the  most  probable  values  of  any  number  of  unknown  quantities 
of  which  the  obser\'ed  quantities  are  functions.  The  obseiTa- 
tionrt  are  then  said  to  be  iudircd.  The  particular  case  of  direct 
observations,  already  C()nsi<lered,  is,  however,  included  in  this 
general  i)roblem ;  being  the  case  in  which  the  number  of  un- 
known quantities  is  reduced  to  one,  and  this  one  is  directly 
obser\'ed. 

The  general  problem  embraces  two  classes  of  problems,  which 
must  be  distinguished  from  each  other.  In  the  first  class,  the 
unknown  quantities  are  indepcmUiit^  in  the  sense  that  they  are 
subject  to  no  conditions  excejit  those  established  by  the  observa- 
tions :  so  that,  before  taking  the  observatioiiSj  any  assumed  system 
of  values  of  these  quantities  has  the  same  probability  as  any 
other  system.  In  the  second  class,  there  are  assigned,  a  priori^ 
certain  conditions  which  the  unknown  quantities  must  satisfy  at  the 
sanie  time  that  they  satisfy  (as  nearly  as  possible)  the  conditions 
established  by  the  observations.  Thus,  for  example,  if  the  three 
angles  of  a  plane  triangle  are  to  be  determined  from  observations 
of  any  kind,  we  have,  a  priori^  the  condition  that  the  sum  of 
these  angk^s  must  be  equal  to  two  right  angles,  and  all  tlie 
systems  of  values  which  do  not  satisfy  this  condition  are  excluded 
at  the  outset.  This  class  will  be  briefly  considered  hereafter, 
un<ler  the  head  of  "  conditioned  observations  ;"  but  our  attention 
will  be  chiefly  directed  to  the  first  class,  which  includes  most  of 
the  problems  occurring  in  astnuiomical  inquiries. 

Again,  the  equations  which  the  observations  are  to  satisfy  may 
])e  linrar  or  non-linear;  the  observed  quantities  may  bo  explicit  or. 
impllrit  functions  of  the  required  quantities;  but,  for  simplicity, 
we  consider  first  the  case  of  linear  equations,  to  which  all  the 
others  may  always  be  reduced. 

KQIATIONS   OF   CONDITION    FROM    LINEAR   FUNCTIONS. 

2H.  Let  US  sui)i)ose  the  equations  between  the  known  and 
unknown  quantities  arc  of  the  form 

ax  +  by  +  CZ  + +  /  =  r 
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in  which  a,  i^  f , . . . .  /  are  known  quantities  giren  by  theory'for 
each  obgervation,  V  ih  the  quantity  observed,  and  ar,  ^,  z ,  • . ,  are 
the  quantities  to  he  determined*  For  each  observation,  we  hiive 
a  similai'  observation,  and  thus  u  system  such  as  the  foUowiug: 

a'x  -^h'y   +i^z    + +  r  ==F'  \ 

a"x  +  6'V  +  <f'z  + +  r  =P'  ( 

a'"x  +  6'"y  +  e^'z  +  ......,  +  r  =  F'"  [      f'^) 

^.  &c.  1 

the  number  of  these  equations  being  greater  than  tliat  of  the 
unlciiowu  quantities  (Art.  0).     If  our  observations  were  pert'ect^ 

all  these  equations  would  be  satisfied  l»y  the  same  system  of 

valuesof  X,  J/,  r...;  but,  being  imperfect,  let  M\  M'\M'^' 

denote  the  values  obtained  by  observation  for  V\  V'\  V". 
IST^ieu  these  values  are  suljstituted  in  the  second  merabers  of  (4ii>, 
there  will,  in  general,  be  no  system  of  values  of  a:,  y^  2. . .  -  which 
satisfies  all  the  equations  at  the  same  time,  and  we  can  only 
determine  that  system  which  is  rendered  most  probable  by  the 
observations.  Let  us  therefore  denote  by  N\  N'\  N***  • . . .  the 
values  which  the  tii'st  members  of  our  equations  obtain  when 
any  hypothetical  or  assumed  system  of  values  of  z,  y^  ^.  .•«  U 
Bubstituted  in  them  ;  and  frnt 

t/  =  i\^  —  M\        V*'  =  N*'  —  Jf ",        t/"  =  3^"  —  JT", .... 

then  v\  r*\  r"' are  the  errors  of  the  observations  according 

to  this  Iiypo thesis.     Finally,  let  us  put 


fC^^V'-M', 


r*  _  M'' 


then  our  equations  may  he  thus  expressed : 

a*x    +  6V    +  ^-    +....  +  w'   ^  t/ 

a'"x  +  fr"V  +  <^"-  +  . .  •  +  n'"  =  ^' 


(4S) 


If  our  observations  were  perfect,  we  should  he  able  to  find 
values  of  X,  y,  z , . , .  wliieh  would  reduce  all  the  quantities  p%  r^', 
t?"' ....  to  Ecro.  It  is  usual,  tliereforCj  to  write  zero  in  the  seeood 
members : 
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and  these  are  called  the  equations  of  condition^  since  they  express 
the  conditions  which  the  unknown  quantities  are  required  to 
satisfy  as  nearly  as  possible.  We  may,  however,  with  more  rigor 
regard  (43)  as  our  equations  of  condition,  and  treat  them  as 
expressing  the  general  condition  that  the  unknown  quantities 
shall  be  Kuch  as  to  give  the  most  probable   system  of  errors 

V    y     V       ^     h  .... 

Now,  according  to  Art.  11,  the  most  probable  system  of  values 
of  x,  y,  z . . . .  (and,  consequently,  the  most  probable  system  of 
errors)  is  that  which  makes  the  sum  of  the  squares  of  the  errors 
a  minimum :  thus,  we  are  to  reduce  to  a  minimum  the  function 

[i?y]  =  i/i/  +  i/'y"  +  i;"V"  +  . . . . 

Regarding  [yv]  as  a  function  of  the  variables  x^y^z.. .  (which  we 
must  remember  are  here  independent),  the  condition  of  minimum 
reciuires  that  its  derivatives  tiikeu  with  reference  to  each  variable 
shall  each  be  zero ;  that  is, 

IM^o,      ^f'"^i  =  o,     ^t'i"J  =  o,... 

dx  dy  dz 

or 

dx  dx  dx 

dv'  d\f  dv"' 

''i+'''.;-+'-" ,;--+••■•=»    )  (44) 

dz  dz  dz 

&c. 

(which  we  might  have  obtaino<l  directly  from  (10)  by  substituting 
if 'J  hJ  /.r,  an<l  divi<ling  by  the  constant  A).  But,  by  diffcr- 
entiatiuir  tin*  ciiuations  (43)  with  reference  to  x,  y,  z. . . .  succes- 
sively, we  have 


'/'•' 

</./        „ 

dz    -^'••' 

il.C 

¥='• 

dv" 

—  - .  a", 
dx 

dy 

dz   -'^'••• 

&('. 

kc. 

&c. 

80  that  (44)  are  the  same  as  the  following : 
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\/^  ^  t'V'  +  6"'u"'  + 

C*!/  +  c'V  +  c"V"  + 
.      &0. 


(«•) 


The  nnniher  of  these  equations  is  the  same  as  that  of  the  tm- 
knowii  qLuuitities;  and  if  we  now  suhetitiite  in  them  tbf>  valuer 
of  r',  Vy\  r'" . . .  from  (43),  we  have  the  final  or,  aa  we  shall  C4iU 
them,  the  normal  equations,  which  determine  the  most  probaUe 
valueg  of  2", y,  r. ... 

KOKMAL    EQUATIONS. 

29.  We  see  by  (44*)  that  to  form  the  first  normal  equatian  we 
multiply  each  of  the  equations  of  eondition  (48)  or  (43*)  by  the 
coefficient  of  x  in  that  equation,  anU  then  form  the  sum  of  all 
the  equations  thus  multiplied.  The  resulting  equation  is  culled 
the  normal  equation  in  x.*  The  sum  of  the  equations  of  condi* 
tion  severally  multiplied  by  the  coefficients  of  y  is  the  normal 
equation  in  y^  &c.  To  abbreviate  the  expression  of  these  sums, 
we  put 

[aa]  =  a'a'  +  a"a^'  +  ^  V"  +  . . . . 

lab}  =  a'b'  +  a'*W  +  a"%*''  +  . . . , 

\ac\  ^  aV  +  a'V  +  a"V"  +  . . .. 

&c.  &e. 


then  the  normal  equations  are 

\aa\  X  +  [ah]  y  -f  {ac\  z  -\- +  [an]  =  0 

[ab]  X  +  ibb]  y  +  [be-]  2  +  . . . .  +  [6fl]  =  0 
[a€\  X  +  {be}  y  +  [c-e]  z  -f-  . . . .  -|-  [c/i]  =  0 


(45) 


80.  The  formation  of  such  normal  equations  is  one  of  the 
most  laborious  parts  of  the  computations  involved  in  the  method 
of  least  rt(|inires,  especially  when  the  number  of  equatioD^  b  very 
great.  It  is  important  to  have  a  means  of  verification,  or 
**  control/*  to  insure  tlieir  accuracy,  before  proceeding  witli  the 
next  important  process  of  elimination.  A  very  simple  and 
efiective  control  is  the  following. 


*  The  **  ti^tmnX  equation  ia  r"  la  lo  ealM  hoeHiiset  it  is  tbe  eqaatiim  wliteh  d«t«r- 
mineB  the  aiioiit  probable  tiiIuc  of  x  wbcti  the  oOier  tArinblci  une  reducvU  Im  K3Jti'»  or 
when  z  U  lh«  only  uukoowu  q;UAatit7 ;  aaiI  to  of  the  otb«ii. 


a'   +b'   +<f   +.. 

..  =  «' 

a"  +  b"  +  <"  +  .. 

..=«" 

a'"  +  b'"  +  d"  +  . . 

..  =  «"' 

&c. 
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Form  the  sums  of  the  coefficieuts  of  tlie  unknown  quantities 
in  the  several  equations,  namely, 


(46) 


If  we  multiply  each  of  these  by  its  ??,  and  add  the  products,  we 
have 

[an]  +  Shn-]  +  [c/i]  +  ....  =  \?n\  (47) 

Also,  multiplying  each  of  (46)  by  its  a,  and  adding,  then  each 
by  its  h^  and  adding,  and  so  on,  we  have 

[.m]  +  [rl^]+[^6']  +  ....  =  [««] 

[,,^]  +[/,/>]  +[^c]  +....  =  [6*] 
[ac]  +  \bc\  +  M  +  . . . .  =  [c^]  /       t-^'- ) 

&c. 

The  equations  (47)  must  be  satisfied  when  the  absolute  terms  of 
the  normal  equations  are  correct,  and  (48)  when  the  coeiiicients 
of  the  unknown  quantities  are  correct. 

31.  The  normal  equations  will   give   determinate  values   of 

X,  //i  "t provided  they  are  iTully  independent.     If,  however, 

any  two  of  them  become  i<lentical  by  the  multiplication  of  cither 
of  them  by  a  constant,  the  number  of  independent  equations  is, 
in  fact,  one  less  than  that  of  the  unknown  quantities,  and  the 
j>roblem  beeomes  in<leterminate.  This  difficulty  does  not  arise 
fr<»m  the  method  by  which  the  normal  equations  are  formed,  but 
from  the  nature  of  the  given  equations  of  condition.  In  any 
such  case,  additioiud  observations  are  necessar}',  for  whieh  the 
coeffirifuts  have  such  varied  values  as  to  lea<l  to  independent 
e<|uations.  Even  when  two  equations  cannot  be  reduced  pre- 
cisely to  a  single  one  by  the  intnxluction  of  a  constant  faetor,  if 
they  can  be  made  very  nearly  identical,  the  pnddem  is  still  pnic- 
tieally  indrterminate.  The  indetermination  will  liecome  evident 
in  the  actual  elimination  in  praeti<'e  when  any  one  of  the  un- 
known <|uaiitities  eomes  out  with  so  small  a  coefficient  that  small 
errors  in  the  observations  would  greatly  cliange  this  coefficient 
(See  An.  :>!>.) 

VuL.  II.— 33 
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82.  By  whatever  method  the  elimination  is  perfonned,  we 
shall  necessarily  arrive  at  the  name  final  values  of  the  unknown 
qnaotitiea;  but,  when  the  immliorot'  equations  is  considerable, 
the  method  of  aubstitutioi^  with  Gaitss's  convenient  notation,  Is 
nnivoi^ally  followed;  but,  for  the  present^  leaving  the  reader  to 
choose  his  inethod,  I  proceed  to  explain  the  principles  b\'  which 
the  mean  errors  of  the  values  of  ^,  ^,  2 ,  . . .  are  detenuined. 


MEAX    ERRORS    AND   WEIOITTS    OF   THE   UNKNOWN   QUANTITIES, 

Sa  Since  we  have  put  »'  ^  t  -3I\  «"  =  V'~M'\  &c.  (Art,  28), 
the  mean  error  of  ?i', n'\  ^i''^  , , .  is  ako  that  of  M\  3P\  M"\  • , . , ; 


that  18,  the  mean  error  of  7i\  n' 


is  to  be  regarded  a»  the 


mean  error  of  an  observation*  If  the  elimination  of  the  normal 
equations  were  fully  canied  out,  each  unknown  quantitj'  would 

he  finally  exj^res^ed  as  a  linear  function  of  n\  n'\  n"\ ,  and  the 

mean  erroi^  of  the  latter  Ijeini?  gtN'en,  those  of  the  unknown 
quantities  would  follow  by  the  principle  of  Art.  20.  It  re^ultii, 
hnwever,  from  the  symmetry  of  the  normal  equations  that  acveral 
forms  may  be  obtained  for  coiuputinc^  directly  the  weighta  of  the 
uuknuwn  quantities,  and  from  these  weights  the  mean  eironi 
can  afterwards  be  found. 

84.  First  method  of  computing  the  weights  of  (he  imknoum  qt(€mtftiet, 
— For  simplicity,  let  U3  first  suppose  all  the  obser\^ation8  to  bo 
of  equal  weight,  or  the  mean  eiTors  of  h\  n",  n'"  to  be  equal* 
Let 

f  =  the  mean  error  of  an  observationp 

e^t==  the  mean  error  of  the  value  of  x  found  from  the  normal 

eqaations, 
p^=z  the  weight  of  the  value  of  Xj  the  weight  of  an  obeerva- 
tion  being  unity; 

tliea  (Art.  24) 


Now,  let  ua  suppose  the  elimination  to  be  performed  by  the 
methiHt  of  indeterminate  coeffitient^.  Let  the  fiii*t  equation  of 
(45)  be  multiplied  by  Q^  the  second  by  Q\  the  third  by  (J^^kc, 

and  the  products  added.      Then   let  the  factors  Q,  Q\  </' 

(who!^c  number  is  the  same  as  that  of  the  imknown  quantitie**) 
be  supposed  to  be  determined  so  that  in  thia  final  equation  the 
coefficients  of  all  tlie  unknown  quantities  shall  be  zero,  except 
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that  of  X,  which  shall  be  unity.     The  conditions  for  determining 
these  factors  are,  therefore, 

[<f^](2  +  [/./.](7-^[6r]  (?"  +  ... .  =  0 
[</.](?+.[^,.](2'4.[,^]  (7' +  ....  =  0 
&c.  &c. 


(49) 


and  the  final  equation  in  z  is 

a«  -i    imq  Q  +  [hn-]  q  +  [en-]  (?"  +  ....  .^  0  (50) 

Comparing   (4r>)   an<l   (4*,)),   we   nee   that   the   coefficients   of 

Q.f/j(/' '^^*^  ^^^^  same  as  those  of  r,  y,  r....,  but  that  tho 

absolute  terms  are  —1  in  (4i»)  instead  of  [jni]  in  (45),  and  zero 
instead  of  [//;/],  [r;<],  ie.  Hence,  if  the  elimination  of  (45)  were 
carried  out,  and  the  values  of  ^*,  y,  -?....  <letermined  in  terms  of 

?/,//",?<"' the  vahies  of  Q,  (/,  (/'..,.  would  be  found  from 

these  by  merely  putting  [«;/]  —  1,  and  [/m]  ~  [a*],  &c.  ---  0. 
This  is  also  evi<h'nt  from  (50).  I  shall  now  show  that  Q  is  the 
reciprocal  (»f  the  re<iuired  weight  of  r. 

The  final  value  of  x  being  a  linear  function  of  n\n'\n''' 

the  equation  (50)  may  be  supi)osed  to  be  developed  in  the  form 

.r    :  a'n'  -\-  a"n"  +  a'"/*'"  -1-  ....=.  0  (51) 

in  which  a\  a",  a'" an*  functions  of  a\  b\ ,  a",  A", &c. ; 

and  tlu'se  functions  are  immediately  found  by  developing  ['//'], 
[bn\  A:c.,  in  (50):  tor  we  then  have,  by  comparing  the  coefficients 
of  (50)  and  (51), 

a'       //'  Q  -\  //  q  -\  (f  <?"  +  .... 

kv,  kii, 

^fultiplying  each  of  these  eqmitions  by  its  a,  and  adding  all  the 
products,  we  obtiiin,  by  (41*), 

//  o  -f-  </  a     ~\-  d    a     -j-  .  . .  .  =  1 

Multiplying  each  of  (5:2)  by  its  6,  and  a<lding,  we  obtain,  by  (40), 

ft  a    -j     ft   a    -\-  n    a     -\-  .  .  ,  .  =^  V 

and  so  on  for  as  many  cipnitionsas  there  are  unknown  quantities. 
These  rclatit»n-^  are  briefly  expressed  thus: 

D/a]         1  [Aa]  ^  0  [Ott]  =  0,  &c.  (68) 
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If,  tlieit,  each  of  (52)  is  multiplied  bj  its  a,  and  the  rcaults  are 
lidded,  we  find,  bj  (53), 


M  =  a'»+ «'"+«•"•+....=  C 


(54) 


But,  hy  Art,  20,  when  e  is  the  mean  error  of  each  of  the  qoaxi* 


titles  n\  n' 


Afff 


,  *,  the  mean  error  of  x  found  by  (51)  is 


(&5) 


Hence 

M  was  to  be  proved. 

Hence  we  have  a  first  method  of  finding  the  weights.  In  the 
first  normal  eqtiaiion  write  —  1  for  t/w  absolute  term  \a}C\^  and  in  the 
(^her  eqtiaihns  zero  for  each  of  the  absoUie  terms  [6i*],  [f*?*],  &c. ;  tke 
valite  of  X  then  found  from  tkase  cfjuatUms  will  be  the  reciprocfd  of  the 
wc^/hi  of  the  value  of  x  found  bi/  the  general  elimination. 

This  rule  is  to  bo  applied  to  each  of  the  unknown  qaantitie« 
in  suceeiiision,  so  that  the  reciprocal  of  the  weight  of  y  is  that 
value  of  y  which  will  be  found  by  putting  [Aw]  = — 1,  and 
[anj  ~  [m]  ^  &c,  "  0;  the  reciprocal  of  the  weight  of  z  is  tliat 
value  of  z  which  will  be  found  by  putting  [en]  =  —  1,  and 
[a/?]  z^  [bn],  4c.  =  0;  kc. 

It  is  evident,  moreover,  that  although  we  have  deduced  the 
rule  hy  the  use  of  indeterminate  multipliers,  it  must  hold  good 
wluitever  method  of  elimination  is  adopted. 

85.  Seeond  method  of  eompidinff  the  •  weights  of  tke  urdmown  fMH- 
tides, — K  we  write  the  nonnal  equations  thus, 

\jia]  X  +  lab}  y  +  [ac]  r  + . . . .  +  [anj  =  A 
[ab]  X  +  [bb}  y  +  ibc}  r  +  . . . .  +  \btq  =  B 
[ar]x  +  [6f]  y  +  [cc]r +  ....+  [c/i]  =  C 
&u.  4c. 

and  perform  the  elimination,  w*e  shall  obtain  x,fA2.*..in  tcinii 
of\iia\  [//A],  &c.,  and  of  Ay  By  C,  ic;  and  if  in  the  general  value* 
thuH  found  we  make  A  B  ^  C,  &e,  =  0,  these  values  will  he 
reduced  to  tliose  which  would  be  found  by  carrying  out  tlie 
elimination  with  zero  in  the  second  members  of  tJie  normal 
equations*     If  we  suppose  the  elimination  performed  by  metuit 
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of  the  indeterminate  factors  §,  Q\  §" already  employed,  the 

final  equation  for  determining  x  will  be 

where  the  coefficient  of  A  is  the  reciprocal  of  the  required  weight 
of  r.  But,  whatever  method  of  elimination  is  employed,  the 
coefficient  of  A  in  tliis  general  value  of  x  will  necessarily  be  the 
same;  and  hence  we  derive  the  second  method  of  determining 
the  weights :  Write  A^  B,C,  &c.,  instead  of  0,  in  the  second  members 
of  the  normal  efptations,  and  caiTy  out  the  elimination  (l>y  any  method 

at  pleasure);  then  the  final  values  of  x,  y,  z are  those  terms  in  the 

ffeneral  values  which  are  indepnulent  of  A,  jB,  C...;  the  weight  of  z 
is  the  reciprocal  of  the  coefficient  of  A  in  (he  general  value  of  x;  the 
weight  of  y  is  the  reciprocal  of  tlic  coefficient  of  B  in  the  general  value 
ofg;  &c. 

3<5.  Third  method  of  computing  the  weights  of  the  unknown  quantities. 
— Let  Urt  suppose  the  elimination  to  be  performed  by  the  method 
of  substitution,  still  retaining  A^  i?,  C —  in  the  second  members, 
as  in  the  preceding  article.  The  final  equation  in  x,  acconling 
to  this  method,  is  foun<l  by  substituting  in  the  first  normal  equa- 
tion the  values  ofy,  z....  given  by  the  other  equations.  These 
substitutions  do  not  affect  the  coefficient  of -4,  which  remains 
unity,  so  long  as  no  reduction  is  made  after  the  substitutions. 
Thus,  the  final  equation  in  x  is  of  the  fonn 

7?x  ^  T  +  .1  +  terms  in  J5,  C, 

in  which  T  is  the  sum  of  all  the  absolute  quantities  ret^ulting 
from  the  substitution,  and  is  a  function  of  [aa],  [a6],  —  [«/<]. 
Hence  the  value  of  x  is 

T      A 

a:  —  -  4-  ~  +  terms  in  5,  C, 

K       H 

T  . 
in  which  -.-  is  the  final  value  of  x  which  results  when  A  =^  B 

C 0,  and       is  necessarily  the  quantity  denoted  by  Q  in 

the  i>rcceding  articles.  Therefore  7?  is  the  weight  of  r,  and 
hcni'C  wc  have  a  third  nu^thod  of  finding  the  weights :  Let  (he  first 
nnrnud  cfp/afinn  (the  (Mpiation  in  r.  Art.  29)  he  taken  as  the  final 
equation  for  ditirmining  r,  and  substitute  in  it  Die  values  of  y^  r....  in 
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iemis  of  X  OB  found  from  the  rcmmning  equations;  (hen^  before  fn^mff 
the  equation  of  fraetiom  or  introducing  any  reduetion  factor^  the  etifffi- 
cimi  of  X  in  this  equation  is  the  iccif/ht  of  the  value  of  x.  In  the  mtne 
manner^  mbstitute  in  the  second  normal  equation  (the  eqtmtioii  in  3^) 
tiu  indues  of  x^  2,**.  in  terms  of  y  as  fomid  from  tfi£  other  erfun* 
tions;  the  coefficient  of  1/  is  then  the  ireighi  of  the  value  of  y;  and  so 
jyroceedfor  each  unknoicn  quantity. 

According  to  this  method  we  determine  each  unknown  quan- 
tity, togetjter  with  its  weight,  by  a  eeparate  eliminatiou  earrie<l 
throufth  all  tlie  equation.-*,  in  each  case  changing  the  onler  of 
ernnination,  nntil  every  unknown  (jnantity  ha**  been  niaile  to 
come  out  the  last.  Tlie  algorithm  of  thi.s  process,  with  GaCss's 
convenient  eystem  of  notation,  will  be  given  hereafter  (Art,  45). 

37.  To  find  the  mean  error  of  observation,— The  weight  of  x  being 
found,  we  have  the  ratio  ot'e^  to  £,  but  we  have  yet  to  determine 
e,  wliich,  in  general,  cannot  be  a^^igned  a  priori,  but  muBt  bo 
deduced  a  posteriori,  that  ia,  from  the  observations,  and  conse- 
quently from  the  equations  of  condition.  The  residuals  r',!?",!^"'....^ 
in  (4;i),  are  tha«e  which  result  when  the  mo8t  probable  vmlnea  of 
ar,^,  ^.,..  {namely,  those  resulting  from  the  nonnal  equations) 
are  substituted  in  the  first  menibcrs.  The  actual  or  true  errors 
(Art,  17)  of  observation  are,  however,  those  values  of  the  first 
members  of  (48)  wldcii  resiult  when  the  true  values  of  x,y,  *»•••* 
are  substituted. 

Let  X  +  AX^  y  +  ^y,  z  -f-  a^,.,  *.  be  the  tnie  values  which,  sub* 
etituted  in  the  equations  of  condition,  give  the  true  re^iduaUi 
w',  w",^m"^.,,;  so  that  we  have 


a!  (x  +  iLx)  +  b'  iy  +  Ay)  +  c'  (z  +  az)  +. , 
a^'ix  +  Ax)  +  b''(y  -f  Ay)  +  </' (s  +  Air)  +.. 
a"Xx  +  AX)  +  b'"iy  +  Ay)  +  if\z  +  az)  + . . 
Ac.  &c. 


(50) 


If  these  equations  be  multiplied  by  a',  a'',  a'", •  •  •,  rwpectirelyt 

the  sum  of  the  products  is 

laa}x    +iab}y    +  [^ir]  z    +....+ [an]   )       r^^^ 
+  [fUi]  AX  +  lab]  Ay  4-  [ac]  aj  + J       *^    ^ 

which  by  tlie  firet  of  (45)  is  reduced  to 

[art]  AX  -f  lab]  Ay  +  lac]  Az  + . » • .  —  [<tu]  =  9 
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In  the  Bame  manner,  multiplying  each  of  tlie  equations  (56)  by 
its  by  Cy  &c.,  successively,  we  form  the  other  equations  of  the 
following  group : 

laa]  ^x  +  [ab]  Ay  -j-  [f7c]  A^  + —-  [at/]  =  0 

[ab'\  AX  +  [bb]  Ai/  +  [br-]  a j  +  ....  —  [6m]  =  0  .         .^. 
[ac]  AX  +  [be]  Ay  +  [cc]  A2  +  . . . .  —  [di]  =  0  '       ^  '^ 
&c.  &c. 

These  being  of  the  same  form  as  the  normal  equations  (45),  we 
see  that  the  value  of  ax  resulting  fi'om  them  will  be  of  the  same 
form  as  that  of  x  resulting  from  (45),  with  only  the  substitution 
of  —  w  for  w:  hence,  by  (51), 

Aa  —  aU  —  aU    —  a    U     —  ....=  U  \y^) 

Again,  multiplying  (56)  by  r',  r",  r'" — ,  respectively,  the  sum 
of  the  products  is,  by  (44*),  reduced  to 

[rw]  =  [i?i/] 

and  in  the  same  manner,  from  (43), 

[rn]  =  [rv] 
whence 

[rti]  =  [vy]  =  [m]  (59) 

Tlie  sum  of  the  products  obtained  by  multiplying  the  equations 
(43)  respectively  by  u\  w",  m'",  ...  is 

[a\i]  X  +  \b\t]  y  +  [cu']  -.(-....  -|-  [nw]  =  [rw]  =  \vv] 

and  from  (56),  in  the  same  manner, 

[a»/]x    •V{bu-]y    +M^'    +----+['*''U  =  ri/til 
4- [^/M]Ax+ [/>M]Ay  + [cu]  A2  +  ....  J       "•     -* 

which  two  ocpiations  give 

[»/!/]  ^=  [rr]  +  [aw]  AX  +  [6m]  Ay  +  [cm]  a-:  +  . . . .         (60) 

Xow,  ['/'/]  being  the  sum  of  the  true  errors  of  the  obser\'ation89 
its  value  is?,  as  in  Art.  17,  =-  mce,  if  we  put 

m  r-rr  the  number  of  oh»er\'ation8, 

=^  the  number  of  equations  of  condition. 
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Consequently,  if  we  could  assume  at,  Ay. 
have 


to  vanishj  we  should 


and  this  will  usually  give  a  close  approximation  to  the  value  of 
€,  but  it  will  give  the  true  value  only  in  the  exceedingly  impro- 
bable ease  in  wliioli  the  values  of  x,  y,  j?*..*  are  ab^olately  true, 
wberoaB  they  are  to  be  regarded  only  as  the  niont  probable  ones 
furnished  by  the  obsenrntionn.  This  formula,  then,  must  always 
give  too  small  a  value  of  £,  since  it  ascribes  too  high  a  degree  of 
precision  to  the  observations.  We  must,  therefore,  add  to  ^vr^ 
the  quantities  [fm}  ax^  [bit]  a^,  &c,,  as  in  (60) ;  but,  aa  we  canoot 
assign  any  other  than  approximate  values  of  these  quantities,  let 
us  assume  for  them  their  mean  values  as  found  by  the  theory  of 
mean  errors.  The  mean  value  of  [aw]  aj^:  will  be  found  by  mul- 
tiplying together 


mad 


[aw]  =  (^^+  a  V  +  a'"w'" 

AX  =  a  V  +  a' V  +  a' V" 


observing  that  the  errors  w',  u",  m'",  . . .,  when  we  consider  only 
their  mean  values,  are  to  be  regai'ded  as  having  the  double  sign 
±;  BO  that  the  mean  value  of  the  product  will  contain  only  the 
terms  a'a'u^u\  a''a"u"u'%  &c.     Hence  we  take 

[aw]  AX  =  d'a'fi'u'  +  rt'Vti' V  +  a'"ii'"tt'"u'"  +   •  • 

and  substituting  in  this  the  mean  value  of  u'w',  ii"ii",  Ac,  which 
in  each  case  is  ce,  we  have 

im(]  AX  =  (aW  +  a"a"  +  a'"a"'  +  ....)« 

or,  finally,  by  (53), 

[aw]   AX  =  £« 

In  the  same  manner,  it  must  follow  that  ££  is  the  mean  value  of 
each  of  the  terms  [4w]  Ay,  [cn^  sz,  &e.     If  tlien  we  put 

fi  =^  the  number  of  unknown  quantities, 

the  equation  (60)  becomes 

nut  =  [w]  ^tm 
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whence 


m  —  L 


■•=—       ■=Vi"L        («.) 


It  18  to  be  observed  that  when  there  is  but  one  unknown 
quantity,  or  ;/  =  1,  this  general  form  is  reduced  to  the  simple 
one  (25),  already  given  for  direct  ob8er\'ation8. 

Finally,  p^,  p^,  /),,  —  denoting  the  weiglits  of  x,  y,  ^. . . .  found 
by  any  of  the  preceding  methods,  we  have 

c.=  -'  e=^_&c.  (62) 

38.  Example. — ^Let  us  suppose  the  following  very  simple  equa- 
tions of  condition  to  be  given  :* 

X  —   y  +  2z  —  3  =  0 

Sx  +  2y  ^bz—   5  =  0 

4x  +    y  -f-  4j  —  21  =  0 

—   x  +  3y  +  3j  —  14  =  0 

If  but  the  first  three  of  these  equations  had  been  given,  the 

problem  would  have  been  determinate.     We  should  find  from 

IS  23  13        ,  ,      ,^, 

them  r  =  -,y  =  ~,  2:  =  — ,  and  we  should  have  to  accept  these 

values  as  final  ones,  with  no  means  of  judging  of  their  accuracy, 
or  of  that  of  the  observations  upon  which  the  equations  are  sup- 
posed to  depend.  A  fourth  observation  having  given  us  our 
fourth  equation,  we  find  that  the  values  of  x,y,  ^  derived  from 
the  first  three  will  not  satisfy  it,  for  when  tliey  are  substituted  in 

it  the  first  member  becomes  —  - ,  instead  of  zero.  If  we  deter- 
mine the  values  of  r, ;/,  and  z  from  any  three  of  the  equations, 
an<l  substitute  these  values  in  tlie  fourth,  we  shall  find  a  residual. 
Eaeli  one  of  the  four  systems  of  values  of  the  unknown  quantities 
thus  foun<l  satisfies  three  equations  exactly,  and  the  fourth 
api)roxiinately;  but,  all  the  ol)ser\'ations  being  subject  to  error, 
the  most  probable  system  of  values  can  seldom  satisfy  any  one 
of  the  equations  exaetly.  Hence  the  necessity  of  a  ])rineiple  of 
eomi»utation  which  shall  lead  as  directly  as  possible  to  sueh  a 
probable  system  of  values;  and  this  principle  is  furnished  by  the 
niethod  of  least  scjuares. 


«  Gavs*,  Theoria  Motut,  Art.  184. 
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We  are,  then,  by  Art.  29,  to  deduce  from  these  four  eqttotiaos 
three  normal  eqmitioiis,  and  the  valuer  of  x,  y,  z  which  exactly 
satis^ly  these  are  to  be  regarded  as  tire  mo8t  probable  rabies. 

To  form  the  tiri^t  normiil  equation,  we  ruultiply  tlie  first  of  the 
above  equations  of  condition  by  1  (=a')jthe  second  by  3  (=«"), 
the  thiixl  by  4  (^a''%  and  the  fourth  by  --  1  {-^a'%  and  add  tbe 
products.  We  tluia  find  {jut]  ^  27,  [«ft]  ^^  6,  [ac\  ==  0,  and 
[oii]  =  —  88. 

To  form  the  second  normal  equation,  wo  multiply  the  first 
equation  uf  condition  by  —  1  {^  6'),  the  second  by  2  (=  t"),  the 
third  by  1  {=  6'"),  and  the  fourth  by  3  (=  6**),  and  add  the  pro- 
ducts. ^V'e  tlius  find  [.f6]  ^  t>,  [ii]  ^  15,  [ftc]  =  l,  [6;>]  =  -  70. 

The  third  normal  ctpiation  is  formed  by  multiplying  the  first 
equation  of  condition  by  2  (—  e'),  the  aecond  by  —  5  (=  c'%  the 
tliird  liy  4  (=  c'"),  and  the  fourth  by  3  (=  c*^),  and  adding  the 
products.     We  find  [ae]  ^-  0,  [6r]  =  1,  [ec]  ^54,  [a*]  ^  —  107, 

Ileuee  our  normal  equutiuuH  are 

27x+    Cy  —    88  =  0 

6a?  -f  15y  H-     ^  -^    70  ^  0 

y  -I-  54*  _  107  =  0 

the  solution  of  which  gives^  as  the  most  probable  values, 

X  =  -         =  2.4r0 
19899 

2617 


737 
12707 


0033 


In  order  to  determine  the  mean,  and  hence  also  the  probable, 
errors  of  these  values,  let  us  first  determine  their  weights  accord- 
ing to  the  preceding  methods. 

FtrsL  Ity  the  method  of  Art.  34,  we  first  write  —  1,0, 0|»  for 
the  absolute  terms  of  the  three  normal  equations,  and  wo  have 
the  three  equations  for  determining  the  weight  of  a:» 

27ji''+    6/-       1^0  ^;^. 

y'+542'  =  0 

in  which  accents  are  employed  to  distinguish  the  partieolar 
values  from  the  above  general  ones.     These  give 
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809 
'"  19899 

which  is  the  reciprocal  of  the  required  weight    Hence, 

;,.=  l«««^  =  24.597 
^'        809 

In  a  similar  manner,  to  find  the  weight  of  j/,  wo  take  the 
equations 

27j:"+    Gy"  =0 

Gx"+15y"+     y— 1  =  0 

y"  +  54/'  =0 


and  find 


whence 


737 


;,  =  ^^^  =  13.648 


And  to  find  the  weight  of  z^  the  equations 


which  give 
and 


27jr'"+    Gy"'  ==  0 

Gx'"+15/"+     2f"         =0 

^"+54/"— 1=0 


y"=iL 
2211 


2211 
«=:i:^  =  63.927 
^'        41 


Secondhj.  By  the  method  of  Art  85,  wo  writo  our  normal 
equations  thus : 

27x  +    6y  —    88  =  ^ 

Gx  +  15y  +     r  —    70  =  i? 

y  +  5kr  —  107  =  (7 

and,  carrring  out  the  elimination  as  if -4,  -B,  and  C  were  known 
quantities,  we  find 

19S90X  =  49154  +  (809)A  —  324  5  +        6   C 

737y  -----    2017  —     12  A  +  (54) i?  —  C 

GG33^  =  12707  +        2  A  —     9  i?  +  (123)  C 


METHOD   OF   LEAST  SQUARES. 


525 


Finally,  to  find  z  with  its  weight,  wo  make  the  third  normal 
equation  the  final  one.    From  the  first  two  we  find 


y  =  — 

9 
123  '  + 

454 
123 

which  substituted 

in 

the  third 

gives 

• 

6633 

— -  z  — 
123 

12707 
123"' 

=  0 

where  the  coefficient  of  z  is  its  weight,  and  its  value  is  the  same 
as  was  hefore  found. 

By  a  little  attention,  it  will  be  perceived  that  the  three  methods 
involve  essentially  the  same  numerical  operations. 

AVe  are  next  to  find  the  mean  errors  of  jt,  y,  and  z\  for  which 
purpose  we  must  first  find  the  mean  error  of  an  observation, 
assuming  here,  for  the  sake  of  illustnition,  that  the  absolute  terms 
of  the  given  equations  of  condition  are  the  observed  quantities, 
and  that  they  are  subject  to  the  same  mean  error.  Substituting 
in  these  equations  the  above  found  values  of  x,  y,  and  ^,  wo 
obtain  the  residuals  as  follows : 


No. 


r 

TV               1 

—  0.249 

0.0620 

—  0.068 

.0046 

+  0.095 

.0090 

-—0.069 

.0048 

m : 


3 
4 
..  4,  A*  :^  3,      [rr]  =  0.0804 


_[^'^a  ^ 


=  0.0804 


Hence,  by  (Gl), 


in  —  /I 


1^0.0804  =  0.284 


which  is  the  mean  error  of  an  observation,  so  far  as  this  error 
can  be  inferred  from  so  Huiall  a  number  of  obser>'ations.  (See 
the  next  article.)  Consequently,  the  mean  errors  of  x,  y,  and  z 
are  as  follows: 


«.= 

• 

VP. 

=  0.057 

*,^" 

c 
VP. 

=  0.077 

«.  — 

t 

=  0.089 

VP. 


DIBO  APPENDIX* 

Multiplying  these  errors  by  the  constant  0.6745,  we  shall  hare 
(Art.  15)  the  probable  errors  as  follows: 

Probable  error  of  an  obserration  =  0.192 
**  *'         X  =  0.038 

«  <*  y  =0.052 

*'  *'         ^  =^0.026 

39.  It  has  already  been  remarked  in  the  foregoing  pages^  and 
the  remark  is  eHpecially  important  in  the  present  connection, 
that  the  method  of  least  Bqnares  supposes  in  general  a  great 
number  of  observations?  to  have  been  taken,  or  a  nnmbtfr  sufli* 
cientiy  great  to  determine  approximately  tlic  erron*  to  which  the 
obsen-ationa  are  liable.  Theoretically,  the  greater  the  number 
of  observations  the  more  nearly  will  the  series  of  residuaU  ex- 
press the  series  of  actual  errors,  and,  consequently,  the  more 
correct  will  be  the  value  of  e  inferred  from  these  residuals.  In 
practice,  therefore^  no  dependence  should  be  placed  upon  the 
mean  or  prolmble  errors  deduced  from  so  small  a  number  of 
observations  as  we  have  employed,  for  the  sake  of  brevity  and 
clearness,  in  the  preceding  example.  Nevertheless,  the  method 
18,  even  in  this  case,  tlie  l>est  adapted  for  determining  the  most 
probable  values  of  tlie  unknown  quantities  dedncible  from  the 
given  obsen^ations,  and  also  their  relative  degree  of  precision. 
Thus,  in  this  example,  the  decrees  of  precision  (denoted  by  A, 
Art,  10)  of  X,  i/^  and  -z,  being  inversely  proportional  to  the  mean 
errors,  or  directly  proportional  to  the  squai^e  roots  of  the  wcighta^ 
are  nearly  as  the  numbers  5,  3.7,  and  7.3,  so  that  from  the  four 
given  observations  z  is  about  twice  as  accurately  found  ua  y^ 
while  the  precision  of  x  falls  between  that  of  //  and  r.  But  we 
can  place  but  little  dependence  upon  the  result  which  assigns 
0.284  as  the  mean  error  of  observation,  and  0.057,  0.077^  0.089 
as  the  mean  errors  of  x,  y,  and  z,  because  this  result  is  derived 
£rom  too  small  a  number  of  observations. 

EQUATIONS  OF   CONDITION   FROM   NON-LINKAB   FITNCTIOXS. 

40.  Let  the  relation  l)etvveen  the  observed  quantities  V\  V*\ 
V*". . . .  and  the  unknown  quantities  -F,  1',  Z,. . ,  be,  Ibr  the  ob- 
seiTations  severally, 

/'  (F',    A\Y.Z, )  =  0 

nv'^.^^y.^. )  =  a  .     .^ 

/'''(F'",  -i;  r,  z, .....)  =  0  /    (^ 
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Let  the  values  of  F',  F",  F'" ,  found  by  obsen-ation,  be 

3/',  J/",  3/'" These  values  being  substituted,  we  shall 

have  the  equations 

/"'  (iif '",  Xy  y,  z,  ....)  =  0  [    (^) 

&e.  J 

from  which  the  values  of  X,  Y^  Z are  to  be  found.     But,  as 

we  cannot  effect  the  direct  Rolution  of  these  equations  according 
to  the  method  of  least  squares  so  long  as  they  are  not  linear,  we 
resort  to  the  following  indirect  process,  by  which  linear  equations 

of  condition  are  formed.   Let  approximate  values  of  X,  y,  Z be 

found,  either  by  some  independent  method  or  from  a  sufficient 
number  of  the  equaticms  (64)  treated  by  any  suitable  process,  and 

denote  these  approximate  values  by  JCq,  Yqj  Zq Let  the  most 

probable  values  be 

jc=jr,  +  x,     y=yo  +  y,     z  =  z,  +  z, 


then  T,  y^  z are  the  connections  required  to  reduce  our  ap- 

l>roximatc  values  to  the  most  probable  values ;  in  other  words, 

r,  //,  r are  the  most  probable  corrections  of  the  ai>proximate 

values,  and  the  method  of  least  squares  is  now  to  be  applied  in 
findiuir  these  corrections. 

Substitute  the  approximate  values  Xq,  yo,  ^ . . .  in  (0.3),  and 
find,  by  resolving   the  equations,  the   corresponding  values  of 

V\  V'' which  denote  by  TV,  TV These  will  be  fuuc- 

tions  which  may  be  thus  generally  expressed : 

r;  =  /"(T,,y,.z„....) 

Xow,  the  values  of  V\  V which  result  when  the  most  pro- 
bable values  .1',  *  A  Yq  -^'  /A  ^>  r  z  are  substituted,  and  which 
are  yet  unknown,  being  denoted  by  A',  A'"  ....  we  have 

y  :.- F"  {A\  +  x,  Y,  +  y,Z,  +  z) 
&c. 

an<l  by  Tavlok's  Theorem,  when  we  neglect  the  higher  jiowers 
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of  ic,  y,  ^  . 

have 


• . .  which  are  suppoaed  to  be  very  small  quantities,  we 


dJT^ 


dY. 


dZ. 


i^''  =  F;'  +  ^:r  +  ^iJi'y+l^z  + 


d\\ 


dZ, 


tSco. 


dV*  dV"  dV  dV" 

where  -^»  --^  &c.,  -^f  -~,  &c.  are  eimply  the  values  of  iho 
a  Aft   dA^  dio    dY^ 

derivatives   of   V\  F'^ . . . .  found  by  differentiating  (f53)  with 

reference  to  each  of  the  variables,  and  afterwards  substitutiug 

jr^  i;,  &c.  for  X,  F, . .  - .  &c. 

If  now  we  denote  the  derivativew  of  F',  F"  ....  with  refercnco 

to  J:'  by  a\  a"  . ;  their  derivatives  with  reference  to  Y  by  b\ 

i'^ , , . .  &c, :  so  that 

Ac. 


Ac. 
and  then  also  put 

our  equations  become 


a"x  +  h*Uj  +  <t"z  +  , . ,  +  n''  ^  t;" 
_    t    n'"  __  j/« 


in  which  a\  i' . . .  a",  6'' . . .  «',  ?«".,.  are  all  known  quantities ; 
and  !;'»  r'' . .  * .  are  the  residual  errors  of  observation.  These 
equation 8  of  conditiuu  are  precisely  like  those  already  treated^ 
and,  being  i*olved  by  the  same  mothod,  give  tlie  most  probable 
values  of  x,  y,  z  •  • .  •,  and  hence,  also,  the  most  probable  values 

of  j;i;  2...- 

Thii^  process  rests  upon  the  assumption  that  tliC  approximate 
values  X^^  Y^  ^0  * .  -  *ire  already  so  nearly  correct  that  the  squares 
of  X,  y,  z  . . .  may  bo  neglected.  But  should  the  values  found 
for  X,  //,  z  , . ,  show  that  this  af*Huniption  was  not  admissible,  the 
computation  is  to  be  repeated,  starting  with  the  last  found  valued 
Jfo  +  X,  1 0  +  y,  £i  +  2  .  * .  as  the  approximate  values ;  and  then 
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the  corrections  which  these  hist  require  will  generally  be  so  sumll 
that  their  higher  powers  may  he  neglected  without  sensible  error. 
However,  should  this  still  not  be  the  case,  successive  approxima- 
tions, conunencing  always  with  the  last  found  values,  will  at 
length  lead  to  values  which  require  only  corrections  suitably 
small. 

Even  when  the  given  function  is  already  linear,  it  is  mostly 
expedient  to  follow  the  geneml  method  just  given :  namely,  to 
substitute  approximate  values  and  form  equations  of  condition 
to  determine  their  corrections.  This  reduces  x,  y,  z  . . .  to  small 
quantities,  greatly  simplities  the  computations,  and  diminishes 
the  chance  of  error. 


TREATMENT   OF    EQUATIONS   OP   CONDITION  WHEN   THE   OBSERVATIONS 
HAVE   DIFFERENT   WEIGHTS. 

41.  The  process  above  explained  assumes  that  all  the  obser\'a- 
tions  are  subject  to  the  same  mean  error,  and  hence  are  all  of 
the  same  weight.  The  more  general  case,  in  which  the  obser- 
vations are  of  difierent  weights,  is  easily  reduced  to  this  simple 
case.     For,  let 

^'-c  +  b'y  +C';:  +  ,...  +  n'  =  }/ 

ho  an  eqnntiim  of  condition  of  the  weight  y/ ;  that  is,  one  formed 
for  an  observation  of  the  weighty)'.  The  mean  error  of  an  ob- 
ser^•ati«nI  of  the  weight  unity  beuig  £i,  the  mean  error  of  the 

actual  observation,  and,  therefore,  also  of  ><',  is  c'  =  —  '-;•   llenco 

\P 
the  nwan  error  of  /?'|  ;>'  is,  by  Art.  20,  equal  to  t'\  p\  that  is, 

ecpial  to  £,.     If,  therefore,  we  multiply  the  equation  by  \  j)\  so 

that  we  have 

ii'yp'.X  +  h'y^J/.y  +  c'vY- J  +  . . .  +  «V7=  ^''V? 

it  be<*omes  an  equation  in  wliich  tlie  mean  error  of  the  absoluto 
term  is  the  mean  error  of  an  observation  of  the  weight  unity. 
Hence  We  have  only  to  multiply  each  equation  of  condition  by 
the  square  root  of  its  weight  in  onler  to  reduce  them  all  to  the 
Siime  unit  of  weight;  after  which  the  normal  equations  will  be 
found  as  in  other  cases. 

The  mean  error  of  observation,  found  by  (Gl)  from  tlie  equa- 
tions of  e<»nditiou  thus  transformed,  will  be  that  of  an  ubser\*a- 

Voi..  11. -3i 
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tion  of  the  weight  unity,  and  the  weighta  of  the  unkno\m  tfjQaii- 
titles  will  come  oat  mUi  reference  to  the  same  unit* 


ELIMINATION  OF  THE  UNKNOWN  QUANTITIES  FROM  THE  NORMAL 
EQUATIONS  BY  THE  METHOD  OP  SUBSTirUTION,  ACCORDING  TO 
GAUSS.  J 

42.  By  means  of  a  peculiar  notation  proposed  by  Gauss,  the 
elimhuitioii  by  substitution  is  carried  on  ho  eh  to  preeorve 
throughout  tlie  symmetry  which  exi8ti§  in  the  normal  eqnatioiia* 
In  order  to  explain  this  method^  it  will  be  expedient  to  sappoee 
a  limited  number  of  unknown  quiintities.  I  t^hall  take  but /o*ir, 
but  shall  give  the  process  in  so  general  a  form  that  it  may  readily 
be  extended  to  any  numlier. 

The  unknown  quantities  \\dll  be  denoted  by 

and  their  coefficients  in  the  equations  of  condition  by 

a^  by  c,  d, 

respectively,  with  sub-numerals  denotinsj  the  number  of  the 
equation  or  observation  upon  which  it  depends,  and  by 

^If  W,i  Wij  &c. 

the  absolute  terms  of  the  Ist,  2d^  3d,  &c.  equations  respectively: 
80  that  the  m  equatious  of  condition  (here  supposed  to  bo 
reduced  to  the  same  weight  by  Art.  41)  will  he 


a^  +  hjif  +  V  H-  d^w  +  jfi^  =  0 
a^  +  6,y  -f  r,2  -|-  djiff  ^  It,  ^  0 


(65) 


tf  ,^  +  ^  Jf  +  cj  -I-  <l^«?  +  11^  =  0 
and  the  four  normal  equations  formed  froTn  these  are 

[ftb}  X  +  [iiAr]  y  +  [^^  ]  r  +  [bd]  w  +  [bn]  ^  0 
[ac ]  X  4-  [^]  y  +  b'^  ]  ^  +  [<?»^]  «<»  +  ['■''  ]  =-  0 
iad}x  +  [bd}  tj  +  [cd-}  t  +  \dd[\  w  +  [</fi]  =  0 


(««) 
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The  value  of  x  from  the  first  equation  is 

\ah^  \acr\         {mn  {an\ 

[aa]  [aa^         [ad]  [ad] 

If  this  is  substituted  in  the  other  three  equations,  we  shall  pre- 
serve the  symmetry  of  the  result  by  the  following  notation : 


[dd] 


[aif] 


[aa] 


[bn]-^''P:^[an]  =  [hnA] 
[aa] 

icn]^^^^[an]  =  [cnA] 


[bb]-^^^P:^[ab]=[hhA] 
V>c]^^^2:^[ac]=[bc,\] 

[an] 

[aa] 

The  three  equations  thus  become 

[hb.\]y  -\-[}}€A]z+  [M.l]ir+  [/m.l]  =  0 
[hr  A]y  +[cc  A]z  -]-  [rd A]w  +  [en 
[hdA]y'\-[cdA]z  +  [ddA]w  +  [dnA]  = 


[ad]=^[ddA] 


[dny 


^Can]  =  [.n.l] 


.1]  =  0     ) 

.1]  =  0      I      (67) 
.1]  =  0     j 


Tlie  presence  of  the  numeral  1  is  all  that  distinguishes  these 
from  ori'riiial  normal  e<]uations  in  .y,  z,  and  xo.  The  elimination 
of  //  will,  therefore,  be  effected  in  the  same  manner  as  that  of  x. 
Thus,  from  the  first,  we  have 

[''-.]]  [M.l]^_[A»_,l] 

■^  [6/;.l]  [66.1]  [66.1] 

tli«'  substitution  of  which  in  the  other  two  equations  Icadi)  to  the 
followiuir  nutiitiua : 


[c.l]- 

[-V/.1]- 

[././.!]- 


['"•   n  f,,,  ,3  _  [,, .  2]    I  [o« .  1]  -  f J;^^  •  ^^ j  [hn .  1]  =  \cu  .  2] 


[66.1] 


[/«/.l]    r-.  [rv/.2] 
[6</.l  ]--:-[</</.  2] 


[66.1] 
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and  the  resulting  equations  are 


ice .  2]  2  +  led  .2]w  +  len.2}=0 
lcd.2]z  +  Idd  .  2]  ic  +  [dn  •  2]  =  0 

From  the  first  of  tliese  we  liuvo 

Ted,  21  [en.  21 

*  =  ^  J= ^  \0  —  ± i 

[cc.2]  [cc,2] 

which,  substituted  in  the  second,  leads  to  the  following  notation : 

[./<2.2]  -  f'^l  H.2]  =  [rfJ.3]|[rf«.2]-^i^  [en. 2]  =  [rfn.JI] 
[ic.2]  [cc.2] 


and  the  resulting  equation  is 


Idd.^w  -^  [(/n.3]  =  0 


(W) 


whence 


ttj  =  — 


{dd,^ 


Having  tlitifl  found  w^  we  6ul>stitute  its  value  in  the  first  of  (68), 
and  deduce  z.  Then  the  values  of  z  and  w  being  8ubdt]tuted  in 
the  first  of  (67),  we  deduce  y  ;  and  finally,  suhstituiing  the  values 
J/,  2,  and  w  in  the  first  of  {}y^y)'^  we  deduce  x.  These  hitter  ^uh«$ti- 
tiitions  are  made  in  the  nonierieal  computation,  but  it  id  not 
necessary  to  write  out  Iiere  the  formnlie  which  result  from  the 
litend  substitutions,  as  it  would  not  facilitate  the  computation. 

It  may  l>e  observed  that  all  the  auxiliaries [66 , 1],  [br: ,  1],  [or* 2}, 
&c.,  may  he  expressed  by  the  general  formula 

Mr. A']  -  ^:^-'-\  [ar/«]  =  lA-C/.  +  1)] 

a,  /9,  Y  denoting  any  three  letters,  and  p,  any  numemt    * 

For  the  convenience  of  reference,  the  final  equations  employed 
in  the  actual  computation  are  brought  together  as  followi*,  ttie 
coefficient  of  that  unknown  quantity  which  is  found  fn>m  each 
after  the  substitution  of  the  values  of  the  others  being  reduced 
to  unity: 


(.'0) 
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x  +  f^'-'^v-l-      ^'"'^4-      f'''^ir+      f''"J-0 

y  +  [WTI]-  -^  +  [M .  1]"  "^  +  tAiTT]  -  " 
'    [cc.2]       '   Ice. 2] 

Art  tlio  number  of  unknown  quantiticR  increases,  the  nnnibor  of 
auxiliaries  to  be  found  iiuToaHes  very  nipidly.  If  we  inchide  the 
coefficients  and  abt^olute  tenns  of  the  normal  e(iuations,  the 
whole  number  of  auxiliaries  is  shown  in  the  following  scheme  :* 


No.  of  unknown  quantities 

'Jr. 

2     7 

3 
10 

4 

30 

5 
60 

6       7       8 

\o  of  iiuxiliarios 

77  : 112 i 156 

43.  For  the  puq^ose  of  verification,  it  is  expedient  to  repeat 
the  elimination  in  iiiverse  order,  commencing  with  the  last 
nonnal  ecjuation  and  ending  with  the  first,  which  will  bring  out  x. 
It  will  not  be  necessary  to  write  out  the  formuhe  for  this  inverse 
elimination,  since  when  the  form  for  computation  has  been  once 
{►rcparcd,  it  suffices  to  place  in  it  the  coefficients  of  the  normal 
equations  in  inverse  order,  and  then  to  proceed  \v\i\i  the  numeri- 
cal operations  precisely  as  in  the  first  elimination.  The  unknown 
quantities  coming  out  in  the  first  elimination  in  the  order  ?r,  r, 
*/,  T,  they  will  in  the  second  come  out  in  the  order  x,  y,  z,  ir. 

This  inversion  has  also  tlie  advantage  of  giving  the  weights  of 
all  the  unkiiown  quantities  with  the  greatest  facility,  as  will 
hereafter  be  shown. 

44.  A  very  comj)lete  final  verification,  or  "  control,"  is  obtained 
as  follows.  Substitute  the  values  of  r,  ^i/,  r,  ?r  in  the  equations  of 
condition,  and  thus  find  the  residuals  ''p 'V  ' s  •  •  •  • ' «>  ^^  ^^^ 
values  which  the  first  members  assume.     J^orm  the  sum 

[r/]        ?-,r,  -1    r,r,  +  r,?-,  +  ....+  v^v^ 


*  The  Dumber  of  auxiliuricii  will  bo,  in  general, 

id  -i    1)  (t  -f^/i)_ 

where  i  denotes  the  number  of  unknown  quantities. 
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which  18  alBO  required  in  fiiuliTig  the  mean  error  of  observation 
by  (61).     Also  form  the  followiDg  new  auxiliaries : 

Inn}  =  n^w,  +  n^n,  +  »»'»,+ +  nj^^ 


[aa] 

[6nJP 


then,  if  the  whole  computation,  botli  of  the  uonnxil  eqnationa 
themselves  and  of  the  subncquent  elimination,  is  correct,  we 
juiit^t  liiive 

ivv2  =  lnnA2  (Tl) 

To  demonstrate  this,  we  observe  fii^t  that  we  have  already,  by  (S9), 

[tn?]  =  [t?w] 

If  now  we  go  back  to  the  equations  of  condition,  and  mnltiplj 
each  by  its  /*,  the  sum  of  the  prodncta  ia 

[ctn]  X  -f  Ibn]  y  +  [oi]  z  -f  [in]  w  -f  [nn]  =  [mi]  =  [tt?] 

K  this  equation  be  annexed  as  a  fifth  normal  equation  to  the 
group  (66),  and  the  successive*  substitutions  arc  made  in  it  ad  in 
the  others,  beginning  with  ar,  it  evidently  becomes,  successively, 

Ibn .  l]j^  +  [rn,  1]  2  +  [dnA]  w  +  [nn .  1]  =  Im} 

[en .  2]  r  +  [dn ,  2]  w  +  [;m .  2]  =  [vv] 

[c/n.3]w  +  [Am.3]  =  [ry] 

Inn  A}  =  Ivd} 

which  last  is  the  same  as  (71). 


DETERMINATION    OF    THE   WEIGHTS    OP    THE    UNENOWH    QCANTITISA 
WHEN   THE   ELIMINATION  HAS  BEEN  Ef  FECTED   BY  THE  METHOD  Of 

SUBSTITUTION, 

45,  By  the  general  method  exjilained  in  Art.  36,  the  elimiDa- 
tion  would  have  to  be  perlbrnied  i\»  many  times  as  there  aro 
unknown  quantities.  It  is  desirable  to  have  more  direct  methodn* 
When  there  are  but  four  unknown  quantities,  we  can  find  their 
weights  from  the  auxiliaries  occurring  in  two  successive  elimliift- 
tions  in  inverse  order.  In  the  first  eliniiuatian,  according  to  the 
order  a,  6,  c^  dj  we  find  w  by  substitution  in  the  last  normal 
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equation,  and,  the  coefficient  of  to  being  then  [tW.  3],  it  follows, 
by  Art.  30,  that  the  weight  of  the  value  of  w  is 

In  the  inverse  elimination,  in  the  order  </,  c,  6,  a,  the  coefficient 
of  X  in  the  final  equation,  which  would  bo  denoted  by  [<ia .  3], 
will  be  the  weight  of  x,  or 

Xow,  if  a  third  elimination  were  carried  out  in  the  order  x,  y,  ?r,  z, 
or  a,  A,  (fy  c  (the  third  normal  equation  now  taking  the  last  place), 
we  nhould  have  the  same  auxiliaries  as  in  the  first  elimination, 
BO  far  as  those  denoted  by  the  numerals  1  and  2;  and  tlie  equa- 
tions (G8)  would  still  be  the  same,  but  in  the  following  oixler : 

[^<f  .2]  w  +  lcd.2}  2  +  [^/n.2]  =  0 
led, 2]  M?  +  [(?c . 2]  J  +  [en . 2]  =  0 

The  value  of  w  given  by  the  first  of  these  is 

^~       Iddrl]^      [</(/.  2] 
which,  substituted  in  the  second,  gives  for  the  coefficient  of  Zy 

[re. 11]  =  [cc.2]  -  '^'^'^'^l  lcd.2]  =  [J4.3]  X  ??.-  ^^^ 
*■•*■*       ldd.2}  «■-»•»        J  ^  ldd.2] 

Therefore  we  have 

p=lcc.2^^'i-3, 
^'       *■        -' [</</. 2] 

In  the  fourth  supposed  elimination,  in  the  order  rf,  e,  a,  6,  the 
auxiliarii'S  doiioti'd  by  1  and  2  would  be  the  same  as  in  our 
actually  iKrfornied  second  elimination  ;  but  in  the  final  equation 
in  y  we  should  have  for  the  coefficient  of  y  the  quantity 

[/,/,.:{]  =^  [6&.2]  -  l"Y^}  iab.2]  =  [«a.3]  x  ^''j'^}-       . 
[</a.2j  \aa.  JJ 

and,  therefore, 

;>  .-:[/.;>. 2]  f"^-'l 
^ '       ^        -*  [aa  .  2] 

Thus,  when  the  elimination  .has  been  once  inverted,  we  have 


found  the  weights  of  two  of  the  unknown  quantities  directly, 
and  the  weights  of  the  other  two  in  terms  of  tlie  auxiliBried  pre^ 
viously  used,  and  in  a  form  adapted  tor  logarithmic  compntation* 

46.  In  order  to  give  the  above  method  greater  generality,  so 
that  the  reader  may  be  enabled  to  extend  it  to  a  greater  number 
of  unknown  quantities,  we  remark  that  the  firoduet  of  the  form 

P^  laa]  \_hb ,  1]  [cr  .^[dd,^ 

has  the  eame  vahie  whatever  order  may  be  followed  in  the  elimi- 
nfttion*  This  is  the  sanic  as  saying  that  it  \b  a  synimeti-ical  func- 
tion of  a,  b^  c^d , . .  which  is,  consequently,  not  afteeted  in  value 
by  tlie  iierniutation  of  tliese  lettera.*  Suppose,  then,  four  onler» 
oif  elimination,  in  which  each  unknown  quantity  in  turn  beconiea 
the  la8t,  while  the  order  of  the  remaining  three  quantitiea 
remains  tlie  eame ;  and,  to  distinguish  the  auxiliaries  wliich  occur 
in  each  elimination,  let  the  letter  which  occurs  in  the  last  auxiliary 
be  annexed  to  each  of  the  others ;  the  above  constant  product 
may  thus  be  expressed  in  the  following  four  fonns; 

Kow,  it  is  evident  that  each  time  a  new  unknown  quantity  U 
made  the  last,  we  do  not  change  all  the  auxiliaries,  but  only 
those  which  invtdve  the  letter  whicli  \ms^  become  tlie  last  in  the 
new  order.  It  is  readily  seen,  therefore,  that  if  we  annex  a  letter 
to  those  auxiliaries  only  which  have  a  ditlerent  value  from  that 
which  is  denoted  by  the  same  symbol  in  the  first  eliminatiou,  we 
shaU  have,  simply, 

P  =  [aa\  \bbA^  l€€ .  2]  {dd .  ^ 
=  [««]  \bbA}  DM.2]  [cc  .3] 
=  iaa]  [cr.l]  ldd.'l\\hb,^ 
=  ibb^[ccAXidd,^^]jia.^       ' 


*  Tbc  qunnfitj  Pis,  In  fbei,  nothing  mor«  thati  the  eommon  ilcnomtfk«l«r  ol  tJi« 
Tilues  of  jr«  y,  2,  ir,  when  theflt  Tulues  lire  redueeil  lo  fUtietioni  of  the  known  qii«a« 
tiiU*s  Ami  in  the  form  of  iimplo  fhictionii:  ftml  thin  common  drnominntor  muilvTl* 
denily  have  the  same  Tnlne  whatever  order  of  eluninaiion  ii  followed. 
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from  which  we  deduce 

^'        "■  J        L         J    yj   2^ 

.       „-       .     -    [M.l]    [cc.2]    [<fd.8] 
^'       •■         ^       ^    ■■      [t*]      [cc.l].  [dJ.2]. 

If  thiH  method  is  applied  in  the  case  of  six  unknown  quantities, 
we  shall  in  each  of  two  eliminations  have  the  weights  of  three 
of  the  unknown  quantities  by  computing  each  time  hut  one  new 
auxiliary,  and,  therefore,  the  weights  of  all  six  when  the  second 
elimination  is  the  inverse  of  the  first.  In  the  case  of  but  four 
unknown  quantities,  l)y  inverting  the  elimination  we  can  find 
the  weights  of  z  and  y  twice,  and  thus  verify  our  work. 

47.  If  we  have  ])ut  three  unknown  quantities,  the  weights  are 
determined  at  the  same  time  with  a*,  ^,  and  z  themselves,  l)y  a 
single  elimination  in  the  order  «,  6,  c,  in  which  z  comes  out  first 
with  the  weight 

and  then  y  and  Zy  with  the  weights 

r        0-,        r      1    ['''••1]    [«^-2] 

[W]     [cc.l], 
in  which 

IXDEPENDEXT   DKTERMIXATION   OF   EACH    UXKNOWN  QUAXTITY   AXD 
ITS    WEIGHT,    ACC0KDIX<3   TO   GAUSS. 

4f<,  Let  the  four  equations  (70)  be  multiplied  respectively 
by  1,  .1',  .1",  vl'",  and  let  these  factors  be  determined  by  the 
condition  that  in  th(^  sum  of  the  jiroduets  the  coefficients  of  y, 
r,  and  tr  shall  be  zero.  Also,  let  the  last  three  equations  of  (70) 
be  multipluMl  respectively  by  1,  ii",  JB'",  and  let  these  factors 
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be  deteniiined  by  Hie  condition  tbat  in  tbe  sum  of  the  products 
the  coefficients  of  z  and  w  sball  be  zero.  Finiilly,  let  the  laiit 
two  equations  of  (70)  be  multiplied  renpectivelj  by  1,  C",  and 
let  C"  be  deteiTuined  by  tbe  condition  that  in  the  sum  of  tlie 
pi-oducte  the  coetfiiiefit  of  w  shall  be  zero.  The  conditiotia 
whicli  deterndue  these  factors  are  then 


[«a] 


0  = 


0  =  ^^^ 


+[i.:;i^'+    ^ 
[wj    [^^] 

^[«.l]      ^[cc.2]       ^ 


(78) 


+ 


B" 


[66.1] 
[W.l]^[ec-.2]        ^ 
[a. 2]^ 


and  the  final  values  of  r,  y,  z,  uj,  id  tcntiB  of  these  Actors,  aro 
given  as  follows : 


—  X  = 


[ff»] 
Dm] 

[6«.l] 


,   [''"l]  .,   .   t"«-2]  -„  ,   [rf».8] 


[66.1]       [cc. 2]       ^[(W.3] 

_,  ^[cM.a]  [rfn.3] 
[«;.2]  "*"  [dd.a] 
[Jii.S] 


(T4) 


49.  As  the  equations  (73)  are  above  armngod,  all  the  factorB 
A  are  detonnined  from  the  first  syntcni  of  three  equations;  the 
factors  B  from  the  Hceund  eysteni  of  two  equations,  &c. ;  in  each 
case,  by  suceeflsive  substitution.  This  method  then  enables  oa 
to  find  eiu'h  unknown  quantity  in(hqK»nib?ntly  of  the  others. 

Anotber  form  may  i>c  givei»  to  therunjputution  of  the  auxiliaiy 
factors.  Since  in  the  fonnntiou  of  the  cuiuutions  (74)  wo  have 
regarded  \j^in\  [i/i],  [cn\  &c.  a**  independent,  wo  xntu^t  still  so 
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regard  them  when  wo  invert  the  process  and  recompose  tho 
ecpiations  (70)  from  (74).   If,  then,  we  muhiply  the  equations  (74) 

,.11   ^  r<'^i  r«<^i  H'^n     -.    i,  , 

respectively  by  1,  ^  "v  r  -i*  r — v  and  add  the  products  m  order 

D'<0  [^^]   [^«]  1 

to  recompose  the  tirt*t  of  (70),  the  coefficient  of  [an"]  will  he  - — -» 

but  the  coefficients  of  [bn .  1],  [cti .  2],  &c.  must  severally  be  equal 
to  zero.  The  same  principle  will  apply  when  we  recompose  tho 
second  equation  of  (70)  from  the  last  three  of  (74),  &c.  Ilenco 
we  have 

0 = ^'  +  p' 3 

0  =  A"  +  ["']  B"  +  Y-'\ 

[*'>•!]  [W.l] 

^[cc.2] 

According  to  tliin  sclicmc,  we  first  find  A',  B",  C"  from  tho 
equations  in  whirh  they  occur  Hingly;  then,  with  these  factors, 
wo  find  tlio  values  of  A",  B'",  from  the  equations  involving  two 
factors,  &c. 

50.  Ajrain,  let  us  write  tho  3d,  5th,  and  6th  equations  of  (75) 
in  the  following  order : 

[<"»]  [««]  t""] 

Coniiiarlng  these  with  the  first  three  of  (70),  we  at  once  infer 
that  A'".  B"\  (.'"'  are  those  values  of  x,  ,</,  z,  respectively,  which 
wc  should  uhtain  from  our  first  three  normal  equations  hy  putting 
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N 


V 


w  ^1  and  omitting  the  terms  in  n;  or,  going  back  to  (66),  that 
j^fft^  j^nt^  Qtif  jjjj^y  |j^  determiaed  bj  the  following  conditions : 

lan'\  ^'"  +  {ahl  B**'  +  {ac]  €"'  +  {ad]  =  0 
lab}  A''*  +  \bb}  B''*  +  [/^]  <*'"  +  [6^i]  =  0 
iac\  £*'  +  [be}  B*"  +  [cc]  C"  +  [c<f]  ==x  0 

If  now  we  multiply  the  nonnal  equations  (66)  hy  A"\  B'^%  C*\ 
and  1,  respectively,  and  add  the  products,  the  conditions  just 
given  ^vill  cause  x\  y^  and  z  to  disappear,  and  tlie  resulting  equa- 
tion in  w  must  bo  identical*  with  (09):  80  that -1'",  B*'\  C*" 
must  also  satisfy  the  following  condition : 


ian\  ^'"  +  [bn\  ^'"  +  [en]  C"  +  [dn]  =  Idn .  3] 


(76) 


The  second  and  fourth  equations  of  (75)  being  written  as  fallowB, 


^  laa:\        ^  laa} 


5"  + 


t^-l] 


0 


and  compared  with  the  firat  two  of  (70),  we  infer  that  ^-1",  B^* 
are  those  values  of  x  and  ^  which  we  obtain  from  the  first  two 
normal  equations  by  putting  2  ^  1,  m?  ^  0,  and  omitting  the 
terms  in  n;  that  is,  A*^  and  B**  must  satisfy  the  conditions 

[mq  A'*  +  [ab}  7?"  +  [ac}  =  0 
[ab}  .1"  +  [bb}  if"  +  Ibc}  =  0 

Therefore,  if  we  multiply  the  first  three  normal  equations  (66)  by 
A*\  B*%  Ij  respectively,  and  add  the  products,  x  and  y  will  dis- 
appear, and,  the  retiulting  equation  being  identical  with  the  fini 
of  (68),  we  must  also  have 

[aw]  A"  +  [bn}  i5"  +  [en}  =  [at .  2]  f77^ 

Lastly,  it  is  evident  that  A-  must  also  satisty  the  condition 

[an}  A'  +  [fmj  ^  [bn  .  1]  (78) 

From  these  relations  we  readily  infer  general  formuhe  for  the 
weights  of  the  unknown  quantities. 

*  The  equation  (69)  la  the  IjisI  normal  equAtion,  uncbmn^d  except  bjr  tlie  eiilMiUii* 
tion  of  fquivaienU  for  x,  y,  ftnd  x ;  and  in  ihe  present  article  we  eliminate  #,  y«  and  9 
bjr  tlie  use  of  faetors,  but  do  not  change  the  laat  normal  equation,  ainoe  we  muttiplj 
it  bj  unity. 
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According  to  Art.  34,  the  recii)rocal  of  the  weight  of  x  is  that 
vahie  which  we  obtain  for  x  if  we  put  \(in'\  =  —  1  and  [6n]  =  \ci\\ 
=  [(///]  —  0.    But,  under  tlicse  conditions,  the  equations  (76), 

C?"^))  ('i'^)  gi^'C 

\dn .  3]  =  —  A'",        \cn .  2]  =  —  A",        \hn .  1]  =  —  ^' 
In  order,  therefore,  that  the  value  of  x  given  by  the  first  equa- 
tion of  (74)  may  become  — ,  we  liave  only  .to  substitute  —  A"\ 

—  -4",  —  A\  —  1,  respectively,  for  \dn .  3],  \cn .  2],  \hn .  1],  [ari]. 
In  the  same  manner,  the  weight  of  ;/  being  found  by  putting 
[b)i]  —  —  1  and  [an]  =  [en]  =  [dn'\  =  0,  we  have  to  put 

[,/,t.3]  -.—B'",        [en. 2]  =  —  ^',        [6n.l]  =  —  1 

in  the  second  equation  of  (74),  in  order  that  we  may  put  —  fory. 
For  the  weight  of  z  we  have  to  put 

[(/n.3]  =  —  C",  [en. 2]  =  —  1 

in  the  third  ec^uation  of  (74),  and  -  -  for  z. 

For  the  weiglit  of  w,  we  have  to  put 
[//n.3]  =  — 1 
in  the  last  equation  of  (74),  and  change  w  to  — 

The  tlnal  formuhe  for  the  weights  are,  therefore, 

1    _  _1_  A^A^       A"J^       A"'A"'         ^ 

~Pm  '" '  bi^i^     "^  [/>6. 1]  "^  \cc.  2]  "'■  Idd . 3] 

1  _      1 BTIT'        E"F" 

V,~  ibb.iy   [ccriy   [dd/6] 

1    _  _  1 C"T"^ 

1\^~  [ccriy  [dd.Z^ 

1      _  1 

;>."'[./</.  3] 

MEAN    KKHOR    OF   A    LINEAR  FrNCTION  OP  THE  QUANTITIES  X,  ^,  Zy  W. 

50.  T"fi/ifl  (lie  nunn  rrror  of  the  function 

^^    U  +  ity  +  /*-  +  /w?  +  /  (80) 

yrhm  ./-,  //.  r,  ?r  fire  flf pendent  upon  the  aanie  observations. 


(79) 
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The  quantities  x,  y,  ;?,  w  not  being  directlj  obsonretl,  tUcir 
mean  errors  cannot  he  treated  as  independent,  as  wa»  done  in 
the  case  of  directly  observed  qimntities  in  Art.  22.  We  might 
proceed  by  the  method  of  Art.  23;  but,  as  we  here  suppose 
x^  y^  Zf  w  to  have  been  determmed  from  the  normal  equationB 
(66),  we  can  obtain  a  more  convenient  method  bj  the  aid  of  tho 
auxiliaries  which  have  been  introduced  in  the  general  elimim^ 
tion.  The  quantities  x,  y,  Zj  w  being  functions  of  the  directly 
observed  quantities  n\  n'\  n"%  ..•  the  mean  error  of  -T  can  be 
readily  obtauied  by  the  principles  of  Art,  22,  if  we  first  reduce 
-Xto  a  function  of  these  observed  quantities.  For  thirt  purpose, 
if  the  values  of  z,  y,  z,  w  deduced  from  (70)  be  substituted  in  JT^ 
we  shall  have  an  expression  of  the  form 

X=  k^  {an\  +  *,  [6n.  1]  +  ^  [oi . 2]  +  ^,  [^n.  8]  +  f       (81) 

in  which  the  coefficients  k^  i^,  /r^,  l\  are  functions  of  \fin\,  [oA], 
&c.  In  order  to  determine  tliese  coefficients,  let  us  substitute  in 
tliis  expression  the  values  of  [<//*],  [6/ul],  &c.  given  by  (70).  We 
find 

-r  =  —  [aa]  k^  —      iahl  k^  —     [acl  k^  ^     [^<|  k^w  +  I 
—  [bb  ,  1]  A^y  —  [he ,  1]  k^z  ^  [hd .  1]  k^ia 
—  [cc,2]Av— N'2]Avx7 
—  Idd.Z^k^w 

which  becomes  identical  with  (80)  by  assuming 


laa^k,^^f 

lab}k,+  lbbA}k^^^g 

lac}k^  +  [bcAJk^  +  [c«7 .  2]  Jt.  =  —  A 

[ad]  k^  +  [6d.l]  A,  +  led. 2}  k^  +  [d<f  ,3]  k^^-i 


(82) 


These  equations  fully  determine  the  coeflicients.  We  find  1^ 
directly  from  the  first,  and  then  /:„  A^,  Ar^,  by  successive  subetitts* 
tions  in  the  others. 

Now,  to  find  the  mean  error  of  A^  under  the  form  (81),  let  the 
mean  error  of  each  of  the  observed  quantities  n%  n^\  n'"  ....  be 
denoted  by  c  (these  obscn-ed  quantities  being  supposed  of  cqtiml 
weight,  or,  rather,  the  equations  of  condition  being  supposed  to 
have  been  reduced  to  tlie  same  weight),  and  let  the  correspond- 
ing mean  errors  of 

[^n],        IbnAl        len.2l        [./n.S],        JT, 
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be  denoted  by 

E^       E^y       JEg,        E^        (*-^* 
Since  we  have 

[an]  =  fl'n'  +  a"n"  +  a'"n'"  +  . . . . 

we  have,  by  Art.  22, 
Again,  we  bave 


and  bence 


=  \bb  .  1]  c« 


In  a  similar  manner,  we  have,  also, 

r/  =  [tc .  2]  c»,  -£•,«  =  [Jrf .  3]  «« 

The  quantitiort  r,  y,  r,  ?r,  being  detennined  from  tbe  equations 
(70),  their  moan  errors  involve  those  of  the  quantities  [^n],  [in.l], 
[<•//. 'J],  [r/>;.:J],  precisely  as  if  the  latter  liad  been  independently 
observed  (piantities  affected  by  the  mean  errors  just  detennined. 
lleiico  also  in  (SI)  we  regard  \jin\  [j)n ,\\  &c.  as  independent; 
and  it  then  follows  directly  from  the  principles  of  Art  22  that 

or 

(.-.r/  =  (V  iaa-\  +  A-  [hh .  1]  +  AV  [re .  L>]  +  V  W  -  3])  c«  (83) 

.01.  From  the  i>recediiig  aHiele  we  may  easily  find  the  for- 
mula' (74)  and  (7!»).  The  function  A'  becomes  x  when  we  assume 
/  -    1,  7       //  -    t     .  I  --  0;  and  then  (SI)  gives  r  while  (83)  gives 

e/,  and  hence  the  weight        -.     This  hypothesis  gives  in  (82) 

['/'(]  /.y  1  ;  an<l  the  remaining  ecjuations  of  (82)  are  identical 

with  thf  fu-t  three  of  (7-'))  if  we  put  [''''.!]  /.-,  ■---  ~  A\  [<r.2]  *, 
.1".  ['/'/.  o]/,       -  .1'";  and  then  (SI)  becomes  identical  with 
the  llr-t  of  i7l),  an<l  (S;5)  with  the  first  of  (7t>).     In  a  similar 
manner  we  may  dcMluce  the  remaining  equations  of  (74)  and  (79). 
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Example. — In  order  to  exhibit  tlie  numerical  operations  which 
the  preceding  method  require^?,  in  their  proper  oixler  and  within 
the  limits  of  the  page,  I  select  ati  examjile  invohing  but  three 
unknown  quantities.  The  foilowiug  equal  ions  of  condition  were 
proposed  by  Gauss  {Thcoria  Motas  (Jorp.  Chd,^  Art  184)  to  illus- 
trate his  method : 

(1>  X  ^    y  +  22?  =    8 

(2)  3.r  +  2i^  — 6z=    5 

(3)  4x+    y  +  4j^21 

(4)  —2a;  +  6y  +  6«  =  28 

of  which  the  fii^et  three  are  supposed  to  have  the  weight  unity, 
while  the  lui^t  has  the  weight  J.  Multiplving  the  last  by  i^  J-^J 
(Art.  41),  the  equations  of  condition,  reduced  to  the  same  weight, 
are^ — 

(1)  X  —    y  +  2j  —   3  =  0 

(2)  8je+2y  — 5j—   5  =  0 

(3)  4a:  +    y  +  42  —  21  =  0 

(4)  —  X  +  8y  +  3z  —  14  =  0 

The  next  step  is  to  fonii  the  coefficients  [a^i],  [(f^*]^  &c.^  of  the 
normal  equations.  In  the  jtreinent  example  this  can  be  done  very 
easily  without  the  aid  of  lugurithms;  hut,  in  order  to  exliibit  the 
work  usmdly  required  in  ju'uctice,  I  shall  give  the  forms  fat 
logaritliniic  computation.  Tliu  sums  of  the  coefficients  of  the 
unknown  quantities  will  be  employed  as  cliecks,  according  to 
Art.  30.  Tlieir  logarithms,  together  with  those  of  ci,6,ci  ii,  are 
given  in  the  following  table: 


log  a 

log  6 

loge 

lOfi 

logn 

0.00000 

nO.OOOOO   1 

0.30103 

0.30103 

fiO.47712 

0.47712 

0.30103 

n0.09897 

—  (» 

fiO.69897 

0.60206 

0,00000 

0JJ02(M1 

0.95424 

nl  ,32222 

nO.OOOOO 

0.47712 

0.47712 

0.60897 

nM4613 

It  18  im|)ortant,  where  many  operations  are  to  be  performed,  to 
write  down  no  more  tigures  than  are  nccessaiy  for  the  clear  prose- 
cution of  the  work.  Hence,  in  eomljining  the  prece<Hng 
logaritlims  it  will  be  found  expedient  to  [>roceed  as  follows. 
Write  each  log  a  upon  the  lower  edge  of  a  slip  of  paper;  then, 
placing  this  slip  so  that  log  a  shall  stand  over  log  a,  log  6,  log  e^ 
kcy  of  the  same  horizontal  ImC,  in  succession,  add  together  the 
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two  logarithms  mentally^  and,  with  the  sum  in  the  headj  take  from 
the  logarithmic  table  the  corresponding  natural  number  (aa,  a6, 
ac,  aSj  or  a/i),  which  place  in  a  column  appropriated  for  the  pur- 
pose. Then  write  log  b  in  the  same  manner,  and  form  &6,  be,  bsj 
bn,  and  so  proceed  to  form  all  the  coefficients  of  the  normal 
equations,  as  in  the  following  table : 


I«a] 

W 

r«cj 

["'] 

[«»]    1 

[»] 

M             1 

+ 

-L 

— 

+ 

— 

+ 

— 

+ 

— 

+ 

+ 

— 

0) 

i,<y 

i.o' 

2.0 

2.0 

8.0 

1.0 

2.0 

(2m 

m 

e.o 

1S,0 

0.0 

15.0 

4.0 

10.0 

3) 

nAi 

4.0 

IM 

86,0 

84.0 

1.0 

4.0 

(4)' 

Ln 

3.0 
4.0 

TIX> 

S.0 

ts.d 

n.o 

14.0 
14.0 

9.0 

9.0 

lau 

MOi     60 

102.0 

13.o;        12.01 

-^21.0 

+  (3 

M 

0 

a 

4-33.0 

—  bS.O 

+  16.0 

-f 

1.0         1 

[hi] 

M 

[«J 

[«] 

[en] 

[«J 

[nn] 

+     !  - 

-f 

— 

+ 

4- 

— 

-f        - 

+ 

— 

+ 

(I) 

2.0 

3.0 

4.0 

4.0 

6.0 

6.0 

9.0 

(2) 

0.0 

10.0 

26.0 

0.0 

26.0 

0.0 

26.0 

(3, 

9.0 

21.0 

10.0 

36.0 

84.0 

189.0 

441.0 

i.->.o' 

42.0 

9.0 

16.0 

42.0 

70.0 

1%.0 

24.0     2.0 

3.0 

73.0 

66.0,     0.0 

26.0,132.0 

0.0    2«M.O 

r-2 

2.0     1 

—  t 

0.0 

4-64.0 

+  i 

»6.0 

—  107.0 

—  266.0 

■f  671.0 

Having  ascertained  that  the  results  satisfy  the  test  equations 
(48),  we  can  write  out  the  normal  equations  us  follows : 

27a:  +    6y  _    88  =  0 

Gx+  15y  +      2—70  =  0 

y  +  542:  _  107  =  0 

Wc  proceed  to  detennine  the  values  of  x,  y,  Zj  according  to 
our  general  fonnuhe,  still  carrj'ing  out  the  work  with  logarithms 
for  the  sake  of  illustration.  Here,  again,  system  and  conciso- 
nes.*4  are  indispensable.  The  whole  computation  is  given  below 
nearly  in  the  form  i)ropo8ed  by  Encke.  This  form  corresponds 
to  the  group  of  e<iuation8  (70).  It  is  divided  into  three  prineij^al 
compartments,  corresponding,  respectively,  to  the  first  three  e(pia- 
tions  of  (TO),  each  beginning  one  coliunn  farther  to  the  right.  In 
the  tirst  eonipartment  the  first  line  of  numbers  contains  the  values 
of  [////],  ['///],  &('.,  the  second  line  their  logarithms,  and  the  third 
lino  the  h>garithms  of  the  eoeifieients  of  the  first  equation.  The 
logarithms  in  this  third  line  are  formed  by  subtracting  the  first 
logaritlini  in  the  line  from  each  of  the  subsequent  ones,  for  this 
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purpose  writing  the  first  logarithm  upon  the  lower  edge  of  a  slip 
of  paper. 

Ill  the  flecond  compartment,  the  first  line  contfiin»  the  valnes 
of  [W>],  [if],  &c,;  the  second  line,  the  quaiititiefi  snbtractive  from 
these,  according  to  the  formulae  in  Art.  42.  To  fomi  these  nub- 
tractive  quantities,  write  tlie  logarithm  of  p— ^  (which  is  here 

9.34670)  upon  the  lower  edge  of  a  slip  of  paper,  and  hohl  it  »nc- 
cessivoly  o%'cr  Id^  ['/^/]  and  each  of  tlie  fiiih^sequent  logarithm!*  in 
the  same  line ;  add  the  two  logarithms  mentally  in  each  case,  tako 
the  corresponding  natunil  number  from  the  logarithmic  table, 
and  write  it  in  it^  place  below.  Subtracting  these  numberj*,  we 
ha%'e  the  values  of  [M.l],  [ft'-.l],  &c*  The  fourth  line  eontainfi 
the  logaritlims  of  those  quantities;  the  fifth,  the  logarithm**  of  the 
coefhcients  of  our  second  equation,  formed  by  subtmcting  the 
first  logarithm  of  the  preceding  line  from  each  of  the  sub^^cquent 
ones  in  that  line. 

In  the  third  compartment  we  have — first,  the  values  of  [cv],  ic, ; 
secondly,  tlie  values  of  the  sulitnictive  quantities  fonned  from 
the  last  line  of  the  first  compartment  as  before;  thirdly,  the 
remainders  which  are  the  values  of  [t't\l],  ic.  The  fourth  line 
contains  the  values  of  the  quantities  which  are  snbtmctive  from 
the  preceding  and  are  formed  from  the  last  line  of  the  second 
compartment  by  adding  the  firf^t  logarithm  of  that  line  to  the 
logarithm  immediately  alH>ve  it  and  to  each  of  the  snhseqnent 
lognrithms  in  the  same  line;  the  fifth  line  contains  the  remain* 
der:^  wliieh  arc  the  values  of  [rv.  2],  &c. ;  the  sixth  line,  the  loga- 
rithms of  these;  and  the  last  line,  the  logarithms  of  the  coeffi- 
cients of  our  third  equation. 

For  control,  we  carry  through  the  operations  upon  [frsj,  [&s], 
&c.,  precisely  as  upon  tlte  other  quantities;  and  then,  according 
to  the  arnmgcment  of  the  scheme,  we  should  have,  if  we  ha%'0 
computed  correctly,  each  sum  containing  s  equal  to  tl»e  stim  of 
tJie  quantities  on  \ts  left  in  the  same  line,  together  with  those  of 
the  same  order  in  a  vertical  columu  over  the  first  number  in  tluj 
line.     Thus,  we  must  Iiave,  in  the  present  case, 


[bsA]  =  [66.1]  +  IhtrA} 
[c^.l]  =  [cc.l]  +  [6c.l] 
[r^.2]  =  [a?.2] 


[«ii,l]=.[fel.l]  +  [cii.l] 
[«f».2]  =  [cii,2] 


relations  easily  proved  by  means  of  the  formula?  of  Art.  42  com* 
bined  with  {4S), 
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Tlie  columns  [^]  and  [t???]  are  added  to  the  third  compart- 
ment in  order  to  form  tlic  quantity  [;<??. 3],  from  which  the  mean 
error  of  observation  is  to  be  deduced,  as  will  be  shown  hereafter. 


[aa] 

+  27.000 
1.43136 


[ab] 

-f  6.000 
0.77810 
9.34070 


[ae] 
0.000 

—  00 

—  X 


-h  88.000 
I.5I80I 
0.08715 


[an] 

—  88.000 
nl.94448 
ii0.r,l312 


—  SS.iKH) 

0.000 

-f21.3a'» 

nl.824(Ml 
logz  =  0.39273 


[bh] 

-\-  15.000 
:-_  1.333 
r~i3.«07 
1.13566 


-f  1.000 
0.000 

~rooo~ 

O.IMKMN: 
8.W;434 


—  60.444 

4-    1.916 

—  48.528 
fi  1.68599 

logy  =  0.55033 


[cr] 

f  64.000 
-f-  9.000 
:  ~64.(MXr 
r     0.073 

^53.9-rr 

1.73181 


[bi] 

-}-  22.000 
+    7.338 


\-  14.667 
1.16633 
0.0306 


[bn] 

-70.000 

-19.656 

-  60.444 

nl. 70281 

110.567 1 5 


55.000 
0.000 


i7.0(K» 
0.000 


[«•]         I         [Hm\ 


2«J6.000-|- 

— J07.555'  + 

4765.7)00    77To7.0<H):— "T57."445-f 

f_  1.073    — 8.691  -    54.135,4- 

4-  58.927"  —  103.309  -nu>8.810;  + 
fi2.01414  I4- 

loj^  (^  2)  ^  wO.28233  [fi« .  3]  —  4- 


671.000 
28<>.813 

884.187 
186.191 
197.91Mi 
197.1MK) 
0.087 


After  z  has  })een  found,  its  value  is  substituted  in  the  second 
equation  of  (70),  and  //  is  deduced.  Then,  the  values  of  y  and  z 
beinir  substituted  in  the  first  equation,  we  find  x.  The  numerical 
computations  are  given  above  in  the  margin. 

Tlien,  for  tlie  weights,  by  Art.  47,  we  have  first  to  find  the 
additional  auxiliary 

[.•c.l].=  [cc]-[^][&c] 
and  by  the  fonnuhe  of  that  article  we  have — 


i     [W'] 

['"•]       ' 

log[t6.1] 

1.13506 

log[cc.2] 

1.78181 

!  +  lo.ooo 

4-  1.000 

log  [66] 

1.17609 

log[cc.l] 

1.73239 

1.17009 

0.00000 

log[cc.l]fl 

1.73185 

i 
1 

«.H2S01 
[ft] 

1 

~lTl3566 

1.43136 

1.73181 

-r  r)4.000 

9.95957 

999942 

>ogi». 

:-    O.Oft? 

i 

9.99990 

1.13508 

ice. la}  = 

-i.  5a.933    i 

1 

1.39089 

1««P, 

548 

The  final  result  is  then 
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ar  =  +  2.4702  with  the  weight  24,507 
y  =  +  3.5608     *'  *'       la.MA 

z  =  +  1.9157     '*  "       53,927 

It  ouly  roiimins  to  pubstitute  tho  vahies  of  z,  j/,  and  z  in  the 
original  eqiititioui^  ofcoiHlition,  to  form  the  residuals  r,  and  from 
these  to  determinu  the  mean  error  of  observation.     Since  hero 

there  are  but  three  unknown  quantities,  we  have,  by  (71), 

[tjy]  =  Inn .  3] 

and  hence  th(^  menn  error  of  an  obj*en*ation  of  tho  weight  unity 
is,  by  (*31),  M  being  the  number  of  equations  of  condition^ 


=V( 


[nn  .  3]  \ 


0.205 


The  direct  computation  of  the  residuals  isj  therefore,  not  necessary 
for  determining  t:  nevertheless^  it  is  desirable  in  mo6t  cases  to 

rej^ort  to  the  direct  auhstitntion  also^  not  only  for  a  final  verifica- 
tion, hut  in  order  to  examine  the  seveml  observations,  and  to 
obtain  the  data  tor  rejeeting  any  doubtful  one  by  the  Mm  of 
Peirce*s  Criterion,  to  be  given  hereafter.  This  direct  substitu- 
tion has  already  been  carried  out  for  this  example  on  p,  52t5, 
where  we  have  found  [rr]  —0.0804,  which  agrees  with  the  al>ove 
vabie  of  [/m.3]  as  nearly  as  can  be  expected  with  the  uae  of  five- 
deeimal  logaritlinis. 

o2.  It  not  un frequently  happens  that  one  of  tho  unknown 
quantities  is  such  that  the  given  ol>8ervation8  cannot  determine 
it  with  accuracy.  For  example,  in  tlie  reduction  of  a  number 
of  observations  of  an  eclipse,  one  of  the  unknown  quantities  is  a 
correction  of  the  moon's  parallax;  Imt,  unless  the  places  of  ob- 
sensation  be  remote  from  each  otljer,  the  correction  will  be  very 
uncertain,  and  this  uncertainty  will  affect  all  the  other  quantities 
which  enter  into  the  equations  of  condition.  In  such  a  cai?e,  this 
nnkrn>wn  quantity  will  come  out  with  a  small  coefficient^  which 
of  itsL'lf  will  reveal  the  existence  of  the  uncertainty  when  it  is 
not  otherwise  unticipated.  In  order  that  thin  uncertainty  may 
not  aticct  those  quantities  which  are  well  defined  by  the  olkser- 
vations,  it  is  expedient  to  determine  all  the  latter  as  functions  of 
the  uncertain  quantity,  which  for  that  purpose  must  be  made  the 


METHOD   OF   LEAST   SQUARES.  549 

last  in  the  elimination.  Tims,  with  four  iinknowni  qnantitien 
^y  y>  ^>  '^>  ^^c  proceed  only  as  far  as  the  auxiliaries  denoted  by 
the  numeral  2;  then,  having  found  the  factors  A'^  -4",  -4'",  J5", 
J5'",  C'^'y  by  (73)  or  (75),  if  we  put 

^-[.0.2] 

these  will  give  the  values  of  the  unknown  quantities  which  we 
should  obtain  from  the  first  three  nonnal  equations  if  the  la^t 
unknown  quantity  were  disregarded  or  put  =  0,  Then,  by  (74), 
the  final  values  of  x,  ^,  ^,  as  functions  of  the  uncertain  quantity 
?r,  will  be 

a:  r-:  x'  +  A'"w 

y^^t/+  B'^'w  }     (85) 

r  =  y  +  C'"w 

The  values  of  x',  y',  z\  will  thus  be  well  determined,  and  a  sub- 
sequent independent  determination  of  tc  will  enable  us  to  find 
the  final  values  of  x,  y,  z.* 

Having  found  the  weights  of  x',  y,  z'  (which  is  done  as  if  they 
were  the  only  quantities  under  consideration),  and  their  mean 
errors  c^',  c^',  c/,  then,  when  the  quantity  w  is  aftenvards  found, 
the  mean  errors  of  the  final  values  will  bo 


} 


as  we  find  from  the  cqimtioiid  (79),  or  by  Art.  20. 


} 


CONDITIONED    OBSERVATIONS. 

53.  In  all  that  precedes,  we  have  sui>posed  that  the  several 
quantities  to  be  found  l)y  obHer\'ation,  either  directly  or  indirectly, 
were  independent  of  each  other.  Although  they  were  rcfpiired 
to  Hutisty  ceilain  ecpiationrt  of  condition  as  nearly  as  possible,  yet 
they  were  ho  far  in(lei»endent  that  no  contradiction  wjis  involved 
in  supposing  the  valuesof  one  or  moreof  them  to  be  varied  witliout 


*  For  nn  example  in  which  three  unknown  quantities  are   thus  determined  aa 
functiuus  of  ttcQ  uncertain  quantities,  see  Vol.  I.  p.  640. 
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varying  the  otliers.  By  such  variationfl  we  should  obtain  ^ts* 
tenis  of  vahies  more  or  less  prohahU\  but  all  possihle. 

There  is  a  8econd  vXum  of  problems,  in  which,  l>eHid»ifi  tho 
eqiiatiotis  of  condition  whi«*h  tlie  unknown  quiintlticg  are  to 
satisfy  approximately^  there  are  also  equations  of  eondition  which 
they  must  eatirfy  exactly:  so  thut  i»f  all  the  ftv^'tcnis  of  valnen 
which  may  he  selected  iis  approximately  satisfying  the  first  kind 
of  equations,  only  those  can  be  admitted  a«  po8.si1>le  which  aati^fy 
exactly  the  equations  of  the  ^ecoud  kind.  The  Tiuniher  of  these 
rigorous  equations  of  condition  must  be  less  than  the  number  of 
unknown  quantities;  othenvise  they  would  determine  these 
quantities  independently  of  all  observations.  These  ripurr>ns 
equations,  then,  may  be  satisfied  l*y  various  possible  syHienis  uf 
values,  and  we  can  therefore  express  th^  problem  hereto  be  con* 
sidered  as  follows:  Of  all  the  possible  sifsicnis  of  mliifs  which  er^iHl^ 
saii,sff/  the  rifforous  equations  of  condition^  to  find  the  most  jirobabli^  or 
(hat  sffsttm  irhich  best  mti^sjies  the  approrinutte  equations  of  eoudithn. 

The  following  are  simple  examples  of  conditioned  cdisei'v-atiuns. 
The  sum  of  the  three  angles  of  a  plane  triangle  must  be  180®;  fto 
that  if  we  observe  each  angle  directly,  and  the  sum  uf  the  ubsenred 
values  differs  from  180%  these  values  must  be  eorreeted  sa  as  to 
satisty  this  condition.  The  sum  of  the  angles  of  a  sfihertcal 
triangle  must  be  180°+ spberieal  excess.  The  sum  of  all  the 
angles  around  a  point,  or  the  sium  of  all  the  differenceft  of  azimuth 
observed  at  a  station  upon  a  round  of  objects  in  the  horizon,  must 
be  860°. 

The  approximate  conditions  in  these  cases  are  expressed  by 
the  observations  themselves;  for  the  final  values  adopt etl  must 
correspond  as  nearly  as  possible  to  the  observed  values.  The 
corrections  to  bo  applied  to  tlie  observed  values  are  to  be  re- 
garded as  i*esidual  errors  with  their  signs  changed ;  and  the  solu- 
tion of  our  problem  is  involved  in  the  following  statement:  Of 
all  the  sfptems  of  eorrections  whi*'h  siiiii*f*f  the  rifforom  eqaatians^  ihai 
system  is  to  be  re^^eived  as  the  most  probable  in  wh'ch  tht  sum  of  the 
squares  of  the  residuals  in  the  approxtmale  equatiom  is  a  minimum. 


54,  The  general  problem  as  above  stated  may  be  reduced  to 

that  of  unconditioned  observations,  already  considered.  For  let 
us  supjiose  there  are  m'  rigorous  eqimtions  of  eonditicm,  and  in 
unknown  quantities.  From  these  m'  equations  let  the  values  of 
m'  unknown  quantities  he  obtnined  in  terms  of  tJie  runmining 


METHOD    OF    LEAST    SQUARES.  5i>l 

m  —  tw'  quantities,  and  let  these  values  be  substituted  in  all  the 
approximate  equations  of  condition;  then  there  will  be  left  in  the 
latter  only  m  —  hi'  (quantities,  which  may  be  treated  as  independ- 
ent, so  that,  the  approximate  equations  being  now  solved  by  the 
method  of  least  squares,  we  have  the  vahies  of  the  vi  —  in'  quan- 
tities, witli  which  we  then  find  the  values  of  the  first  m'  quan- 
tities. This  is  a  general  solution  of  the  problem;  but  it  is  not 
always  the  simplest  in  practice.  I  shall  illustrate  it  by  a  simple 
example,  before  giving  a  method  applicable  to  more  complicated 
cases. 

Example. — At  Pine  Mount,  a  station  of  the  F.  S.  Coast  Run-ey, 

the  angles   between   the   surrounding  stations  1,  2,  3,  4  were 

obser\'ed  as  follows: 

weight 


1.2 
2.3 
3.4 
4.1 


JosceJy ne— Deepwator 65°  1 1'  52".500  I      3 


-.»  I 


Deepwator— Deaky no GO    24  15  .553 

Deaky no- Burden 87      2  24  .703 

Burden— Joscelyno 141    21  21  .757 


Tliere  are  here  four  unknowni  quantities  subjected  to  the  single 
rigorous  condition  that  their  sum  must  be  360*^.  But,  instead  of 
tiiking  the  angles  themselves  as  the  unknown  quantities,  we  shall 
assume  approximate  values  of  them,  and  regard  the  corrections 
which  they  re(piire  as  the  unknown  quantities. 
AVe  assume 

1.2  i  Joscelyrro— Deepwator,    65°  11'  52".5  +  w 

2.3  i  Deopwater— Deakyno,     66    24  15  .5  +  x 

3.4  I  Deakyno— Burden,  87      2  24  .7  +  y 
4.1  !  Burden— Joscelyno,        141    21  21  .8  +  ^ 

the  sum  of  which  must  satisfy  the  condition 

359°  59'  54".5  -f.i(7-|-a;  +  y  +  z==  360« 
or 

u)J^x  +  y  +  z^  5".5  r=  0 

The  diflerence  bdtween  the  assumed  value  and  the  observed 
value  in  each  ciu*e  gives  us  a  residual;  and  the  approximate 
equations  of  condition  are,  therefore, 

IT— 0  =0 

X  —  0.053  =^  0 
y  —  0.003  ^  0 
z  -j-  0.043  ^  0 
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We  have  here  but  one  rigorous  condition  (or  w'  =  l),  and  ta 

eliminate  this  we  have  only  to  fiiul  from  it  the  value  of  one  un- 
known quantity  in  terms  of  the  others,  and  substitute  it  in  the 
approximate  equations  of  condition:  thus,  substitutiBg  the  value 


w 


—  —  ^  —  y  —  ^  +  5".5 


our  equations  of  condition,  containing  now  three  IndepeBdent 
unknown  quantities,  are 

weight 

—  a:  — y— ^  +  5^5     ^0 

X  —  0  .053  ^  0 

y         —  0  .008  ==  0 

z  —  0  .043  =  0 

The  normal  equations,  applying  the  weights,  are  then 

fe  +  3]^  +  32r  —  10.659  —  0 
Sx  +  Oy  +  Sz  —  16.509  =  0 
8x  +  8^  +  4z  —  16.457  =  0 


which,  being  solved,  give 


whence  also 


x^+  0"  9675 

y  —  +  0  .9175 
z  =  -f  2  .7005 

w=  +  0.9145 


and  the  corrected  values  of  the  angles  are 


Joscolyne— Peopwater. 65**  11'  53".4146 

Deep  water— Deukyne 66    24  16  .4675 

Deftkj'ne — Burden., •     87 

Burden — Joscelyne 141 


25  ,6175 
24  .5005 


860      0     0  .0000 

55.  Wlien  the  number  of  unknown  quantities  is  great,  or  when 
there  arc  sevenil  rigorous  eonditionjs  to  be  satisfied,  the  preceding 
method  would  lead  to  veiy  tedious  computations,  since  we  are 
required  to  perform  two  eliminations,  tVie  first  from  our  m' 
rigorous  equations  to  find  the  first  m'  qniintiticd  in  t«^nns  of  the 
others,  and  the  second  from  our  normal  equations  invohing  all 
the  remaining  quantities.     In  order  to  obtain  the  general  form 
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for  a  more  condensed  process,  let  the  most  probable  values  of  a 
number  (m)  of  directly  ob8er\'ed  quantities  be 

F',  F",  F'",  &e....F<~ 
Let  the  observed  values  be 

Let  these  observations  have  the  weights 

1/,   /',    i>'",    &c....;><-> 

Let  the  equations  which  the  most  probable  values  are  required 
to  satisfy  rigorously  be  expressed  by 

^'  =f   (F',F",r",...)  =  0  \ 

^"  =/"(F',F",F'",  ...)  =  0  f 

/"  =  /'"  (  F',  F",  F'", . . .)  =  0  [    (^'^) 

&c.  1 

and  let 

m'  =  the  number  of  these  conditions. 

Let  the  most  probable  corrections  of  the  observed  values  be 

t?',  i/',  r"',  &c. . . .  t?<«> 
so  that 

V'=M'+  i/,         F"  =  M"  +  i/',         F'"  =  -af '"  +  r"',  &c 

Let  the  values  of  f ',  y",  y"' . . .  when  the  observed  values  are 
actually  substituted  be  n',  ?i",  n"' ...  or 

/'  (jr, 3r',  jr",  ...)  =  n'  \ 

/"  ( jr,  J/",  3r", . . .)  =  n"  / 

&c.  ) 

Let  the  difTcrcntial  coefficients  ^  -»  yrpj^  Ac,  -t~-,»  -  j^^  Ac.  be 

formed  ;  subntitnte  in  them  the  values  J/',  -Jf ",  J/'" ...  for  F', 
F",  F'",  and  denote  the  resulting  values  by  a',  a",  &c.,  6',  6", 
&c. ;  that  is,  put 

/<  =  «',       J^'-=a",       J^-  =  a"',ko. 
dV         '       dV"  '        dV" 

dV         '        dV"  '        dV"  ' 

dV        '        dV"  '        dV"  ' 
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These  values  of  the  differential  coefficients  will  gcnei'ally  be  suf- 
ficieutly  exact ;  but  if  M'^  M'%  3P'^ .  • .  are  found  very  greatly  in 
error,  a  repetition  of  the  computation  might  be  necessary,  in 
which  the  more  exact  values  found  by  the  first  eomputatiou 
would  be  used* 

Tlie  vuhu'd  of  3f'y  3t'\  M"' . ,  .  being  assumed  to  be  so  nearly 
correct  that  the  second  and  higiicr  powers  of  the  corrections  r', 
t?",  y'"  .  . .  may  bo  neglected,  we  have  at  once,  by  Tavlqr's 
Theorem,  as  in  the  similar  ease  of  Art  40, 


<p"  ^  n"  +  6V  -f  ¥*v*'  +  6"'i?"^  +..-.  +  ^^••^iJ -^  =  0 


(89) 


which  m'  equations  must  be  rigorously  satisfied  by  the  values  of 

The  equations 

r '  _  J/'  =  0,        F"  —  3/"  ^  0,         F'"  —  .IT'"  ^  0,  4c. 
are  the  approximate  equations  of  condition ;  or,  more  strictly, 

r  —  Jf'=  1/,      Tr*—M"=  ^\      F'"— jr'  =  i/^&a 

are  the  equations  of  condition  which  are  to  be  satisfied  Viy  the 
moat  probable  system  of  residuals  ?/,  i?'\  i?'"  ....  These,  reduced 
to  the  unit  of  weight  by  Art.  41,  become 

(  r  -  .If')  |/p'  =.  t/|//,        (  F"  —  Jf ")  |/j?"  =  r'Vy V  &«•       (W) 

and  the  most  probable  residuals  v'i'p\  v^'\  p"  are  those  tho  sum 
of  whose  squares  is  a  minimum,  or  wc  must  have 

j)V»  +  jp"t?"«  4-  //'l'"'  +  &c.  =  a  miinraiira. 

Putting,  then,  the  differential  of  this  quantity  equal  to  zero,  we 

have 


pV<ii/  +  y  Vc/t?"  +  f'v**'dv'"  +  Ac.  =^  0 


(91) 


If  d',  r",  r'".  . .  were  indepeudoiit  of  each  other,  eiich  coeffi- 
cient of  this  equation  would  necessarily  be  zqvo  (as  in  Aru  28), 
and  then  the  most  i>robable  values  of  V\  V'\  V"' , . .  would  be 
the  directly  observ^ed  values  3/^,  -^1/ '',  J/''' ...   But  this  mimmum 


METUOU  OF   LEAST   SQUARES.  555 

is  liere  conditioned  by  the  equations  (89).     If,  then,  we  differen- 
tiate (89),  the  equations 

a\l}f  +  fl'V/i/'  +  a'"</i/"  +....  =  0 
h'dif  +  b'\iv"  +  h"'d}f"  +  . . . .  =^  0 
cfdv'  +  (f'dv"  +  cf"dv"'  +  ....=  0  (    (^-) 

&c. 

muftt  coexist  with  (91). 

Tlie  number  of  tlie  equations  (92)  is  7n',  while  the  number  of 
differentials  is  m;  and  ninee,  by  the  nature  of  the  case,  we  must 
have  m  >  w',  we  can,  by  elimination,  find  from  (92)  the  values 
of  m'  differentials  in  terms  of  the  remaining  m  —  m'  differentials. 
Let  us  suppose  this  elimination  to  be  performed,  and  that  the 
values  of  the  first  m'  differentials,  found  in  terms  of  the  others, 
are  then  substituted  in  (91) ;  we  shall  thus  have  an  equation  in 
which  the  remaining  m  —  m'  unknown  quantities  can  be  regarded 
as  independent,  and  the  coefficients  of  these  m  —  in'  quantities 
in  this  final  equation  will  then  severally  be  equal  to  zero.  AVo 
can  arrive  directly  at  the  result  of  such  an  elimination  and  sub- 
stitution as  follows.  Multiply  the  first  equation  of  (92)  by  A^  the 
second  by  B^  the  third  by  C,  &c.,  and  also  the  equation  (91)  by 
—  1,  and  form  the  sum  of  all  these  products.  Then,  if  -4,  By 
C'....are  determined  so  that  in'  differentials  shall  disai)i»ear 
from  the  sum  (an<l  they  can  be  so  determined,  since  it  only 
re<|uires  ?u'  conditions  to  determine  m'  quantities),  the  final 
equation  obtained  will  contiiin  only  the  m  —  m'  renuiining  differ- 
entials. But,  the  latter  being  independent,  their  coefficients  nmst 
also  bi»  severally  cijual  to  zero;  and  hence  we  have,  in  all,  the 
following  m  conditional  equations : 


(93) 


n  n 

If  WO  multiply  the  fii-st  of  these  by    /  the  second  by  — ♦  &c.,  and 

add  the  products,  we  have,  by  comparison  with  the  first  equation 

of  («l»j, 


fl',1    .:   h'li    -1-  /C   +  . 

...— pV     =0 

a"X  -\-h"R    !-(•"(•  +  . 

...-y/V   =0 

a"' A  +  b"'li  +  <f"C  +  . 

. . .  -  j/'V"  ^  0 

4c. 

4c. 
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in  wliieh  the  nsual  notation  for  sums  is  followed.    In  tbi«  way 
we  can   form   w'  iiornial    uquatioos   eonUuiiing  m'  quantitiefl^ 

nameljj 


(M) 


If  the  observations  are  of  equal  weiglit,  we  have  only  to  put 
p  =  1,  oi\  in  other  wordg,  omit  p. 

The  factoi-s  jU  B,  C  . . ,  are  called  by  Gauss  the  correlatives  of 
the  equations  of  condition. 

The  equations  (94)  being  resolved  by  the  usual  method  of 
elimination  (Art.  42),  the  values  of  the  correlatives  found  are 
then  to  be  substituted  in  (&3)»  whence  wo  obtain  directly  the 
required  corrections, 


If  =y(.a'A  +b'B  +<fC  +....) 
«/'  =y  ioTA  +  b"B  +  (f'O  +  ....) 


(95) 


if"  =  4s  K'^  +  l'"'B  +  d"C  + 


•) 


&o. 


&c. 


and  hcnco,  finally,  the  most  probable  valaee  of  the  observed 
<luaiititicB,  V  =^  M'  +  r',  V"  -  J/"  +  t",  kc. 

The  conipiirativo  «h«prK'itj-  of  tliia  proceaa  will  best  be  shown 
by  api»lying  it  to  the  cxiun]»le  of  the  preceding  article.  Wo 
there  have  given,  by  obaervation, 


W  =    C5°  ir  52".500, 

Jf  =« 

Jtf"  =    06    24  15  .553, 

p"=8 

1                                          M'=    87      2  24  .703, 

/"  -=  8 

JtP'  =  141    21  21  .757, 

y'  =  i 

witli  the  coudrtion 

r'+r'+r"+T'  — 

800' =  0 

METHOD   OF   LEAST  SQUARES.  557 

We  have,  first, 

a'  -=  ^"  =  a'"  =  rt»^  =  1 

and  when  -Jf ',  Jtf'",  &c.  are  put  for  V\  F",  Ac,  we  have  (88) 

n'  =  —  5".487 

As  we  have  but  one  condition,  we  have  also  but  one  correlative 
A;  the  equation  of  condition  is,  by  (89), 

—  5".487  +  v'+t/'  +  v"'  +  v^=0 

and  the  single  normal  equation  may  be  constructed  according  to 
the  following  form : 

7 


p 

a 

3 

1 

8 

1 

8 

1 

1 

I 

[7]= 


and  hence,  by  (95), 

l-'   rz:.  +  0.9145 


2-^1  — 5".487=0 
A=^  +  2".7435 


+  0.9145 


v'"=^  +  0.9145 
v'^-^  +  2.7435 


Corrcoted  Talues. 
F  =  65^  11'  53".4145 
r"=  66  24  16  .4675 
F'"--  87  2  25  .6175 
F'  =  141  21  24  .5005 
860     0    0 


agreeing  with  the  result  found  by  the  much  longer  process  of 
the  preceding  article. 

5(5.  Tlie  further  prosecution  of  this  branch  of  the  subject 
belon^^s  more  especially  to  worl«  on  Geodcrty.  For  more  ex- 
tendiMl  oxaini»les,  nee  the  special  report  of  Mr.  C.  A.  ScHOTT  in 
tlic»  Tteport  (}(  the  Superintendent  of  the  U.S.  Coast  Sur\'ey  for 
1H.')4,  from  wliith  the  above  example  has  been  drawn.  Consult 
also  IU:s>Ki/s  (irnthnc.^mng  in  Osfprcussen  in\%^\  RosENBERQER, 
in  tlif  A-^tmnonusrhc  Xarhn'rhfen,  Xos.  121  and  122;  Bessel,  ibid. 
Xo.  4:3s ;  T.  Galloway,  Application  of  the  Method  to  a  Portion 


m 


APPENDIX. 


of  the  Survey  of  Englandj  in  the  3lemo!rs  of  the  Jiatfal  Asfronomi- 
col  Society^  Vol.  XV,;  J.J.  Bjever's  Ku.nknrti^Pie.^ifmtff ;  Fisruga's 
GeodcEsie;  Gerund's  Au^Hglcictamfy s  litrhrnmycn ;  Dienoer  ^?  Am* 
glckfaing  tier  Bcobachtimf/s/chlcr ;  Lia<ire,  QtJeul  des  ProbabiUiis ; 
and  Gauss,  Suppkmmtum  thcorm  combinatimuSj  &c. 


CRITERION    FOR   THE    REJECTION   OF    DOUBTFUL   0BSBRTATI05S. 

57.  It  has  been  already  remarked  (p.  490)  Uiat  the  number  of 
large  errors  oecurring  in  practice  usually  exceeds  that  given  bj 
theory,  ai»d  that  this   diHrrepuiicy,  iiiBtead  of  invalidating  the 

theory  of  purely  ^*  accidental "  errors,  rather  indicates  a  »ouiX!e 
or  sources  of  error  of  an  abnormal  ehamcter,  and  calU  for  a 
criterion  by  Avliicli  sn<"h  nboormal  obser\'ation8  may  be  excluded. 
The  criterion  proposed  by  Prof.  Peirce*  will  be  given  here  with 
the  investigation  nearly  in  the  words  of  its  author,  and  \^^th  only 
eome  alight  changes  of  notation. 

58.  '^In  almost  every  true  series  of  observations,  some  are 
found  which  differ  so  much  from  the  othei*s  as  to  indicate  some 
abnormal  source  of  error  not  contemplated  in  the  theoretical 
di.scussiona,  and  the  introduction  of  which  into  the  investigations 
can  only  servo,  in  the  present  state  of  science,  to  perplex  and 
mislead  the  inquirer  tTeoiueters  have,  therefore,  been  in  the 
liabit  of  rejecting  those  observations  which  ajipeared  to  tliem 
liable  to  unusual  defects,  although  no  exact  criterion  has  been 
proposed  to  test  and  autliorize  such  a  procedure,  and  this  delicate 
Bubjeet  has  been  left  to  tlic  arbitmry  discretion  of  individual 
computers.  The  object  of  the  present  investigation  is  to  produce 
an  exact  rule  for  the  rejection  of  observations,  which  shall  be 
legitimately  derived  from  the  principles  of  the  Calculus  of  Pro- 
babilities* 

*"  It  is  propostd  to  ddcrmine  m  a  series  of  m  o/>ftervatinns  the  Umii  of 
error^  beyond  which  all  observations  ifwolnjiff  so  yreat  an  error  may  be 
rejected^  provided  (here  arc  as  many  us  n  sfich  obsereatlofis, 

**Tl)e  principle  upon  wliieh  it  is  [proposed  to  solve  this  problem 
IR,  thnl  the  proposed  observations  shofdd  fn'  rejeetfJ  irhen  (he  probabHitj/ 
of  the  .system  of  errors  obtaiimt  by  retaining  thrni  is  kss  than  that  of 
the  system  of  errors  obiained  by  (heir  rejection  mnftii>Ued  by  (he  proba^ 
bUiiy  of  making  so  many^  and  no  more^  abnormal  obsercaUom. 
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"  In  determining  the  probabilitj'  of  these  two  systems  of  errors, 
it  miiHt  be  carefully  observed  that,  because  observations  are 
rejected  in  the  second  system,  tlie  corresponding  observations  of 
tlie  first  system  must  be  regarded,  not  as  being  limited  to  their 
actual  values,  but  only  as  surpassing  the  limit  of  rejection/* 
Let 

fi  =  the  number  of  unknown  quantities, 
m  =  the  whole  number  of  ob8er\'ation8, 
n  =  the  number  of  observations  proi)Osed 

to  be  rejected, 
n'  -^  m  —  n,  the  number  to  bo  retained, 
J,  J',  J",  . . .  J^*^  =  the  system  of  errors  when  no  observa- 
tion is  rejected, 
Jj,  Jj',  Jj",  . . .  J/*'^  =  the  system  of  errors  when  n  observa- 
tions are  rejected, 
c,  Cj  =  the  mean  errors  of  the  first  and  second 
system,  respectively, 
y  =  the   probability,   supposed   unknown, 
of  such  an  abnormal  observation  that 
it  is  rejected  on  account  of  its  magni- 
tude, 
y'=  1  —  y  =  the  probability  that  an  ob- 
servation is  not  of  the  abnormal  cha- 
racter which  involves  its  rt»jection, 
X  =  the  ratio  of  the  required  limit  of  error 
for  the  rejection  of  n  obser\'ations  to 
the  mean   error  c,  so  that  xc   is   the 
limiting  error. 

The  probability  of  an  error  J  in  the  first  sj-stem  will  be,  by  (14) 
and  (21), 

f  J  =  — .-TT  e     2^ 

and  the  same  form  will  be  used  for  the  second  system. 

The  )>ro]>ability  of  an  error  which  exceeds  the  limit  xe  will  be 
exj)resscd  by  the  integral  (Arts.  7  and  12) 

or,  denoting  this  by  -v/^x. 
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whence 


Putting  then 


^  ^  m-  V  (96) 


ii    =e*<«*-^>(4x) 


) 


the  limiting  value  of  x,  according  to  the  above  inequality,  must 
be  that  which  satisfies  the  equation 


/iij*'i?«=r- 


which  gi\ne8  the  required  criterion. 

The  rehition  of  Cj  to  e  must  depend  on  the  nature  of  the  equa- 
tions whicli  correspond  to  the  rejected  observations;  but  it  will 
give  a  sufficient  approximation  to  assume  that  the  excess  of  2*J' 
over  ^'Jj*  is  only  ecpial  to  tlie  sum  of  tlie  squares  of  the  errors  of 
the  rejected  obsen-ations,  which  gives  the  equation 

(m  —  /*)«'  —  nxV  =  (m  —  fi  —  n)  t* 
whence 


\  c  /       m  —  /M  —  n 
which  combined  with  the  above  equation  gives 

=1    — -    I  «  —  K 


m 
Tutting,  for  brevity. 


^'=(f)--=  ^'"> 


we  find 

tn  —  fi  —  n 


X 


;'~1= ^^_'!(l«i.)  (98) 


Table  X.A  gives  the  logarithms  of  STand  /?,  computed  by  (96) 
with  the  aid  of  Table  IX.  We  can,  therefore,  by  successive 
approximations,  find  the  value  of  x  which  satisfies  the  equations 
(i»T)  and  (!»S).  Since  li  involves  x,  we  must  first  assume  an  ajK 
proxiniate  value  of  x  (which  the  obser^•ed  residuals  will  suggest), 
with  which  /-  will  be  computed  by  (97),  and  hence  x  by  (98). 
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With  this  first  approximate  value  of  se,  a  now  value  of  logH  will 
be  taken  from  the  table,  with  which  a  geoond  approximation  to 
X  will  be  found*  Two  or  three  approximations  will  usually  he 
found  BufReicnt 

In  the  ai>plication  of  this  eriterion,  it  is  to  be  remembered 
that  it  must  not  be  used  to  rejeot  n  observ^ations  unless  it  ha« 
previously  rcyected  n  —  1  observations*  Ilenee  we  must  first  de- 
termine the  limiting  value  of  x  for  the  hypothesis  of  one  doubtful 
ohRervation,  or  n  =  1,  and  if  this  rejects  one  or  more  observn* 
tions,  we  can  pass  to  the  next  hypothesis,  n  ^=  2,  or  n  ==^  3,  Ac. ; 
and  &o  on  until  we  arri%  e  at  the  limit  which  excludes  no  more 
observations. 

The  above  arrangenient  of  the  tables  is  nearly  the  eanie  ajs 
that  given  by  Dr.  B.  A.  Gould,*  who  was  the  first  to  i»repar© 
such  tables  and  tlniiai  render  the  criterion  available  to  pnietieal 
computei^s.  The  only  ditlerenee  is  iu  my  table  of  Log.  T,  which 
I  have  found  iu  practice  to  be  more  couvenieut  than  tlie  corre- 
sponding one  of  Dr.  Gould. 

Example, — ''To  determine  the  limit  of  rejection  of  one  or 
two  observations  in  the  case  of  fifteen  observations  of  the  vertical 
semidianieters  of  V'r/*«.'?,  made  by  Lieut.  IIerndon,  with  the 
nieridiau  circle  at  Washingttui,  in  the  year  1846."  In  the  reduc- 
tion of  these  observations,  Pnjf.  Peircb  assumed  tvfo  unknown 
([uan titles,  and  found  the  following  residuals  (t) : 


—  0".30 

—  0".24 

—  1".40 

+  0".18 

—  0  .44 

+  0  .06 

—  0  .22 

-f-0  .39 

+  1  .01 

+  0  .63 

—  0  M 

4-0  .10 

+  0  .48 

—  0  .13 

+  0  .20 

We  have  here  m  =  15,  /i  =  2,  [vv]  =  4.2545,  whence 
.       4.2545 


13 


=  0.8273, 


t  =  r.572 


We  first  try  the  hypotliesis  of  one  doubtftil  observation,  or 
n  =  1.  Assuming  x  =  2,  the  successive  approximations  may 
be  made  a8  follows : 


^  Report  of  tbe  8up«rintendent  of  tlie  V,  S<  Coast  Survejr  for  ISoi,  Appe&dU*  p, 
131»;  fiUo  Astr^n*  Journal,  VqL  IV.  p.  bL 
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Ist  Approx. 

2d  Approx. 

Table  X.A.  log  T    8.404 

8.4044 

« 

"      log  Ji    9.309 

9.3062 

logl"    9.095 

9.0982 

2n          1 

»/i  — n       7 

log  a'      9.871 

9.8712 

log  (1  —  X')  9.411 

9.4093 

m  —  /I  —  n 

=:12 

log  12    1.079 

1.0792 

log(x'  —  1)  0.490 

0.4885 

log  )c«  0.012 

0.6106 

x  2.02 

2.020 

ITonec  xs  ^  I'Mfi,  which  cxcludos  the  rcftidnal  1".40. 

Wo  may  now  try  the  liypotliesin  ?i  —  2.     Commencing  again 
with  the  assumption  x  ^  2,  we  hav< 


Ist 
Approx. 

2d 
Approx. 

8d 
Approx. 

4th 
Approx. 

logy 

8.7210 

8.7210 

8.7210 

8.7210 

log  n 

9.309 

9.3622 

9.3544 

9.3553 

iog- 

9.412 

9.3588 

9.3666 

9.3657 

2n     _ 

l/<  —  M 

4 
13 

log  /» 
log  (1  -  X') 

0.819 
9.531 

9.8027 
9.5622 

9.8051 
9.5582 

9.8048 
9.5587 

n 

-  n 

11 
2 

log  ^ 

0.740 

0.7404 

0.7404 

0.7404 

log(x'-l) 

0.271 

0.3020 

0.2986 

0.2991 

log  x' 

0.457 

0.47S2 

0.4755 

0.4758 

X 

1.69 

1.734 

1.729 

1.721»5 

Ilenoo  xt  —.  0".OftO,  which  excludes  the  residuals  1".40  and  r'.Ol. 
If  we  now  try  the  livpothesis  //  ii,  we  shall  tind,  in  tlie  same 
manner,  X5  0".^<S7,  wiiich  does  not  exclude  the  residual  0".(>3: 
so  tliat  th(;  residuals  l".4i>  and  l".Ol  are  in  this  case  the  only 
abnormal    t»nes.     licjucting  these  residuals,  we  shall   now  find 


r>l>.  In  onh'r  to  facilitate  tlie  application  of  Peirce's  Criterion 


•  For  anotlipr  example,    in  which  there  wore  four  unknown  quantities,  and  in 
which  the  critvrion  was  wry  useful,  soe  p.  2o7  of  tliis  Tolume. 


5C4 


APPENDIX. 


in  the  cases  most  commonly  occurring  in  practice,  Table  X.  (firrt 
given  by  Dr.  Gould)  hajs  been  com|ntte(l  hy  the  aid  of  the  log  T 
and  log-ff,  according  to  the  [ircceding  method. 

The  first  page  of  this  t^ible  is  to  be  used  when  tlicre  is  but 
one  unknown  quantity  (ji  =  1),  or  for  direct  obBers^atiori».  It 
gives,  by  simple  inspection,  the  value  of  x*  for  any  number  of 
observations  from  3  to  00,  and  for  any  tiumber  of  doubtful  obser- 
vations from  1  to  9, 

Tlie  second  page  i.^  used  in  the  eame  manner  when  there  are 
two  unknown  quantities  {ji  ^^  2), 

Example. — Same  as  in  tlie  preceding  article. — Having  founds 
as  above,  i^^^  0.8273,  we  first  take  from  Table  X.  for  /i  =  2  tho 
value  of  x^  corresponding  to  m  =  15  and  n  =  1,  and  find 

3<»  =  4.080,  whence  xV  =  1.3354,        nt  =  I'Mfi 

whicli  rejects  the  residual  1''.40. 

Then,  with  m  ^  15,  w  =  2,  we  find,  from  the  same  page, 


X*  =  2.901, 


xV  =  0  J8G5, 


jcr  =  0".989 


which  rejects  the  two  residuals  1",40  and  r'.Ol- 
Passing,  then,  to  the  hypothesis  «  =  3,  we  find 

ii«  =  2.408,  kV  =  0.7865,  icc  =  0".S87 

whieh  does  not  exelude  any  more  residuals. 

60*  The  above  investigation  of  the  criterion  involves  some 
principles,  derived  from  the  theory  of  probabilities,  whieh  may 
t^eem  obscure  to  those  not  famllmr  with  that  branch  of  science. 
Indeed,  the  possibility  of  establishing  any  criterion  whatever  for 
the  rejection  of  doubtful  observations,  by  the  aid  of  the  calculna 
of  probabilities,  has  been  questioned  ev*en  by  so  distinguished  an 
astronomer  as  Airy,*  It  is  easy,  however,  to  derive  an  approxi* 
mate  criterion  /^r  the  njiu^tion  of  one  dmhtfnl  observation^  directly 
from  the  fundarnentxd  formula  upon  which  the  whole  theoiy  of 
the  method  of  least  squares  is  based. 

We  have  aeen  that  the  function 


♦  Remarks  upon  Peimci**  Crilerion,  Aittr^nomhal  Journal  (CAtDl»nil|^).  Vol.  IT. 
p.  1H7,  Profeegor  WiAtocK't  reply  to  fbe  oUjectians  of  Uie  Aiiraaoiucr  Eojal  wUl 
be  found  in  the  ume  jourtml,  Vol.  IV,  p.  H5. 
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2       Cf^ 


(the  value  of  which  is  given  in  Table  IX.  A)  represents,  in  general, 
the  number  of  errors  less  than  a  =  rV  which  may  be  expected  to 
occur  in  any  extended  series  of  observations  when  the  whole 
number  of  observations  is  taken  as  unity,  r  being  the  probable 
error  of  an  observation.  If  this  be  multiplied  by  the  number  of 
observations  =  wi,  we  shall  have  the  actual  number  of  errors  less 
than  tV\  and  hence  the  quantity 

m  —  m .  ^{pV)  =  m  [1  —  60>e')] 

expresses  the  number  of  errors  V  to  be  expected  greater  than  the 
limit  r/'.  But  if  this  quantity  is  lens  than  J,  it  will  follow  that 
an  error  of  the  magnitude  rV  will  have  a  greater  probability 
against  it  thdh  for  it,  and  may  therefore  be  rejected.  The  limit 
of  rejection  of  a  single  doubtful  obscrraiiony  according  to  this  simple 
rule,  is,  therefore,  obtaiucd  from  the  equation 

^  =  m  [1  -  e(pvy\ 
or 

©Orf')  =  ^-^  (99) 

If  we  express  the  limiting  error  under  the  form  xe,  c  being  the 
mean  error  of  an  observation,  we  shall  have 

X  =  —  =  0.6745r  (100) 

With  the  value  of  Q{pV)  given  by  (99),  we  can  find  V  from  Table 
IX.A,  and  hence  x  by  (100). 

Example. — To  find  the  limit  of  rejection  of  one  of  the  obser- 
vations given  on  p.  562.  We  there  have  m  =  15,  e  =  0".572: 
and  hence,  by  (09),  0(/i/')  =  0.96667,  which  in  Table  IX.A  cor- 
responds  to  V  =^  3.155,  whence,  by  (100),  x  =  2.128,  xe  =  1".22, 
whicli  agrees  verj'  nearly  with  the  limit  found  by  Peirce*3 
Criterion. 

By  the  successive  application  of  this  rule  (with  the  necessary 
modifications),  it  may  be  used  for  the  rejection  of  two  or  more 
doubtful  observations,  and  I  have,  by  means  of  it,  prepared  a 
table  whirh  agrees  so  nearly  with  Table  X.  that,  for  practical 
purposrs,  it  may  be  regarded  as  identical  with  that  table.  For 
the   general   case,  however,  when  there  are  several  unknown 


TABLES, 


For  the  explanation  of  the  constrnction  and  use  of  these  tables,  con- 
sult the  articles  referred  to  below. 

Table    I.  Mean  Refraction.    (Explanation,  Vol.  I.  Art.  107.) 

"       II.  A,  B,  C,  D,  E,  and  F,  Bessel's  Refraction  Table.   (Vol.  I. 
Arts.  107,  117,  119;  and  Vol.  II.  Arts  294,  295.) 

'^     III.  Reduction  of  Latitude  and  Logarithm  of  the  Earth's 
Radius.     (Vol.  I.  Arts.  81,  82.) 

<'      IV.  Log  A  and  Log  B,  for  computing  the  Equation  of  Equal 
Altitudes.     (Vol.  I.  Arts.  140,  141.) 

"       V.  Reduction  to  the  Meridian.    Values  of 

2  sin*  If  ^  2  8in«A< 

m  =  —   — —      and      n  = i- 

8in  r'  Bin  I'' 

(Vol.  L  Arts.  170,  171.) 

"      VI.  Logarithms  of  m  and  n.     (Vol.  I.  Arts.  170, 171.) 

"    VII.  A  and  VII.  B.  Limits  of  Circummeridian  Altitudes.    (Vol. 
I.  Art.  175.) 

"  VIII.  and  VIII.  A.  For  reducing  transits  over  several  threads 
to  a  common  instant.     (Vol.  II.  Arts.  173,  187.) 

**      IX.  and  IX.  A.  Probability  of  Errors.   (Appendix,Art8. 12, 14.) 

"       X.  and  X.  A.  Peirce's  Criterion  for  the  Rejection  of  doubtful 
Observations.     (Appendix,  Arts.  58, 59.) 

TABLES   FOR  CORRECTINQ    LUNAR    DISTANCES. 

"      XL  Dip  of  the  Sea  Horizon.     (Vol.  I.  Art.  124.) 

"     XII.  Augmentation  of  the  Moon's  Semidiameter.     (Vol.  I.  Art. 

130.) 

*•  XIII.  Correction  of  the  Moon's  Equatorial  Parallax.     (Vol.  I. 
Art.  97.) 


oTO  TABLES   FOR   CORRECTING   LUNAR   DISTANCES. 

Table  XIV.  Mean  Kcducod  liefraction  for  Lunars.    (Vol.  I.  Art.  249.) 

''  XIV.  A.  Correction  of  the  Moan  Refraction  for  the  Height  of 
tho  Barometer.     (Vol.  I.  Art.  249.) 

XIV.  B.  Correction  of  the  Mian  Refraction  for  the  Ilcight  of 
tho  Thermometer.     (Vol.  I.  Art.  249.) 

**  XV.  Logarithms  of  A,  B,  C,  D,  for  correcting  Lunar  Dis- 
tances.    (Vol.  I.  Art.  249.) 

XVI.  Second  Correction  of  tho  Lunar  Distance.    (Vol.  I.  Art. 

249.) 

*'  XVII.  A  and  B.  For  finding  the  Correction  of  the  Lunar  Dis- 
tance for  the  Contraction  of  the  Moon's  Semidiameter. 
(Vol.  I.  Art.  249.) 

"  XVIII.  A  and  B.  For  finding  tho  Correction  of  tho  Lunar  Dis- 
tance for  tho  Contraction  of  the  Sun's  Semidiameter. 
(Vol.  I.  Art.  249.) 

^'  XIX.  For  finding  tho  value  of  X  for  correcting  Lunar  Dis- 
tances for  tho  Compression  of  the  Earth.  (Vol.  I. 
Art.  249.) 

"  XX.  Correction  required  on  account  of  Second  Differences  of 
the  Moon's  Motion,  in  finding  the  Greenwich  Time 
corresponding  to  a  Corrected  Lunar  Distance.  (Vol. 
1.  Art.  GG.j 
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4«^     1 

19.1 

&0 

2  12.1 

55 

4     S6 

55 

IN 

St 

0    I».f^ 

54    n     1 

lo.t 

m   0 

*  n% 

77     0 

J    C 

02    0 

6  33.3 

19 

o! 

0    10.1 

2ftr        J 

ji.o 

10 

%  14.  s 

b 

5 

6  37  I 

♦     20 

n 

D    11.1 

4o;  1 

21.P 

20 

*  IS  7 
1  16.9 

10 

4  »<54 

10 

6  41,0 

21 

fl 

0    116 

53  0   1 

33,1 

ao 

1^ 

4  11.0 

15 

l^% 

22 

n 

2U      1 

14.1 

40 

1 18.1 

20 

4  t3^^ 

20 

23 

IV 

0    J4.7 

Hi     ] 

15.1 

fro 

*  »9  4 

25 

4  15  1 

25 

6  S3*» 

21 

fl. 

0  a>  0 

50    »l    1 

16.1 

00    0 

1  30.7 

TT  30' 

4  170 

82  30 

6   57.1 

25 

(» 

0  17,1 

20      ] 

»7-3 

10 

1  31.0 

3i 

4  l«-7 

35 

7     "4 

26 

ti 

0  28.4 

4A      1 

i».4 

2ft 

1  31  ) 
1  3ji 

1  \Lt> 

4ft 

4  30.4 

40 

7     5*7 

r     3t 

n 

0  19. 7 

57     U;     1 

19.5 

3ft 

Ah 

4  22^3 

45 

7   lo.l 

2H 

it 

0  31.0 

2**|     1 

30.? 

40 

Sft, 

4  33.9 

50 

7   14^ 

an 

*'i 

q    11.3 

4H      1 

liJ 

4ft 

*  37-4 

53 

4  »S*7 

55 

7   "9  1 

30 

ri 

0  35-6 

5fi     0      1 

33-^ 

TO     0 

m  38.« 

7i     0 

4  »^5 

03     0 

7  »3-« 

7  1^6 

ai 

<» 

0   i|.o 

0  16.4 

0   i7« 

2fl'      T 

34.1 

in 

1  40,1 

5 

4  »9-4 

5 

32 

I* 

111      1 

36.7 

2ft 

141* 

10 

4  3I3 

10 

7   33s 
7   3»-4 

33 

fi 

5!}     II      ] 

:ift 

1  41  i 

n 

4  33  > 

15 

31 

0 

0  40  J 

2«      1 

38.0 

40 

;»t 

20 

4  If  0 
4  3*9 

20 

7  43-5 

7  48-7 

33 

^•1 

4i»      J 

59- 3 

60 

2^ 

25 

*      30 

fl 

0  41.3 

00     0      1 

40.6 

71     0 

»  47-7 

7«  30 

4  1«9 

83  ;io 

7   S3-9 

3T 

II 

0  +3  9 

'lit      1 

41.0 

111 

1 49  i 

3:i 

4  4°-9 

3:. 

PJi 

^1 

n 

0  4S-5 

in 

434 

2ft 

1 50,8 

10 

4  4>  9 

40 

m 

ii 

0  47.1 

01     0      1 

.3ft 

»   5»'4 

4:1 

4  44  9 

45 

«   10.S 

i    m 

11 

0  4K  9 

20 

40 

1   54. 1 

511 

4  470 

50 

«   16.1 

41 

"1 

0  50.6 

40 

47-7 

50 

1  5sJ 

55 

4  49i 

55 

8  11.1 

42 

Ci' 

0   ji.? 

1     02    r>     1 

491 

72     ft 

1   575 

70     0 

4St.a 

84     0 

B  t8.o 

2u' 

0   ||.i 

10 

SO.o 

1ft 

J  S9  » 

5 

4  53  4 

4   55* 

5 

J  34* 

4il 

*3   53-7 

211 

50^7 

2ft 

1      1  e 

10 

10 

«  40  4 

43 

1) 

0  S4  3 

:io 

S>  s 

3ft 

3     i.» 

lif 

4  57.» 

15 

8  46  3  ' 

I'M 

0  S5.0 

4n 

S*3 

4ft 

3     J.6 
3     «4 

2ft 

%     0.0 

20 

*   534 

'"i 

0  SS.6 

i*» 

SI  1 

50 

2h 

S     *3 

25 

9     0,1 

41 

H 

0  56.^ 

03     ti 

51'9 

73    ft 

3     »1 

70  -Ift 

It; 

84  30 

9     7.0 

2(1 

0  56.9 

111 

14  7 

10 

3  "^1 

3.1 

:{j 

9  MO 

III 

0  57. & 

2fl 

I   5^^ 

Sft 

3  i>^ 

4ft 

5     93 

40 

9  %i.%  1 

45 

*'l 

0  5i«.i 

:ti» 

56.4 

;ui 

3  14  a 

1   «^3 

4.'i 

5   •'7 

4:i 

9  18.6 

20 

0   |«.7 

111 

57* 

4ft 

511 

%   tj.1 
S   1*7 

50 

9   3*  * 

^1. 

0   57.6 

£41 

.  sf  t 

5ft 

3   1K4 

55 

55 

9  44  e» 

40 

li! 

I     0.3 

04     0' 

589 

74    0 

!   ao  5 

SO     ft 

S   '9» 

83     0 

9   5» 

2u 

1      [.0 

111 

S')!^ 

1ft 

1   11  6 

5 

5   »*-7 

m   0 

IS   44 

ill 

1      r- 

2ii      - 

1     0,7 

2ft 

1   H» 

1ft 

5  H  3 

HT     0 

:i:? 

47 

II 

I      r+ 

;mi     3 

I     1.6 

:ui 

3    17-1 

IS 

5   17  0 

>ifl     ft 

1*0 

J      3.1 

41*        3 

I     1,^ 

411 

3   »94 

2ft 

5  19,!. 

80     ft 

;n5 

4U 

1     3..^ 

:o)     3 

^     3  + 

50 

1   3'  7 

35 

5   1»'4 

fW     0 

4D 

(1 

1     4^7 

ftS    0     3 

I     4-4 

75     0 

3   14'i 

SO  Sft 

S  IS  > 

^__ 

Ba== 

571 


m           TABLE  n.    BessePa  Befraction  Table.             ^^^^H 

(FO  rslnvBlMlt.   <R.)  B^nn 

nr.    (C.}{kitU^fn4m, 

1 

•" 

'                     A. 

n. 

c. 

n 

Z«ii. 
IMit 

Arg.  App.  Z.  D. 

Arg,  True  Z.  P. 

Arc.  t^*  ^  D- 

Lc«* 

A 

A 

Log.' 

A' 

k' 

Log." 

J* 

A- 

©•  <r 

1.76.56 
'7«»54      * 

1.76,39    'I 
i  76130      J 

i,76ii9 

'76143        - 

6.4458    ^ 

lO     0 

1.76.41        I 
'76.35     ,, 
1.76111     \l 

1.76099    '3 

64458    I 

2l>    0 

64456    I 

30     0 

6.4451    T 

Bi     0 

6.4449    , 

40     0 

6.4446    ^ 

15 

19 

45     0 

1,76104 
1.76100      J 
«. 76096      I 
1.76091      ♦ 
1.76087      ^ 

1.76081      I 
t.76077      J 

1.0018 

1.76080   ; 

1.76075   \ 
1.76070   I 
1.76065    1 
1.76059 

1.76053 
1.76047    ' 
1.76040   ^ 
1.76031   J 
1.76014   * 
10 
1.76014 
176004   ^ 

'-75993    ,- 
«  7598.    [* 
1.75967    *♦ 

1.0013 

6.4441       i 

1.003 

40     0 

1.0019 

1.0013' 

6  4439    J 

t.005 

47     ii 

1,0019 

1. 0014 

6.4437    , 

1.005 

4»     0 

1.0010 

1.0015 

6,4436 

1.006 

411     0 

1.0011 

1.00.5; 

64454 

1.O06 

50    ri 

i.0013 

t.ooi6 

64431    * 

t.oo4 

51      0 

1.0025 

1.00.7 

6443*    ^ 

1x07  1 

aa    0 

1.76071      I 

1.0016 

1.0018 

644*9    , 

I-OOT 

\^ 

5a     n 

..76065      J 
..76058      J 

1.0017 

1.0019 

644*8    ■ 

1.001 

V 

54     0 

1*0019 

1. 0011 

64415    * 

IMf 

^ 

55     0 

1.76050      . 

1.0031 

1.0014 

644*1    - 

I.OOf 

J 

5fl     0 

.76041     * 
'76033    ,1 

1.0034 

1.0026 

6.4419    ^ 

l.OtO  n 

■ 

57     U 

1.0037 

t.0018 

64416    * 

i.ott  1 

■ 

5H     0 

"76013      J 

i.0030 

6.441*    T 

t.oii  1 

59     0 

1  76011    " 

1.0043 

1.0031 

6,4408    * 

1.013      L 

11 

«4 

60     U 

i. 76001 
'75988 
'  ?S97J      J 

1*0046 

'75953     ,fi 

1.0035 

6v44^    . 

1.014 

61    n 

1.0049 

'75937     ,g! 

1.0038; 

1.015      ' 

€V^    n 

1.0054 

'75919    ^0 

1.0041 

64395  : 

i.oi6  1 

M 

63     0 

'   'S957      ; 
'75939 

1.0058 

'-75899    „ 
1 1.75877    " 

1.0044 

6.4190    I 

1.017 

64     l» 

1.0063 

1.0048 

6.4384    ^ 

1.019 

10 

15 

65     0 

»  759«9    „ 

I.006S 

••75851    ig 
'-758*4    f, 
'75793    h 

'75757    l^ 
1-75717    ^ 

'-75670 
'•75<i.5    J 

i  75478  j; 
'-75390  ^ 

1.0052 

64378    . 

1.010 

66     t> 

'•75897    11 

1.0075 

1.0058 

6.4370    ^ 

i.Mi : 

67    n 

'  ^5871 
'75841      ' 
.75809    ^f 
18 
1-75771 
.75716    ^ 
^•75675    1; 

1.0083 

1.0064 

6  4361    I 

1.014  ' 

m    <^ 

1.0091 

1.007 1 

6  435'  ,. 

i*oi4  fi 

61)     0 

1    I.OIOl 

1.0079 

64319 

i.oii 

741     0 

I.OMI 

1.0088 

6*43*6 

1.0)1 

71      6 

t.0114 

1.0099 

6.43"  tl 

■•0|4 

7'Z     0 

1.0.39 

1.0110 

6.4*91  'J 

•  037 

7a    0 

'T56.5    ^ 
«  75543    ^^ 

i.0156 

1.0.13 

6  4x71  „ 

•  *0|0 

Tl     0 

1017s 

1.0140 

6.4*46*5 

8*«41 

86 

106 

75     0 

'75457    ,^ 

i.0197 

'-75*84 
'75*65      9 

1.0155 

6.4118 

1,047 

!0 

'^544-  ;j 

t.oioo 

i.oi5« 

64*14   i 

t»04i 

:*() 

I  754*5    ,. 

'75408      ; 

t.0104 

'75*45    11 
'  75»5    ', 

1.0161 

6,4110    J 

i'«49 

80 

1.0108 

1.0164 

6.4105    J 

lojo 

44) 

'  7539"      J 

1.0111 

'75*04    ll 

1.0167 

6,4100    1 

1*0|1 

M 

'75373      . 

t.01.6 

1.75181    " 
11 

1*0170 

64194 

1*011 

m 

7a   0 

i  75355    ,^ 

1.0110 

•  75'36    ^ 
1.75^87    11 

.75060  *; 
175033  : 

1-0173 

6.4188 

•*o$4 

10 

1.0135 

1,0177 

6.4181    7 

1*05$ 

1!0 

«  753i6    *t 
'75^95    ., 

1.0130 

i.otSo, 

64174    I 

1*057 

8i« 

1.0135 

1.01S4 

64167    3 

1^058 

40 
60 

'75*74 1; 

<  75*5* 

1.0141 
1.0146 

t.ot8« 
1.0191 

6.4.60   I 
6.4153    ^ 

'^: 

*3 

18 

rr   0 

.75**9 

1.0016 

1.0151 

1.7500; 

0.9975 

1.0197 

64145 

0.99-' 

i.o6i 

btt 

1 

TABLE  n.    Bdssel'fl  Befiraotion  Table. 


i 

Zrn. 

1 

77 

0     ()• 

10 

2<i 

SO 

40 

60 

78 

0 

10 

1 

20 

30 

40 

60 

79 

0 

10 

I'O 

iiO 

40 

1 

r»i) 

80 

0 

10 

no 

;)o 

40 

61) 

81 

0 

' 

1(» 

20 

30 

4M 

1 

60 

83 

0 

10 

!*•» 

:io 

40 

60 

H3 

0 

10 

•JO 

no 

40 

60 

Mt 

0 

10 

20 

oO 

40 

6o 

Hi 

0 

A. 


UtKt 


I 


A 


14 

26 

a8 

»9 

3» 


•75aa9 
.75105 

.75«8o 
•75»55 
•75«»9 
.75101 

.7507* 
•75043 
.75013 

.7498« 
•74947 
.74911 

.74876 
.74839 
•74779 
■74757 
74714 
.74670 

.74613 
•74573 
•745i« 
.74468 
.7441a 
7435» 

74288 
.74123 
•74155 
.74083 
.74007 
.739*8 

•73845 
.73"S7 
•73663 
73564 

73459  ;;^ 

•73347" 
118 

•73"9,      ' 
73105      * 
.7a«;T4  ^ 
.72832  '^' 

72519 ''^ 
>73 

,     186 

/2|6d 

•.y6i  '•>* 

■,r-i"' 

15V 


J5 
36 

37! 

40- 

42 
43 
44 

47  i 

I 

5°. 
52 
53 
56 
60. 

64! 

65' 
68 

72' 
76 
79 
83 
88 
94' 
99 


72146 


.00261 
.0026; 

.0027; 
.0027' 
,0028. 

.00291 

,0030, 

,00301 

0031 

0032, 

0033 

0034, 

0035: 
0036J 
0037 

01.38; 

0039; 

004: 


0041. 
0042! 
0043. 
004  >; 
0046. 
0047 

0049! 
oo^o. 
0052. 

0054 

0056 

0058 

0060 
0062 
006; 
006- 

0070 

0073, 

00-^ 

-0-8 

0081 

OC84 

0^88. 
009a 

0096 

oi'-y 
01  :><; 

CI  21 


.0252 
.0258 
.0264 
.0272 
.0281 
.0290 

.0299 
.0308 
.0318 
.0328 
.0338 
.0347 

•0357 
.0367 

0377 
0387 
.0398 
,0409 

,0420 
,0431 
,0442 

0454 
.0466 
,0479 

,0493 
,0508 

0523 

,0540 
,0559 
0579 

.0600 
.0622 
.0646 
.0671 
,0697 


0754 
,0784 
.0815 
C846 
c.8-9 
0914 

09SI 
.0992 

1.36 
.I'jSi 
.113^ 
.11-8 


1.0127     1.1229 


Arg.  True  7..  D. 


Lo|C« 


75005 
74976 
74945 
749  H 
,74882 

74848 

74813 

74777 
■74740 
74701 
74660 
74617 

74573 
74527 
74478 
74428 
74376 
74321 

.74263 

74203 
•4141 

74075 
4005 

3933 

3857 
3-77 
3692 
73605 
35«4 
3417 


29 

"■i 

3»! 

35! 

36 

39' 
4i 

''\ 
44| 

46 

49: 

50' 
52 
55 

63 
62 
66' 


80 
85" 

8- 
9« 

97; 
103' 

'"'♦,07' 

'-'>'*, A' 
Ii4*'   i 

727"'" 

'*5*'iei 
•»4"»  'V 

•1902 

■I70»  '9* 

209 

•»499„, 
•1276**3 

037*^9 

8;*>5 


71 


T02 


C09   * 
6*^3 

3*4 


0.9975 
0.9974. 
0.9973, 


0.9972 
0.9971 
0.9970 


0.9970' 
0.9969; 
0.99681 
0.9967I 
099671 
0.9966. 

0.9965! 
0.9964J 
0.9963 
0.9962 
0.9961! 
0.9960! 

0.9958 
o.9957i 
0.9955 
0.9954. 
0.9952 
0.9951 

0.9949 I 
0.9948 
0.9946 
0.9944 
o.9«H2| 
0.9940. 

0.99381 
0.9936; 


0.9934 


0.9931! 
0.9929 I 
0.9926J 

0.9924' 
0.9920 
0.9917 
0.9913 
0.9909 
0.9905 

0.9901 
0.9897 
0.9893 
0.9888 
o  9882 
0.9876 


.0197 
.0202 
.0208 
.0213 
.0219 
.0226 

.0134 
.0241 
.0249 
.0257 
.0265 
.0273 

.0281 
.0289 
.0296 
.0304 
.0312 
.0320 

.0329 

.0337 
.0346 

•0354 
.0363 
.0372 

.0382 
.0393 
.0404 
.0416 
.0429 
•0444 

.0459 
.0476 
.0493 
.0512 
.0531 
•0552 

•0573 
.0594 
.0617 
.0640 
.0664 
.0688 

.0715 
.0-42 
.0771 
.0802 
.C834 
.c868 


,69902 


0.9870'   1.0903 


c. 

Arjj.  True  Z.  D. 


Lor*" 


6.4145 
6.4138 
6.4130 


6.4122  g 


6.4114 
6.4106 


6.4097  J 

64088  9; 

6.4078  ;^; 
6.4067  I 
64056" 

6.4044" 
12 
6.4032 
6.40.9,5, 

99«  ,,| 

976 '5! 

961  '^1 
93" 

S$6", 

20 1 
836 

8i6*° 

^^^  211 
795.,! 

774  ^;i 

^5;  ill 
728  **, 

26 
674 '°l 
611  '  \ 

469"' 

3»»« 
'J*  to 

184  >°l 


S3 


"5 

>S 


59 


6.2919  I 

7» 
6.1847 


0.997 
0.997 

0.997, 
0.996: 
0.996 
0.996 

0.996. 
0.996' 
0.996 
0.996 
0.996 
0.995' 

0.995. 
0.995; 
0.995 
0.995! 
0.995 
0.994 

0.994' 
0.994 
0.994. 
0.993 

0.993 

0.993 

I 

0.993 

0.992 
0.992, 
0.992 
0.991 
0.991 

0.991 
0.990 
0.990- 
0.989 
0.989 
0.988 

0.987' 
0.986 

0.985 
0.984 
0.983 
0.982 

0.981 
0.980 
0.979 
0.977 
0.976 
0.974 


0.973  I. 


.062 
064 
,066 
067  I 
.069  i 
I 

•073 
075 
076 
078  t 
080  I 
081 

c8< 

,087  ! 

C89 

091 

C94  ' 
.C96 

i 
099 

101 

>o5 
ic8 
112 
"5 

119 
»23 

127 
M2 

136 

141 
146 

»5> 
156 
161 
167 

171 

178 
183 
188 

>93 
199 

204 

209 

214  I 

219 

224 

228 

231 

237 


67S 


TABLE  n.    Bessel's  Refraction  Table. 


O*  Factor  depending  upon  the  Baromefer, 


line*. 

Li*  if 

LutiB 

Lug£ 

Frrnrfi 

wa 

31S 

—  0.01445 

27.5 

—  0.03 191 

0.725 

—  0.01560 

0.700 

4-  0.004!! 

:|JA 

—  0.01J07 

27.CI 

—  0,030^3 

0.720 

—  0.01500 

0,701 

4   o.oo|4$ 

317 

—  0,01170 

27*7 

—  0.02876 

0.727 

—  0.01440 

0,702 

4-  OwOoiOft 

318 

—  0«010|J 

27.K 

—  0.02720 

0.728 

—  o,oi  380 

0,703 

4^  o,ooi$9 

4-  aoo7i6  1 

311} 

—  0.01^97 

27.tt 

—  0.02^64 

O.720 

—  0.01321 

0.704 

320 

—  0.01761 

28.0 

—  0.02409 

0.7:10 

—  0.01161 

0,705 

4-  0.0077J 

321 

—  0.01625 

28,1 

—  0.02254 

0.7  31 

—  0.01102 

0.700 

4-  0  00830 

322 

—  0.01490 

28.2 

— •  0,01099 

0.732 

-    0.01142 

O.707 

4  0.00886 

323 

—  0.01^56 

28.3 

—  0.0 1 746 

0.733 

—  0,01083 

O.708 

4^0.00^1 

'      3Zl 

—  0.01211 

28.1 

-  -  o.o( 793 

0.734 

—  0,01014 

0.700 

4   o.oo« 

4-  O.OIOfI 

:n:t 

—  0.010S8 

28,  :> 

—  0,01640 

0.735 

—  0.00965 

0.770 

AU\ 

—  0.00954 

28,0 

-  -  0.014SS 

0.7  30 

—  0.00906 

0.77 1 

4-  0.01  II* 

;ri7 

—  0.00811 

28,7 

1     —  0,01  356 

0.737 

—  0.00847 

0,772 

4  0.0 11 68 

:nH 

—  0.006S9 

28,8 

—  0.01  185 

0.738 

—  0.00788 

0,773 

4^  O.OiAlf 

:i^!» 

—  0.00556 

28,9 

—  001035 

0.730 

—  0,00729 

0*7T4 

4-  OwOllJt 

:*:(o 

—  0.00425 

21*.0 

—  0.00B85 

0.7  40 

—  0.00670 

0.775 

4-  0,01  JIT 

;i:il 

—  0.00293 

20,1 

—  0,00715 

0.741 

—  0.00611 

0.770 

4   ooiif J 

.r.it 

—  0-00161 

20,'^ 

—  0.00586 

0.742 

—  0.00553 

0.777 

4  o.oi44f 

I    a:ta 

—  0.00031 

20.3 

—  0.00438 

0.743 

^  0.00494 

0,77H 

-*    0,  OtfOf 

334 

-f  0.UU099 

2U.I 

—  0.00290 

0.744 

—  0.00436 

0,770 

4   0.01560 

335 

-f-  o.ooiiS 

20.5 

—     0.00141   ; 

e.745 

—  0,00378 

0.7  HO 

4  o.oi6i4 

330 

-j-  0.00358 

20.0 

-f     0.00005 

0*740 

—  0.00319 

0.781 

4-  0.01671 

337 

-f  0.00487 

20.7 

t-     0,001   51 

0,747 

^  0.00261 

0,782 

4-  0.01717 

338 

-|-  0.00616 

20.8 

-^     0,00297 

0,7  48 

—  0.00103 

0.783 

4  0.01781 

331) 

-f  0.00744 

!     20.0 

-f     0.00445 

0,7411 

—  0.00145 

0.781 

4-  o.oi8|l 

310 

-f  0.00872 

30.0 

4-     0.00588 

0.750 

—  0.00087 

0.785 

4-  0.01894 

311 

4-  0  00999 

31M 

-f     0.00731 

0.751 

—  aoooi9 

0.780 

4  0.0194^ 

312 

-f  0,01127 

30.2 

4-     O.OO87& 

0.752  , 

4-  0.00018 

0.787 

4-  0.010C4 

313 

+  0.01253 

:io,3 

4-  0.01020 

0.753 

4-  0.00086 

0.7  88 

4-  0.01059 

1      311 

-f-  0,01  ^^o 

30.4 

4-  0.01 16^ 

0.754 

-f  0.00144 

0.780 

4-  0,01114 

34JI 

-f  0.01506 

30.  r* 

-f-  o.oj  3q6 

0.755 

4-  o.eoioi 

O.70O 

4-  0.01169 

340 

-f-  0.01631 

30.0 

4"  0.01448 

0.750 

4'  0.00159 

O.701 

4-  0,01124 

347 

-h  0.01757 

30,7 

4-  0,01589 

0-7  .n 

4-  0.00316  j 

0.702 

4-  0  012 '9 

348 

^^  0,01882 

30. 8 

-f  0.01751 

0.758 

4-  0.00374 

0.703 

4^  0.01334 

34» 

-f-  0.02007 

;w>.o 

4-  0,01871 

0.750 

4-  0.00431 

0.704 

4*  0.02389 

350 

-f  0.021 31 

31,0 

4-  0.02Q12, 

O.70O 

4^  0.00488 

a.705 

4-  0,01443 

E«  Factor  dtpfjiding  upon  the  Attached  Tliermometer, 


t. 

Loitr 

R- 

i^tjr 

C. 

toitT 

-»» 

4-  0.00141 

—  35** 

4-  0.00308 

—  35** 

4-  0.00144 

—  20 

4-  0.00103 

—  30 

4~  0.00164 

—  30 

--  0,00111 

—  10 

4-  0,00164 

—  25 

4-  0.00110 

—  26 

--  0^00176 

0 

4-  0.00115 

—  20 

4  0.00176 

—  20 

-^  0^00140 

+  10 

4-0.00086 

—  15 

4-  0.00131 

—  15 

4-  0,0010$ 

20 

4-  0.00047 

—  10 

4-  0.00088 

--  10 

4^  0.00070 

30 

-f  0.00008 

—  s 

4-  0.00044, 

—    5 

4  000035 

40 

—  0.00031 

0 

0,00000 

0 

o»  00000 

50 

—  0,00070 

+     5 

—  0.00044 

+     5 

—  0.00035 

00 

—  0.00109 

10 

—  0.00088 

10 

—  0.00070  1 

70 

—  0,00148 

15 

—  0.00131 

15 

"  0.00105 

80 

—  0.00186 

20 

—  0.00175 

20 

—  0.00140 

00 

—  0.00115 

25 

—  o.ooitS 

25 

—  0.00175 

100 

—  0.  era  64 

3i» 

—  0,00262 

30 

—  0.00110  1 

35 

•^  0.00305 

35 

—  0.00144 

Log  ^  =  log  H  4-  log  T. 
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TABLE  n.   Bessel's  Befractian  Table. 

F«    Factor  thpemling  vp<m  the  External  Thermometer, 

(F.)  Fahronhoit.    (K.)  R^mnar.    (C.)  CratiKnuki. 


l"'  ^• 

Logy 

F. 

Logy 

R. 

Lugy 

c. 

L«*Y 

'-«>o 

-f-  0.06179 

35<> 

-\-  0.01185 

—  35«> 

-f  0.08990 

—  35° 

—  0.07373 

:  -19 

-j    O.06181 

30 

-\-  0.01098 

—  30 

4-  0.07819 

—  30 

-i-    O.C6476 

-18 

j    0.06083 

37 

-\-    O.OIOII 

—  25 

-f  0.06698 

—  25 

.,      0.05596 

—  17 

4    0.059S5 

38 

-f  0.00914 

—  24 

-f  0.06476 

—  24 

-:    0.05423 

—  16 

-t-  0.05887 

39 

4-  0.00837 

—  23 

4-  0.06254 

—  23 

M    0.05249  1 

—  15 

-f  0.05790 

40 

-t-  0.00750 

—  22 

4-  0.06034 

—  22 

4    0.05077  ' 

—  11 

-r  0.05693 

41 

-\-  0.00664 

—  21 

4-  0.05815 

—  21 

4    0.04905 

—  13 

-1-  0.05596 

42 

4-  0.00578 

—  20 

4-  0.05596 

—  20 

4    0.04734  ^ 

1  -^'^ 

4  0.05500 

43 

-f  0.00492 

—  19 

4-  0.05379 

—  19 

4-  0.04564  i 

-11 

-j-  0.05403 

44 

-j-  0.00406 

—  18 

4-  0.05163 

—  18 

4-  0.04394  ■ 

!  — 10 

-r  0.05307 

45 

-+-  0.00320 

—  17 

4-  0.04948 

—  17 

-r    0.04225  : 

1  —     9 

-r  0.05211 

46 

-f  0.00234 

—  10 

4-  0.04734 

—  10 

-.    0.04057 

i  -     H 

--  0.05115 

47 

-I-  0.00149 

—  15 

4-  0.04511 

—  15 

-T    0.03889  , 

;  -  "^ 

-f-  0.05020 

48 

T-   0.00064 

—  14 

-r  0.04310 

—  14 

-^    0.03722  1 

•  —    0 

-I-  0.04914 

49 

---  0.00021 

—  13 

4    0.04099 

—  13 

-^  0.03556 

—    5 

4-  0.04829 

50 

—  0.00106 

—  12 

4   0.03889 

—  12 

-    0.03390 

;  —    4 

-f  0.04734 

51 

—  O.OOI9I 

—  11 

4-  0.03681 

—  11 

4  0.05225  . 

1  -    ^ 

4-  0.04643 

52 

—  0.00275 

—  10 

4-  0.03473 

—  10 

-•  0.03060 

-   « 

-  0.04545 

53 

—  0.00360 

—    9 

4  0.03166 

—    9 

-;     O.C2896 

-    » 

-:-  0.04451 

54 

--  0.00444 

—    8 

4  0.03060 

—    8 

-•     0.02733 

i        « 

-r  0.04357 

55 

--  0.00528 

—    7 

4-  0.01855 

—    7 

4    0.02570  ' 

'  4-    1 

-r  0.04263 

50 

--  0.00612 

—    0 

4-  0.01652 

—    0 

-     0.02408 

2 

-i   0  04169 

57 

-     0.00696 

—     5 

-f   0.02449 

—    5 

-:   O.C2247 

1           3 

-r  0.04076 

58 

-     0.00780 

—    4 

-t   0.02247 

—    4 

-    o.C2c86 

,           4 

-f-  0.03982 

50 

-     0.00863 

—    3 

4-  0.02046 

—    3 

4   0.01926  j 

* 

-f  0.03889 

00 

~  0.00946 

—    2 

4  0.01846 

-    « 

-t   0.01766  ■ 

1           0 

+-  0.03796 

01 

—    0.01029 

—     1 

4  0.01646 

-     1 

-s    O.C1607 

i           7 

-  0.03704 

02 

—   0.01112 

0 

-  0.01448 

0 

-r-  0.01448 

N 

T    0.0361 1 

03 

—  O.OII95 

+     1 

4  0.01251 

+     1 

r    0.C1290  ! 

1            9 

t    0.03519 

0^1 

0.01278 

2 

4   0.01054 

2 

4    0.CI133   1 

10 

•    0.03427 

05 

-     0.01360 

3 

4   0.00859 

3 

♦    O.CC976 

11 

-:    0.0333^ 

00 

--    0.01443 

4 

4-  0.00664 

4 

-:    0.C0820 

12 

•    0.C3243 

07 

-     0.01525 

5 

-r   0.00470 

5 

-:    0.C0664 

13 

-?    0.03152 

08 

—  0.01607 

0 

-'   0.00277 

0 

•    0.00509  : 

11 

t    0.0  3c  60 

00 

0.01689 

7 

•^   0.00085 

7 

■•    0.00354  1 

15 

-L  0.02969 

70 

c. 01770 

8 

-    0.00106 

8 

r    o.ocioo 

10 

-    0.0287S 

71 

-       0.01852 

9 

—  0.00297 

9 

-T    0.C0047 

17 

1      -f    0.02787 

72 

.       -    0.01933 

10 

—  0.00486 

10 

0.00106 

IH 

1        '-    0.02697 

73 

—  0.0201 5 

11 

-  -  0.00675 

11 

0.001^9 

10 

-    o.026c6 

71 

-    O.O2C96 

12 

0.00863 

12 

-    0.CC410 

20 

^    0.C2516 

75 

0.021^7 

13 

-  -  0.01050 

13 

-     0.C0561 

21 

•    0.C2426 

70 

j    -   0.02257 

14 

-  0.01236 

14 

C.CO-13 

22 

•    c  c23-,6 

77 

0.02338 

15 

0.01422 

15 

0.0(863  , 

23 

-'    0.^:224- 

78 

C.024I9 

10 

0.01607 

10 

0.C1013  1 

21 

-*     O.C2l^- 

70 

O.C2499 

17 

0.01-91 

17 

L.C  1162 

25 

-     C.C2rf.S 

HO 

0.02^-9 

18 

0.01974 

18 

C.C1311   : 

20 

♦     O.r   |<,-V 

HI 

C.C26^iy 

10 

0.02156 

10 

C..1459 

27 

•    0.-  |S<^ 

H2 

!            c.r.2-3S 

20 

0.02338 

20 

c. CI 607  . 

2M 

c.    iS    1 

H3 

;                  0.^2S|.y 

21 

-    0.02519 

21 

c.01-54 

20 

'     i-i; 

HI 

1            0.02S9S 

22 

—  0.02699 

22 

CO  1901 

•M\ 

■     ......if»24 

HTy 

O.C29-S 

23 

-  0.028-9 

23 

-  O.C1047 

:ii 

■      C.  .1^'/. 

^M^ 

,       ^•'  y  ^" 

21 

0.03c  5- 

21 

C.C2I94 

32 

r      i44< 

H7 

,           o.--3i;6 

25 

C.0323; 

25 

-    OC2338 

33 

r..i',f.:. 

HH 

0.03216 

30 

0.04114 

30 

-  0.C3057 

31 

"  -  1  ?  -  ; 

HO 

-      o.c^294 

35 

0.049-6 

35 

-    0.03:65  , 

35 

V    .ll^^ 

0<» 

!      -     o.033:'3 
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^H        Table  m.    Reduotioii  of  Latitude  and  Logarithm  of  the  Earth's  Badicts.     ^ 

^^^B 

irgumeni  ^  ^=  Gco|p^phic&1  Laiilude. 

Compr^es^on  = 

1 

1 

299.1,5 

O        f 

4-4' 

Diir, 

lo«|» 

DifT. 

4 

4-4' 

Bill; 

to«^ 

*      *» 

H 

0     * 

'      " 

ff 

0     0 

0    o.oo 

0,000  0000 

3^     (1 

10  48,15 

,.J« 

••JS 

9.999  514! 

I      0 
'I      0 

0  %x,o% 
o  4I1.01 

14^01 
14.00 

9*999  9996 
9981 

4 
'4 

20 

49-^1 
50,98 

5108 
5169! 

40 

39 

■ 

3  0 

4  0 

1  11.05 
1  35.80 

13.93 
13.^5 

9961 

11 

3» 

40 

5Mt 
53.61 

«-3J 

5119 
5089 

40 
40 

n 

&     <» 

i   59-54 

13. 7X 
13.5^ 

It 

bi\ 

54.90 

l.is 

1.16 

5049 

40 
40 

1 

0     0 

T     0 

2    11.11 

a    4054 

13.41 

9.999  9841 

57 

3G     0! 

Id! 

10  56.16 
5741 
58.i3 
59.81 

tt     1.00 

1,25 

9.999  5009! 
4969 

40 

J 

8     (1 

3     9-7b 
3   31-74 
3   SS-47 

13.11 
11.98 
11,73 

9711 
9566 

^5 

11 

2i> 
4(1 

t.21 

tm 

4848 

40 
4t 
40 

I 

11    () 

4  <7-9» 

11.45 
11.14 

9476 

90 
99 

:»o 

*.I5 

«'5 
1.13 

4««^ 

4« 

40 

■ 

13     a 

13  ti 

14  0 

4  40.06 

5  »-85 
S  »3'i^ 

11.79 
11,43 

9^999  9377 
9171 

9*57 

106 
>'4 

37     0 

10 

20 

tt     3.18 
4-39 
147 
854 

8,59 

J. 08 

9  999  4767 
4726 

4686 

41 

40 

1 

15     0 

5  44-33 

6  4.9$ 

21,05 
10,61 

0035 
890J 

8768 

111 
130 

41) 

1.07 
1.04 

4645 
4604 

4» 
4" 

17     (1 

6  15,14 

10, 1 9 
19.71 

'37 
'44 

50 

1,01 
1.00 

456$ 

41 

4* 

18     0 

6  44  86 

9.999  8614 

38     u 

tt     9.5Q 
10.56 

9.999  4511 

Ifl     0 

7     409 

IQ,13 

1^71 
18.19 

17,61 

847J 

'5* 

10 

0.97 

4481 

4» 

20     0 

7  ii.So 

8314 

20 

ti.51 

*95 

444^ 

4« 

21     (1 
'23     n 

7  40-99 
7  58,61 

8149 
7977 

165 

17^ 

1^5 

40 

>*44 
'334 

,93 
.86 

4399 
435* 

4« 
4i 

23     (I 

8  1566 

I7**>5 
16.44 

7799 

50 

14-11 

43»T 

4» 

41 

^ 

24     0 

8   31,10 

15,83 
15  19 

9,9997614 

30     0 

11    15.08 

it 

9*999  437^ 

^^1 

25     0 
2a     d 

8  47-93 

9  3'«a 

Itlt 

ly6 

10 
20 

IJ.91 

16.73 

4*34 
4*91 

42   1 
4« 

^1 

2T     (» 

1     9  17*65 

»4-53 
1385 
13.16 
11.46 

7017 

101 1 

30 

'751 

•79 

4152 

4> 

^^1 

2f«    ^» 

9  3«|o 
9  44-66 

6810 

107 

40 

18.19 

«77 

4110 

4* 

^^^ 

211     0 

6fro8 

3.1  1 

:«o 

19.04 

'75 
.71 

4069 

4^ 
4^ 

1 

90    0 

9  57  i^ 

9.9996391 

4a   0 

II    J9.76 

9.999  4027 

1 

Jfj 

9  59 '» 

1.00 

635s 

\l 

Itl 

10.46 

.70 
.67 
*66 

3985 

4^ 

1 

2(1 

to       l.ll 

t.90 
1.9s 

6319 

20 

11,13 

3944 

4* 

^^M 

HO 
An 

1«»7 
C.01 
6.94 

6181 

6145 
610^ 

37 
17 

40 

11.79 
11,41 

ird 

4« 

4^ 

^M 

^(1 

1,91 
1.91 

37 

37 

:»i> 

23.01 

.60 
•59 

3819 

41 
4^ 

^% 

31     ** 

211 

10     8.85 
io.73 
11.59 

1.88 
1,86 
1,85 

9-999  6171 

V4t 

\l 

41      11 

2ti 

It   13.61 
14,17 

14,70 

.56 
•53 

9  999  3T7T 

4S 

J 

311 

'4  44 

6059 

11 

:to 

25.11 

*5» 

4- 

^^m 

4i> 

i6.i6 

t,8i 

6011 

3» 

40 

ij.7t 
16,18 

•49 

4- 

^^M 

5I» 

1 11.06 

1,80 

59^4 

U 

&« 

•47 

4- 

^^M 

1,78 

3* 

-44 

4^ 

^^^B 

^      0 

lo   19.84 

1,76 

9-999  S946 

1^ 

42     0 

11   16,61 

9.999  3515 

T 

10 

11.60 

5908 

10 

17,04 

.4* 

34^3 

4* 

J 

20 

:io 

*334 

*5<5S 
16.75 

«-74 
1,71 

5870 
583a 

20 

.•to 

1744 

17,82 

1* 

U4I 

4* 

4» 

^M 

40 

1.70 
1.68 
1.65 

5794 

^^ 

40 

18.17 

35 

B  3  5T 

4* 

^^f 

60 

18.43 

57SS 

39 

50 

18,50 

•33 
.30 

3!»5 

4* 

4^ 

J 

33     0 

10  30.08 

1.63 
1. 61 

9,9995717 

43    II 

II   18,80 

.28 
.16 

9-999  3«7J 

-^^B 

to 

31,71 

5678 

39 
3*f 

to 

1908 

IT, 

41 

^^1 

:^a 

35  3» 

5640 

20 

^9-34 
19.58 

4* 

^^H 

."Jd 

J4.91 

1.59 

5601 

39 

30 

•>4 

J. 46 

4* 

^ 

4ft 

'57 

5561 

39 

40 

49.72 
29.98 

*lii 

J104 

41 

J 

do 

18.03 

'•55 
i'5» 

55»3 

39 
39 

50 

:;2 

,06. 

4> 

4) 

^H 

34     0 

10 

20 
30 

10  39.JJ 
41.00 

4*54 
44-00 

1.51 
t.4* 

9-999  54^4 

5406 
5367 

39 
39 
39 

44     0 

10 
20 

It   30.14 
30.19 
3041 

30.50 

•>s 

.11 
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Table  m.    Bedaotion  of  Latitude  and  Logarithm  of  the  Earth's  Badins. 


^  z=  Geocentrio  Latitude. 


p  =  Earth^s  Radius. 
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^^^^^^^^^         TABLE  IV,    Log  A  and  Log  B-             ^^^^^J 
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TASLE  17.   Log  A  and  Log  B. 


For  Cotiipin 

Tl 

'    t  .•  r 

Tl   tit    K 

nun  Aititiidi^t, 

r^  5^1,  A  +}                  ittOUMENT  = 

=  ELAPSED   TfME. 

h 

fl* 

I^ 

-     1 

9* 

w 

il* 

9 

A,ff  A    1     L'MT  /^ 

W^  [  W« 

w^  1  I 

^v^ 

Lu^A 

L.«fl 

u^  A  ^  u^n 

U.|r  .4  1   Liif  fl 

4515'  94010 

,46***  .1530 

9.4*84  9- 

1874 

9.5115  9.0943 

9  5179  8-95°^ 
-Sl«4     ^9478 

9.56S0  8.6837 

1 

4P*>I     30C} 

4»88     . 

1861 

.5119     »09ij 
.5111"    .0906' 
.5117     .o8»7' 

.5685      .6770 

3 

,4691;  ajii 

4i^9i!    ' 

1848 

SJ«9      9447 

,569!      .6701 

3 

-4P1     '^9»*9 
,4536,    ,39Si 

4^94     '*iO* 

489s     . 

i«15 

^5393!    -94'^ 
*S398!    *9lS4 

,5696     -6631 
.5701:    .6560 

4 

4697I    ,3493 

4899;    . 

tSii 

.5133     .0867 

I     9 

9.45311,9.3975 

9.4701   9.3481 

9 

4903;  9 

1796 

9.5136  9.o;48 

9-S+°l  8935* 
,5408     .9310 

9.5707   8,6488 

« 

Mini'     »9*« 

.4704'    .1473 

4906! 

,5140;    .0K18 

57«*;     *4I4 

t 

-453}      ^96" 

-451*1    -1954 

,47071    .1463 

4910 

178* 

i:tJ 

,0*09 

.5411!    .9187 

.5718!    ,63jf| 
.5713'    .6161 
S7*»     **"8l 

A 

.4710     -^454 

49M 

1769 

,o75«9 

.54*7;    '9*54 

'     0 

-4519!    '^947' 

.47 < 3     '1+44 

49<7^ 

i7S* 

■5  "S3     ■«'769 

.5433     ,9331 

^   10 

9.4543  9.1940 

9.4716  9.3+H 

9 

49*'   9 

17+J 

9-5"  57  9-07+9 
,5161     .0739 
,5165^    .07©* 

9.5437  «9"87 

9.5734'  8^fiioi 

i  ■> 

4544;     »9!» 

4719!    .3435 

4914 

49**. 

1718 

S43*      ^"Sl 
,5436     .9118 

.5739;    ■*<>*' 

\  vz 

4547,;    ^19M 
.4550;    .191* 

.47a  jl    .1415 

"715 

rS7+S      '3?17 
575;,    -585*' 
-575*1    '57*+ 

I    13 

473* 

.1701 

,5169'    .0688 

.5441     .9081 
.544*     »904« 

.  14 

^S5»!    ■^9'i 

4"i9|     ilVS 

4ns' 

16F7 

.5174     .0^67 

'  1& 

'4i;s  ':l^ 

9,471*' 9-31«S 

9 

4939  9 

1673 

9.5178!  9.0646 
.5113     ,0615 

9.5451  a.  901 3 

^S+56     '*977 
.■546^     .89+0 

95761.8.5674 

I  la 

■4735     ^*17S 

4941' 
4946; 

1659 

ST*7,     %$H 
^577*     '5+88 

1  11 

.4;6i     .3Kn 

'473»,    ^nH 

1645 

,51 R6     .0604 

m 

.4561!     .3g«l 
.4566      .3871 

4741     ■ilSS 

4950I 

.1630 

'519'     *®5^1 

.5470     .816^ 

■5778j    -519* 
S7«l"     5*91 

19 

47+s|    ^*1++ 

+95+, 

.1616 

,5195      0561 

^ 

9,4569'  9.3866 

947+'*  9-^13+ 

9 

+95«  9 

4961; 

16&3 

9.5199  9.0540 

9.5475' 8.8839 

9S78V8S'9*' 
.5794;    .50*8 

Ul 

.4573'    ,3«58 

-475"     ■»3S+ 

1587 

,5104     .0^18 
.5308:    ,049* 

.5480;    ^879" 

2-1 

■45741    «i«SO 

475S     ^n'3 
47j»f    ■1303 
4761      .1391 

49*5' 

"571 
'5S» 

.5485]    J7S* 

,Sjo^     498" 
.5J06     ,4ft7' 

23 

■4S77     **«41 

+9*9' 

.5113]    ,0474 

.5490     .8713 

21 

^S«D|    .1835 

+971| 

1541 

,5117'    .o+Si 

.54951    .B674 

.5811^    4758 

23 

9.45*^  9.i«i7 

94764  9.1181 
476«     .1171 

9 

4977|9 
4980 

1538 

9.5331   9.0435 
.5335     .0+06 

9.5500 

8J634 

9.5ji7'i4*+t 

20 

.45«5^    -i»i9 

.45KK       ,3X13 

1513 

149R 

5505 

*«59+ 

.5833     4511 

27 

4771      .1361 

4983; 

.5130I    ,©3«3 

S5"'»   -;s5i 

.5838:    4397 

2g 

,4591:    ,3Kox 
■459+'    -i?-;* 

4774     ^1150 
477  »,    '11 39 

.5134     .0360 
5*1*.    -03 17 

ss"s    fs"* 

.5834;    4*70 

20 

4993; 

,5510^  .1470 

^5^9.    '4' 3  8 

311 

9-4S97  9  17^* 

94781   9.iai}« 

9 

4996  9 

i+n 

9'S»41  9'53"4 

9.5535^8,5437 

9  5*45  8-4O0I 

31 

.4600     .37X0 

47i*+     -1117 

500Q 

>+17! 

^5*47;    -<=*9J 
.5333^    .0166 

SS3*^(    .8384 

■5fS>      i860 

1  3-^ 

.4603     .377* 

478*1      ,3106 

5003 

.1433 

SS35     -fl+" 

.s;|6   ,37,3 

1  ^ 

460V:    .3764 
.46081    .3756 

479":    '»IVS 
479+;    '*>^+ 

S°o7\ 

1406 

.5356      oi+j 

.5540,    ,8397 

:ti 

501 1 1 

.1390 

.5161     ,0118 

■5545     ^«*S3 

.5861    ,3403 

33 

9.461 1' 9.1747 

9479?  9'*»71 

9 

S^H  9 

1375 

9. 516  <j' 9.0194 

9,5550  l.fio* 

9,587+  «l*j9 

30 

.4614     .1719 

4801'    .1161 

5019 

>359 

,5369;    .0169 

•S5J5     -|"^* 

37 

.4617     .1751 

4804'    .1151 
480^     .1140 

S03J' 

»343 

.5374     '«^>44 
.537*^    .0119 

.5560     .«ii| 
,5565     .8o6l 

.5*85     .^S|« 

3N 

.4610     .3711 

50171 

1337 

■  S89<     >*701 

311 

^4633     -3714 

4811       ,1131? 

503II 

1310 

.5383"    .0094 

.5570     ■So*o 

,5897     ^*5o5 

to 

9. 461 J  9.3706 

94«i5'9'*»'7 

9 

5035,9 

5038^ 

\m 

9.53*7"  9.0069 

9.5576  1.797* 

9,5903  8.3309 
.5908     .3081 

41 

.^dzH     .1698 

.481 1     .1105 

.5193     .0043 

.5581       79*3 

U 

„46ji:  .16X9 

4811     .3094 
4835     .1081 
481I:    .3070 

S«542 

1361 

,5196     .0017 

.5586     .7873 

59t+;  .1851 

43 

.4634'    .16 Hi 

sM 

Wtt 

.5101   8.9901 
.5305     .9965 

SS91 

.7833 

.5930     .t6ii 

41 

-4^37     .367a 

5050' 

559* 

■777* 

59*6,     1154 

4.1 

9.4640  9.36A4 

94831  9.1Q59 

9 

5054  9 

TIJI 

9.5310!  B.9918 

95*<'i   8.77*0 

9.5931   tiojo 

4a 

.4641     ■if'55 
,4646     .3646 

.4835     ,3047 

it94 

-Sl>5      99M 

-Sl«9     -988+ 

,56^56     .7668' 

S917|    ^7»6 

47 

4839     .303  5 

1177 

.5611     .76J4 

-S941.     0470 

IM 

.4649     .3618 

.4II43       .1033 

5066 

i«S9 

■51^4     ■9«S7 
.5318;    .9*30 

.5617     .7560 

5949,    -o"*; 

411 

.4651     .1619 

48461      .301) 

5070 

114* 

.5633     .7505 

■5955  7975* . 

50 

94655  93610 

9.4''49  9  <999 

9 

iOTi    9 

S07K. 

itij 

9.5333  1.9803 

9.5637  S.7449 

95961^7.9148 
,5967;    ii97 

51 

.465K     .3611 

4»!5J     ■I9>*7 
4»jb,    ^t9T+ 
.4860'    .1963 

1107 

■5117:    -977+ 

■p  :;i?s 

Ai 

-4661     ,36c  1 

5083 

1089 

514*      9745 

■5971 

m\\ 

33 

.4664     .1591: 

S086 

1071 

5147;     97"7 

n 

7*76 

5979 
59*1 

31 

4667     .i|)*4 

4jr63<    .1950 

5091 

1054 

.S3S>     ^9688 

'7»>7 

'7154  1 

M 

9 

4670  y-is"*^ 

94867  9-1917 

9 

^095  9 

1036 

9,5156  8,9659 

9.5654  8.7"5* 

9,5991  7.636I 

sa 

46-j      i5f'6 
4676     ,15,-7 

48rt3     .1935 

5099 

1017 

,5361     .9630 

5*59      7094 
,56*4      pj> 

5997,    '54fS 
.too3     4163 

3? 

4^74     'I9i» 

^103     . 

0999 

.5365     .9600 

i    .114 

4679     .154« 

4877     .1900 

5107 

0981 

-S3  70     '9S70 

.5669;    i9*8 

,6009     .ti«7 

3& 

465*1     .1519! 

4i(jfi     .1887 

51" 

0963 

■517S      9S40 

.5675     .«90| 

.6015  6.9591 

00 

2 

46S5  9.1^0 

9.4184  9.1874 

9 

5i"5S 

©943 

9S379  8  9S*>9 

9.j6<o'l6837 

9.6011I    /-/: 

579 


^^^^^^^^^^         TABLE  17.    Log  A  and  Log  B.              ^^^^^| 

^^^1^^^^^^^^^^^^                 For  Computing  ibc  E^iuiiiion  of  KquAl  Altitudes. 

■ 

f  *  MuKUt,  A  +  }                  ARGITMENT  ^  ELAPBED  TIMB.                        {  Smu^  /- 

1 

1  = 

ii' 

W 

14* 

15* 

w 

"•  1 

Lo«^ 

Ukgir 

h0%A  1    Log^ 

IJ^A 

Lug  if 

l^A 

Ui%M 

ho%A     Uffir 

Urn* 

UmB 

0 

9.60s  I 

w. 

1 

9.6406'  8*7j63 
,6411'    .7641 

9.6841 

9^3971 

9-7333 

9.3162 

9.7895  9-4884 

9«5» 

^Jlil 

1 

.60*7 

6.9603 

.6848 

.1014 

•734» 

•3 '94 

.7905     .49»» 

.»5t<> 

•<Ho7 

^H 

2 

.6033 

7.1431 

,6410     .7718 

.6856 
.6864 
.6872 

•><>57 

•7351 

.7360 
7369 

.312J 
.3*87 

-79«5 

4937 
4963 

4990 

.Ij4* 

J4|l 

^^1 

.6039 
.6045 

419^ 

•5453 

.6426 

.6433 

■m 

.1099 
.1141 

•7915 
•7935 

%\ 

nam 

5 

9.6051 

7.641S 

9.6440 

8,7942 
.8015 

9.6879 
,6887 

9.1183 

9-7378 
.7386 

9.3319 

9-7945 

9,5016 

'\m 

9.65M 

'l^^l 

6 

.6063 

.7226 

^6447 

.1224 

.3350 
.3380 

7955 
.7965 

■'^\ 

P\ 

i^^^l 

T 

.7902 

,6454 

.8087 

.6895 

.1306 

■7395 

.8620 

^^^H 

a 

.6069 

.8488 

M\i 

.8158 

.6903 

•7404 

.3411 

7975 
.7986 

.5094 

.8631 

•«S7I 

^^H 

0 

.6075 

.9005 

.6467 

.8x27 

v69ti 

•n47 

•74*3 

•344i 

.5110 

•8644 

Min\ 

'^^1 

11 

9.6o8x 
,608^ 

7.9469 
.9X89 

9.6474 
.6481 

8.8296 
.8364 

9.6919 
,6926 

9.1387 
.14^8 

9,7422  9.3472 
-743>     '3S03 

'V^, 

9.5146 
-5>7i 

9-86j^^  9  *'*'^» 
,8667      ^^44 
.8679     '662! 

■ 

^^^^^H  1 

12 

,6094 

8.0273 

.6488 

.8432 

-6934 

.1468 

■7440     •3513 

.8016 

•5<97 

13 

.6100 

.0627 

-6495 

if. 

.6942 

.'507 

•7449 
.7458 

•3563 

,8017 

.5248 

.8691      .6691 

^^1 

li 

.6106 

,09SS 

.6501 

.6950 

.1547 

'3593 

.8037 

.I703     .6715 

^^1 

15 

le 

9.6112 
.6119 

S.I  160 
.1816 

'iU 

8.S6a8 
.8692 

':??I2 

9..J86 
.1625 

97467 
■7476 
.7485 

9.3623 

til 

9.8047 
.8058 
.8068 

9-5*74 
.5300 

98715  9^38  I^H 
,8727   .67^1  l^H 

IT 

.6.25 

.6523 

:IJ11 

tl\ 

.1664 

*53»i 

.87391    •JjiSj 

,8751    .6*09 

.87*3     -6*3* 

^^H 

1% 

.6131 

.1071 

.6530 

.1703 

■7494     -37n 

.8078 
.8089 

•535' 

^^H 

10 

.6137 

.2312 

.6538 

.8S80 

.6990 

.1741 

-75<^3     -3742 

•5376 

^^1 

20 

9.6144 

8,1541 

9.6545 

8.S94« 

9.6998 

9->779 
.1S17 

9.7512  9,377a 

9.8099 

9-54<»« 

9,877  ?  9.68^4 

.878-      ^^  — 

^H 

21 

.61  50 

'i7S9 

.6551 

,9002 

,7006 

.7521     .3801 

,8110 

•54*7 

^^^1 

22 

.6156 
.6163 

.2967 

i\ll 

.9062 

.7014 

.1855 

•753*     •3811 
,7540     .3860 

Jtio 

•5451 

■Ut. 

^^1 

23 

,3166 

.9121 

.7011 

.1^93 

,8131 

•5477 

^^H 

24 

.6169 

•3357 

■6573 

.9180 

.7030 

.1930 

•7549     -38^9 

.8141     .5501 

.8814 

^H 

25 

9.6175 
.6182 

8.3540 

9.6580 

8.9IJ8 

9,7038 

9.1967 

97558  9-39«8 
.7568     .3947 

•7577     -3976 
,7586     ,4005 

9.8151  9.5528 
•8162     .5551 

.8184  .5603 

9-883^    V^^-J. 

^^1 

2I& 

W. 

.6588 

.9295 

•7047 

.2004 

.8848 
.8861 

-H9ft|,^H 

27 

.6188 

.6C95 
.6602 

•935^ 

•70J5 
,7063 

.2041 

■7***1^1 

28 

6194 

.4051 

.9408 

.1078 , 

*!!Z5 

■^m 

29 

,6zoi 

.4210 

.6609 

,9464 

.7071 

.1114 

.7595     -4^33 

,8194 

.5628 

.8885 

30 

9.6207 

8.4363 

9.6616 

8.9519 

9-7<^79 
.7088 

9,2lJO 

.2186 

9.7605  9.4062 

9.820c 
.8116 

9-5653 

4^   VXn:^     n  -.A5n'l'"^^H 

31 

.6214 

•45  «i 
•4657 

.6624 

•9573 
.9627 

.7614 

4090 

»56'"' 

^^1 

33 

.6220 

.6631 

.7096 

.1221 

.7624 

^119 

.8217 

.570* 

1     ^^1 

3a 

,6226 

.4796 

.6638 

.9681 

.7104 

,1158 

■7633 

4"47 

:nii 

•57*7 

i^i  ■m\ 

^^^H 

31 

,6233 

•49 1* 

,664s 

•9734 

.7111 

.1193 

.7641 

4*75 

•575*! 

^^^1 

35 

9.6239>  8. 5064 

9.66^3^8.9787 

9.7«a« 

9.1329 

'liW 

9'4»04 

9.8259 

^Tol 

•'     ■':! 

^^1 

341 

.6246^    .5192 

v66bo]    .9839 

.7129 

.2364 

420Q 

.8270 
.8281 

^^^1 

37 

.6252 

.5318 

.6667 

.9891 

•7»37 

.2399 

.7671 
.7680 

.5116 

-.            -IS* 

'^^H 

m 

tl\ 

•5440 

■^l 

.9941 

.7146 

WW 

.4288 

.8191 

.5850 

,«999 

TlTj 

7*98 

'^^1 

30 

•5559 

•9993 

.7154 

.7690 

.4316 

.8303 

•5875 

.9011 

^^1 

40 

9.6272 

8.5675 
.5788 

9,6690 

9-«^43 

9.7162 

9.1503 

9.7699  9.4343 

9,8314 

9.5900 

9.9014 

973** 

^H 

41 

.6279 
.6285 

,6697 

.0093 

.7171 

•*537 

•7709     -437  < 

in 

•59*4 

•594* 

•9037 

7344 

^^H 

42 

.6704 

,0142 

J>79 

.1605 

.771* 

4399 
.4416 

9^5     -719© 

^^^1 

43 

.6292 

.6712 

.0191 

.7.87 
.7196 

.7718 

ifi 

•5971 

^^^H 

44 

.6298 

.6114 

.6719 

.0240 

.1639 

•7738 

•4454 

•5997 

.90T5     .t4i3 

^^^H 

45 

9.6305 

8.6218 

9.6727 

9.0288 

9.7204 

9167} 
,2700 

9-7747 

9.4481 

9.8369 

9.6011 

9.9088  9^743^ 

^H 

46 

.6311 

.6320 

,6734 

.0336 
.0384 

.7213 

.7757 
.7767 

4509 
4536 
.4563 

.8380 

.6046 

.9101      74<9 

^^H 

4T 

.6318 

.6419 

.6742 

.7221 

-»740 

,8391 

.6070 

.9114      •48» 

^^H 

4a 

M^s 

.6|i7 

.6749 

.0431 

.7230 

■m 

7786 

.8401 

.6094 

.9117      7505 

^^H 

4f> 

.6331 

,6ii3 

•6757 

.0478 

.7M8 

,4590 

.8414 

.6119 

.9140^    75*9 

^^H 

SO 

9.6338 

8.6707 

9.6764 

9.0514 

9-7*47 

9*839 

9-7796  9.4617 
.7806     .4644 

9841s 
.8436 

96143 
.61*7 

99'J4  9755* 
9»57|    75T$ 
.9180;     7j9i 

9»91      7**« 
.9106     .^4*4 

^H 

91 

•6hs 

:?J^ 

.6772 

.0570 
.0616 

•7*^^ 

.1871 

^^H 

52 

.6351 

.6779 

.7264 

^1905 

.7815     4671 

l^'^\ 

.6191 

^^H 

53 

■lul 

.6979 

.6787 

.0661 

•7173 
.71^1 

•»937 

.7815     .4698 

•8459 

.61.5 

^^H 

54 

.7067 

•679s 

.0707 

.1970 

-7835     4715 

.8470 

6*39 

'^^1 

55 

96372 

87153 

9-6«o» 

9,0751 

9,7190 

9.3001 

9-7845  9-47 S^ 

9.8481 

9,^63 

9.9110  9.74*7 

^^1 

5a 

5T 

6378 

•7»37 
.7311 

.6810 
.6818 

.0796 

■i\\ 

,7x99 

•73<'7 

%lt 

.7fjS     4778 
,7865     .4805 

8493  -;»87 

.8504    .6311 

8516  .633s 

•9*3!      7*9« 
.9*46     77>I 
.7260     .7tl6' 

^^ 

1  5a 

6391 

.7401 

.6S1C 

.7316 

.3098 

.7885  4858 

^^H 

1  50 

.6399 

.74«J 

.6833 

•73*4 

.3130 

.8517    .6359 

9*71     -7759 

^^1 

m^i^Ao^  8,7563 

9.6841 

9  097< 

97333 

9.3161 

9789s  9-4884' 

9,8539  9.6381 

9.91I7  9^7781 

^^ 

684 

1 

TABLE  IV.   Log  A  and  Log  B. 

For  Computing  the  Equation  of  Equal  Altitudes. 


,  ForNooo.  ^-   ) 
Fur  Mklnicht,  ^  +  / 

ARGUMENT  =  ELAPSED  TIME.          {  MWnjiSt!  iT- 

* 
I     0 

18* 

19* 

«0» 

«* 

i 

I* 

«S* 

9.9187 

U^B 

U^a\   Log  iJ 

LofiA 

Liigi; 

l^^A 

Log  ^  1  L.«  A 

9.7782 

0.0172  9.9167 

O.I 2^9  0.0625 
.1209  .0650 

0.1613 

0.1179 

0.4523!  0.4371 

0.7689'  0.7651 

1 

.9300  .7804 

.0188   .9190 

.1649  .1309 
.1676!  .1339 

.4561.  mH>4 
.4601'  .4455 

.7765   .7719 

2 

.9)14   .7827 

.0204   .9213 

.1290  .0676 

.7841   .7807 

3 

.9317   .7850 

.0221   .9217 
.0237J  .9260 

.1310  .0701 

.2701 

.1370 

•4640  .4497 
.4680  .4540 

.7920  .7886 

4 

•9U>1  -7873 

.1330;  .0727 

.1719 

.1401 

.8000^ 

.7967 

A 

9-9355'  9-7896 
.93681  .7919 

0.0253  9.9284 

O.I35I!  0.0753 

0.1756 
.17S3 
.1810 

0.1431 
.1461 

0.4710 

0.4581 
•4625 
.4668 

0.8081 

0.8049 

6 

.0270   .9307 

•1371  -0779 

.4761 

.8163 

iin 

7 

.938x1  .79^2 
.9396  .796c 
.9410  .7988 

.0286   .9331 

.1392  .0805 

.1493 

.4801 

.8147 

8 

•03031  -9355 
.0319  .9378 

.1412!  .0830 

.1838 
.1865 

.152A 
.1556 

■.tin 

.4711 

.8333 

.8305 

9 

.1433.  .0856 

•4755 

.8410 

.8393 

lO 

9.9424  9.801 1 

0.0336  9.9402 

0.1454  0.0882 

0.1893 

0.1587 
.1619 

0.4916 

0.4799 

0.8508 

0.8483 

U 

•9437 
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Reduction  to  the  Heridian. 
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3^ 

178.43 

217.81 
218.50 

261.12 

359.5> 
360.30 
361.28 

414.59 

473.58 
474.60 

33 

179.05 

261.88 

309.18 

415.54 
416.49 

537.58 
538.67 

31 

179.68 

219.19 

262.64 

310.00 

475.61 

35 

180.30 

219.88 

263.39 

310.82 

362.17 

417.44 
418.40 

476.64 

539.75 
540.83 

30 

180.91 
1X1.56 

220.58 

264.15 

311.65 

363.07 

477.65 

'   37 

221.27 

264.01 
265.68 

26i.44 

3 « 1.47 

363.06 
364.85 

419.35 

478.67 

541.91  I 

38 

182.19 

221.97 

313.30 

420.31 

479.70 
480.72 

543.00  . 

.   30 

182.82 

222.66 

314.12 

365.75 

411.17 

544-09 

40 

183.46 

223.36 

267.20 

3  "4.95 
31578 
316.61 

366.64 

411.13 

481.74 

545.18  1 
546.17  , 

41 

184.09 

224.06 

267.96 

367.53 

413.19 

482.77 

42 

184.72 

224.76 

268.73 

368.42 

414.15 

484.82 

547.36 
548.45  ' 

43 

i«S.35 

22|.46 

226.16 

269.49 

3«7.44 

369.31 

425.11 
426.07 

41 

185.99 

270.26 

318.27 

370.21 

485.85 

549.55  j 

45 

186.63 

•  226.86 

271.02 

319.10 

37". II 

417.04 

4S6.88 

550.64  1 

40 

l«7-17 

"7.57 

271.79 

3  "9  94 
320.78 

372.01 

428.01 

487-9" 
488.94 

551.73 
552.83 

47 

'll')' 

"S'*Z 

272.56 

37191 
37381 

428.97 

48 

188.55 

228.98 

173.34 

321.62 

419.93 

48997 

553.93  1 

40 

189.19 

229.68 

274.11 

31145 

374.71 

430.90 

491.01 

555.03  1 

50 

189.83 

230.39 

274.88 

31319 

375.62 
376.52 

431.87 

491.0J 
49308 

556.13  i 

51 

190.47 

231.10 

175.65 
276.43 

314- >  3 

431.84 

557.14  1 
558-34  1 

52 

191.12 

231.81 

314.97 
325.81 
326.66 

377.43 

433.81 

494.12 

53 

191.76 

232.52 

277.20 

378.34 
379.26 

434.79 
435.76 

495.«5 
496.19 

559-44: 

560.55 1 

51 

192.41 

»33»4 

277.98 

55 

193.06 

»33-95 

278.76 

317.50 

381.08 

436.73 

t^lll 

56i.6< 
562.76  : 

50 

193.-1 

234.67 

179-55 

328.35 

437.71 

57 

194.36 

i353« 
236.10 

280.33 

329.19 

381.99 

438.69 

499.31 

58 

195.01 

1«I.I2 

330.04 

383.81 

439.67 

500.37 

59 

195.66 

236.82 

181.90 

330.89 

440.65 

501.41 

583 


TABLE  n.    Bessel's  Be&action  Table. 


D.  Factor  depending  upon  the  Sarometer. 


Vmh* 

line*. 

Log  if 

BmrUnh 

tf|t>b«a. 

LogJ? 

UmB 

w*     1 

315 

—  0.01445 

27.5 

—  0.03191 

0.72a 

—  0,01560 

0.700 

4-  0.004II 

:ija 

—  0,01307 

27,0 

—  0^030^3 

0.72« 

—  0,01500 

0.701 

•f  O.OOS45 

317 

—  0,0x170 

27.7 

—  0,021476 

0,727 

—  0.01440 

O.702 

4''  aoo^oft 

318 

—  0.01033 

»7.« 

—  0.01710 

0.728 

—  0.01380 

O.703 

+  o.op4$9 

319 

—  0.01897 

27,9 

—  0.01564 

0.720 

—  0.01311 

4L70I 

4»  0.0071^  1 

310 

—  0.01761 

2R.0 

—  0.01409  1 

0,730 

-^  o.oti6t 

0.705 

+  0,00773 

321 

—  0.01615 

2Ha 

—  0.01154 

0,731 

—  c.ofioi 

O.700 

4-  0,  oof  to 
4^  o.ootS6  ) 

332 

—  0.01490 

2H.2 

—  0.oiOk^9 

0,732 

0.01141 

0.707 

323 

—  0.0155& 

2H,3 

—  0.01946 

0,733 

—  0.01083 

0,701* 

4-  0.00^43  ! 

3:^4 

—  O.OIlll 

2H.1 

—  0,01793 

0-734 

—  0.01014 

O.700 

4'  o.po9$9  ( 

325 

—  o.oioS« 

2H.5 

—  0.01640 

0.735 

—  0.00965 

0.770 

4-  o.oio$4 

3'i6 

—  0.009S4 

2H^G 

—  o.oi48« 

0*736 

—  0.00906 

0.77 1 

4-  0.01  lift 

327 

—  0.00811 

2H,7 

—  0.01336 

0.737 

—  0.00847 

0.772 

4  0.01 141 

328 

—  0.00689 

28. N 

—  0.01185 

0,738 

—  0.00788 

0,773 

4-  o.otsif 

320 

—  0.00556 

2H,0 

—  001035 

0.730 

—  0.00719 

0.774 

4-  0.01181 

3311 

"  0.00415 

20.0 

—  0.008S5 

0.740 

—  0.00670 

0,775 

4  0.01337  1 

331 

—  0.00193 

20,1 

-^  0.00735 

0,741 

—  o.oo6ti 

0.770 

4-OOIJ9I 

33:* 

--  0.00161 

20.2 

—  0.00586 

0,7 12 

—  0005  5  5 

0.777 

4^  a.01449 

333 

—  O.OOOJJ 

20,3 

—  0.00438 

0.743  1 

—  aoo494 

0.77H 

4  0,01505 

331 

-f  0,00099 

20. 1 

—  0.00290 

0.744 

—  0.00436 

0.770 

4-  OL0156Q 

335 

-f-  0.00118 

20.5 

—  0.00141 

0-745 

—  0.00378 

0.78CI 

-f  OuOl6i6 

331) 

4-  0.00358 

20.G 

4-  0.00005 1 

0.7 10 

—  0.C0319 

0.781 

-J-  0.01 6- 1 

337 

-f  0.00487 

20,7 

4-  o.ooi  51 

r».747 

—  0.00161 

0,782 

4-  O-0I7J7 

3:iH 

-h  0. 00616 

20.8 

4-  0.00297 

0,748 

—  0.00103 

0,7H3 

4  0.01783 

330 

-f  0.00744 

20.0 

4-  0,00443 

O.740 

—  0.00145 

0.7  8  4 

4-  aotS3l  1 

3IU 

-f-  0.00871 

3O.0 

4-  0.00588 

0.750 

—  0.00087 

0.785 

-f  0  01*94  1 

3lt 

-f  0  00999 

30,1 

4-  0.00712 

0,751 

—  0.00019 

0.780 

4     D.Ol94f 

312 

-f  0.0 11 17 

30.2 

4-  0.00876 

0.752 

4-  0.0001I 

0.787 

4-  O.OICX24 

343 

-f  0.01153 

30.3 

4-  0,01010 

0.753 

4-  0,00086 

0.788 

4-  0.01059  1 

34 1 

-f  0.01380 

3<l.l 

4^  0.01163 

0.754 

4-  0.00144! 

0.7  80 

4-  o,o3H4 

3i5 

-f-  0.01506 

3*)..* 

4-  0.01306 

0.755 

4-  0.00101  1 

0,700 

4   0,01169 

340 

-j^  0.01631 

31».5 

4-  0,01448 

0.75O 

4-  0.00159 

O.701 

4  0.01114 

317 

-f-  0.01757 

30.7 

4*  0.01589 

0,757 

4"  0.00316 

O.702 

4^  0,011-9  1 

318 

4-  0.01881 

30.8 

4-  0.01731 

0.758 

4-  0.00374 

0.7  03 

+  0.01334 

340 

4  0.01007 

30.0 

4-  0,01871 

0.750 

4-  0.00431 

0,791 

4-  0.01389  1 

3:10 

4-  0.01131 

3 1.0 

4-  0-01012 

0.75O 

4  0.00488 

0.705 

4-  0.0144I  1 

E«  Factor  ihjyendtnff  upon  the  Attached  Thermometer, 


f. 

t»ic  r 

K. 

i-n  r 

c. 

Le.jt  T 

—  30** 

4-  0.00141 

—  32^* 

4-  0.0030S 

—  3ft* 

4-  0.00146 

—  20 

4-  0.00103 

—  30 

-f  0,00164 

—  30 

4'  o.ociii 
4-  0.00176 

—  10 

4-  0.00164 

—  25 

4-  0.00110 

—  25 

0 

4-  0.00115 

—  20 

4  0.00176 

—  20 

4.  0,00140  , 

+  10 

4-  0.00086 

—  15 

+  0.00131 

—  15 

4  0  ooiof 

20 

4-  0,00047 

—  10 

4-  0.00088 

—  10 

4~  0.00070 

30 

4-  0,00008 

—    5 

+  0.00044 

—     5 

4^  0.0001s 

40 

—  0,00031 

0 

0,00000 

0 

0.00000 

V} 

—  0.00070 

4-     5 

—  0.00044 

+   a 

—  0.0003$ 

00 

—  0.001 09 

10 

—  0,00088 

10 

—  0.00070  1 

70 

—  0.00148 

15 

—  0.00131 

15 

—  0.00105 

80 

—  0.00186 

20 

—  0.00175 

20 

—  0.00140 

90 

— 0.00115 

25 

.    . -T^ 

25 

—  C.C"^'1T5 

imi 

—  o,u  v:b4 

34» 

-- 

Mi 

C'    C'l'llD 

35 

-  -      -                J  -  >    , 

35 

—  0. CO  144 

I 



Log  ii  ^\og  B  ^  log  r 
574 


TABLE  n.   Bessel's  Befraction  Table. 

F.    Factor  (hpemling  vptm  the  External  TTiermometer. 

(P.)  Fahr^DhHt.    (R.)  R^amnr.    (C.)  Onttgnule. 


F, 

Wt 

F. 

Lag> 

E. 

^y 

c. 

MtT 

4-  0.06179 

35^ 

+  0.01185 

-33« 

+  0.08990 

—  33" 

-r  0.07373 

—  in 

-f  0.06 tSi 

36 

+  0.01098 

—  30 

-i-  0.07*19 

—  30 

J   0.C6476 

—  Ift 

^  0.06*13 

37 

-f  0.0 101 1 

—  25 

4-  0.06698 

—  25 

4  0.05596 

—  17 

+  0.05985 

38 

+  0.00914 

—  24 

+  0.06476 

—  24 

4   0.05413 

—  Ill 

+  0.05887 

39 

-h  0.00S37 

—  23 

+  0.06254 

—  23 

-f  0.05149 

—  lA 

^  0.0579^ 

40 

-f  0.00750 

—  22 

+  0.06034 

—  23 

4  o.c'so7T 

—  H 

4  0.05693 

41 

-f  0.00664 

—  21 

+  0.05815 

—  21 

4-  0.04905 

—  13 

i-  0  05596 

43 

-f  0.00578 

—  20 

4  0.05596 

—  ao 

4  0.04734 

—  VZ 

+  0  05500 

43 

+  0.00491 

—  10 

+  0'C>5379 

—  19 

4^  0.04564 

—  11 

+  0  054^3 

44 

*f  0.00406 

^18 

4-  0.05163 

—  l« 

■j-  0.04J94 

—  10 

-f  0.05  J07 

4& 

-+-  0.00310 

—  17 

+  0  o494» 

—  17 

-r-  0,04115 

—    9 

-r  0-05x11 

40 

-f  0.00134 

—  10 

+  0.04734 

—  Id 

-i    0.04057 

—     H 

+  0.05115 

47 

4^  0.00149 

-,  15 

4-  0.04511 

—  15 

-1    0.03889 

—    7 

-r  0,05010 

4A 

4-  0.00064 

-14 

-f-  0.04310 

—  14 

H    0.03711 

-    « 

-r-  0,0+914 

40 

—  o.oooii 

—  13 

4  0.04099 

—  13 

4  0.03556 

^  a 

-h  0.04819 

OO 

—  0.00106 

---  12 

+  o.038g9 

—  13 

+  0'®1>9*^ 

—   i 

+  0-047 14 

51 

—  0.0019] 

—  11 

4-  o.o36«] 

—  11 

4   0.03115 

—    3 

~r  0.0464a 

52 

—  0.00175 

—  10 

4^  0.0347  J 

^  10 

4   0.0 3c 60  1 

—    3 

-r-  0.0454s 

ft3 

—  0.00360 

—    9 

4  0.03166 

—     0 

4   0.C1896 

-     » 

-r  0^0445 i 

54 

-  0.00444 

—    8 

4-  0.03060 

—    B 

-   0.01733 

0 

4-  0.04 J  57 

53 

--  0.00518 

—     7 

■j    o.oi«55 

—    7 

4  0.01570  J 

+     1 

+  0.0416^ 

56    1 

—  0.0061 2 

—    0 

4-  0.0165* 

—     0 

4  0,01408 

% 

-f-  0,04169 

57 

-   0.00696 

—     5 

4  0.0144^ 

^    5 

-r  0.01147  : 

s 

H-  0,04076 

58 

-   0.00780 

—    4 

4-  0.01147 

—     4 

-  0.01086 

« 

-r  o,o3f;83 

59 

—  0.00S63 

—    3 

4-  0.01046 

—     3 

4  001916 

; 

-f  o.O}lt89 

00 

—  G.  00946 

—    2 

4  0.01^6 

—    2 

4  0.01766 

II 

4*  0.OJ796 

Gl 

—  O.OJOI9 

—    I 

4  0.01646 

—     1 

4-  0.01607  1 

7 

^  0.0^704 

ose 

-  o.oitti 

0 

4   0,0144s 

0  1 

-f-  0.01448 

M 

-t'  0.0361  J 

03 

—  0,01 J95 

+     1 

4   0.01151 

+     1 

T     0.01190 

0 

4^  0.03519 

04 

—  0.0117! 

2 

4    0.01054 

2 

-I     O.OH33 

10 

-'  O.03+J7 

05 

—  0.01360 

3 

4  0.00859 

3  1 

-*     ©.00976    i 

II 

-r   oonu 

00 

0-01443 

4 

4  0.00664 

4 

-    o.ooUio  1 

13 

T   0.03143 

07 

--  0.01515 

5 

-r   0,00470 

3 

^   0.00664  ' 

13 

-T  0.03151 

m 

—  0.01607 

0 

-T   0.00177 

0 

-*    ©.00509  : 

li 

*  0.03060 

m 

—  0.016% 

7 

4-  0.00085 

7 

-     0.00354 

13 

+  0,O3;969 

TO 

-  0.01770 

0 

-    0.00106 

H 

'     0.00100 

i          1^ 

4-  o,oiS7Ji 

71 

-  0.01851 

0 

—  0.00197 

9 

t    ©.00047 

17 

4   0.01787 

72 

-  0.01933 

10 

—  0.00416 

10 

~  0.00106  1 

IN 

:    0.02697 

73 

—  0*01015 

11 

—  0.00675 

11 

-    0.00159 

1U 

-*    c.ci6c6 

74 

—  O.OIC96 

1^ 

—  0.00863 

12 

—   O.OC410 

■^41 

-'    0.01516 

73 

—  0.01177 

13 

—  0.01050 

13 

—    0.00561 

1         21 

-i    0.01426 

70 

-  0.01157 

14 

—  0.01136 

11 

-     0.00^13 

Tl 

►    0.01  ;|6 

77 

0.0333B 

15 

0  0141* 

15 

0  CX.S63 

'z:% 

-t    0.0114" 

7H 

0.02419 

10 

-     0.01607 

10 

c.c-iof  3 

Ul 

-*  0.011157 

79 

0. 01499 

17 

0,01791 

17 

C.01161 

U^ 

-*    o.cicfiH 

(to 

0.01^79 

IN 

0.01974 

IN 

o.ojiit 

211 

*    O.f  Mr*/ 

Nl 

-  0.c26vv 

19 

0.C1156 

19 

1:  .14^9 

'ir 

"      OrjHt; 

H2 

-    0.01: ;» 

20 

-  0.0233* 

2t* 

-•-   D.'Ji6o7 

UH 

c.    iH-i 

nil 

0.01S19 

21 

—  0.01519 

21 

€.01754 

2(1 

--.    i-M 

Ml 

o,o2S*9S 

22 

--  ©,01699 

m    , 

■  ■  0,01901  ; 

:ltl 

■    CO  16^4 

K3 

0.0197?! 

2:1 

0.018-^9 

33   , 

—  0,01047  \ 

III 

'    0     m;/. 

UV 

oxy^^: 

21 

0.0305- 

31 

0x1194 

:ri 

r     I44< 

»T 

-     O.OJt',h 

23 

0.05135 

23 

-  0.0153! 

:iri 

c   .136^ 

KM 

—  0.03216 

ao 

-    0.04114 

31> 

-  0.03057  1 

III 

■-  -  it-x 

NO 

-     o.t^iy4 

33 

G.049-6 

35 

-  0.03:65 

3.1 

.  -iH? 

Wl 

0.0337  J 

s^^ 

67ft 


^H        Table  ill.    Beduction  of  Latitude  and  Logarithm  of  the  Earth's  Badiufl*     ^V 

Argument  ^  ^  Uoo^iphicikl  Liititudc. 

Comprea*.oa  =  29§,l5 

f-r 

iMir. 

^P 

Diir, 

4 

#-r 

IMK 

^P 

iT    w 

V 

0     f 

f         m 

m 

0    0 

O      0.00 

OiOoo  0000 

35     0 

10   48,15 

f.38 

*-3S 

9.9^^  $148 

3     tl 

o  24  oa 
a  4H.oa 

14.0Z 

14.00 

9-999  999^ 
99»i 

4 

»4 

io 
20 

49.61 

50.98 

S108 
5169 

40  ' 

39    ! 

3  0 

4  (1 

1     II.QS 

I    35'»o 

*3'93 
13J5 

9961 
9030 
9891 

21 

3» 

40 

51.11 

53,61 

1.33 

SI19 
5089 

40   [1 
40   j 

■ 

5     (1 

>   59  S4 

^3*74 
13.5I 

l^ 

l>i\ 

5490 

1.18 
1.16 

5049 

40 
40   1 

■ 

a   (1 

7     (1 
10     0 

z  11.11 

2  4S.5A 

3  9-7^ 
3  3*  74 
3   55-47 

13.41 
13,11 
11.98 
11.73 

9*999  9^4} 
9566 

11 
11 

30     0 

1(1 
20! 

SO 

40 

10    56.16 

58,^3 

59.81 

11    1.00 

1.15 
t.ii 

9-999  So«7 

4969 

4848 

4« 
40 
41 
4<» 

3 

11      0 

4  »7-9* 

12.4s 
21.14 

9476 

90 
99 

60 

».i5 

M5 

1.13 

I. II 
t.o8 

4R07 

4« 
40 

■ 

13  0 

14  0 

4  40,06 

5  1-8S 

11.79 
11,43 

9.999  9377 
917" 
9157 

106 
114 

37     0 

]0 

211 

ti     3.18 
4-39 

}-47 
S,54 

tS9 

9  999  4767 

47»^ 

4686 

:: 

1 

16  (1 

10     0 

17  (1 

5  44-33 

6  4  95 
6  15,14 

11,05 
10.61 
10.19 
19.71 

903  s 

til 
130 

<37 

144 

30 
50 

1.07 
1.04 
1.01 
1.00 

4645 
4604 

45*3 

4» 
4» 
41 

4t 

IS    n 

6  44.^6 

9,999  8614 

38     D 

II     9.55 
10.56 

9>999  4521 

lf>     0 

7     409 

«9**3 

i8.7« 
1S.19 
17.61 

«47* 

16s 

10 

0.97 

4481 
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Table  m.    Beduddon  of  Latitude  and  Logarithm  of  the  Earth's  BadioB. 

^  zzsi  Qeocentrie  lifttitude.  p  =  £arth*B  Radius. 
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^^^^^^^^^         TABLE  IV.    Log  A  and  Log  B.             ^^^^^J 

For  Computing  tbe  Equaiion  of  E^unt  Altitudei. 
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9-3394 
■1389 

94503 

^.^ 

57 

4071     4^J7 

4107     .3964 

4MS 
4156 

.3646 

4j68 

^1384 

•M»        J 

58 

4071]    40 j6 

4107  ,3962 

4108  .3960 

4169     .3833 

•3643 

-4370 

•3379 

45  >^ 

i^»4  ^m 

50 

4071     403$ 

.4170     .3830 

.4158 

•3639 

437*1 

•3374 

4Slli 

t^*7    ^H 

eo 

9  407*  94034 

94109  9.3959 

94172  9.3828 

94160  9.3635 

94374 

9.3369 

945»5 

-|.VOi-f 

f^H 

^^m                                                                                                                                                                                  ^M 

TABLE  IV.   Log  A  and  Log  B. 


For 

*  ompunng    lie  irjiurvtioii  uf  KmAai  Ay( 

itudes. 

%\^  Hfklnfctit,  A    ^  i 

AttOUMENT  =  ELAPREO  TlMl,                        (5yJ|Sf;r+  | 

¥ 

1 

*           1 

»* 

»* 

W 

...   1 

Li.fr  A      Li^ir  IT 

l^iC^ 

Ly|=i! 

U^J   1   U^B 

U^sA      V'ti/t 

U^A       Lfvn 

9,5680 

L-K  H  II 

1 
9-4SM  9-3oi«5 

'::^1S 

9*5 1« 

94*84' 9,  i«74 
4S<gi'    .184S 

9.5115   9.0943 

95379  1.9509 
'5i;4      9478 

8,6837] 

1 

4Sifi     ,3001 

.1510 

.5(191    cgij 
.jiitf   .0906 
.5117!   ^0887 

.5685      .6770 

2 

4691 

,1511 

'Sl«9      9447 

.5691.     .6701 

3 

45*J     '^5% 
.4$i&     .19^2 

4694 

.1501 

489s;    ,it35 

5393!     941* 
.519*1    *9l84 

-5*9*,    '<*1i 
.5701,    .6560 

1 

-4697 

.1491 

4!!99^    .ifii 

.5131!   .©867 

3 

94701 

9''»4«1 

94901  g.i«o9 
49061    .172^ 
4910     .1781 

9.5116^9,0848 

9  5401  8.9ISI 
.540I     .9110 

9.5707  8.6488 

« 

4704 

'»471 

.5140    .0818 

57«i:    .*4I4 

T 

■45  Hi    -»9*i 

4707 

.1463 

.5144       **!*»^ 

.5411     .9187 

.5718!    .6319 
.5713'    .6161 
.5718     .6181 

n 

4SJ^i     1954 

4710 

-1454 

4913'    -'7^9 
4917     .1756 

,5148       'O7H 

-S4i7     '9»54 

w 

-4539;    -a9-»7 

-4711 

1444 

.5151       ^0769 

.5411     .9111 

lo 

9.4541  9.19+0 

9-4716 

9^414 

94911' 9.1741 

9-S'J7  90749 
.5161;    *o7i9 

.5165     ,0708 

9,5417  8.9187 

9.5714  «■«  I -»1 

ij 

4S44|    '^91^ 

■47*9 

,14^5 

4914;    .171! 
.49^*,    ^'7«S 

5411,    .9151 
.5416     .9118 

-5719     '*oi» 

rz 

■4547     ^^9*5 

47n 
47ifi 

,1415 

■S74S    sm 

13 

,1405 

493»'    .1701 

.5169     .0688 

,5441     .9083 
5446^    '904» 

■575°     *5«p 
■575*1    -57*4 

II 

455*     -agii 

4-^9 

.1595 

4915^    ,1687 

.5174     .0667 

IS 

9455j(9-S9°1 
45jgj    .1^9^ 

9471» 

9^13^5 

9-4939  9' '^71 

9.5178  9.0646 
.5181     .0635 

9.5451^  «9°n 
^545*1    'S977 
;54ii     .8940 

95761   8.5674 

to 

*471S 
■471» 

'^375 

■494}'     '6S9 
4946     .1645 

.5771'    «548» 

'  17 

.1565 

.5186     .0604 

in 

■4>**j    -*?71 

.4741 

^^ISy 

4950     .1630 

.5191;    .0583 

li";  im 

-5778;    'SI91 

'  10 

'4745 

HU 

4954;    *'fe'* 

.5195     .0561 

-57«1     -5193 

'  30 

94569' 9-i«&* 

9474« 

9*1114 

^■495'*  9.1601 
4961,    .1587 

9.5199' 9-0540 

9S47s'«8fi9 

9-S7«9[  »  5'?i 

'S794     -sol* 

21 

4?;i^    .a»^ll 

475* 

,1314 

.51041    -05*8 
.510*1    .0496 

.5480;    ,8791 

TI 

4S?4      i«io 

■475S 
47  5 « 
47*' 

11 11 

49^5;     '573 

.5485:    J751 

.5800     .4981 

23 

4577     ^1^41 

.130^ 

.5111     »Q474 

.5490     ,»7'1 

.5806     ,4«7« 

21 

■45*0|    -^^15 

.1191 

4971     .'543 

.5117     .0451 

5495     -»*74 

.581 1|    4758 

2d 

94S''r9^i>**7 

'■.lltt 

9,iii(i 

94977  9.1  S^K 

9.5111   9.041  J 

.5115'    .0406 

9.5500  S.8634 

9.5817  84641 1 

20 

4S«5'    ^i«i9 
45^*     .a)*i* 

.1171 

4980^    .I5i| 

49«J;  '"rfi 

.5505     *S594 

.581*;    4511 

27 

4771 

.1161 

.5110,    .0383 

.5510     .8553 

.5818     4397 

29 1 

4591     .a^oi 
4594     .a7^>6 

4774 
4778 

.1150 
.1139 

.J134    .0360 
-513*1    '«1!7 

55' S     'JSii 
.5510.   .847'3 

95515  8.8417 

.5814,    417; 

311 

94^97  9'»7>*8 

947  ;» 

9.111I* 

9.4996  9.1453 

9.5143' 9.0314 

9.5845^8.400' 

31 

4600     ,a7i*o 

:t?Si 

*"I7 

.500Q     .1417 

.5147'    .oiyo 
.5151'    .0266 

551°.     *1»4 

.5851     .i860 

32 

4601     .1771 

.1106 

.5003     ,14" 

5515     ■«34' 

S8|*     -1711 
.5861,    .15*1 

33 

46c  J ;    .17^4 
460S     .1756 

479' 

.1195 

.5007.    .1406 

.5156     .0141 

>SS40     *»197 

31 

■4794 

.%iH 

.^on!    .1190 

, 5 16 1        .Dl 1 0 

5541     '81SI 

.5868;    .1401 

32 

1^4611 '9.1747 

94798 

9.1 1 71 

9.5015  9.11?? 

9.5165'  9.0194 

9.5550  i.8io* 

9.5874  8.12J9 

sJz'  nil 

30 

4614     .J  719 

4)toi 

,1161 

,5019     ,1359 

.5169]      .0169 

5555     |'6i 

37 

■4^n     ^^7^^ 

Si 

.1151 

s^ii;    "141 

.5174'      .0144 
.51781      .0119 

.5560;    .8115 

.5885,    .1888 

m 

4610     ,i7tj 

.1140 

.5017   .1317 

*SS*5^ 

.806S 

.5891 

.170  i 

30 

4611^    .171  + 

.49,, 

.iiiii 

.5oii|    .1310 

.5181        .0094 

.5S7«» 

.Voio 

.5897 

-1505 

4CI 

94615  9.1706 

'■■»!"  S 

9.1117 

9.5015  9- "174 
5°j»,    'ii7» 

9.5187]  9,0069 

9  557*  «'797i 

9-5901' 8.1129 
.5908;    .10*1 

41 

.^t%%     ,1698 

.4Mi;i 

.ZI05 

.5191:      .0041 

■55*'     -7911 

41 

.4611!    .ifeK9 

.♦«»■ 

.5041'    ,1161 

.5196.      .0017 

.5586^ 

.7873 

S9'4      '8fl 

43 

4614'    ^^»< 

Si 

.5046]    ,1144 
,5©SO^    ,1111 

5305   -99*5 

-S59t 

.7813 

.5910     .1611 

II 

4^17     ,*67» 

,1070 

'559* 

■7771 

S91*     -'154 

ih 

94640  9.1664 

94HJI 

9.1059 

9.S05V9.111I 
.5061;    .1177 

9  51'°!  ^'995* 

9  5*01   1.771; 

9591' « i*>;° 

40 

4646     .1646 

.41*15 

-1047 

.5115      99" 
.5319'    .9884 

.5606     .7668 

5917,     0:8* 

47 

.4»jy 

■1035 

.5611I    .7614 

-5941,  '<m:; 

IH 

4649     .1^1* 

.4K41 

.101} 

.5066^    ,1159 

■SI14    -^Hi 
.5 II*'    .9*10 

.5617;    .7S*<> 

.5949      0118 

1   49 

.4651     .1619 

.4^6 

.1011 

,5070     .1141 

.5611     .7505 

-5955.7  975* 

50 

'^455^  9,1610 

94^^49 

9.1999 

95074  9-1 '1 5 

9S113  M°* 

9.5617^1.7449 

'Srjm 

51 

46?!«     .a6it 

.19I7 

-507*     -1107 

■5117,    ■9774 

5&31      7391 

1   '*'* 

.4661     .16-1 

'974 

.5081     .1089 

.5341     ■9745 

.5638     ,7j3j 
SM      7i>7 

5971 

MVA 

53 

.4664     .1573 

.1961 

.5086     .1071 

^5147'    '97;7 
555'     '9*"* 

-5979 
-5985 

31 

.4667     .i5«4 

4M5 

.1950 

.5091     .1054 

7«54H 

35 

94670  9.1;?^ 

94«67 

91917 

9.5095  9.1016 

9-510  8  9659 
5161     .96)0 
'51*5      9**« 

9,565411.7156 

9.5991  7*3*8; 

50 

37 

46-^1      1566 
4^-7^     .1U7 

4J70 
45*74 

.1915 
.1911 

.5099      .101 7 

.5101     .0999 

55J9J    -7094 
-5**4     ^7011 

is.i  lisii 

314 

.4679     .1^41* 

4'<77 

.JilCfcO 

.1^87 

.5107     .091(1 

*S170     -9570 

.5669  .Ml 

.6009   .1407, 

39 

46jti     ,i5]g 

4KK1 

.5111     .0961 

'517S     -9540 

•5*75     ^*90! 

.6015  6.9S9" 

OO 

946K5  9.351Q 

94«»4 

9.1»74 

9.511  5' 9  0941 

91379  19509 

9,56808.6817 

9.6011'    V' 

ft7» 


^^^^*                         TABLE  rV.    Log  A  and  Log  B.             ^^^^^^ 

For  Computing  the  Equntion  of  Ei|uiil  Aliitudps. 

^1 

For 

MMSUCt+l                    ARGUMENT  =^  ELAP8ED    TIMB.                           {Jodiiiit!*'-    | 

1 

1^ 

12* 

IS* 

...  1 

15^ 

li* 

"•  1 

hat  A 

hngB 

A^A  1   LocJi 

w^ 

L«f  Jf 

Lo«X 

Lo«Ji 

Lu%A 

1^^ 

UmA 

10m  B 

0 

9.6021 

inf. 

9.6406I  8.7563 

9,6841 

9.0971 

9-7333 

9.3161 

97895 

9,4884 

9  ?<1Q 

0^183 

1 

.6017 

6,9603 

.6412 

,7641 

5M 

.1014 

•7342 

.3194 

-7905 

-49*  ^ 

407 

1  ^^H 

2 

.60J} 

7,2431 

.6419 
,6426 

•77tJ* 

.6856 
.6864 

.1057 

.7351 

.312J 
.32J6 

.3287 

•79' 5 

•4y>T 

431 

^^H 

3 

.6oj9 

.419» 

m 

.1099 

.7360 

•7915 

4963 

;5n 

1  2JII 

i^^^H 

4 

,604s 

•5453 

.6433 

,6872 

.1141 

•7369 

•7935 

•4990 

,851s 

^^1 

5 

9.6051 

7,6428 

9.6440 

HIW 

9.6879 
.6887 

9.1183 

9-737J 
.7386 

9,3319 

97945 

9.5016 

'im 

9.fs« 

^^1 

a 

til 

,7226 

.6447 

*I224 

•3350 
.3380 

.7955 
.7965 

■?^\ 

.4516 

^^^1 

7 

.7902 
.84S8 

:64iJ 

.8087 
.8158 

.6895 

,1265 

*i3o6 

•7395 

.8610 

.6550 

^^H 

H 

.6069 

.6903 

•7404 

34" 

•7975 
.798A 

'5«>94 

,8631 

6571 

^^H 

9 

.6075 

,9005 

,6467 

.««7 

.6911 

•n47 

.7413 

•34421 

.5110 

.8644 

•6597 

^^^1 

10 

9.6082 

'■l\% 

9.6474 

•«3«4 

9,6919 

'.\tl\ 

9,7412  9,3472 

9,7996 

9.5146 

'fd\ 

9  6611 

^H 

11 

AoU 

.6481 

.6926 

•743'     •3S<33 

.8006 

,5171 

;^S 

^^^1 

12 

.6094 

8,0273 

.6488 

•8«» 

.6934 

.1468 

•7440     -3533; 
•7449 1     3563 
•7458J    -3593 

.8016 

*5>97: 

.8679 

^^H 

la 

.6100 

.0627 

.6495 

itl 

.6941 

.1507 

.8017 

.5248, 

,8691 

.6691^ 

^^H 

14 

.6106 

*0955 

.6502 

,6950 

•«547 

,8037 

•8703 

.67' 5 

^^1 

15 

9.6112 

8.1260 

'i'^ 

8,8628 

'Zt, 

9.1^86 
.1625 

9-7467  9-3623 

9,8047 

95»74 

9,8715 

96:18 

^^1 

10 

.6119 

•'547 
.1816 

.8692 

-7476 
•7485 

-3653 

.8oj8i    .5300 

,871- 

^^H 

17 

.6125 

■6513 

^8756 

Alt 

,1664 

.3683 

.8068 

■5325 

.871.> 

^^H 

18 

*6i3i 

.2071 

.6530 

.8818 

.1703 

•7494 

•37' 3 

,8078 
,8089 

-53>« 

.87  ?s 

^^1 

It» 

.6137 

.2311 

.6538 

.8880 

,6990  ,1741 1 

•7503     -3741 

.53-^ 

^'^\ 

^H 

20 

9,6144 

8.2541 

9.6545 

8.8941 

9,6998 

9.' 779 
,1817 

9.7512  9-3772 
.7522     .3801 

98099 

9-54'-' 

J  ■  >  "  "  : 

,j     ^    i    ;    K 

^H 

%i 

*oieo 

*2759 

.6551 

.9002 

,7006 

,8iiO 

.5427, 

.''-■"•*'  J 

^^H 

22 

.6156 
,6163 

,2967 

'6566 

.906X 

.7014 

.1855 

*753«     ^Jr 

.8110 

•545* 

>-,'•,.■ 

'^'  '1 "-  T 

^^1 

23 

.3166 

.9121 

,7022 

,1893 

•7540     -3860 

.8131 

•5477 

.  S  ,M  : 

.^■r^- 

^^H 

24 

.6169 

•3357 

.6573 

.9180 

,7030 

,1930 

.7549     -38*9 

,8141 

♦55o» 

,8^34 

.6949 

^^^ 

25 

9-6175 

.6181 

8.3540 

9.6580 

8.9238 

9.7038 

91967' 

9-755^  9-39''* 
•7568     -39-^7 

9,8i}i 
,8t62 

9.5518 

9.8836 

"m\ 

^H 

20 

•37»7 
.3^87 

.6588 

•929s 

•7047 

*2004 

•5553 
*557t 

,8848 
,886t 

^^H 

27 

.6188 

iiii 

•935i 

.7055 
,7063 

,1041 

.7577     -3976 
.7586     .4005 

'W 

•7«»t9l 

^^H 

2« 

.6194 

.4051 

.9408 

,1078 

,81*4     •5;oi 
,8194     ,5618 

«^-- 

-..-, .  .• 

'  ^^H 

20 

.6201 

.4210 

,6609 

•9464 

.7071 

2114, 

•75951 

*4C»31 

^H 

30 

9.6207 

8.4363 

9.6616 

8.9519 

9.7070 
,7088 

9.2IJO 

.2186 

9-7605 

9.4062  1 

9. 8 10 J  9.5653 
.8216     .5677, 

V-     .' ^ 

'     -    * 

^H 

31 

.6214 

,4512 
•4057 

.6624 

•9S73 
,9617 

.7614 

.4090 

,891c 

.7111 

^^^1 

33 

*6220 

.6631 

.7096 

,1222 

.7614 

.4119' 

.8227     -5702 

.8913 

7'36 

^^H 

33 

.6226 

.4796 

.6638 

.9681 

.7104  .2258 

•7633 

^4'47 

-8237     -5727 
.8148     .5751 

:S]i 

*7>S9i 

,7181 f 

^^H 

34 

.6233 

•4932 

,664s 

•9734 

.7111  ,2193 

.7642 

.4'7S 

^^1 

35 
30 

':L^]2 

8.5064 
.5192 

9.66  J  3 

8.9787 
.9839 

9,7121 

.7129 

9.1329 

,1364 

':z?lj 

9.4204 
.4212 

.4260 

9.8159  9.5777 
,8170     ,5801 
.8281     .5826 

9.8961 

9-710J 

-12» 

H 

37 

.6252 

,5318 

,6667 

.9891 

.7146 

*2399 

.7680 

•745» 

^^1 

38 

ill] 

.5440 

,6675 

•9942 

:::ij 

,4288 

,8291 

,5850 

■8999 

:?:;i 

^^H 

30 

-5SS9 

,6682 

•9993 

•7>54 

,7690 

•43 '6 

.8303 

5875 

,9011 

^H 

40 

9.6172 

85675 
,578i 

9,6690 

9,0043 

9.7162 

92503 

9.7699 

9-4343 

9,8314 

9.5900 

9.9014 

>7J»i 

^^1 

41 

,6697, 

.0093 

.7171 

.2537 

.7700 

-77  i  8 

•437'  ' 

I'M 

,8335 

-5924 
5948 

-9037 

•7IJ4 

^^H 

42 

.6704 

<oi4i 

7»79 

.1605 

•439? 

:?:it 

T3*7 

^^^1 

43 

.6292 

,6712 

.0191 

.7»«7 

-7728 

-442*' 

'8347 

-5973 

■739* 

^^H 

41 

.6298 

.6114 

.6719 

.0240 

,7196 

,1639 

•7738 

-4454 

.8358 

5997 

•9«75 

74"3 

^^1 

45 

9.6305 

8.6218 

9.6727 

9,0288 

9.7204 

9.2671 

.2706 

9-7747 

9,4481 

98369 

9.6011 

990»8 

97436 

^H 

40 

.6311 

.6320 

.6734 

.0336 
,03*4 

,7213 

.7757 
•77^7 

.4500 
•45P 
•45^3 

.8380 

,6046 

.9101 

-7459 

■74H1 

^^f 

47 

.6318 

-6419 

.6742 

.7221 

.1740 

,8391 

,6070 

.9114 

V 

48 

.6325 

.6J17 
.6613 

,6749 

.0431 

,7230 

^XtiX 

,7776 
•77»6 

8401 

.6094 

-9««7 

n^% 

M 

49 

.6331 

.6757 

.0478 

,7238 

.4590 

,8414 

,6119 

.9140 

.7529 

^^1 

50 
51 

9.6338 
•634s 

8.6707 

.6T99 
.6890 

9-6764 
.6772 

9.0524 

,0570 
.0616 

9-7M7 

9.1839 
.1871 

9-7796 

,7806 

9-46«7 
•4644 

9.84IJ 

^ili? 

9-9«j4 

«»7!52 

H 

53 

.6351 

,6779 

.1905 

-7815 

^671 

-8447 

,6191 

^^1 

53 

mi 

.6979 

.6787 

,0662 

:?JH 

•2937 

.7825 

4698 

8459 

,6115 

.^xtM 

'^it 

^^H 

54 

.7067 

.6795 

.0707 

.1970 

.7835 

•4725 

.8470 

-61 39 

T*44 

^^^ 

55 
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TASLE  IV.   Log  A  and  Log  B. 

For  Cf^Bipuiinf  Ihe  Ec^u^tioo  of  E(|Uiit  AI  itudes. 
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Table  Y.    Beduotion  to  the  Meridian. 
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and  n. 
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Table  YII,    Limits  of  Oircum-meridiaii  Altitndeg. 
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Tho  following  approximate  rules  are  Boffieiently  exact  fbr  practical 
purposes : 

A*  The  limit  at  which  the  second  reduction  amoants  to  O'M  is  }  the  hour 
anjrlo  of  Tuhlo  VII.  A. 

The  litnit  at  whidi  tho  second  reduction  amounts  to  0".01  is  i  the  hour 
angle  of  Table  VII.  A* 

B.  The  limit  at  which  the  third  rcductioo  amonnta  to  (KM  is  |  the  hoar 
angle  of  Tuhlc  VII.  B, 

The  limit  at  which  the  third  reduction  amounts  to  O^'^Ol  is  i  tlie  h>^}tr 
angle  of  Table  VII.  B. 
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TABLE  IX.  Probability  of  Errors. 

(Method  of  LoMt  Squftret.) 
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TABLE  IX.k.    Frobabilitj  of  Hrrora. 

^1 

(Method  of  L«ft0t  6<iiiftr«f,) 

n 

2     /^^ 

a 

1 

e(pr] 

1  =  ^  1    « 

-*»«ft 

r 

r 

•  (pO 

538 

f 

OtpO 

IHff. 

r 

•(fO 

IMff. 

r 

•tfO 

AC 

■ 

0.0O 
0.01 

0,02 

0.00000 

.00538 

,01076 

0.5*1 
0.5 1 
0.52 

0.16407 
.16915 
.27421 

508 
506 
506 

1,00 
1,01 
1.02 

'5°°°:  418 

1.50 

1.51 

1.52 

o.68«}) 

*94-4 

lift 

.1  *<■' 

1 

0.03 

.01614 

0.53 

.179^7 

U03 

1.5:1 

y.'^m 

0,01 

.02152 

0.54 

.18431 

504 
503 

1.04 

•5'«9»;  U 

1.54 

'^'^'  ilfl 

0,0  r> 

0,01690 

538 
537 

0*55 

0.18934 

502 

500 

499 
498 
497 

1,05 

•S»95>l  :,1 

1.55 

<>-704"t    ..J^M 

O^iMi 

,03228 

0.50 

.19436 

1.06 

1.56 

'•1 

^ 

0,07 

.03766 

0.57 

.19936 

1.07 

1.57 

0*0H 

.04303 

0.5« 

•30435 

l,OB 

1,58 

'  yr-w 

OAm 

.04840 

537 
538 

0.50 

•30933 

1,06 

1.50 

'"*»!  J;t 

0,10 

0.05378 

536 

o.mi 

0.31430 

495 
494 

1,10 

1.60 

^"49   IT', 

O.ll 

.05914 

o.»i 

'3'V^5 

1,11 

1,61  1 

0.13 

.06451 

53fi 
536 

,  0.62 

.31419 

1.12 

1.62 

oaa 

.06987 

0.63 

.32911 

49* 
491 

490 

1.13 

1.63 

"-**•    -11 

0.14 

.07513 

0.64 

1         3340* 

1.14 

1.61 

.71154    -»J 
•^    '•    191 

0.15 

0.08059 

515 
535 
53+ 
534 
534 

0,65 

0.33891 

488 
486 
486 

483 
482 

1.15 

■S739I)   lii 

1.65 

«-7J4»$   ,, 

0.10 

.08594 

0,60 

.34380 

1,16 

1.66 

0.17 

.09129 

0.67 

.34866 

1.17 

1,67 

O.lg 

.09663 

0,G« 

•3535* 

1.18 

1.68 

O.IO 

.10197 

0.60 

•35835 

1.10 

1.00 

0.20 

0.10731 

0.70 

0.36317 

481 

1,30 

0.58171 

3«7 
3«4 

1.70 

c  74«4?    ^,^ 

0.21 

.11264 

S33 

0.7 1 

.36798 

1.21 

.58558 

1.71 

177 

-  .*    . 

0.22 

.11796 

53- 
535 
531 
531 

0.72 

.37*77 

479 
478 
476 

474 

1.22 

.58941 

1.72 

0.23 

.11328 

0.73 

.37755 

1.23 

'593*5^   III 

1.73 

* 

0.24 

.12860 

0.74 

.38131 

1.24 

1.74 

--■* 

0.25 

0.13391 

530 

0.75 

0.38705 

473 

1.25 

.60459'   III 

1.75 

0.76n4i  ,£-  1 
7M.I  If, 

0.20 

.1391' 

0.76 

.39178 

1.26 

1.76 

0.27 

.14451 

53° 

0,77 

.39649 

47  * 

469 
468 
a66 

1.27 

.60833I    lit 

1.77 

0.2N 

.14980 

529 
518 
5*7 

0.7a 

.4011S 

1.28 

~         1    471 
-61205     I 

1.78 

^ 

0.20 

.15508 

0.70 

.40586 

1.20 

•^•575, 1^: 

U70 

0.30 

0,16035 

S*7 
516 

£±6 

0,80 

.4*440;  T.. 

1.30 

°«'9*J     366 
■*»«7i     \c] 

I.80 

o,"^it    __  1 

0.31 

.16561 

O.Hl 

1.31 

1.81 

0.32 

.17088 

0.«2 

1.32 

1.82 

'    ; 

0.33 

.17614 

>*" 

0.S3 

1 .33 

1.83 

■■^-v  I'A 

0.31 

.18138 

514 
514 

0.84 

.42899 

45» 

1.34 

•*n9.  Ill 

1.84 

•*^  ^i 

0.35 

0.18662 

0.85 

0-433S7 

456 

1,35 

0.63747 

1.85 

C    -S-yo           , 

0.30 

.19185 

513 

0.80 

.438^ 

1.3G 

,64102 

3SS 

1.86 

0,37 

.19707 

521 

0.87 

+4*67  v.: 

1.37 

.64454 

35* 
350 
348 
346 

1.87 

^44 

0.3H 

.20229 

5*' 

4iQ 

0.8»4 

■44719 

450 
449 

1.38 

.64804 

1.88 

O.30 

.10749 

510 
519 

0.80 

.45169 

1.30 

.65152 

1,80 

->-"■   >,» 

0.40 
0,11 

0.11168 

.21787 

519 
517 

0.00 
O.Ul 

0.45618 
.46064 

446 

1.40 
1.41 

0.65498 
.65841 

343 

],0«l 
I.OI 

-^  -'•'>"■'  -,«, 

0,42 

.12304 

0412 

.46509 

445 

1.42 

.66181 

34J 

1,0*4 

"^ 

o,i:i 

0.44 

.12821 

.23336 

517 

5«5 
5*5 

0.03 
0.04 

.4^5* 
.47393 

443 
441 

439 

1.43 
1.44 

.66521 

.668 58 

339, 
337 
335 

I.U3 
1.04 

•H^v-.^  :s 

0-45 

0.238;! 

S'3 

0,05 

0.4783a 

438 

1.45 

0-67193'   ,„ 

1.05 

c.«iM«    „, 

0,4« 

.14364 

0,06 

.48270 

1.40 

.67<26l    III 

1,06 

»'3»ltll 

O.I7 

.14876 

S'l 

0.07 

.48705 

435 

1,47 

.678561    III 

0.6883}      1 

1.97 

«.«cT    '»♦ 

O.tH 
O.IU 

.15898 

511 
510 
509 

0,1I« 
0,00 

.49«39 

.49570 

434 
431 

430 

1,48 
1,10 

1.08 
1,«WI 

».04«   If, 

0*50 

0*^6407 

1.00 

0-50000 

^-» 

KSO 

2,00 

0,82166 

W                                                                              bu                                                                  1 

TABLE  IX.A.   Probability  of  Erron. 

(Method  of  Least  Squkret.) 
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2.15 
2. 10 
2.17 
2.IM 
2.10 

2.50 


0.81166 
.81481 
.81695 
.81907 

0.83314 

•83530, 
.83734 
.83936 
.84137 

0-84335I 
.84531 
.84716 
.84919 
.85109 

0.85198 
.85486 
.85671. 
.85854 
.86036 

0.86116' 
.86394 
.86570- 

.86745 
.86917 

0.87088 
.8715S 
.87415 
.87591 
.87755, 

0.87918 
.88078 
88137 
.88395 
.8855.. 

0.88705 
.88S5- 
.89038 

.89157 
.89304 

0.89450 
.89595 
.89- ;8 

.8.yJ<-9 
.9>:>i9 

0.90157' 
.9-29^ 
.9-^428 
.9o;6i 
.90694 

0.90S15 


Wff. 

f 

e 

»'5 
114 
111 

2.50 
2.51 
2.52 

0. 

110 

2.53 
2.54 

107 

106 

2.55 
2.50 

0. 

104 

101 

2.57 
2.5H 

101 
.98 

2.50 

196 

2.flO 
2701 

0. 

'95 

2.02 

'93 

2.03 

190 
189 

2.04 

188 
185 
183 
181 
180 

2.05 

0. 

2.00 

2.07 

2.0H 

2.00 

178 
176 

2.70 

0. 

2.71 

2.72 

'75 

2.73 

•- 

171 

2.74 

2.75 

0. 

167 

2.70 

^ 

2.77 

166 

164 
163 

2.78 
2.70 

160 

2.80 
2.81 

0. 

»i)9 
158 

2.82 

2.83 

'55 

2.84 

'53 

2.85 

0 

'51 

2.80 

'5' 

2.87 

149 

2.88 

14*^ 
146 

2.80 

2.00 

0. 

14? 

2.01 

'43 

2.0:2 

*4' 

2.03 

143 
138 

2.04 

136 

2.05 

0. 

2.00 

*  35 

2.07 

»  H 

2.08 

131 
'3» 

2.00 

3.00 

0. 

90815 

90954 

91081 

91108 

9'33» 

91456 

9'578, 

91698 

91817  • 

9'935 

91051I 

91166 

91180: 

91391, 

91503I 

91613 

91711 

91818 

91934 

93038 

93141 

93143 

93344 

93443 

9354': 

93638' 

93734 
93818 

93911 
94014 

94105' 

94195 
94184 

9437'. 
94458, 

94543 
94617 

947" 
947931 
94874 

94954 
95033: 
95111' 
95187 
95163 

95338 
95411 

95485 
95157 
95618 

95698' 


119 
118 
116 
114 
'14 

111 
110 
119 
118 
116 

"5 
"4 
III 
III 
110 

108 
107 
106 
104 
103 

101 
101 

99 
98 

97 
96 
94 
94 
91 
9' 
90 
89 
87 
87 
85 

84 
84 
81 
81 
80 

79 

78 
76 
76 

75 

74 
73 
71 
7' 
70 


3.00 
3.01 
3.02 
3.03 
3.04 

3.05 
3.00 
3.07 
3.08 
3.00 

3.10 
3.11 
3.12 
3.13 
3.14 

3.15 
3.10 
3.17 
3.18 
3.10 

3.20 
3.21 
3.22 
3.23 
3.24 

3.25 
3.20 
3.27 
3.28 
3.20 

3.30 
3.31 
3.32 
3.33 
3.34 

3.35 
3.36 
3.37 
3.38 
3.30 

3.40 
3.41 
3.42 
3.43 
3.44 

3.45 
3.46 
3.47 
3.48 
3.40 

3.50 


©(pO  ,  Wff. 


0.956981 
•95767' 

•95835 
.95901 
.95968 

0.96033' 
.96098 
.96161' 
.961141 
.96286 

0.96346 
.96406' 
.96466', 

•96514! 
.96581; 

0.96638 
.96694 

•96749 
.96804' 
.96857 

0.96910 
.96962 
.97013 
.97064 
.97114 

0.97163' 
.97211 

.97159 
.97306 

•9735a 

0-97397; 
•97441 
.97486 
•97530 
•97573 

0.97615 
•97657, 
.97698 
•9-738 
•97778 

0.97817! 
•97855 
•97893 
•97930 
•97967 

0.98003 
.98039 

.98074 
.98109 
.98143 

0.98176 


69 
68 

67 
66 

65 

65 
63 
63 
62 
60 

60 
60 

58 
58 
56 

56 
55 
55 

53 
53 

5a 
5« 
5' 
50 
49 

48 
48 
47 
46 
45 

45 


43 
41 

41 
4« 

40 
40 
39 

38 
38 

37 
37 
36 

36 
35 
35 
34 
33 


3. 50 
3.60 
3.70 
3.80 
3.00 

4.00 
4.10 
4.20 
4.30 
4.40 

4.50 
4.60 
4.70 
4.80 
4.00 

5.00 

OD 


©(i>0         DMT. 


0.98176 
.98482 

•98743 
.98962 

•99«47. 


306 
261 
219 
185 
«55 


0.99301  , 
•99431!  ,08 
9VS39     gg 


.99617 
•997oO| 

0.997  60 1 
.99808 
.99848 

•99879. 
.99905 1 

0.999161 

I.OCOOO 


73 
60  I 

48 

40 

3« 
26 

SI 


6tt5 


P 

TABLE  X.    Peirce's 

Criterion. 

^ 

Values  of 

x^  roB  fi 

=  1. 

n 

1 

2 

3 

4 

6 

e 

t 

t 

f 

3 

1.480 

4 

t.911 

1.163 

«..»*. 

.**.»• 

...... 



...... 

5 

1.178 

"'439 



...... 

0 

un 

1.687 

1.108 

••«•** 

•••«, 

^m 

7 

1.910 

1.409 

1.045 



»...<. 

.^... 

^^^ 

H 

3.109 

1.111 

1.589 

1.129 
i.38i 



.«*.<« 

^^m 

0 

3-117 

2.1Q5 
1.464 

1753 

i«09t 

...». 

****** 

T 

10 

3.526 

1.904 

1.531 

i.»4» 

...,- 

....» 

...... 

J 

11 

3  707 

1.611 

104s 

1,176 

1.661 

"•373 

t.iii 

«**t*i 

•*•»•• 

!  ^^^^M 

ri 

3875 

1.766 

1.785 

>-49* 
t.604 

i'»49 
1.361 

1.018 

i  ~^^H 

13 

4029 

1.901 

1.299 
i.4>^ 

t.901 

1.145 

««•«•« 

V 

14 

4^173 

3.030 

1.009 

1.709I 

1,807 

'-465 

I.1S5 

l.tOf 

****** 

1 

1.^ 

4-309 

3.151 

1.526 

1.1 1 1 

1.561 

»*354l 

**..*. 

1 

IG 

4-43^ 

3.164 

1.630 

1.107 

1.898 

1.651 

»445 

1.159 

t.080 

J 

IT 

tm 

3371 

1.719 

1.300 

1.985 

1.736 

'?2^ 

;:J}J 

1,1 -fl 

^^J 

18 

3475 

1.814 

1.389 

1.069 

1,817 

1  :M 

^^1 

10 

tVyt 

3571 

3.664 

i.9»4 

M74 
1.556 

2.150 

1.895 

1.685 

n^ 

1..4t 

.^^1 

20 

3.001 

1.117 

1.970 

J-757 

1*415 

^H 

21 

5.068 

3-755 
3.840 

3.084 

1.634 

1.301 

1.041 

1.817 

t.644 

1.483 

^H 

22 

3.164 

1.709 

*'37J 

2. too 
1176 

1.893 

1.710 

1549 

i.6i» 

^^1 

23 

S<57 

3913 

3.140 

1.781 
1.851 

»*44* 

«'957 

1.J11 

^^1 

24 

5.241 

4.001 

3315 

t.509 

1.140 

1.019 

1.671 

^^H 

25 

S'3M 

4.078 

3387 

1.910 

1-573 

1.301 

1.079 

1.1,1 

1.719  ' 

^^1 

^^B     * 

20 

5  401 

4.151 

3.456 

1.986 

1.636 

1.361 

1,137 

194» 

I,j8j 

^^1 

2T 

5*479 

4.111 

3513 
3.651 

3.049 

1.697 

1.410 

1.194 

:::?r 

1.434 

^^1 

28 

5|5^ 
5.622 

4.191 

3.111 

1.756 

»-477 

1.149 

1,891 

^^H 

2d 

4-3  58 

3»7i 

*-2i^ 

1.531 
1.586 

1,301 

1.108 

l.94» 

^^H 

30 

5.690 

4.411 

3.711 

3.119 

1.869 

1-354 

1.158 

1,990 

^H 

31 

S75« 
5  820 

4.484 

3.771 

3.185 

1.911 
1976 

1.638 
a.689 
1.738 

1.787 
1.834 

1.404 

1.107 

a.018 
I.0I5 

^H 

32 

4*545 

3.340 

M54 

1.155 

^^^1 

33 

5.881 

4.604 

3.884 

1*394 

3.446 

3.01B 

1.501 

1.30a 

11 30  1 

^^1 

34 

5941 
o.oot 

4.661 

3939 

3.078 

»549 

»*i47 

11-^ 

1 

35 

4-7  "7 

3.991 

3-497 

3*117 

1,594 

1.39a 

1,11^ 

1 

30 

6.058 

4*771 
4.813 

4.044 

3*547 

3*>74 

1.880 

1.619 
1.681 

1.716 

1,436 

a.161 

J 

37 

6ai| 

4095 

3  595 

3.689 

3.111 

1.916 

1*478 

1.301 

^^M 

1      3S 

6.167 

4.874 

4-»44 

3.167 

1.970 

a.510 

1345 
1.383 

^^H 

311 

6.119 

4^9*5 

4.191 

33tJ 

3.013 

1.768 

i.<6i 

^^H 

40 

6.170 

4^974 

4-139 

3*734 

3-356 

3.055 

1.809 

a.Sci 

1-4^1 

^H 

41 

6.310 

5.011 

4.185 

3*779 
3.811 

3.398 

3097 
3.138 

lit! 

**?*? 

1  46c 

^H 

42 

6.,6q 

5.069 

4'33* 

3*440 
3.481 

1,678 

i.i-r 

^^1 

43 

6416 

5.114 

4375 
4.418 

3.86J 
3.906 

3.»78 

1,917 

1,716 

1^34 

^^1 

44 

l:foJ 

S'59 

3.511 

3.117 

1.965 

»*7J| 

a-%70 

^^H 

45 

5,101 

4-460 

3*947 

3.561 

3.15s 

3.001 

1606 

^H 

40 

6.551 

5HS 

5.1*7 

4-50I 

3.987 

3.600 

3»93 

3.039 

Hi^ 

1.641 

^ 

47 

6.639 

6.68T 

4-541 

4.610 

4.016 

3.638 

3.330 
3.366 

3075 

a.860 

l^ 

414 

S3»f 

4.065 

3'67S 

3.110 

H^ 

4U 

5.368 

4*»<>3 

3.711 

3.401 

3«4S 

t.74« 

50 

6.710 

5.408 

4*657 

4.140 

374« 

3436 

3>79 

a.96a 

»'774 

ftl 

6.761 

6ioo 

5-484 

4.695 

4-176 

3*784 

3-47" 

3.146 

»-994 

1.S64 

62 

m 

4.111 

3.819 

3.538 

3,017 

ijJ! 

63 

t'Pl 

5.511 

tltl 

3.8*7 

3179 

1-OS9 

54 

6,876 

5559 

357t 
3,603 

3311 

3,090 

».«W 

56 

6.913 

S'59S 

4*839 

4.316 

3.910 

334* 

3,111 

»9>» 

^^  • 

60 
6T 

1% 

a 

4.«73 
4.9«7 

4'349 
4^3*1 

4.016 

liu 

3173 

3*4^ 

S.ijt 
3.1ft 

r,si 

68 

7.01 1 

5.699 

4*94* 

4  4' 5 

I'll 

34«l 

|.»IO 

3-04^ 

6« 

7-056 

m 

4974 

5.006 

4.447 
4.478 

4-W 

4*078 

l:ur 

io 

7.090 

3-758 

149* 

y^u 

1 

Ml 

J 

TABLE  X.   Feirce's  Griterion. 


VALria  OF  «'  FOB  It  =2. 


i 
1 

1    _ 

! 

m 

1 

1 

8 

4 

5 

• 

1 

8 

9 

4 

1 
1.484 





5 

,.8«7| 

1.135 

•••••• 





0 

1.130 

1-479' 

I.IIA 

1.183 



7 

1.518 

1.705. 

1.015 



1    s 

1.793! 

I.9I3I 

1459 

1.610 

1.163 





1 

• 

3.019 

l.IOl 

1.304 

1.066 

10 

3141 

1.177 

I.77I 

»-439 

1.191 



.      11 

3-437' 
3-6i6 

1.440 

I.9I1 

1.046 

1.566 
1.687 

1. 310 

1.098 

13 

1.5911 

1.413 

1.108 

1.015 

:     13 

3-7»i 

::?l^! 

1.171 

1.801 

1.J19 
1.631 

1.310 

I. Ill 

14 

3936' 
4.080; 

1.190 

1.910 

1.409 

1.110 

1.045 

15 

1.991, 

1.403 

1.014 

1.717 

1. 501 

1.311 

1.141 

'      16 

4-ii$! 

3.109! 

1.510 
1.61 1 

1.111 

1.819 

1.J89 
1.673 

Wll 

1.119 

1.070 

17 

4341 
4.461 

3.111 

1.106 

1.907 

1.311 

1.157 

1      IH 

3.318 

1.708 

1.105 
1.381 

1.991 

1.753 
1.830 

>-557 
1.631 

1.388 

1.136 

'      10 

4576, 
4-6«4' 

3-4»?! 
3.516 

1.801 

1.071 

1.461 

1.310 

1      30 

2.890 

1.465 

1.150 

1.904 

1.703 

1.531 

1.380 

31 

4787' 

3.619J 

l.QTC 

»-544 
1.611 

1.11c 
1.198 
1.368 

1.976 

1.S38 

\:U\ 

1-447 

32 

4.M5' 

3.707! 

3-057 

1.045 

1.511 

!     33 

4-979i 

3791 

3.116 

l:% 

1.111 

1.901 

1.715 

1.571 
1.631 
1.688 

34 

5069 

3«74 

3.111 

*.435 

1.176 

1.964 

•.ii\ 

35 

S.155 

3953J 

3.186 

1.835 

1.501 

1.139 

1.014 

36 

5.138 

4.019 

3-357 

1.901 

Itl 

1.358 

1.081 

1.900 

1-743 

•     37 

5-3«7 

4.103 

3.426 

1.967 

1.139 

im 

i      3H 

nn 

4.>74' 

349» 

3-030 

1.686 

1.415 

i:^ 

30 

4»4». 

3  5S6 

3.091 

a.744 

1.471 

1.060 

1.898 

i      30 

5539' 

4.309 

3.619 

3-150 

1.801 

1.515 

1.300 

1.111 

1.948 

1      31 

5.608. 

4-373' 

3.680 

3. 108 

1.856 

1.578 
1.630 
1.680 

1.351 

1.160 

1.996 

32 

5-67S 

4-435 

373? 
3-796 

3.164 

1.909 

1.401 

1.108 

1.041 
i.o38 

33 

S740 

4-496, 

3  3»9 

1.961 

IT^ 

1-155 

31 

5.803 

4-5?5- 
4.613 

3.851 

3-37* 

3.011 

1.719 

1.301 

1.131 

35 

5.864 

3..;o6 

3-4H 

3.061 

1.777 

1-543 

1-345 

1.176 

36 

5.9*4 

4.669 

3959 

3-474 

3.111 

1.8H 

1.631 

1.389 

1.119 

37 

5.9«i 
6.037 

47^ 

4-776 

401 1 

3-513 

3.158 

1.870 

1.431 

1.160 

3H 

4061 

3-571 
3619 

3.105 

1.94 
1-958 

1.675 

1-474 

1.301 

30 

6.091 

4.817 

4.1  II 

3.150 

1.717 

1.515 

1.3^1 
1.380 

40 

6.145 

4.878 

4-»59 

3.665 

3-»94 

3.001 

»-759 

1-555 

41 

6.197 

4-917 

4.106 

3-7IO 

3-338 
3.381 

3-043 
3.084 

1.800 

1-595 
1.634 

1^419 

43 

6.147 

4-97  5 

4.151 

3.755 
3-798 

1.840 

1.457 

43 

6.197 

5.011 

4-197 

3.41a 

3-««# 

a.879 

1.671 

1.494  ! 

41 

6345 

5.0681 

4.34 » 
4.3J4 

3.8li 

3463 

3.164 

a.917 

1.700 
1-74* 

1.566 

45 

6.391, 

5.113 

3.503 

3.103 

»-955 

46 

6.438 

5-«57 

4.416 

3-913 

^^i 

1.99a 

1.781 

i.6ot  1 

47 

6.483 

5.100 

4.468 

3-963 

3.178 

3.019 

1.817 

J* ! 

4H 

6.^17 

5.141 

4.508 

4'00i 

3-3«5 

3.064 

1.85  a 
1.886 

40 

6.570 

5.183 

4-54« 
4-5»7 

4.040 

nil 

3.099 

1-703  ' 
1.736 

50 

6.611 

5-3M 

4-078 

3693 

3-«34 

1.910 

51 

6.6^3 

5.361 

4.616 

4115 

3.728 

3.411 

3.168 

nu 

a.768 

53 

66v4 

5.401 

4.663 

t\l) 

3.764 
3798 

3-456 
3-489 

3.101 

1.800  i 

53 

6-U 

5.440 

4.700 

3.166 

3.018 

liii ! 

51 

67-1 

5.4-8 

4736 

4.112 

3.867 

3-513 

3049 
3.080 

55 

6X11 

5-5«S 

4.771 

4-157 

3-555 

3.198 

1-891  1 

56 

(y.^^a 

S  •^^« 

4.807 

4.191 

3.900 

3.588 
3.619 

3319 

3.111 

S.911 

57 

6  SS^ 

s.^x^ 

4.841 

4-125 

3-93* 
3964 
3.996 

3.360 

3.141 

mi 

5M 

6  911 

5.611 

4.876 

4U7 

3.681 

3390 

3-17*1 

50 

6.9^" 

<;6^6 

4  909 

4.390 

34»9 
3-448 

3.100J 

3.009 

64) 

6.993 

5.690 

4.941 

4.411 

4-017 

3.711 

3119J 

3.037 

m 


I 

TABLE  X.  A, 

■1 

Peirce 

s  Criterion* 

^ 

Log  T. 

^ 

n 

■ 

1 

s 

s 

1 

9 

e 

1 

S 

9 

,1 

2 

9-3979 

9.1707 
90131 
8.7134 

8.8159 
»-7S3» 

3 

9S«S1 

9-3979 
9.1693 

9.1707 

'** 

'"**'"* 

"**"*'" 

4 

9-^744 
9-5ia9 

9-3979 
9,3080 

"* 

^^^ 

5 

9.7183 

9-5853 
9.4810 

"*****■ 

1 

0 

9.76|i 
9.6361 

1  ^^^1 

7 

9.0906 

9.791a 

*..*.•.*. 

H 

«,69io 

0,0131 
S.9648 

9.1338 

9-3979 

9.5403 
9.4630 

9.6744 

9,8130 

•*..«•+** 

1  ^^^1 

9 

g.6365 

9,1707 

9.3187 

95853 

9.7041 

9*8196 

....**^. 

,  ^^H 
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Correction  of  the  Mean  Refraction  for  the  Height  of  the  Barometer. 
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TABLE  XV.   LogB. 

For  Correcting  Lunar  Distances. 
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40 
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9-9953 
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9.9956 
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9.9958 


9.9966'  9-99631  9.9960 
9.9968'  9.9965;  9«996i 
9.9969  9.9967'  9.996A 
9.9971I  9.9968  9.9966 
9.9972  9-9970  9-9968 
9-9974,  9-997 >j  9-9969 

9-9975  9-9973  9-997 « 
9.9976  9.9974I  9-997* 
9-9977  9-9975;  9-9973 
9.9978  9.99761  9.9974 
9.99791  9.9977;  9-9975 
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9.9981  9.9979  9.9977 
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9-9949'  9-9946 
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9.9961 
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9.9972 
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9.9956 
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9.9963 
9.9965 
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9.9968 
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9.9942 
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9.9946J 
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9.9921 
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9 
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REDUCED   REFRACTION   AND  PARALLAX  OF   0  OR  *. 
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9.9976  9.9974  9  997* 
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9.9960;  


I 


9.9924 
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For  correciiriK  Lunar  Distanoca. 
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TABLE  XV.   LogD. 

For  correcting  Lunar  Diitances. 
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15 

.0164'  016H  0171 

0175 

0179; 

0182 

0186 

0196;  0200  0203 

20 

.01631  0166  0170 

0173 

0177, 

0180 

0184 

0187:  OIQI 
0186  0189 

0194'  0198  0201 

2.-. 

.0161  0165 

0168 

0171 

0175 

0179 

0182 

0193 

0196^  0199 

9  :w 

0163 

0166 

0170' 

0173! 

0177 

0180 

0184  0187 

OIQI 
0189 

0194  0198 

...... 

36 

0161 

0165 

0168' 

OI72I 

0175 

0179 

0182  0185 

0192,  0196 



40 

0160;  0163 

0167 

OI70I 

0174 

0177 

0180!  0184 

0187'  OIQI '0194 
0185  0189  0192 

45 

0158'  0162 

0165 

0169 

0172 

0175 

0179'  0182 

0195 

]    60 

0157  0160 

0164 

0167, 

0170 

0174 

0177  o'8o 

0184  OI87I  0190 

0194 

55 

0156.0159 

0162 

0165: 

0169 

0172 

0175  0179 

0182!  0185 

0189 

0192 

iio  0 

0154'  0157 

0161 

0164' 

0167 

0171 

0174!  0177 

0180  0184 

0187 

0190 
0188 

1     5 

0153  0156 

0150 
0158 

0162' 

0166 

0169 

0172;  0175 

0179'  0182 

0185 

10 

0151  0155 

0161 

0164 

0167 

0171,  0174 

OI77I  0180 

0183 

0187 

!•> 

0150  0153 

0156 

0160 

0163 

0166 

CI60  0172 
oi68jOi7i 

01751  o'79 

0182 

0185 

!    20 

0149  0152 

0155 

0158 

0161 

0164 

0174'  0177 

0180 

0183 

I   2o 

0147  0150 

0154 

o>S7, 

0160 

0163 

0166.  0169 

0172J  0175 

0179 

0182 

to  30 

0146  014Q 
0145  0148 

0152 

0155' 

0158 

0162 

0165'  0168 

0171 

0174 

0177 

0180 

35 

0151 

0154 

0157 

0160 

0163  0166 

oi6q 

0172 

0175 

0179 

40 

0143  0147 

0150 

0153 

0156 

0159 

0162I  0165 

0168:  0171  0174 

0177 

45 

0142  0145 

0148 

0151 

0154 

0157 

0160  0163 

0166  0169I  0172 
0165J  0168J  0171 

0175 

50 

0141  0144 

0147 

0150 

0153 

0156 

0150  0162 
0158  0161 

0174 

50 

0140  0143 

0146 

0149 

0152 

0155 

0164  0167  0170 

0172 

11  0 

0139'  0142 

0145 

0147 

0150 

0153 

0156I  0150 
0155  0158 

0162:  0165  0168 

0171 

5 

.  0137  0140 

0143 

0146 

0140 
0148 

0152 

0161  0164  0167 

0170 

10 

on? 

0138 

0142 

0145 

0151 

0154  0157 

0150  0162  0165 
0158;  0161  0164 

0168 

1.. 

0141 

0144 

0147 

0150 

0152  0155 

0167 

20 

onj 

0140 

0143 

0145 

0148 

0151  0154 

0157.  0160  0163 

0165 

20 

0136 

0139 

0141 

0144 

0147 

0150  0153 

0156  0158!  0161 

0164 

11  30 

0135 

0137 

0140 

0143 

0146 

0149  oi5> 

0154'  0157;  0160 

0163 

3.-. 

0133 

0136 

0139 

0142 

0145 

0147  0150 

0153  015610159 
0152:  0154  0157 

0161 

40 

0132 

0135 

0138 

0141 

0143 

0146  0140 
0145  o'4» 

0160 

4;. 

0131 

0134 

0137 

0140 

0142 

0150  0153I  0156 

0159 

50 

0130 

0133 

0130 

0138 

0141 

0144  o'47 

0140!  0152;  0155 
014!  0151J0153 

0157 
0156 

5.. 

0129 

0132 

0135 

0137 

0140 

0143  0145 

V2    0 

■012X 

0131 

0134 

0136 

0130 
0138 

0142'  0144 

0147  0150  0152 

0155 

5 

0127 

0130 

0132 

0135 

0140  0143 

0146  0148  0151 

0154 

10 

01  lb 

01291 

0131. 

0134 

0137 

0130  0142 
0138  0141 

01451  0147  0150 

0152 

10 

:    1 0125 

0128 

0130 

0133 

0136 

0143I  0146  0149 

0151 

20 

0114 

0127 

012^; 

0132 

0135 

01371  0140 

0142'  0145  0147 

0150 

25 

0123 

0126 

0131 

0133 

0136;  0139 

0141  ;'  0144   0146 

1          1 

o«49J 

VZ  30 

1     0122 

0125 

0127' 

0130 

0132 

0135' 0138 

0140'  0143   0145 

oi4«  

.''5 

0121 

0124 

0126, 

0129 
0128 

01  31 

013410136 

0130 
0138 

0141  0144 

o«47! 

40 

,        OI2Q 

0123 

0125 

01  30 

0133  0135 

0140  0143 

o«45  

45 

'        Clio 

!     oiix 

0122 

0124 

0127 

0120 
0128 

0132  0134 

0137 

01301  0142 

0144  0147 
0143  0146 

50 

0121. 

0123 

0126 

0131.  0133 

OI36I  0138'  0141 

50 

1    0II8 

0120 

OI23| 

0125 

0127 

0130  0132 

0135 

0137  0140 

014a  0145 

13  0 

I     0117 

0119 

0122 

1 

0124 

0126 

0119  0131 

0134 

0136  0139 

0141  0143 

_ 

617 
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Alt. 
of  l>. 

REDUCED  PARALLAX  AND  REFRACTION  OF  >.           ^ 

ir 

48' 

4^ 

oti4 

ftl' 

59' 

S3' 

ft4' 

ftft 

56^ 

51' 

58' 

S^ 

'' 

19  0 

.oil  7 

0119 

OlSl 

oia6 

0129 

01 3 1 

01 J4 

0136 

0139 

0141 

0143 

10 

.oils 

0117 

01x0 

01 IX 

OIXJ 

0127 

0129 

013X 

0134 

0137  0139 

0141 

20 

on  3 

0116 

01 J  8 

Olio 

01x3,1  o»»S 

0127 

0130 

0132 

0134  0137 

0139 

30 

.oils 

0114 

0116 

0119 

01x1 

0123 

0125 

01x8 

0130 

0132  0135 

0137 

40 

Oltl 

0114 

0117 

0119 

0121 

0124 

0126 

otx8 

0I3I;  0133 

o«35 

60 

OIII 

0113 

0115 

0117 

0120 

0122 

0124 

0126. 

0129 

Olll 

0133I 

14  D 

0109 

out 

01 13 

0116 

ott8 

0120 

0122 

012J 

0147 

0129 

0131 

10 

OtOT 

Olio 

otii 

0114 

0116 

Olll 

0121 

0123 

0125 

0127 

01x9 

20 

oioS 

01  lO 

OIIX 

0114 

0117 

0119 

OIXI 

0123 

0125 

01x7 

30 

0104 

01  q6 

0109 

Oltl 

0113 

0115 

0117 

0119 
0118 

0121 

0123 

0126 

4a 

01 0} 

oto; 

0107 

0109 
0108 

01  It 

on  3 

0115 

0120 

0122 

0114 

sa 

OIOI 

0103 

0106 

Olio 

otii 

0114 

0116 

0118 

0120 

0122 

1ft  0 

OfOO 

OIOl 

0104 

oto6 

0108 

0110 

01 12 

0114 

0116 

oit8 

0120 

10 

0099 

OlOI 

0103 

0105 

0107 

0109 

Olll 

OII3 

0115 

0117 

0119 

so 

0097 

0096 

0099 
0098 

OIOl 

0103 

0105 

0107 

OIOO 

otoK 

OIII 

OII| 

0115 

0117 

so 

OIOO 

0101 

0104 

oto6 

Olio 

Olll 

0113 

0115 

40 

0094 

0096 

0098 

OIOO 

OIOl 

0104 

0106 

0108 

otio 

0112 

0114 

&n 

0093 

009s 

0097 

0099 

OIOl 

0103 

0105 

0107 

oto8 

mio 

Olll 

la  0 

0092 

0094 

0096 

0098 

009Q 
0098 

otoi 

0103 

0105 

0107 
0106 

0109 

Olll 

10 

OOQt 

00S9 
oo«8 

0093 

0094 

0096 

0100 

0102 

0104 

0107 

OIOO 

0108 

^ 

20 

0091 

0093 

0095 

0097 

0099 

OIOO 

0t02 

0104 

0106 

30 

0090 

009  X 

0094 

0096 

0097 

0090 
0098 

OIOl 

0103 

OtOJ 

0106 

40 

0087 
00S6 

00  s  9 

0019 

009X 

0094 

0096 

OIOO 

OIOl 

0103 

0105 

50 

0088 

0091 

0093 

009s 

0096 

0098 

OIOO 

0102 

0104 

17  0 

ooS$ 

0087 

0088 

0090 
0089 
0088 

0092 

0093 

0095 

0097 

0099 

OIOO 

0102 

10 

00S4 

008  s 

0087 

oooi 

0089 

00  88 

0092 

0094 

0096 

0097 

009J 

0098 

0101 

20 

00S3 

0084 

0086 

0091 

0093 

0094 

0096 

"12 

SO 



0083; 

0085 

0086 

0090 
00^9 

0091 

0093 

0095 

0096 

40 

..,„» 

0081 

00S4 

0085 

0087 

0090 

009  X 

0094 

0095 

0097 

5(^ 

0081 

0083 

0084! 

0086 

0087 

0089 

0091 

0092 

0094 

0096 

18  0 

0080 

0081 

0083 

0085 

0086 

0088 

0090 
0087 

009  X 

00S9 

«>«>95 

0094 

*••*•• 

20 

0078 

0079 

0081 

0081 

0084 

0086 

0090 
0088 

0092 

009-3 

40 

0076 

0077 

0079'  0080 

0082 

0083 

0085 

0087 

0090 

0087 

10  0 

0074 

0075 

0077  0078 

0080 

0081 

0083 

0084 

0086 

20 

0071 

0073 

007s 

0076 

0078 

0079 

0081 

0082 

0085 

40 

0070 

0072 

0073 

0074 

0076 

0077 

0079 

ooSo 

ooSi 

OC83 

00S4 

30  «i 

oo63 

0070 

0071 

0073 

0074 

007  s 

0077 

0078 

0079 

0081 

00S2 

20 

0067 

0068 

0069 
0068 

0071 

0072 

0073 

007  s 

0076 

0077 

0079 

ooSo 

■^^1 

40 

0065 

0066 

0069 

0070 

0072 

0073 

0074 

O07S 

0077 

0078 

^^^1 

21   0 

0063 

0065 

0066 

0067 

0068 

0070 

0071 

0072 

0074 

007s 

0076 1 

^^^^ 

20 

oo(Si 

0063 

0064 

0065 

0067 

0068 

0069 

0070 

0072 

O071 

0074 

^^^H 

40 

0060 

0061 

0063 

0064 

0065 

0066 

0067 

C069 

0070 

0071 

0072 

■ 

«2  0 

0OS9 

0060 

0061 

oo6x 

0063 

0065 

0066 

0067 

0068 

0069 

0070 

H 

2<> 

OOS7 

0058 

0050 

oo6t 

0062 

0063 

0064 

0065 

0066 

006X 

006*9 

40 

0056 

OOS7 

oojS  0059 
0057 1  0058 

0060 

0061 

006  X 

0064 

0065 

0066 

00^7 1 

^^^H 

33  0 

0054 

0055 

0059 

0060 

0061 

0062 

0063 

0064 

006$ 

^^^H 

2M 

0053 

OOS4 

0055  0056 

oo?7 

0058 

^oll 

ooAo 

0061 

0063 

0064 

^^^H 

40 

0051 

O0S3 

0054 

COS  5 

0056 

0057 

0059 

0060 

0061 

oo6« 

■ 

24  0 

0050 

0051 

0052 

005J 

0054 

0055 

0056 

0057 

0058 

0059 

0058 

0060 

■■ 

20 



0050 

0051 

oo$i 

oo$^ 

0054 

ooss 

0056 

0057 

oo$9 

■ 

40 



0049 

oo$o 

oo$i 

0052 

0053 

0053 

0054 

0055 

©056 

OOfJ 

0056 

1 

3ft  0 



0047 

0048 

0049 

0050 

OOJl 

0052 

00s  3 

0054 

OOSS 

1 

20 

0046 

00471  0048 

0040 
0048 

0050 

0051 

OOS2 

0053 

0053 

oo$4 

1 

40 

«HS 

0046 

0047 

0049. 

0049 

0050 

0051 

0052 

0053 

1 

36  0 

0044 

004S 

0046 

0046 

0047 

0048 

0049 
0048 

0050 

0051! 

oo^x 

t 

20 

0043 

0043 

0044 

0045 

0046 

0047 

0048 

<XH9: 
0048 

0050 

40 

0041 

004& 

0043 

0044 

0045 

0040 

0046 

0047 
0046 

OQ49 

37  0 

0040 

0041 

0042 

0043 

0044 

0044 

0045 

0C47 

0047 

0046 

20 

0039 
0038 

0040 

0041 

0042 

0042 

0043 

0044 

004s 

o<H5 

40 

0039 

0040 

004Q 

0041 

004  X 

0043 

0043 

0044 

004s 

38  0 

0037 

00381  0039 

0039 

0040 

0041 

0042 

0044 

0043 

0044 

«lfl 

1 
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59 

sr 

sr 

M^ 

M 

$5' 

SA' 

51' 

m' 

59' 

"     I 

o*eoi7 

0*0038 

0.0039 

1 

0.0030'  aoo40 

0.0041 

a  0041 

0W0041 

0.0043 

0.00+4 

in 

Q.CX>^6 

D,ao|6    0.0057 

0.003S  aoojS   O.OOJ9 

0.0040 

0.0040 

0.0041 

0,0041 

39  0 

0.0014 

0.0035    °>^»3S 

0.00561  0.0037'  0.0037 

0.0038 

o.oo|9 

0.0059 

0.0058 

0,€S040 

3W 

o.oo^l 

'  0.0033    <**^*034 

0.0035  o.oojs   0.0036 

a  003  6 

0.0037 

0.003 1 

10   (^ 

Q,O0^I 

1  0.0031'  0*0031 

0.0033  0.0054  0.0054 

0.005  s 

0.003  s 

0.0056 

0.0057 

1      aa 

O.O0|0 

0.0030'  0.0031 

0.00  3 1   0.00  31   0.  oo  5  3 

0.0033 

0.0034 

0,0054 

0.005s 

11    0 

o.ooifi 

o*ooiq'  o.ooio 
o.oois    o.ocal 

0,0030:  0.0031    0,0051 
0.0019  0.0010'  0.0050 
0.0017  o.ooil   OvOOiS 

0.0031 

0.00|0 

0.0031 
0.0031 

0,0053 
0.D051 

0.0053 

0,0051 

AO 

o*<>oi7 

0.0^31'             II 

S    0 

0.CK016 

0.0016   0,0017 

0.0019 

0.001* 

0.0050 

0.0050;  0.0031 

30 

Q.0014 

0.0015    0.0015 

0.0016  0.0016;  o.oo»7 

0.0017 

0.0018 

0.001 9  J  0.0019 
0,0017'  0.0018 

n  « 

O.QO%% 

'  0.Q014   ©.0014 

0,0015  0.0015   0*^015 

0.0016 

0.0016 

0.0017 

5U 

CLOOll 

'  0.0011    0.0013 

o.oo»5  0.00^4^  aooa4 

0.0011 

0.001s 

0.0015 

0.0016'  0.0016 

M   ft 

0.0011 

0.001  f|  0.0011 

0.0011  0.0011'  aooi3 

0.0013 

0.0014 

0.0014 

0,0044^  0.0015 

311 

0,0010 

O.OOIO   0^0010 

0.0011    o.ooii!  0.00 11 

aooii 

0.0011 

0.0015 

0.0013    0.0015 

3ft    l> 

0.001^ 

0.0019   0.00  ig 
o.ooiM,  0.0018 

0.001c  o.ooioj  0*0010 

0,0011 

0.001 1 

o.ocni 

0.0011'  o*ooi» 

:io 

Q.OOI7 

o.ooii   0.0010'  O^OOlQ 
0.0C17   o.oois^  0.0018 

o.ooia 

O.OOlS 

0.0010 

o.ooao 

o.ooiol  o.ooai 

18  0 

0.0016 

0.0017    0.0017 

0.0019 

0.0019 
0.001 « 

o.ootgj  O.CX319 

1        SO 

00015 

0.0016   0.0016 

o.oai6  0.0016    0.0017 

0.0017 

o.f»oi7 

0.00  it 

0.0018,               1 

37   0 

0.0014 

0.0014   00015 

0.0015   oootj    o.oot6 

o.oot6 

0,00 1 6 

0.0016 

0.0017 

0.001 7  f              1 

30 

0.00 1 3 

0.0013!  0.0014 

0.0014  (^<!^t4    0.0014 

0.0015 

0.001 1 

0.0015 

0.0015   o.oo]6:               1 

ii  0 

0.00 1 1 

0.0011    0.001  J 

0.0013   0.0013    0-0013 

0.0014 

0.0014 

0.0014 

0.0014'  0.0014'           1 

t        3(1 

0.001  I 

00011    O.OOIl 

O.QOIl     D.OOIl     OvOOll 

0.0011 

0.0015 

0.0Q13 

o.ooijl  0.0015 

39   t. 

aooio 

o.OQio   0.0011 

0.0011     0.0011      0.0011 

0.0011 

o.ooil 

0.0011 

o,ooia'  0.0011 

30 

■— 

O.COO9J    0.0010 

0.0010    0.0010     0.0010 

0.0010 

0.0010 

0.0011 

o.oon 

aocii 

m    1 

o.coot   0.0009 

0.0009    0.0009     0.0009 

0.0009 

0.0009 

0.00  to 

O.OOIO 

o.ooio'               1 

41 

0.0007;  0.0007 

0.0007    0,0007     0.0007 

0.0007 

0.0007 

0,0007 

o.ooof 

o.oooi                 1 

r4 

0.000  5 '  0.000  J 

0.0005     O.DOO5     0.000  f 

0.0005 

0.0005 

0,000s 

0.0005^  0.0006  [ 

43 

00003-  0.0005 

0.0005     0.0003 1    0.0005 

0.0005 

0.0005 

0.0003 

0.0003;  0.0004' 

44 

0.0001,'  0.000 1 

0.0001     0,0001      0.0001 

1 

o.oooi 

0.0001 

0.0001 

0.0001.  0.0001 

45 

O.OQOo'    0.0000 

0.CM3O0    0.0000     0.0000 

0.0000 

O.OOOQ 

0.0000 

0,0000^  o.oooo 

4A 

9'999«    99998 

9-999*   9-999*,  9-999* 

9  999* 

9999* 

9-999* 

9  999*    9  999* 

47 

9-9997    9  9^97 

9-9997   9-9997    9-999* 

9  999* 

9.9996 

9999* 

99996   9.9996 

411 

9-999S    99^J9S 

9.9995   9-9995'  9-999  S 

99995 

9.9995 

9-9995 

9-9994    9*9994 

49 

9  9994    9-9994 

99994   9  9991.  9  9991 

9  9991 

9*9991 

9-9993 

9-9991    9'999lj 

50 

9  999*1  9  999* 

9,9991   9.9991    9.9991 

9.9991 

9.9991 

9.9991 

99991'  9  999', 

Al 

99991    9  999" 

9-9991    9  99gt    9*999« 
9.9990  9.99I0    9.99J0 

9-99**   9-99**    9-99** 

9.9900 

9.9900 
999*9 

9.9900 
9-99*9 

9.99|g    9.99|l|             i 

S3 

9  9990    9999« 
9  99%    9'99*« 
9  99»»|  9'99«7 

^$3 

999*7 

9-99*7 

9  99*7    9-99*7, 

&4 

9-99*7   9-99*7    9-99*7 

9  99**1  9^99*^   9^99** 

9  99**19-99*5 

55 

9-99^*    9-99** 

9.9986   9.9986,  9.998s 

9-99*5 

9-99*  S 

9.9984 

9*99*4!  9^99*4 

IM 

^n^    9  99«5 
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[The  rtferencMi  are  to  the  rolame  tad  ptffp.] 


Abkbration,  of  a  star  in  the  direction  of  i 
the  obHerTer's  motion,  found,  I.,  0211;  I 
annual  aberration  of  a  star  in  longi- 
tude and  latitude,  found,  ft30;  in  right  I 
ascension  and  declination,  033;  Gai^m*;!  | 
tables,  035;   of  the  sun,  088;  diurnal  { 
aberration  in  right  ascension  and  de- 
clination, found,  038;   velocity  of  light, 
040;  planetary,  041;   constant  of,  0811; 
effect  upon  the  angular  distance  of  two 
stars,  found,  II.,  4(i0;   effect  upon  the 
position  angle  of  two  stars,  407.    Aber- 
ration of  lenses,   spherical  and  chro- 
matic, 11.,  18. 

Adams,  I.,  .mo,  r»84. 

Airy,  I.,  323;   II.,  302,  381. 

Ali'lade,  II.,32;  ellipticity  of  thepiTOt,47. 

Almucantars,  defined,  1.,  19. 

Altazimuth,  II.,  315. 

Altitude,  defined,  I.,  20;  parallels  of,  I.,  19. 

Altitude  and  azimuth  as  co-ordinates,  I., 
18.  I 

Altitude  and  azimuth  instrument,  II.,  315;  I 
azimuths  obnerTcd  with,  319;  zenith  ' 
diHtance!4.  320;  correction  for  defective  i 
illumination,  333. 

AMin.  II..  449.  ! 

Amplitude,   defined,    I.,    20;     of   a   star,  j 
found  when  the  star  is  in  the  horizon, 
I.,  3S. 

Aboklvxdkr,  I.,  93,  132,  141,  159,  040, 
705,  700;   11.  381. 

Axis  of  the  heaven**,  defined,  I.,  21. 

Azimuth,  <lefined,  I.,  20;  azimuth  of  a 
star,  found  from  its  declination  and 
hour  angl<».  ami  the  latitude  of  the 
obsprver.  31 ;  found  when  the  star  is 
on  the  six  hour  circle,  3<>,  when  the 
HCir  ix  at  its  greatest  elongation,  37, 
from  its  zenith  distauce,  39. 

n\rMK,  I..  321.  3t2. 

lUlLY,  I..  9.{.  flVl. 

HKniKR.  II..  104. 

IJkkr.  I.,  513. 

Hf.rtr\ni».  II..  400. 

Bk-«mkl.  I..  H.->.  87.  92.  93,  90.  97,  131.  132, 
lit.  13';,  ]\\  l.",8.  l.VJ.  100,    101,    105,1 
l»i7,   l«.s.   171.  3.J5.  1«m;.  4:V.i,  41H,  45ii.  | 
4»;i,  507.  512.  5»ii>.  574.  575,  57H,  000.  ' 
Oil.  r,i:,,  r.m,  r.to,  r,j»;.  »;.-»).  r,5l.  OVJ.  ■ 
<i'»5.  ♦;»;.'.  ♦;•;:,,  ♦;»;s.  093.  i;'.»t.  r,'»7.  09«.  ' 
7o2:    II..  35.  .'>o.  5'.».  i\\,  \  \:\,  144.   171, 
IT'".,    17»<.    1^3.  192.  197,  199.  228.  231, 
2W.  2=;.").  '2t\H,  jf.'i,  271.  2X3.  2S9.  203, 
2*M.   ■J'»5.   2*m;.  ::o1.  :{()2.  304.  .^07.  309*. 
3 10.  .i;:,,  ;;sK.  |(r».  Uh\,  107,  414,  432, 
419,   450,   453.  \i,\*,  4S9,  494. 


BiOT,  I.,  159;  11..  9. 

BOIINK.NBBRGKR,  II.,  08,  469. 

HoNi),  I.,  824;  II.,  79,  87,  92,  809,  460. 
HoBi>A,  I.,  898;  II.,  125. 
HorurER,  I.,  130.  138;   II.,  403. 
BowDiTCH,  I.,  153,  180,  209,  270,  800,807, 

308,  310;  II..  125. 
Bradley,  I.,  130,  138,  100,  101,  107,  666, 

01»2,  700,  702,  705,  700;  II.,  489. 
Brihns,  I..  130. 
BR'rNNow.  II.,  487,  440,  446. 
BrRCKiiARDT,  I.,  448,  080. 
BuscH,  I.,  092,  700,  701. 

Caoxoli,  I.,  286. 

Caillkt,  1.,  205,  298. 

Celestial  latitude  and  longitude  aa  co-ordi- 
nates, I.,  24. 

Telestial  sphere,  I.,  17. 

Chronograph,  electro,  I.,  842  et  seq. ;  II., 
8fi. 

Chronometers,  winding,  II.,  77;  trans- 
porting, 78;  correction  for  temperature, 
79;  comparison  of,  79,  by  coincident 
beats,  80;  probable  error  of  an  inter- 
polated value  of  a  correction,  83. 

Chrononietric  expeditions,  I.,  323. 

Circles.  See  graduated  circles,  meridian 
circles,  &c. 

Circummeridian  altitudes,  I.,  235  (see 
time);  more  accurately  reduced,  288; 
of  the  Sun,  Gauss's  method,  244;  limita 
of  the  methods,  251. 

Clark,  II.,  460. 

Clocks,  II.,  84;  clock  correction,  I.,  108, 
II.,  174;  rate,  I.,  193. 

CoDDIX<iTON,   II.,  9. 

Coffin,  1.,  028;  II.,  296,  297. 

Colures,  defined,  I.,  23. 

Compass,  variation  of,  I..  429. 

Connaiisance  (La)  des  Temps,  I.,  68. 

Constants,  astronomical,  determined  by 
ob.servation,  I..  071 ;  constants  of  refrac- 
tion, 071;  of  solar  parallax,  073;  of 
lunar  parallax,  080;  of  aberration,  <i88, 
089:  of  nutation,  0l>8;  of  precession,  701. 

Co-onlinates,  rectangular.  I.,  43,  trans- 
formation of,  48;  npherieal,  18,  trans- 
formation of,  27;  differential  variationa 
of,  50. 

Cusps  in  a  solar  eclipse.  II.,  432. 

D\MOisR\r,  I..  674.  675,  086. 
Dummy.  II.,  120.  127. 
Dav,  sidoreal.  I.,  62,  solar,  53. 
Dew,  II.,  349.  359. 

Declination,   circles  of,  parallels  of,  de- 
fined, I.,  21 ;  of  a  star,  found  from  its 
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nltirude  fttid  Aiitnuthf  nnd  llie  lfttj(u4c 
of  llie  tiliSLTver,,  27;  futiiid  train  this 
ighir'8  1i»iihi<k^  and  longitude^  luul  tUu. 
obliquity  ot  the  ecliptic,  42;  of  the  nuii 
fti  rhe  tiiiiiJ  iif  liis  transit  over  a  giv^-u 
incrididiif  71;  uf  tlie  muon  or  n  pbmei 
at  iLe  liiJLie  of  triiDsiit  over  ri  given  me- 
ridian, 73;  rediiciion  ot,  116;  ftf  sturn, 
found  by  tran^ii^  over  tlie  prime  ver- 
tical,  II.,  271  ;  nbsolntc  decHnntiou  of 
the  fixed  star*,  determined,  h,  O'jrj. 

Declinution  and  hour  angle  as  uu*u>rdi- 
niifes,  1„  21. 

DecUnaHon  and  right  ascension  as  co* 
ordinfitcH,  I.,  22. 

BBi^AMDnt^  L,  177,  280,  G80,  G92. 

l)K  Lanuk,  L,  :VJ1. 

l>L'rivfttivew  nf  a  tabulated  function,  I.,  B!)* 

Dip,  of  the  horixon.  I.,  172,  17"'J;  of  Ihc 
aea  at  a  given  dist-ance  from  iho  ob- 
gerver,  found,  17*J. 

BoLLAsn,  IL,  4Ui]. 

DONATl,  I.,  12<i. 

DovwKi,  L,  810,  316. 

Eartbj  figure  and  dimensions  of,  I.,  95; 
OompreBsion  of,  'JU;  eoceiiirioity  of  the 
meridian.  W;  radius  found  for  a  given 
laiitiide,  O'J;  lengtb  of  normal  termi- 
nating in  the  axi»,  found  for  a  given 
laliliide^ — distance  from  the  centre  to 
the  intersection  of  the  riornial  with  tlic 
axis — radius  of  curvuiure  of  tueridiun, 
101;  reduction  of  observations  to  the 
centre,  I (13. 

Eclipses  of  Jupiter*8  satellitefl,  L,  S39. 

£clipi»es,  sotar^  prediction  for  the  earth 
generally,  I.,  430;  fundamental  equa- 
tions— investigation  of  the  conditicm  of 
beginning  or  ending  of  a  »olar  eclipse 
fti  a  given  place  on  tbo  earth  »  surface, 
430  ;  po^iition  of  the  axis  of  the  Mbadow^ 
found  for  any  given  time,  141 ;  tHst«mce 
of  a  given  place  of  observation  from  tire 
txis  of  the  shadow  nt  a  given  time^ 
found,  4-14;  radiusof  tbo  ttbadow  found, 
44H;  outline  of  rnoon^  shadow  upon 
the  eartb  ut  a  given  time,  found.  I'iIj: 
rising  and  setting  limiis,  4<i*S;  curve  of 
maxiniutn  in  the  horizon,  47  >;  northern 
and  southern  litnita,  4S<);  curve  of 
central  eclipse,  491 ;  duration  of  total 
or  annubir  eclipse,  493 ;  place  where  the 
central  ectip^e  occurs  at  noon,  found, 
494;  northern  and  southern  limits  of 
total  or  annular  eclipse,  498;  prediction 
for  a  given  place — time  of  a  given  phnse 
computed,  TilKj;  inslant  of  mnxininm 
obscuration,  and  degree  of  obscuration, 
found,  «Vtl^:  method  of  the  American 
Epheineris,  AVJ;  correction  for  rc!>ac- 
tion,  f)15;  reduction  to  thi«  sea  level, 
517;  iongitudo  ot  a  pbioo  found  from 


th<»  obBcrvatiofi  of  n  Mlar  ««1tf>M*,  i 
longitude  corr<NJted,  i>21 ;  obsvrvalion« 
upon  the  t^un's  cusps,  IL,  4^2 ^  /itiitfr, 
I.,  542,     See  Ckculialions. 

Ecliptic,  defined,  1.,  22;  obliquity  of,  de- 
fined, 2a,   fom,d.  tiAJU, 

Ellis,  ll„  194.  195, 

enckk,  l,  m,  9e,  100,  us,  59a,  aio;  it, 

Aiiir,  475, 
Ephemeris,  American,  French,  Gerauitt,!., 

OS;   Pkiuck's  method  of  eorreiulng,  Z5Sk 

Equaiion  of  time,  1.,  54,  71 ;  vf  eiiual  ftl* 
titudes^  2IXt;  personal  equation,  11.,  1S9. 

Etiuiitor,  celestial,  defined,  L,  21. 

Equatorial  letej^cope,  IL,  3r,7;  general 
theory  of.  370;  instrumental  dectinatioii 
and  hour  angle  of  an  observed  point, 
founill»371;  ficxwre*  S7H;  itistrumental 
declination  and  hour  angle,  rc^luced  to 
the  ceh'rttial  declinaticmand  hour  angle, 
tJ75;   adjustment  of,  379. 

Equinoctiiil,  defined,  I.,  21;  |>aiut9»  de- 
fined, 2:1;  determined,  tJtifi. 

Equinoxes,  definetl,  I.,  23. 

EnTCL,  IL,  132,  S15,  810,  929, 

FERoraojf,  T.,  120. 

Fixed  stars,  proper  motion  of,  L,  030; 
heliocentric  or  annual  parallax  of,  de* 
fined,  *A'A,  found  in  longitude  and 
latitude,  044,  found  in  right  aitceosion 
and  declination,  045;  mean  and  appa* 
rent  places  of,  045. 

Fbanklin,  Sir  JoiiN,  L,  583. 

PRAiTKiioFEa,  IL,  3ti7,  368. 

Gai.lowat»  L»  706. 

Gajhuky,  IL,  125. 

Gauss,  L,  !1L  34,  190,  244.  210,  2«2,  Hm, 

am,  339,  027,  ti2S,  035,  04:i,  674,  70.i; 

IL,  23,  tJO,  148,  409. 
Gav  Lr!*sAc,  L,  143, 
tieoccntric  place,  L,  lt)8. 
Gi:jiLi!«i,  L,  079;   IL,  469, 
GiLLiss,  L,  352,  6S0. 
GoKTzi:,  IL,  9. 
<}ni  LI),  L,  242,  344.  846,  850,  680;   II,. 

391. 
Graduated  circles,  IL,  29;  cecentHeitj  ^t, 

87,  SO;  periodic  functiona,  4^;  trrora 

of  gmdttation,  oL 

Hadlet,  n.»  92. 

IIallky,  IL,  13L 

Hanskn.  L,  85,  182,  439,  475,  MM»  Ms 

1L,59.  144,  171,  174,  213,  210.  tt%f 

240,  251,  257,  3t>4,  4t»7,  409, 
Heliometer,  IL,  408;  general  thiMW/  of, 

407;  delermination  of  coostanta  of.  42^ 
HlCJCDEttSON,  L,  O^j,  70<i. 

llKRsrnsL,  L,  698,  094.  703,  706;  IL,  % 
27.  120. 
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HiPPARnirs,  T..  CR<>.  i 

Horizuti.  (le(ine<l,   I..  18;  dip  of,  defined, 
172;  dip  fouud,  173;  distance  of,  at  sen,  i 
found.  178.  j 

Hour    unfile,  defined,   I.,  21 ;    numerical  i 
cxpres?*i<)n  of,  27 ;  of  a  t»tar,  found  from 
its  altitude  nnd  azimuth,  and  the  lati- ' 
lude  <»f  the  observer,  27;  found  when 
tlie  star  is  at  its  fcreiilest  ehmpcation,  37; 
when  tht*  htnr  is  on  the  prime  Tertical ' 
of  a  givfU  place.  37;  when  the  star  is' 
in  the  horizon,  .')8;   from  its  zenith  dis- 
tance. 3'.);   found  at  a  given  time,  04.      ^ 
Hour  circles,  defined,  I.,  21. 
Hi  iiBvui.,  I.,  «i28,  Gol.  I 

Htlsse,  I.,  211.  I 

Interpolation,   simple.   I.,  00;  hy  second 
differi'nces,   73 :    hy  differences  of  any  : 
order.  70;   Besskl's  formula,  H') ;   into' 
the  middle.  H7 ;  formula  arranged  ac- 
conling  to  the  powers  of  the  fractional 
part  of  I  he  argument,  H\i. 

Jahrhurh.  Berliner  Astronomiaches,  I.,  08. 

Johnson-.  I..  7nj;. 

Jupiter's  satellites,  eclipses  of,  I.,  330. 

KVISKK.  I.,  301. 
Kanb.  I..  .>3. 
Kkitii.  I..  «;28. 
Kr.Nuvi.L.  I..  3.'i2. 
Kkplkr.  1..  ')02.  073. 
Kksski..  II..  23").  208. 
KVOKKK.   II..   102. 
Kn^sir.  I.,  l.')3,  i:»8. 

La<'aii.i.i:,  1..  OHO.  700. 
L\<jiian.;k.  I..  148,  .V.J3,  506. 
Lu.\\i.K,  I..  03.  428.  i 

L\MHKrir.  1.,  A 42.  i 

L\iM.\r»:.  I..  148.  i:i3,  150,  100;   II.,  400. 
Lali(ud(>.    ••<»lo«»iia] — circles    of — parallels  . 
of,  1..  2t:   geographical.  2>j  ;   of  a  star,  ' 
found    from    its    <leclinati(>n   and  right 
aprtMiHpni.    and    the    ol>li(|uity    of    the ! 
ecliptic,  3'»:   reduction  of,  for  tlie  coni- 
pre-'^ioti  of  the  earth,  07;    distinction 
between  giMidetic  and  astronomical;  ((Ki;  , 
a«troituiiiiciil  latitude  found  by  meridian 
altitiiile**.  or  zenith  distances,  223;  by 
a  sin<jl<>  altitude  at  a  given  titne.  220; 
by  re  hn'tion  t<i  the  merilian  when  the 
time  i-*  given.  233:.l)y  circummpridinn 
aliitii'le-*.   2:;'>:   by  the   polo  Htar,  2'i3; 
by  two  uliitude.-*  of  the  same  star,  or 
<litf«ierji    sfai-M.  aii'l    the    ehipned  time 
beiw«rn  tlie  observations.  2 '»7 :  by  two 
altitiib't  of  the  nun.  2''.0;   by  twoVipial 
altiiii'l'**  of   the   "ame  star,   or  of  the 
hUfj.  \ll^i:   by  two  altitudes  of  the  same 
or  •iitV'Trnt  *tar«<.  with  the  difT^Tence  of  ' 
their  uzimufh",  277;    by  two  different  | 


stars  obserred  at  the  pamc  altitude 
when  the  time  is  given,  277;  by  three 
or  more  diiTerent  stars  observed  at  the 
same  altitude  when  the  time  is  not 
given,  280;  by  Cagnoli's  formulte,  280; 
by  the  transits  of  stars  over  vertical 
circles,  203;  by  altitudes  near  the  me- 
ridian when  the  time  is  not  known,  29f>; 
by  the  rate  of  change  of  altitudes  near 
the  prime  vertical,  'MK);  fuund  at  sea, 
by  meridian  altitudes,  304;  by  reduc- 
tion to  the  meriilian  when  the  time  is 
given — by  two  altitudes  near  the  me- 
ridian when  the  time  is  not  known,  307; 
by  three  altitudes  near  the  meridian 
when  the  time  is  n(»t  known.  3t<0;  by  a 
single  altitude  at  a  given  time,  311);  by 
the  change  of  altitude  near  the  prime 
vertical—by  the  pole  star,  31 1 ;  by  two 
altitudes  with  the  elapsed  time,  ^U3: 
Doi'WKs's  metho<lof  **duublealliiudes," 
31''>:  determined  by  a  iran^^it  instru- 
ment in  the  prime  vertical,  II.,  23N,  242, 
202, 2.>4, 200,  20o  jiy  Talcott's  method, 
342. 

Least  squares,  method  of,  Ai'PE.ndix,  IL, 
400. 

Lkcexdrk,  II.,  409. 

Lercl,  1!.,  70;  value  of  a  division  found — 
radius  of  curvature — effects  of  changes 
of  temperature,  7o;  radius  of  curva- 
ture (»f  iliffercnt  parts  of  the  tube,  70; 
level  constant,  I'Vi. 

Le  Vkkrikr,  I.,  rj78,  601. 

LlAORE,  II.,  4()0. 

LiKi-ssoN,  I..  333;  II.,  70. 

Light,  Telocity  of.  1.,  «i40. 

Li.M)ESAr,  I.,  002;  IL,  400. 

LiTTRow.  I.,  800,  302;   IL,  0. 

Lloyd,  11.,  0. 

L<HKE.  IL,  80 

Longitude,  celestial,  define<l,  I.,  24 ;  of  a 
tar,  found  from  its  declin  iiion  and 
right  ascension,  and  the  ubliquity  of 
the  ecliptic,  30;  terrestrial  longitude, 
found  by  astronomical  observations — 
by  portable  chronometers.  317:  by  ter- 
restrial signals,  337;  by  celestial  sig- 
nals, 339;  by  the  electric  telegraph, 
341;  by  moon  culminations,  3'>0;  bj 
azimuth**  of  the  moon,  or  transits  of  the 
mmm  and  a  star  over  the  same  vertical 
circle.  371 ;  by  altitudes  of  the  moon, 
382;  by  lunar  distnnce^  303;  by  an 
eclipse  of  the  sun.  •'>I8;  by  or  eu  I  tat  ions, 
5<'MI;  terrestrial  longitude  found  at  sf.\, 
by  chronometers,  420;  hy  binnr  dis- 
tances. 422:  by  the  eclipses  of  Jupiter's 
satellites — hy  tho  moon's  altituile,  423; 
by  the  occultaiions  of  star*«  by  the 
moon.  424;  by  the  observed  contact  of 
the  nioon*s  limb  with  the  limb  of  a 
planet,  r)7H. 
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Lunar  dlstftnce,  found  at  ii  giT#n  time,  L, 

75;  luiigitudo  fuiiud  lijr,  893, 
LrKiiAHL,  L,  im,  701,  706> 
Ltma5,  IL,  3GG. 

MXuLBB,  I.,  870,  542»  548,  CM)6,  708,  706. 

Mauler,  IT,,  307. 

Mahtinh,  11.,  lUU,  119,  127,  180. 

Mateu,  L,  542;   IL,  145, 

Heasuremetit  of  angles ,  IL,  29. 

Mcriilian.  cdesllal,  defined,  L,  10. 

Meridian  circle,  II.,  *8:i;  redaetion  to 
the  meridian.  2S9;  observation  by  rc- 
flection,  :2**3;  flexure,  302;  observaiionH 
of  llie  declination  of  the  mooQ,  804; 
declination  of  a  planet*  or  the  »nn,  309; 
correction  of  the  observed  declination 
of  a  planet's  or  the  moon's  limb  for 
apheroidal  figure  and  dcfectiTe  illumi- 
natjon,  aiO. 

Meridian  line,  defined.  T.,  19;  directioQ 
found  bj  the  meridian  passage  of  a  star, 
by  slmdows,  421*:  bj  single  nltitudea  of 
a  star,  43U;  bj  equal  altitudes  of  a  star, 
431:  by  the  angular  distance  of  Ilie 
Pun  tVoui  any  tcrresirinl  object,  432  ;  by 
two  measures  of  the  diiiranee  of  the  iiiin 
from  a  terrestrial  object,  434  ;  by  the 
azimuth  of  a  utnr  at  n  given  time,  484; 
by  the  greatest  elongation  of  a  circtim* 
polar  star,  4*14;  other  micrometers,  449. 

Meridian  mark,  IL,  187, 

Meez,  II.,  M7, 

Micrometer,  filar,  II,,  59,  391 ;  ralue  of  a 
revolution,  found,  tJt}^  StiO;  effect  of 
temperature  upon  ibe  value  of  a  revolu- 
tion, OB;  poi^ition  microoieler,  tj9;  ring 
micrometer.  4*16. 

Micrometrio  observations — ^filnr  niicrom- 
eter — distance  and  position  Angle  of 
two  stars,  found,  IL,  301;  correction 
of  the  observed  position  anj;flo  for  errors 
of  tbe  eqtiatorial  in.strument,  flU'l;  ap- 
parent difference  of  right  aseen^iion  and 
decliiiation  of  two  ginrs,  fi^Mind.  3!iT ; 
correction  for  refriiGtion.  4.')Lt:  eorrec* 
tion  for  precession,  nutation,  and  aber- 
ration, 4GG« 

MieroBcope,  reading,  II.,  S3;  error  of 
runs,  8t^. 

MiTciiRi..  II,.  87. 

Moon  culminations,  I.,  850. 

MnanE.  ir,  8«\,  87. 

Mural  circle,  11..  282, 

Nndir,  deEned,  1.,  19;  point,  IT.,  28&. 

Kautical  Alnmniic,  Bntisb,  L,  G8. 

Nbwtoj*,  II.,  '.i2. 

Nicola  I.  I.,  HOI,  627,  CaB, 

Konage^inial,  I,,  25. 

Koitiiii,  IL,  'Mh 

^wm,  apparent,  mena,  T.,  58. 

Nutation,  I.,  624;  in  right  afeensioD  and 


declination  for  a  given  itar  at  a  given 
time,  found,  625;  general  table*  far, 
explained,  620;  coiiataut  of,  62l«  nd^i 
effect  upon  the  pottition  aagU  of  two 
ttan,  found,  IL,  467. 

Obliquity  of  the  ecliptio.     flee  ecliptic. 

OcoulCations,  of  fixed  starsby  the  moon,  L, 
649;  longitude  found  by.  5ik»,  67J*:  pre- 
diction for  a  given  place,  557;  li  mi  ling 
parallels  of  latitude  found,  **(]):  of 
pi 0 nets,  5ti5;  form  of  a  planet 'i  di*c, 
666;  curve  of  illunaination  of  a  planet 'g 
surface,  found.  569;  of  Jupiter,  575, 
Saturn,  Saturate  King,  Mari,  Venus, 
and  Mercury,  676,  Neptune*  Tranut, 
58^^;  of  fixed  stars  by  a  p1autl|  601; 
of  Jupiter's  satellites,  840. 

Olbuhh,  I.,  107:  IL,  16. 

Oli  rsKN,  L,  686. 

UtiUBMAXS,  L,  891,  448,  551, 6G& 

Papk,  L,  601. 

Parallactic  angle,  defined,  I.,  80:  of  a  star 
on  tbc  prinie  vertical  of  a  given  pbiee,, 
found.  87;  found  from  a  starn  Aiinth 
difttance,  39. 

Parallax,  defined,  L,  104;  found  in  alti- 
tude or  lenith  distance,  the  eariU  re- 
garded a.$  a  pphere,  105;  of  a  star,  in 
xenith  diatance  and  niimuth.  whrti  the 
geocentric  feniih  distance  ft»  ti 

are  given  nnd  the  earth  is  r<  i 

a  spheroid.  lt)7:  of  a  sisr  \t\ 
lance  and  azimuth,  when  il  i 

xenith  ditit Slice  and  atiniuih  ,.. .  «.■  ;., 
the  enrtb  regarded  ait  a  tipberoid, 
reduced,  reduction  of,  113:  of 
planets  or  the  nun,  113;  in  senilh  die- 
lance,  for  the  point  in  which  the  normal 
meets  the  earth  s  axis,  lit);  in  trnith 
distance  for  the  »anie  point,  whrti  the 
apparent  zenith  di»ianee  i^  i  '  ^ 

of  a  i<tar  In  right  as^cension  n 
tion  when  its  geocentric  righ 
and  declination  are  giv«'n» 
star  in  right  ascension  and  •! 
when  its  observed  right  nsceiunt^n     i;  i 
declination  are  given,  I2ij;  hi  Ini!      i 
and  longitude,  126;  solar,  r 
<]73;  of  a  planet,  or  the  suii 
meridipin  obsi^rvations.  674: 
found   by  extra  nieridiMn 
of  a  planet,   677:    lunar,  cui. 
6Wh  of  n  fixetl  ciar,  fuund  by  micro- 
metric  mesmureg,  098. 

PaAasoM,  IL.  9,  450. 

ParacK,  L,  14H.  ^A7,  351,  85lt,  861,  Mt;' 
m\  vim,  578;  IL.  198.  202,  307.  SM, 
261,  ;i57,  469,  490. 

Perto<lic  functions,  IL,  42. 

Personal  equation,  IL,  189;  peraoul 
scale,  193. 
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Pktkrs.  C.  a.  F..  I.,  OOT,,  024.  fi25,  020, 
627,  050,  051,  052,  002.  006,  nm,  098, 
6<.»y,  701 ;   IL.  51*,  818,  319,  497. 

Pktkr^kx,  I.,  256,  601;  II.,  440. 

PiAZzi,  1.,  94.  702. 

PiHToB,  11.,  10<i,  110,  127,  130. 

Planets,  occultationH  of,  I.,  50.'). 

Plumb  line,  abnormal  deviations  of,  I., 
102. 

PoiHsos,  II..  400.  I 

Polar  (limancc.  defined.  I..  22.  | 

Portal»Ie  trnnxit    inHtrument  (see  transit 
inHtrument)  as  a  zenith  telescope,  II.,  | 
80»i. 

POTTKB,  II.,  0. 

PreccfMion,  luiii-solar,  planetary.  I.,  604; 
chanjrc  in  the  obliquity  of  the  ecliptic. 
60''>:  general  precession  in  longitude, 
and  the  |x)sition  of  the  mean  ecliptic, 
found,  005;  in  longitude  and  latitude 
of  a  given  star,  from  the  epoch  1800, 
fnund,  r»i»8;  between  any  two  given 
dateH.  010;  annual  precession  in  longi- 
tude r>r  a  given  date,  Oil;  in  right 
ascension  and  declination,  between  any 
two  given  dates,  013;  annual  precession 
in  right  ascension  and  ileclination.  010; 
position  of  the  pole  of  the  equator  nt  a 
given  time.  founJ.  OIK;  constant  of.  701 ; 
effect  upon  the  position  angle  of  two 
star.-*,  found.  II.,  407. 

PRErilTKL,   II.,  0. 

Prime  vertical,  defined,  I.,  10. 

Prismatic  circle,  11.,  127.  i 

Proper  motion  of  the  fixed  stars,  I.,  620; 
re<liiced  from  one  epoch  to  another, 
621 ;  on  a  great  circle,  023.  i 

Proportional  logarithms,  I.,  75. 

Puisj«vNT,  I.,  217,  250.  I 

RAMm»KN,  II..  23,  440. 

R\PKR,  I.,  422,  305;   II.,  104. 

Ke<luctiun  of  a  planet's  place,  I.,  657.        i 

Reduction   to  the    meridian   for   circum-  • 
meridian    altitudes,    I.,  235.   238;    for 
meridian  circle  observations.  II.,  280. 

Refraction,  general   laws  of,   I.,  127;  as-, 
tronimical,    128;    tables  of,  explained, 
130.   ItiO;    formula    investigated,   134;, 
differential  equation  of,  130:  Simpson's 
or     BoraiBR's     formula,     Bradlf.y's.  ' 
13^:  first   hypothesis,  130;  second  hy- 1 
poihe««is,  14.3;  of  a  star  in  right  ascension  | 
and  declination,  found,  171;  constants 
of,  determined.   071 :    effect   in  transit 
observations,  II..  186. 

RliiNU  i.T.  I  .  1  11.  143,  100,  101. 

Repeating  «Mrcle.  II.,  110. 

Rkpsomp.  II..  l.-,7.  272.  283,  303. 

Right  asc(Mi<«ion.  defined,  1..  23;  of  a  star, 
found  fr<im  the  Mtnr's  hour  angle.  30, 
from  its  Intitmle  and  longitude,  and  the 
obliijiiity  of  the  ecliptic,  42;  of  the  sun 


at  the  time  of  his  transit  over  a  given 
meridian,  71 ;  of  the  moon  or  a  planet 
at  the  time  of  transit  over  a  given  uie> 
ridian,  73:  of  the  fixed  stars,  deduced 
from  transits.  II.,  175;  of  the  moon, 
deduced  from  an  observed  tran««it,  214. 
Determination  of  the  absolute  R.  A.  of 
fixed  stars.  I.,  0<>5. 

Ring  micrometer,  II.,  436;  correction  for 
curvature,  438;  correction  for  the  pro|>er 
motion  of  one  of  the  objects,  441; 
radius  of  the  ring,  found,  445;  correc- 
tion for  refraction,  461. 

RiTTENiiorsE,  II.,  06,  187. 

RociioN,  II.,  440. 

RtPBKBO.  I.,  143,  160. 

RI'mkkb,  I.,  93. 

Saffobd,  I.,  512. 

Sastixi,  I.,  04. 

Sawitsch,  II.,  0.  212,  221,  264. 

Saxtox,  II.,  87,  01. 

SriioTT,  I.,  683. 

SiiirMACUEB,  I.,  34,  256,  627,  635:  II., 
130. 

Semidiameters  of  celestial  bodies.  I..  IHO; 
augmentation  of.  1K3:  contraction  of 
the  vertical  semidiameter  of  the  sun  or 
moon,  pro<luced  by  refraction,  f(»und, 
184;  contraction  of  any  inclined  semi- 
diameter,  pr«Mluce<l  by  refraction.  IHi'i; 
contraction  of  horizontal,  187;  planets' 
mean,  087. 

Sextant.  II..  02;  adjustments,  0.5,  00; 
index  correction,  by  a  star,  by  the  >*un. 
08;  method  of  observation,  '.Hj;  altitude 
from  artificial  horizon,  14)1,  from  the 
sea  horizon,  103;  equal  altitude.<<.  104; 
how  to  examine  the  roloreil  glaM.<tes, 
ltM>;  parallax,  107;  errors  of  the  index 
glass,  lo8;  error  of  the  eight  line,  112; 
eccentricity,  117. 

Simpson.  I.,  138. 

Six  hour  circle,  defined,  I.,  20. 

SoUtices,  defineil.  !.,  23. 

Spherical  astronomy,  defined,  I.,  18. 

Star  catalogues,  I..  01. 

Stkixiieii^  H..  132.  234.  *y»S. 

Stbive.  I.,  M,  324.  32ii.  828.  820.  331. 
332.  575.  578,  tyMi,  i)iV2,  tUO,  6«,»2.  7<h;, 
707;  II.,  84,  157.  102,  202.  272.  275, 
282,  28:j,  318,  807.  881,  3H.'»,  450. 

Sum.nrb's  method  of  finding  a  ship'n  place 
at  sea,  I.,  424. 

Sun,  right  ascension  of,  I.,  71 ;  meridian 
zenith  distances  of,  228;  mean  motion 
of.  052;  epoch  of  mean  longitude  of, 
65.1;  motion  in  space.  7H3;  observations 
upon  the  cusps  in  a  solar  eclipse,  II., 
432. 

Tai.cott,  I.,  226:  II..  840.  866,  367:  his 
method  of  finding  the  latitude,  342. 
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Tclcfoope,  n.»  9;  magnifying  power,  12; 
fiftit  t*i  view,  14;  t>righiuc^e»  ol  iiimges^ 
an<i  inien!f*itjr  of  (heir  lights  lo;  HphiT- 
iciil  nn^l  ohroDintic  aberratlou,  18; 
ftchroniuiio  eye  pieces,  20;  tlitigoiml 
eye  pieces  -«;  mugnifying  power 
measured,  first  meihoU,  2'i;  second 
method,  23;  thiril  method,  25;  fourth 
method,  2*i;  reflecting,  2";  finding,  28; 
leniih,  II,,  MO;  enuAtoriftl,  ^07. 

Time,  apparent,  mean,  sidereal,  solar,  I., 
63;  civil,  astronomical,  54;  convereiona 
of,  54,  57*  5*1,  00,  r»2,  ii55 ;  local  mean, 
found,  65;  equation  of,  54,  71;  local, 
Greenwich,  dertncd,  56;  Greenwich, 
correHpiHtding  to  a  given  right  Mcen- 
aion  of  the  moon  on  a  given  day,  found, 
75;  corresponding  to  a  given  lunar 
di»(am'e  on  a  given  day,  founds  77 : 
found  by  astronomical  obserTatinnH, 
l\^li',  by  traii?it6,  Kt6;  by  equal  altitude;! 
of  a  sijir,  VM'r,  by  equal  altitudes  of  the 
sun  before  and  after  noon,  U»8,  before 
and  after  midtiight,  2U! ;  correction  for 
snmll  inequalities  iu  the  altitudes,  202; 
prohiible  error  of  obsorTfttion  of  equal 
alliiudes,  21  >5;  found  by  a  single  alti- 
tude, or  lenilli  dijiitance,  200;  mean  of 
times  reduced  lo  tncan  of  zenith  dla- 
lances,  215;  found  by  the  disappear- 
nnce  of  a  star  belli nd  a  terrestrial 
object,  217;  truo  and  apparent  riHing 
or  netting  of  a  star —beginning  and 
ending  of  twilight,  218;  found  at  hka, 
by  a  eingle  altitude,  210;  by  equal 
altitudes,  220;  found  with  a  portable 
iruusit  ini<lrumcnt  in  the  meridian,  £L, 
2t)H,  out  of  the  meridian,  215, 

Transit,  I..  52;  time  of  the  moon's  or  a 
planet >  transit  over  a  given  meridian, 
found,  72, 

TrunMit  circle.  II.,  282. 

Transit  instrument,  IL,  131;  method  of 
obnervaiion,  1"^8;  general  formulae, 
l.TJ:  in  the  mcridlati,  140;  threait  in- 
tervals, 14ti;  reduction  to  the  middle 
thread,  1  tU;  reduction  to  the  mean  of 
the  threads,  151;  level  constnnt,  1511; 
inequttUty  of  pivots,  155;  cotlinmtion 
con>«utnt,  WA}\  azimuth  conslaiil,  hiO; 
portable,  in  the  meridian,  200;  in  any 
Tcrtical  plane,  2()'J,  adaptation  as  a 
reniih  telescope,  IL,  30(1. 

Transit  instrument  in  the  prime  verticnl; 
geo|ri*iip|iical  lutltude  determined,  IL. 
2;iH,  242,  200,  252,  254,  205;  arljuslment 
in  the  pritne  vertical.  2'^0;  correciion 
for  inclination  of  the  axis,  241 ;  declina* 
Uoua  deiermiuedf  27  L 


Traii»H9,  of  the  moon^  n.,  170:  of  Uii*  warn 
or  a  planet,  l**2;  correction  'f  ♦»•♦• 
transit  when  the  ptanfl'fi  del* 
has  been  observed,  185;  crt< 
fraction,  1B6;  probable  error  of  ob«ierT»- 
tion,  !*J4;  of  Jupiter's  sateUttes  o»er 
the  planet  a  dbc,  and  of  8had«>ws  of  Ibt 
I  sateilitci!!,  L,  340;  of  Venus  and  M«r* 
I      cury  over  the  sun's  disc,  50 L 

TaorcsHTON,  IL,  111*.  127. 

Twilight,  time  of  beginning  and  endiiiCt 
L,  218, 

TwiMso,  L,  602. 

Valz,  1L»  25. 
VKfjA,  L,  211. 
Vernier,  IL,  80, 
Vebsieb,  Fetkb,  n,,  SO, 
Vertical  circles,  lines,  and  planet,  defined. 
L,  UK 

Walkeh,  L,  342,  a.'iS.  »04;  n,.  3^,  40± 
WAisNSTonrf,  I-,  i!4,  250,  027,  035. 
Wkissk.  l,  m, 

Wl«>ll.^ANN,  IL.  4S<5. 
WouFKBs,  L,  93,  062. 
Wkigut,  L,  ri04, 
WuEDEHASfN,  L,  U4;   lU  1^* 

Year,  length  of,  L,  052;  fictitiont,  1551; 
beginning  of  fiotidotu,  found,  tj^4. 


Zach,  L,  302. 

'iKrn,  L,  1>3,  211,  652. 

Zenith,  defined,  L,  19. 

Zenith  di^itanco,  defined,  L,  20;  ofm  alar, 
found  from  its  declination  and  luMsr 
angle,  and  the  latitude  of  the  oba«nrit« 
31;  found  when  the  star  is  on  tb«  «|s 
hour  circle,  30;  found  when  the  alar  la 
at  its  greatest  elongation,  Ji7;  fonMl 
when  the  star  is  ou  the  prtnit  vprttenlp 
87;  reduction  of  obsvrred  fenitli  di#i. 
tanees  to  the  centre  of  tli-  •■»-•*•  f89t 
change  of,  in  a  given   in'  toMti 

213;  moan  of  the  lenitl:  ^  r#* 

duced  to  the  mean  of  iU«  timva,  214 i 
of  the  sun,  22M  | »««  If.,  320). 

Zenith  telescope,  II.,  S40:  con--  r 

re  fraction,   H44*    for    level,   i 
meter,  346;  reduction  to  the  m^^ntimun, 
selection  of  stars,  <:47 ;    diseitaiilOQ  4kf 
the  re**ul(p»,  H50;   value  ♦'^  '    I'-J-'^^ti  of 
the  level,  358;  value  of  >  n  «f 

the   micrometer,    JiO(>;    ♦  lian 

observations  for  latitude,  ii^. 
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Telescope,  TL,  &:  magnifying:  power*  12; 
fi«;li|  <»l'view,  14;  brigbtneh^  ill' iniagPSf 
and  inieiiHiiy  of  their  ligU(,  !*>;  splief- 
iciil  and  chromntio  aberralion,  18; 
Acliromutio  eye  pieces,  20;  diftgoual 
eye  pieeefli  22;  oingnifying  power 
measure*!,  first  tinstiiud,  22;  aeconil 
nieihod,  23:  ttiird  uietliod,  25;  fourtb 
method,  26;  retlcctiugt  27;  fioding,  28; 
xenith.  H.,  340;  equAlonnl,  ;i67, 

TiBie,  Apparent,  nie<m,  sidereal,  solar,  I.. 
6«^;  ctviU  astronomical,  r>4;  conversions 
of,  r>4,  57,  50,  tiO,  €2,  055;  local  mean, 
fouHil,  115;  equation  of,  54,  71;  local, 
Grei<nwi(di,  dti fined,  65;  Greenwich, 
conesjtoiidiriK  to  a  given  rigbl  lucca^ 
sioii  of  thif  moon  on  a  given  day,  found, 
75;  corresponding  to  a  given  liiniir 
diitlniiee  on  a  given  day,  found,  77; 
found  by  agronomical  ob^er^aiions, 
11)3;  by  trausils,  I'M;  by  equal  altitudes 
of  a  t?trtr,  IW;  by  equal  ulthtides  of  the 
»un  bt't'orc  and  afternoon,  H>8.  before 
and  after  niidnighi,  201 ;  correction  for 
small  inequalities  in  the  altltudBs,  202; 
prolMble  error  of  observation  of  equal 
altitudes,  205;  found  by  a  single  alti- 
tude, or  teuiih  distance,  *20*i;  mean  of 
times  reduced  to  mean  of  zenitti  dh- 
tancea,  215;  found  by  the  diaappear- 
nnce  of  a  star  behind  a  (crrestrtal 
object,  217;  true  and  apparent  rising 
or  Fctting  of  a  star — beginning  and 
ending  of  twilight,  218;  found  at  kka. 
bj''  a  single  altttiide,  210;  by  equal 
altitudes,  220;  found  witli  a  portable 
transit  in.^^tniuient  in  the  meridiun,  IL, 
2tKl,  out  of  the  meridian.  215. 

Transit,  L,  52;  time  of  the  moon's  or  a 
planet *M  transit  over  a  given  meridian, 
found,  72. 

Tran?^it  circle,  II.,  282. 

TraniNit  instrument,  II.,  131;  method  of 
observrKion.  I;'i8;  general  formulita, 
181»;  in  the  meridian,  140:  thread  in- 
tervala,  IJG;  reduction  to  the  niiddl« 
(lirciKl,  140;  reduction  to  the  mean  of 
the  threads.  151:  level  conBtant,  153; 
inequ:»lily  (►f  pivot-^,  155;  colliiuation 
oouHinnf,  I*WJ;  aziiiiutb  constant^  100; 
portnble,  in  the  mi^ridian,  200;  in  any 
vertical  plane,  21  K>,  adaptation  as  a 
»t»niih  Irlt'sicope,  IL,  36fi. 

Ti  I  iment  in  tine  prime  vertical; 

I  tl   latituile   delvrmined,  IL, 

;:.  .  ^1^.  ^ai,  252,254,  'Hl'ti  adJiiHtnivnt 
iti  the  prime  vertical,  230;  correction 
for  inclination  of  the  axis,  241 ;  declina- 
lions  determined,  271* 


Transits,  of  the  moon,  IL,  176:  of  ik^Mm 
or  a  pIuniH,  182;  correction  of  tli« 
trani<itwhcn  the  phin«*i  m  diffective  Itoila 
ha9  been  observed,  185;  cifei  i  tf  n^ 
fraction,  180 ;  probable  error  , 
tion,  iy4;  of  Jupiter"**  fat*! 
the  planet's  dbic,  and  of  shad^i^*  iJ  ihn 
satellites,  L,  340;  of  Venn*  and  Mar* 
eury  over  the  sun's  dt^c,  ^M\, 

TRoriTiHTON,  IL,  110,  127. 

Twilight,  time  of  beginning  and  cndiag, 
L,  218, 

Twixwu,  L,  602. 

Vali,  II..  25, 
VKtjA.  L,  21L 
Vernier,  IL,  30. 
Vku.siku,  Pktf.r,  IL,  SO. 
Verticil  I  circles,  lines,  and  planea,  deiUicd« 
L,  10, 

Walker,  L,  842,  355,  3*^:  IL,  «S»,  IttL 

WARsi*TmiFr,  L,  Zi,  25^.  *127.  fJirj. 

Weissb,  L,  1*3. 

WiriiMANN,  IL,  436. 

WoLi'iiRH,  L,  03,  *;52. 

WiiinHT,  L,  6tl4. 

WuBi>c3iANN.  Lp  ^44;  IL,  186. 

Year,  length  of.  t,  652;  flctUioaf,  €51; 
beginning  of  ficLitioufl,  found,  064. 


ZACif,  L.  802, 

Zkih,  L,  03,  211,  652. 

Zenith,  defined,  L,  19, 

Zenith  distance,  defined,  I.»  20;  of  a  staTt 
found  from  itm  deeltnatiun  and  hour 
angle,  and  the  latitude  of  the  ob*M*rvfr, 
31;  found  when  the  star  is  on  the  elk 
hour  circle^  M;  found  when  the  star  la 
at  tlj*  greatest  etongaiion,  3i7;  foiiad 
when  the  star  is  on  the  prime  vrn Jcal, 
37;  reduction  of  observed  tenitb  dii> 
tance^  to  the  centn*  "*'  •'•»  ^--'i'  |g.9* 
change  of.  in  a  giv  ima^ 

213;  mean  of  the   -  —  re- 

duced to  the  m«'an  of  the  timvat  ^4i 
of  the  *uu,  228  (»i>o  IL,  326K 

Zenith  telescope,  IL,  S40;  etirriFeiion  for 
refraction.  344.  for  level,  f«>r  iniero- 
meter,  84ti:  reduction  to  iho  mcridiaJi, 
selection  of  >«larH,  347;  di*cnfM»iciti  of 
the  re^iultw,  H5tl;  value  f^'"  ^  i-i-  -  i 
the  level,  358;  value  of 
the  niicromeli'r,  H>»f);  « 
ohsenratious  for  latitude,  ^i*i. 
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